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PREFACE 


This  book  is  intended  for  teachers,  and  for  teachers  only.  The 
publishers  will  sell  it  to  no  persons  except  teachers  of  Went- 
worth's  Elementary  Algebra.  Every  teacher  who  purchases  a 
copy  must  consider  himself  in  honor  bound  not  to  leave  it  where 
pupils  may  have  access  to  it,  and  not  to  sell  it  except  to  the  pub- 
lishers, Messrs.  Ginn  &  Corapany. 

It  is  expected  that  this  book  will  prove  of  great  advantage  to 
every  teacher  of  a  class  which  does  not  have  the  time  to  solve 
every  one  of  the  numerous  examples,  by  aiding  him  to  select  the 
examples  best  adapted  to  the  needs  of  his  particular  class.  It  is 
hoped  that  every  teacher  who  is  pressed  for  time  will  find  relief 
by  not  being  obliged  to  work  out  every  example  for  himself. 

Criticisms  and  corrections  will  be  thankfully  received. 

G.  A.  WENTWORTH 
Exeter,  New  Hampshire 

February,  1906 
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Exercise  1.    Page  10 

If  a  =  1,  6  =  2,  c  =  3,  d  =  4,  X  =  5,  y  =  6,  2  =  0,  find  the  numerical 
value  of : 

1.  7x  =  7  X  5  =  36. 

.2.  8&2  =  8  X  22  =  8  x4  =  32. 

8.  7c8  =  7  X  38  =  7  X  27  =  189. 

4.  6&c  =  5  X  2  X  3  =  30. 

6.  6c2d-6x32x4  =  6x9x4  =  216. 

6.  2c^dx  =  2x32x4x5  =  2x9x4x6  =  360. 

7.  14c8y«  =  14  X  3»  X  6  X  0  =  0. 

8.  Ij^c^  =  2«x32x6  =  8x9x6  =  432. 

9.  3a*62x  =  3xl*x22x5  =  3xlx4x5  =  60. 

10.  f  d^x  =  f  X  42  X  6  =  f  X  16  X  5  =  30. 

11.  Jc8d  =  Jx38x4  =  2x3x4  =  24. 

12.  ^^62xy  =  ^x22x5x6  =  ^^x4x5x6  =  36. 
18.  ^aHy^  =  ^^  x  1*  x  4  x  62  =  ^  x  4  x  36  =  40. 

14.  §x2y8z  =  f  X  52  X  68  X  0  =  0. 

15.  -f^c^^  =  ^  X  32  X  52  =  4  X  3  X  5  =  60. 

16.  ^xy2  =  ^j  X  6  X  62  =  /^  X  6  X  36  =  75. 

17.  T^^cPx?  =  /^  X  42  X  62  =  ^  X  16  X  26  =  280. 

18.  If c2d2  =i|x32x42  =  13x3x4  =  166. 

,^    46*x2      4x2*x62      4x16x25      ^ 

19.    = = =  6. 

5d8  5x48  6x64 
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7c3x«  _  7  X  38  X  52  _  7  X  27  X  25  _  105  _ 

56y2  ~  6  X  2  X  62  ~5x2x3tf~~8~~      *' 

^2  _      52  X  62     _    25  X  36     _  5  _  .  1 

5c2d2  ~6x32x42~5x9xl6~4~    ** 

^^    9cdz      9x3x4x0      ^ 

22.   — —  = =  0. 

dy  4x6 


28. 


6aW  _  6  X  1^  x  48  _  5  X  1  X  64  _  2 
4&3x2  *"  4  X  28  X  52  ~  4  X  b  X  25  ~  5 


24.  V6^2  =  \/22  X  4  X  52  =  2  X  2  X  5  =  20. 

26.  Vdy  =V4x6  =  2x6  =  12. 

26.  4^27(^2  =  V27  X  42  =  3  X  16  =  48. 

27.  V(&cy)  =  V2  X  3  X  6  =  6. 

28.  VxSyS^s  _  V52  X  6=*  X  08  =  0. 

29.  y/^bcd  =  v^9  X  2  X  3  X  4  =  \^27  x  8  =  3x2=6. 

80.  2  VcW  =  2  V32  X  4  X  52  =  2x3x2x5  =  60. 

81.  cd  Vdy^i  =  3x4  V4  x  62  =  3x4x2x6  =  144. 

32.  abc  V2cx2y  =  1x2x3  V2  x  3  x  52  x  6  =  2x3x5x6  =  180. 

33.  }d Vdy2  =3x4V4x62=fx4x2x6  =  36. 
84.  abcdxyz  =  1x2x3x4x5x6x0  =  0. 

3  3  Q 

86.  ex  y/b^cdy'^  =  3x5  V22  x  3  x  4  x  62  =  3x5  V2«  x  38 

=  3x5x4x3  =  180. 


86.  62c  Vd^zi  =  22  X  3  V42  X  02  =  0. 

87.  IMx^y  =  22x4x52x6  =  4x4x25x6  =  2400. 

Exercise  2.    Page  12 

Ifa=l,6  =  2,  c  =  3,  d  =  4,  e  =  5,  /=0,  find  the  numerical  value  of : 

1.  9a  +  26  +  3c-2/=9x  1+2x2 +  3x3 -2x0  =  9+4  +  9-0=22. 

2.  4e- 3a -36+ 5c  =  4x 5-3x1 -3x2+5x3=20-3-6  +  15=26. 

8.  8  abc  —  bed  +  9  cde  —  def 

=  8x1  x2x 3 -2x3x4  +  9x3x4x6-4x5x0 
=  48  -  24  +  540  -  0  =  564. 

^     4ac      86c      5cd      4x1x3      8x2x3      5x3x4 
'      h         d  e  24  5 

=  6  +  12  -  12  =  6. 
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m     ^      .tj      ^bde      _      -.ft      o      A      3x2x4x5 

5.  le  +  bcd =  7x5  +  2x3x4 

2ac  2x1x3 

=  35  +  24  -  20  =  39. 

6.  abc^  +  bcd^-dea^-^P 

=  1x2x32  +  2x3x42-4x5x12  +  08 
=  18  +  96  -  20  +  0  =  94. 

7.  c*  +  6e2ft2  +  &*-4e86-4e68 

=  5*  +  6x52x22  +  2*-4x58x2-4x5x28 
=  625  +  600  +  16  -  1000  -  160  =  81. 

8a2  +  3&2      4c2  +  6&2      c2  +  d2 
a262  C2-62  e2 

_  8  X  12  +  3  X  22      4  x  32  +  6  X  22      32  +  42 
~         12  X  22  32-22  52 

4  6  25 

&«      26      32 

10  e^  +  &°  ^  58  +  2  ^  125  +  2  ^  ^^^ 
'    c*  -  &c      32-28        9-8 

11  &^  +  d<^      _         28  +  48         _      8  +  64      _72_ 
ft2  +  (i3-W~22  +  42-2x4""4  +  16-8~i2~ 

12  er  -d^'      _         58-48         _      125-64     _  61  _  ■, 
c2  +  cd  +  d2""52  +  5x4  +  42~25  +  20  +  16~6l"' 

If  a  =  2,  6  =  10,  X  =  3,  ^  =  5,  find  the  numerical  value  of : 
18.    xy  +  4ax2  =  3x5  +  4x2x2  =  15  +  16  =  31. 

14.  xy  +  156  -4-  5  =  3  X  5  +  15  X  10  -4-  5  =  15  +  30  =  46. 

15.  3x+ 7y-r-7  +  a  X  y  =  3  X  3  +  7  X  6-^  7  +  2  X  5 

=  9  +  5  +  10  =  24. 

16.  66-8y^2yx  6-26  =  6x10-5^x10-2  X  10 

2x5 

=  60  -  40  -  20  =  0. 

17.  (66-8y)-5-2y  x6  +  26  =  ^^^^"^^^xl0  +  2  xlO 

=  20  +  20  =  40. 


4  ELEMENTARY  ALGEBRA 

18.  (66-8y)4-(2y  x6)  +  26  =  (6xl0-8x5)-^(2x5xl0)  +  2xl0 

=  i  +  20  =  20i. 

19.  66-(8y  +  2y)  x6-26  =  6  X  10-?^  x  10  -  2  x  10 

^  2x6 

=  60  -  40  -  20  =  0. 
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Remove  the  parentheses  and  combine : 

1.  7  +  (5  +  3)  =  7  +  5  +  3  =  16.       6.    7  -  (6  -  3)  =  7  -  6  +  3  =  5. 

2.  7  + (6 -3)  =±7  +  6-3  =  9.         6.   9- (5 +  3)  =  9-6-3=  L 

8.  8  +  (6  +  2)  =  8  +  6  +  2  =  16.       7.   8  -  (6  +  2)  =  8  -  6  -  2  =  0. 
4.   8 +  (6 -2)  =  8 +  6 -2  =  12.       8.   8  -  (6  -  2)  =  8  -  6  +  2  =  4. 

9.  (12-8)-(7-4)=12-8-7  +  4  =  l. 

10.  (10-4)-(2  +  3)=10-4-2-3  =  l. 

11.  (14-6)  +  (8-6)  =  14-6  +  8-6  =  10. 

12.  (7  +  3)  -  (4  -  2)  =  7  +  3  -  4  +  2  =  8. 

If  a  =  8,  6  =  5,  c  =  6,  d  =  3,  find  the  value  of : 

18.  (a  +  6)  +  (c  4-  d)  =  (8  +  5)  +  (6  +  3)  =  8  +  6  4-  6  +  3  =  22. 

14.  (a  4-  6)  -  (c  +  d)  =  (8  +  6)  -  (6  4-  3)  =  8  +  6  -  6  -  3  =  4. 

15.  (a  4-  &)  4-  (c  -  d)  =  (8  4-  6)  4-  (6  -  3)  =  8  4-  5  4-  Ci  -  3  =  16. 

16.  (a  4-  6)  -  (c  -  d)  =  (8  4-  5)  -  (6  -  3)  =  8  4-  6  -  6  4-  3  =  10. 

17.  (a  -  6)  4-  (c  -  d)  =  (8  -  6)  4-  (6  -  3)  =  8  -  6  4-  6  -  3  =  6. 

18.  (a  -  6)  -  (c  -  d)  =  (8  -  5)  -  (6  -  3)  =  8  -  5  -  6  4-  3  =  0. 

19.  (a  -  6)  4-  (c  4-  d)  =  (8  -  5)  +  (6  4-  3)  =  8  -  6  4-  6  4-  3  =  12. 

20.  (c  4-  d)  -  (a  -  6)  =  (6  4-  3)  -  (8  -  6)  =  6  4-  8  -  8  4-  6  =  6. 

Exercise  4.    Page  16 

Perform  the  indicated  operations,  and  find  the  numerical  value  of 
each  expression  if  a  =  4,  6  =  3,  c  =  2 : 

1.  6(a6  4-  c)  =  6a6  4-  6c  =  6  X  4  X  3  4-  6  X  2  =  60  4- 10  =  70. 

2.  4  (ac  4-  &)  =  4  ac  4-  4  6  =  4  X  4  X  2  4-  4  X  3  =  32  4- 12  =  44. 
8.   3(a  4-  &c)  =  3a  4-  36c  =  3  X  4  4-  3  X  3  X  2  =  12  4- 18  =  30. 

4.  7(ab  -  c)  =  7a6  -  7c  =  7  X  4  X  3  -  7  X  2  =  84  -  14  =  70. 

5.  6(ac  -  6)  =  6ac  -  6  6  =  6  X  4  X  2  -  6  X  3  =  48  -  18  =  30. 

6.  5a(6-c)=5a6-6ac  =  5  x  4  x  3- 6  X  4  X  2  =60 -40  =  20. 
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7.  2 ab  —  a(hc  —  a)  =  2  ab  -  aJbc  +  a^ 

=  2x4x3-4x3x2  +  4x4  =  24 -24 +  16  =  16. 

8.  c  +  2a6(ac-6)  =  c  +  2a26c-2a62 

=  2  +  2x42x8x2-2x4x32  =  2  +  192-72  =  122. 

9.  3ac-c(6  +  c)  =  3ac-6c  — c2 

=  3x4x2-3x2- 22  =  24 -6-4  =  14. 

10.  5a6-(62  +  6)  =  6<i6-62_5 

=  6x4x3- 32 -3  =  60 -9-3  =  48. 

11.  66c-4(a6-3c)  =  66c-4a6  +  12c 

=  6x3x2-4x4x3  + 12  x2=  36 -48 +  24  =  12. 

12.  a6  + 6(a  -  c)  =  06  +  06  -  6c 

=  2o6- 6c  =  2x4x3-3x2  =  24 -6  =  18. 

18.   (o  —  c)  6  —  6c  =  06  —  6c  —  6c 

=  a6-26c  =  4x3-2x3x2  =  12- 12  =  0. 

14.  (o  —  6)  c  +  3  oc  =  oc  —  6c  +  3  oc 

=  4oc  -6c  =  4x4x2-3x2  =  32-6  =  26. 

15.  (2 o +  36)6 -2 06  =  2 06 +  3 62 -2 06  =  362  =  3  X  32  =  27. 

16.  (o2  _  62)c  -  (a2  -  c2)  =  a2c  -  62c  -  a2  +  c2 

=  42  X  2  -  32  X  2  -  42  +  22  =  32  -  18  -  16  +  4  =  2. 

17.     (02  -  C2)6  -  (62  -  C2)  =  026  -  6c2  -  62  +  C2 

=  42  X  3  -  3  X  22  -  32  +  22  =  48  -  12  -  9  +  4  =  31. 

18.   2(6c  -{-ac)-  c(lj^  +  c2)  =  26c  +  2ac  -  62c  -  c* 

=  2x3x2  +  2x4x2-32x2-28=12+16-18-8  =  2. 


Exercise  5.    Page  17 

Perform  the  indicated  operations,  and  find  the  namerical  value  of 
each  quotient  if  o  =  8,  6  =  4,  c  =  2  : 

1.  {o  +  6)-6  =  ?  +  l=?  +  l  =  2  +  l  =  3. 

6  4 

2.  (o  +  c)-!-ct=-  +  l  =  ?  +  l  =  4  +  l  =  6. 

8.   (o-6)-r-6  =  --l  =  --l  =  2-l  =  l. 

6  4 

4.   (o  —  6)-^c  = = =  4  —  2  =  2. 

^  '  c      c      2      2 


t> 
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5. 

6. 

7. 

8. 

9. 
10. 
11. 
12. 


ac  +-6)  ^  &  =  —  +  1  = +  1  =  4  +  1  =  6. 

0  4 

a6  +  c)  -  c  =  —  +  1  =  ?^  +  1  =  16  +  1  =  17. 
c  2 

» V      «       etc      ■•       ox«      -        .       ^       _ 

ac-6)-^6  =  —  -1  = 1  =  4-1  =  3. 

0  4 

aft  —  c)-i-c= 1  = 1  =  16  —  1  =  15. 

7)2        /•a        4.2        92  1 

&2  4.c2)^a  =  -  +  -  =  ^  +  -  =  2  +  i  =  2i. 
'  aa       88  2 

&8_^)^6::3:52_^  =  42_  ^Ji^  =  16  -  4  =  12. 

a^  8^ 

a2  -  6c)  --  c  = 6  =  -  -  4  =  32  -  4  =  28. 

c  2 

62  +  ac)~6c  =  -  +  -  =  -  +  ?  =  2  +  2=4. 

c      6      2      4 


Exercise  6.    Page  21 

Find  the  value  of  x  and  verify  the  answer : 


1.   3x  +  l  =  19. 

Transpose,  3  x  =  19  —  1. 

Combine,  3x  =  18. 

Divide  by  3,  x  =  6. 

Verification 

3  X  6  +  1  =  19. 

18  +  1  =  19. 

19  =  19. 


8.    17x  =  7x  +  10. 

Transpose,     17x  —  7x  =  10. 
Combine,  10  x  =  10. 

Divide  by  10,  x  =  1 . 

Verification 

17  X  1  =  7  X  1  +  10. 
17  =  7  +  10. 
17  =  17. 


2.   2x  +  5  =  ll. 

Transpose,  2  x  =  11 

Combine,  2  x  =  6. 

Divide  by  2,  x  =  3. 

Verification 

2  X  3  +  5  =  11. 

6  +  5  =  11. 

11  =  11. 


4.    5x  +  2  =  17. 

Transpose,  6  x  =  17  —  2. 

Combine,  5  x  =  15. 

Divide  by  5,  x  =  3. 

Verification 

6  X  3  +  2  =  17. 

16  +  2  =  17. 

17  =  17. 
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6.    4x  +  7  =  (J 

X  +  1. 

Transpose,      4  x 
Change  signs,  6  X 
Combine, 
Divide  by  2, 

-6x  =  l- 
-4x  =  7- 
2x  =  6. 
x  =  3. 

■7 
1 

Verification 

4x3+7= 

12  +  7  = 

19  = 

6x3  +  1. 
18  +  1. 
19. 

6.    3x-7  =  2x  +  2. 

Transpose,      3x-2x  =  2  +  7. 
Combine,  x  =  9. 

Verification 

3x9-7  =  2x9  +  2. 

27  -  7  =  18  +  2. 

20  =  20. 


9.    3x  +  13  =  4x  +  6. 

Transpose,  3x  —  4x  =  6  —  13. 
Change  signs,  4x  —  3x  =  13—  6. 
Combine,  x  =  7. 

Verification 

3  X  7  +  13  =  4  X  7  +  6. 

21  +  13  =  28  +  6. 

34  =  34. 


10.   7x-9  =  6x  +  l. 

Transpose,      7x  —  6x  =  l  +  9. 
Combine,  x  =  10. 

Verification 

7  X  10  -  9  =  6  X  10  +  1. 

70  -  9  =  60  +  1. 

61  =  61. 


7.    7x-12  =  3x  +  4. 

Transpose,      7x-3x  =  4  +12. 
Combine,  4  x  =  16. 

Divide  by  4,  x  =  4. 

Verification 

7x4- 12  =  3x4  + 4. 
28  -  12  =  12  +  4. 
16  =  16. 


11.    8x-14  =  6x  +  6. 

Transpose,      8x  —  6x  =  6  +  14. 
Combine,  2  x  =  20. 

Divide  by  2,  x  =  10. 

Verification 

8  X  10  -  14  =  6  X  10  +  6. 

80  -  14  =  60  +  6. 

66  =  66. 


8.    21x-4  =  14x  +  17. 

Transpose,  21  x  -  14x  =  17  +  4. 
Combine,  7x  =  21. 

Divide  by  7,  x  =  3. 

Verification 

21  X  3  -  4  =  14  X  3  +  17. 

63  -  4  =  42  +  17. 

69  =  69. 


12.   x-3  =  16-2x.  ^ 

Transpose,        x  +  2x  =  15  +  3. 
Combine,  3  x  =  18. 

Divide  by  3,  x  =  6. 

Verification 

6-3  =  15 -2x6. 
6  -  3  =  16  -  12. 
3  =  3. 
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18.   6x-6  =  8-|-4x.  14.   x-2  =  2x-7. 

Transpose,      6x  —  4x  =  8-f6.  Transpose,        x  —  2x  =  2—  7. 

Combine,  2 x  =  14.  Change  signs,    2x  —  x  =  7  —  2. 

Divide  by  2,  x  =  7.  Combine,  x  =  6. 

Verification  Verificaiion 

6x7-6  =  8 -f»4x  7.  6-2  =  2x5-7. 

42-6  =  8  +  28.  6-2  =  10-7. 

36  =  36.  3  =  3. 

16.   42-21x  +  15-5x  =  68-ll-4x. 

Transpose,  4x  -  21  x  -  5x  =  68  -  11  -  42  -  15. 

Change  signs,  21  x  +  6  x  -  4  x  =  11  -}-  42  -}- 15  -  68. 
Combine,  22x  =  0. 

Divide  by  22,  x  =  0 


Veryfication.     42  -  21  x  0  +  15  -  5  x  0  =  68  -  11  -  4  x  0. 

42  -  0  +  15  -  0  =  68  -  11  -  0. 
57  =  57. 

16.  60-4x-3x  +  6x  =  77-7x-ll. 

Transpose,  6x  -  4x  -  3 x  +  7x  =  77  -  11  -  60. 

Combine,  6  x  =  6. 

Divide  by  6,  x  =  l. 

Verifixiation.     60 -4x1-3x1  +  6x1=  77 -7x1- 11. 

60  -  4  -  3  +  6  =  77  -  7  -  11. 
59  =  59. 

17.  28x-21  +  42-28x  =  22-4x. 

Transpose,  28  x  -  28  x  +  4  x  =  22  +  21  -  42. 

Combine,  4x  =  l. 

Divide  by  4,  x  =  i. 

Verification.     28  x  i  -  21  +  42  -  28  x  i  =  22  -  4  x  i. 

7-21  +  42-7  =  22-1. 
21  =  21. 

18.  9(18 -x)-4x  =  5(21 -2x)  +  9x. 

Remove  parentheses,      117  -  9x  -  4 x  =  105  -  10 x  +  9«. 
Transpose,  10x-9x-9x-4x  =  105- 117. 

Change  signs,       9x  +  9x  +  4x  -  lOx  =  117  -  106. 
Combine,  12x  =  12. 

Divide  by  12,  »  =  1. 


ly' 
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Verification.     9(13  -  1)  -  4  x  1  =  6(21  -  2  x  1)  +  9  x  1. 

108  -  4  =  96  +  9. 
104  =  104. 

I 

19.  6(x-6)  +  2x  =  8jc-2(x  +  10). 

Remove  parentheses,       6x  -  30  +  2x  =  8x  -  2x  -  20. 
Transpose,  6x  +  2x  -  8x  +  2x  =  30  -  2^. 

Combine,  2x  =  10. 

Divide  by  2,  x  =  6. 

Verification.    6(6  -  6)  -}-  2  x6  =  8  x  6  -  2(6  +  10). 

0  +  10  =  40  -  30. 
10  =  10. 

20.  199  +  16x  -  (2x  -  6)  =  17(x  +  17)  -  13x  -  22. 

Remove  parentheses, 

199  +  15x  -  2x  +  6  =  17x  +  289  -  13x  -  22. 
Transpose,         15x  -  2x  -  17x  +  13x  =  289  -  22  -  199  -  5. 
Combine,  9  x  =  63. 

Divide  by  9,  x  =  7. 

Verification.     199  +  15  x  7  -  (2  x  7  -  6)  =  17(7  +  17)  -  13  x  7  -  22. 

199  +  106  -  9  =  408  -  91  -  22. 
296  =  295. 

21.  8(3x  -  2/-  7x  -  6(12  -  3x)  +  28  =  8(3x  +  2)  -  32. 

Remove  parentheses, 

24x  -  16  -  7x  -  60  +  15x  +  28  =  24x  +  16  -  32. 
Transpose,         24x  -  7x  +  15x  -  24x  =  16  -  32  +  16  +  60  -  28. 
Combine,  8  x  =  32. 

Divide  by  8,  «  =J^ 

Verification. 

8(3x4-2)-7x4-  6(12  -  3  x  4)  +  28  =  8(3  x  4  +  2)  -  32. 

80  -  28  -  0  +  28  =  112  -  32. 
80  =  80. 

22.  7(3x-6)  +  6(x-3)  +  4(17-x)  =  77. 

Remove  parentheses, 

21x  -  42  +  6x  -  15  +  68  -  4x  =  77 
Transpose,  21x  +  6x  -  4x  =  42  +  15  -  68  +  77. 

Combine,  22  x  =  66. 

Divide  by  22,  x  =  3. 
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Verifkatian,     7(3  x  3  -  6)  +  6  (3  -  3)  +  4  (17  -  3)  =  77. 

21  +  0  +  56  =  77. 

77  =  77. 

28.   364  -  15(16x  -  7)  -  3(13  -  2x)  +  8  =  6(x  -  2). 

Remove  parentheses, 

364  -  226x  +  105  -  39  +  6x  +  8  =  6x  -  12. 
Transpose,  6x  -  225x  -  6x  =  39  -  364  -  106  -  8  -  12. 

Change  signs,  226x  +  6x  -  6x  =  364  +  105  +  8  +  12  -  39. 

Combine,  226x  =  450. 

Divide  by  226,  x  =  2. 

Verification.     364  -  16(15  x  2  -  7)  -  3(13  ^  2  x  2)  +  8  =  6(2  -  2). 

364  -  345  -  27  +  8  =  0. 

0  =  0. 

24.  Ill  +  39x  =  7(18 -3x)  + 3(20 -5x). 

Remove  parentheses,  111  -}-  39x  =  126  —  21  x  +  60  -  15x. 

Transpose,  39x  +  21x  +  15x  =  126  +  60  -  111. 

Combine,  75x  =  75. 

Divide  by  75,  x  =  l. 

Verykation.     111  +  39  x  1  =  7(18  -  3  x  1)  +  3(20  -  5  x  1). 

Ill  +  39  =  105  +  45. 
150  =  150. 

25.  8(x  -  10)  -  9  +  3(15  -  x)  +  2(18  -  x)  -  22  =  0. 

Remove  parentheses, 

8x-80-9  +  45-3x  +  36-2x-22  =  0. 

Transpose,  8x  -  3x  -  2x  =  80  +  9  -  46  -  36  +  22. 

Combine,  3x  =  30. 

Divide  by  3,  x  =  10. 

Vefification.    8(10  -  10)  -  9  +  3(16  -  10)  +  2(18  -  10)  -  22  =  0. 

0  -  9  +  15  +  16  -  22  =  0. 

0  =  0. 

26.  3(x  +  5)  -  5(x  -  4)  +  22  =  2(x  +  6)  +  3(11  -  x)  +  4. 

Remove  parentheses, 

3x+15-  5x  +  20  +  22  =  2x  +  12  +  33-3x  +  4. 
Transpose,  3x  -  5x  -  2x  +  3x  =  12  +  33  +  4  -  15  -  20  -  22. 

Change  signs,         5x  +  2x  -  3x  -  3x  =  16  +  20  +  22  -  12  -  33  -  4. 
Combine,  x  =  8. 
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Verification.     3(8  +  6)  -  6(8  -  4)  +  22  =  2(8  +  6)  +  3(11  -  8)  +  4. 

39  -  20  +  22  =  28  +  9  +  4. 
41  =  41. 


27.   2(16-x)  +  3(5x- 4)  =  12(3+a) 

Remove  parentheses,  32  —  2x  4- 15 »  —  12 
Transpose,  16x  —  2x  —  12x  —  2x 

Change  signs,  2x  +  12x  +  2x—  16x 

Combine,  x 


2  (12  -  x). 

36-Hl2x-24  +  2x. 
36  -  24  -  32  -}- 12. 
24  +  32  -  36  -  12. 


=  8. 


Verificatum.    2(16  -  8)  +  3(5  x  8  -  4)  =  12(3  +  8)  -  2(12  -  8). 

16  +  108  =  132  -  8. 
124  =  124. 


Exercise  7.    Page  22 


1.  Write  in  S3nnbols :  a  dimin- 
ished by  5;  a  increased  by  6; 
a  multiplied  by  6 ;  a  divided  by  5 ; 
the  square  of  a ;  the  square  root 
of  a;  the  cube  root  of  a;  the 
square  of  a  multiplied  by  the 
fourth  power  of  b. 


a 


a 


b;  a  +  b;  ab;  t; 


a2;  -y/a;  y/a;  a^ft*. 

S.  A  man  sold  a  horse  for  a 
dollars  and  lost  b  dollars  on  the 
cost.  What  did  the  horse  cost 
him? 

f(a  +  6). 

8.  If  a  is  an  integral  number, 
what  integral  number  immedi- 
ately precedes  it  ?  What  integi-al 
number  immediately  follows  it? 

a  —  1 ;  a  H- 1. 


4.  A  man  bought  a  horse  for 
m  dollars  and  sold  it  for  n  doUai's. 
If  m  is  greater  than  n,  how  much 
did  he  lose  ? 

$  (m  —  n). 

6.  A  man  sold  a  cow  for  c 
dollars  and  gained  a  dollars  on 
the  cost.  What  did  he  pay  for 
the  cow? 

^(c-a), 

6.  If  the  length  of  a  day  is  t 
hours,  what  is  the  length  of  the 
night  ? 

(24  - 1)  hours. 

7.  A  rectangular  field  is  a  rods 
long  and  b  rods  wide.  What  is 
the  area  of  the  field  ? 

cib  square  rods. 
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8.  A  fanner  receives  c  cents 

for  one  bushel  of  corn.     What 

does  he  receive  for  a  bushels  of 

corn  ? 

ac  cents. 

9.  A  man  pays  b  dollars  for 
one  cord  of  wood.  What  must 
he  pay  for  a  cords  of  wood  ? 

db  dollars. 

10.  A  boy  runs  a  yards  in  one 
second.  How  many  yards  will 
he  run  in  t  seconds  ? 

ta. 

11.  The  area  of  a  rectangular 
field  is  a  square  rods  and  the 
length  of  the  field  is  6  rods.  What 
is  the  breadth  ? 

T  rods. 

0 

12.  A  train  travels  c  hours  at 
the  rate  of  a  miles  an  hour.  Find 
the  distance  traveled. 

ca  miles. 

13.  A  horse  goes  c  miles  in  h 
hours.  How  many  miles  does  he 
go  in  one  hour  ? 

c 

^  • 

b 

14.  The  product  is  p  and  the 
multiplier  is  m.  Find  the  multi- 
plicand. 

m' 

15.  The  divisor  is  a,  the  quo- 
tient 6,  and  the  remainder  c. 
Find  the  dividend. 

db  +  c. 


16.  The  divisor  is  a,  the  divi- 
dend b,  and  the  remainder  c. 
Find  the  quotient. 

6-c 
a 

17.  The    difference    between 

two  numbers  is  a  and  the  larger 

number  is  b.     Find  the  smaller 

number. 

b  —  a. 

18.  The  difference  between 
two  numbers  is  a  and  the  smaller 
number  is  b.  Find  the  larger 
number. 

6  +  a. 

1 9 .  Write  the  excess  of  a  over  b. 

a  —  b. 

SO.  What  is  the  excess  of 
Sx  +  lOover  3a;-7? 

5xH-10-(3a;-7) 

=  5x  +  10-3x  +  7 
=  2x-\- 17. 

21.  What  is  the  excess  of 
3x- 16  over  40-  7x? 

3x-16-(40-7x) 

=  3x-16-40  +  7x 
=  10x-66. 

22.  Express  in  cents  the  value 
of  a  quarters  and  b  dimes. 

26a +  106. 

28.  A  man  has  a  dollars,  b  half 
dollars,  and  c  quarters.  He  spends 
d  half  dollars  and  e  quarters. 
How  many  cents  has  he  left  ? 

100a  +  506  +  25  c -(60  (i  +  26e) 
=  100a  +  506  +  25c  -  50d  -  25e. 
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24.  George  is  a  years  old 
to-day.  How  old  was  he  h  years 
ago  ?  How  old  will  he  be  c  years 
hence  ? 

(a  —  6)  yeai-s ;  (a-\-  c)  years. 

26 .  Frank  is  a  years  old  to-day. 
In  how  many  years  will  he  be  6 
times  as  old  ? 

ha  —  a. 

26.  A  boy  can  run  a  yards  in 
b  seconds.  How  many  yards  can 
he  run  in  one  second  ? 

a 
b 

27.  A  man  has  oats  enough 
for  n  horses  m  days.  How  many 
days  would  the  oats  last  a  horses  ? 

mn 


a 


28.  A  cubical  box  is  a  inches 
long.  Find  the  contents  of  the 
box. 

a^  cubic  inches. 


29 .  A  gallon  contains  231  cubic 
inches.  How  many  gallons  will 
a  rectangular  tank  hold,  a  inches 
long,  b  inches  wide,  and  c  inches 
high? 

dbc 

231* 

SO.  How  many  bricks  a  inches 
long,  b  inches  wide,  and  c  inches 
high  can  be  placed  in  a  room  I 
inches  long,  m  inches  wide,  and 
n  inches  high  ? 

Imn 

abc  ' 


Exercise  8.     Page  27 


1.   The  sum  of  two  numbers  is  60  and  the  greater  is  four  times  the 


less.     Find  the  numbej 
Let 

PS. 

X  =  the  larger  number. 

Then 

60  —  X  =  the  smaller  number, 

and 

4  (60  —  «)  =  four  times  the  smaller 

.-.  a  =  4  (60  -  x). 

Remove  parenthesis, 

a  =  240  -4x. 

Transpose, 

x  +  4x  =  240. 

Combine, 

6  X  =  240. 

Divide  by  6, 

«  =  48. 

60  -  «  =  12. 

Therefore,  the  required  numbers  are  48  and  12. 
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2.   The  difference  between  two  numbers  is  12  and  their  sum  is  76. 
Find  the  numbers. 


Let 

X  =  the  smaller  number. 

Then 

a;  +  12  =  the  larger  number, 

and 

«  + 

x  +  12  =  the  sum  of  the  numbers. 

But      • 

76  =  the  sum  of  the  numbers. 

.-.  «  +  X  +  12  =  76. 

Transpose, 

a;  +  «  =  76  -  12. 

Combine, 

2x  =  64. 

Divide  by  2, 

x  =  32. 
X  +  12  =  44. 

Therefore,  the  required  numbers  are  44  and  32. 


Vfi] 


'3.   The  difference  between  two  numbers  is  11  and  their  sum  is  97. 
Find  the  numbers. 


Let 

X  =  the  smaller  number. 

Then 

x  4- 11  =  the  larger  number, 

and 

X  +  X  +  11  =  the  sum  of  the  numbers. 

But 

97  =  the  sum  of  the  numbers. 

.-.  X  +  X  +  11  =  97. 

Transpose, 

x  +  x=97-ll. 

Combine, 

2  X  =  86. 

Divide  by  2, 

x  =  43. 

x  +  ll  =  54. 

Therefore,  the  required  numbers  are  54  and  43. 


4.   Three  times  a  certain  number  is  equal  to  the  number  increased 
by  24.     Find  the  number. 

Let  X  =  the  number. 

Then  .  3  x  =  three  times  the  number, 

and  X  H-  24  =  the  number  increased  by  24. 

.-.  3x  =  xH-24. 

Transpose,  3  x  -  x  =  24. 
Combine,  2x  =  24. 

Divide  by  2,  x  =  12. 

Therefore,  the  required  number  is  12. 
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5.   The  sum  of  two  numbers  is  89  and  the  larger  exceeds  the  smaller 
by  9.     Find  the  numbers. 


Let 

X  =  the  smaller  number. 

Then 

X  +  9  =  the  larger  number, 

and 

X  +  X  +  9  =  the  sum  of  the  numbers. 

But 

39  =  the  sum  of  the  numbers. 

.-.  X  +  X  +  9  =  39. 

Transpose, 

X  +  X  =  39  -  9. 

Combine, 

2x  =  30. 

Divide  by  2, 

X  =  15. 

X  +  9  =  24. 
Therefore,  the  required  numbers  are  24  and  15. 

6.   The  sum  of  two  numbers  is  63  and  the  larger  exceeds  twice  the 
smaller  by  3.     Find  the  numbers. 


Let 

X  =  the  smaller  moBber. 

Then 

63  —  X  =  the  larger  number, 

and 

2  X  +  3  =  twice  the  smaller  number  plus  3. 

But 

2  X  -1-  3  =  the  larger  number. 

.-.  2x  +  3  =  63-x. 

Transpose, 

2x  +  x  =  63-3. 

Combine, 

3x  =  60. 

Divide  by  3, 

x  =  20. 

63  -  X  =  43. 

Therefore,  the 

required  numbers  are  43  and  20. 

7.   The  sum  of  two  numbei-s  is  49  and  twice  the  smaller  exceeds  tho 
larger  by  14.    Find  the  numbers. 

Let  X  =  the  smaller  number. 

Then  49  —  x  =  the  larger  number, 

and  2  X  =  twice  the  smaller  number. 

.-.  2x-(49-x)  =  14. 
Remove  the  parenthesis, 

2x-49H-x  =  14. 
Transpose,  2x4tX  =  14  +  49. 

Combine,  3x  =  63. 

Divide  by  3,  x  =  21. 

49  -  X  =  28. 

Therefore,  the  required  numbers  are  28  and  21. 
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'/  \^.   Find  three  consecutive  nambers  whose  sum  is  39. 

'  Let  X  =  the  middle  number. 

Then  x  —  1  =  the  smallest  number, 

X  +  1  =  the  largest  number, 
and  x-f-x  —  l-}-x  +  l  =  the  sum  of  the  numbers. 

But  39  =  the  sum  of  the  numbers. 

.-.  X  4-  »  -  1  -f  a;  +  1  =  39. 
Transpose,  x-}-a;  +  x  =  39  +  l  —  L 

Combine,  3  x  =  39. 

.  Divide  by  3,"  x  =  13. 

X  -  1  =  12. 
X  +  1  =  14. 

Therefore,  the  required  numbers  are  12,  13,  and  14. 

9.   Find  five  consecutive  numbers  whose  sum  is  70. 

Let  X  =  the  middle  number. 

Then  x  —  1  =  the  next  smaller  number, 

X  —  2  =  the  smallest  number, 

X  +  1  =  the  next  larger  number, 

X  4-  2  =  the  largest  number, 
and  x-f-x  —  1  +  x  —  2  +  «  +  l+x  +  2=  the  sum  of  the  numbers. 
But  70  =  the  sum  of  the  numbers. 

.-.  X  +  X-H-X-2  +  X  +  1  +  X4-2  =  70. 
Transpose,      x  +  x  +  x  +  a;  +  ic  =  70  +  l  +  2  —  1  —  2. 
Combine,  5  x  =  70. 

Divide  by  6,  x  =  14. 

X  -  2  =  12. 

X  -  1  =  13. 

X  +  1  =  15. 

X  -f  2  =  16. 

Therefore,  the  required  numbers  are  12,  13,  14,  15,  and  16. 


U 


vi 


10.   If  a  certain  number  is  multiplied  by  12,  the  product  is  168. 
Find  the  number. 

Let  X  =  the  number. 

Then  12  x  =  the  number  multiplied  by  12. 

But  168  =  the  number  multiplied  by  12. 

.-.  12x  =  168. 
Divide  by  12,  x  =  14. 

Therefore,  the  required  number  is  14. 
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11.   The  difference  of  two  numbers  is  22  and  three  times  the  smaller 
."-Exceeds  twice  the  larger  by  6.     Find  the  numbers. 

Let  X  =  the  larger  number. 

Then  x  —  22  =  the  smaller  number, 

3  (x  —  22)  =  three  times  the  smaller  number, 
2  X  =  twice  the  larger  number, 
and  3  (x  —  22)  —  2  X  =  the  excess  of  three  times  the  smaller 

over  twice  the  larger  number. 
But  6  =  this  excess. 

.-.  8(x-22)-2x  =  6. 
Remove  the  parenthesis, 

3x-66-2x  =  6. 
Transpose,  3x  -  2x  =  6 -}- 66. 

Combine,  x  =  72. 

X  -  22  =  60. 

Therefore,  the  required  numbers  are  72  and  60. 

^rl2.   Find  a  number  such  that  when  9  is  added  to  three  times  the 
number  the  sum  is  42. 


Let 

X  =  the  number. 

Then 

3  X  =  three  times  the  number, 

and 

3x  +  9  =  three  times  the  number  plus  9. 

But 

42  =  this  sum. 

.-.  3x  +  9  =  42. 

Transpose, 

3x  =  42-9. 

Combine, 

3x  =  33. 

Divide  by  3, 

x  =  ll. 

Therefore,  the  required  number  is  11. 

13.   A  man  sold  a  quantity  of  wood  for  $49,  half  of  it  at  $3  a  cord 
and  the  other  half  at  $4  a  cord.     How  many  cords  of  wood  did  he  sell  ? 

Let  2  X  =  the  number  of  cords  of  wood. 

Then  x  =  half  the  number  of  cords  of  wood, 

3x  =  the  number  of  dollars  received  for  the  wood  sold 

at  $3  a  cord, 
4  X  =  the  number  of  dollars  received  for  the  wood  sold 
at  $4  a  cord, 
and  3  X  -}-  4  X  =  the  number  of  dollars  received  for  the  wood. 

But  49  =  the  number  of  dollars  received  for  the  wood. 
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Combine,  7  x  =  49. 

Divide  by  7,  jc  =  7. 

2«  =  14. 

Therefore,  the  man  sold  14  cords  of  wood. 

14.  The  sum  of  the  ages  of  a  father  and  son  is  42  years,  and  the 
father  is  five  times  as  old  as  the  son.     What  is  the  age  of  each  ? 

Let  X  =  the  number  of  years  in  the  age  of  the  son. 

Then  6  x  =  the  number  of  years  in  the  age  of  the  father, 

and  5  X  +  X  =  the  number  of  years  in  the  sum  of  the  ages. 

But  42  =  the  number  of  years  in  the  sum  of  the  ages. 

.-.  5  X  +  X  =  42. 
Combine,  6  x  =  42. 

Divide  by  6,  x  =  7. 

6x  =  35. 

Therefore,  the  father  is  35  years  old  and  the  son  7  years  old. 

15.  A  tree  120  feet  high  was  broken  so  that  the  length  of  the  part 
broken  off  was  four  times  the  length  of  the  part  left  standing.  Find 
the  length  of  each  part. 

Let  X  =  the  number  of  feet  in  the  part  left  standing. 

Then  4  x  =  the  number  of  feet  in  the  part  broken  off, 

and  X  +  4  X  =  the  number  of  feet  in  the  whole  tree. 
But  120  =  the  number  of  feet  in  the  whole  tree. 

.-.  x  +  4x  =  120. 
Combine,  6x  =  120. 

Divide  by  6,  x  =  24. 

4x  =  96. 

Therefore,  the  length  of  the  part  broken  off  was  96  feet;  of  the 
part  left  standing  24  feet. 

16.  Two  men  start  from  the  same  place  and  travel  in  opposite 
directions,  one  35  miles  a  day  and  the  other  25  miles  a  day.  In  how 
many  days  will  they  be  360  miles  apart  ? 

Let  X  =  the  required  number  of  days. 

Then  36  x  =  the  number  of  miles  the  first  travels, 

25  X  =  the  number  of  miles  the  second  travels, 
and  35x  +  25x  =  the  number  of  miles  they  together  travel. 

But  360  =  the  number  of  miles  they  together  travel. 
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.-.  35a;  +  26x  =  360. 
Combine,  60x=360. 

Divide  by  60,  x  =  6. 

Therefore,  the  required  number  of  days  is  6. 

17.  Two  meu  start  from  the  same  place  and  travel  in  the  same 
direction,  one  85  miles  a  day  and  the  other  25  miles  a  day.  In  how 
many  days  will  they  be  360  miles  apart  ? 

Let  X  =  the  required  number  of  days. 

Then  35  x  =  the  number  of  miles  the  first  travels, 

25  X  =  the  number  of  miles  the  second  travels, 
and      35  X  —  25  X  =  the  number  of  miles  between  them  in  x  days. 
But  360  =  the  number  of  miles  between  them  in  x  days. 

.-.  35x-25x  =  360. 
Combin'te,  10x  =  360. 

Divide  by  10,  x  =  36. 

Therefore,  the  required  number  of  days  is  36. 

18.  Divide  $21  among  A,  B,  and  C  so  that  A  and  B  shall  each 
receive  three  times  as  much  as  C. 

Let  X  =  the  number  of  dollars  C  receives. 

Then  3  x  =  the  number  of  dollars  A  receives, 

3  X  =  the  number  of  dollars  B  receives, 
and  x4-3x4-3x  =  the  number  of  dollars  A,  B,  and  C  together  receive. 
But  21  =  the  number  of  dollars  A,  B,  and  C  together  receive. 

.-.  x  +  3x-}-3x  =  21. 
Combine,  7x  =  21. 

Divide  by  7,  •        x  =  3. 

3x  =  9. 

Therefore,  A  receives  $9 ;  B,  $9 ;  and  C,  ^. 

19.  A,  B,  and  C  buy  a  summer  cottage  for  $3000.  B  pays  twice 
as  much  as  A,  and  C  pays  as  much  as  A  and  B  together.  How  much 
does  each  pay  ? 

Let  X  =  the  number  of  dollars  A  pays. 

Then  2  x  =  the  number  of  dollars  B  pays, 

X  +  2  X  =  the  number  of  dollars  C  pays, 
and  x  +  2x-fx  +  2x  =  the  number  of  dollars  A,  B,  and  C  together  pay. 
But  3000  =  the  number  of  dollars  A,  B,  and  C  together  pay. 
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.-.  X  +  2x  +  X  +  2x  =  3000. 
Combine,  6x  =  3000. 

Divide  by  6,  x  =  500. 

2  X  =  1000. 
x  +  2x  =  1500. 

Therefore,  A  pays  $500;  B,  $1000;  and  C,  $1500. 


20.   Divide  48  into  two  parts  such  that  one  part  shall  exceed  the 

other  by  6. ' 

Let 

X  =  the  grea,ter  part. 

Then 

X  —  6  =  the  smaller  part. 

and 

X  +  X  —  6  =  the  whole  number. 

But 

48  =  the  whole  number. 

.-.  X  -f  X  -  6  =  48. 

Transpose, 

X  +  X  =  48  +  6. 

Combine, 

2x  =  54. 

Divide  by  2, 

x  =  27. 

X  -  6  =  21. 

Therefore,  the  required  parts  are  27  and  21. 

21.  A  father  is  twice  as  old  as  his  son;  11  years  ago  he  was  three 
times  as  old  as  his  son.     Find  the  age  of  each. 

Let  X  =  the  number  of  years  in  the  age  of  the  son. 

Then     2  x  =  the  number  of  years  in  the  age  of  the  father, 

X  —  11  =  the  number  of  years  in  the  age  of  the  son  1 1  years  ago, 
and   2  X  —  11  =  the  number  of  years  in  the  age  of  the  father  1 1  years  ago. 
But  11  years  ago  the  father  was  three  times  as  old  as  the  son. 

.-.  2x-ll  =  3(x-ll). 
Remove  the  parenthesis,  2  x  — 11  =  3x  —  33. 
Transpose,  2x  —  3x  =  ll  —  33. 

Change  the  signs,  3x-2x  =  33  —  11. 

Combine,  x  =  22. 

2x  =  44. 

Therefore,  the  father  is  44  years  old  and  the  son  22  years  old. 

22.  A  man  is  four  times  as  old  as  his  son ;  in  18  years  he  will  be 
only  twice  as  old.     Find  the  agi^  of  each. 
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Let         X  =  the  number  of  years  in  the  age  of  the  son. 
Then   4  x  =  the  number  of  years  in  the  age  of  the  father, 

«  -}- 18  =  the  number  of  years  in  the  age  of  the  son  18  years  hence, 
and  4  X  -I- 18  =  the  number  of  years  in  the  age  of  the  father  18  years  hence. 
But  in  18  years  the  father  will  be  twice  as  old  as'  the  son. 

.-.  4x  +  18  =  2(x  +  18). 
Remove  the  parenthesis,  4  x  +  18  =  2  x  +.36. 
Transpose,  4  x  -  2  x  =  36  -  18. 

Combine,  2  x  =  18. 

-  Divide  by  2,  x  =  9. 

4x  =  36. 
Therefore,  the  father  is  36  years  old  and  the  son  9  years  old. 

23.  A  dealer  bought  26  dozen  oranges  for  $9.25.  For  a  part  he 
paid  40  cents  a  dozen  and  for  the  remainder  35  cents  a  dozen.  How 
many  dozen  of  each  kind  did  he  buy  ? 

Let  X  =  the  number  of  dozen  he  bought  at  40  cents. 

Then  25  —  x  =  the  number  of  dozen  he  bought  at  36  cents, 

40  X  =  the  number  of  cents  he  paid  for  the  first  kind, 
36  (26  —  x)  =  the  number  of  cents  he  paid  for  the  second  kind, 
and  40x  +  35(25  —  x)  =  the  number  of  cents  he  paid  in  all. 
But  925  =  the  number  of  cents  he  paid  in  all. 

.-.  40x  + 35(25 -x)  =  926. 
Remove  the  parenthesis, 

40x  +  876-35x  =  926. 
Transpose,  40  x  -  35  x  =  925  -  875. 

Combine,  6  x  =  50. 

Divide  by  5,  x  =  10. 

25  -  X  =  15. 
Therefore,  the  dealer  bought  10  dozen  at  40  cents  and  15  dozen  at 
35  cents. 

24.  I  have  $3.85  in  quarters  and  ten-cent  pieces  and  I  have  three 
times  as  many  ten-cent  pieces  as  quarters.  How  many  coins  of  each 
kind  have  I  ? 

Let  X  =  the  number  of  quarters. 

Then         3  x  =  the  number  of  ten-cent  pieces, 

25  X  =  the  number  of  cents  in  the  value  of  the  quarters, 
30  X  =  the  number  of  cents  in  the  value  of  the  ten-cent  pieces, 
and  25x  +  30x  =  the  number  of  cents  in  the  value  of  all  the  coins. 
But  385  =  the  number  of  cents  in  the  value  of  all  the  coins. 
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.-.  25xH-30x  =  386. 
Combine,  66  a;  =  386. 

Divide  by  66,  x  =  7. 

3x  =  21. 

Therefore,  I  have  7  quarters  and  21  ten-cent  pieces. 

25.  Divide  76  into  two  parts  such  that  one  part  shall  exceed  twice 
the  other  by  9. 

Let  X  =  the  smaller  part. 

Then     75  —  x  =  the  larger  part, 

2  X  =  twice  the  smaller  part, 
and  75  —  X  —  2x  =  the  excess  of  the  larger  over  twice  the  smaller  part. 
But  9  =  the  excess  of  the  larger  over  twice  the  smaller  part. 

.-.  75-x-2x  =  9. 
Transpose,  75  -  9  =  x  -}-  2  x. 

Tianspose,  x  +  2  x  =  76  —  9. 

Combine,  3  x  =  66. 

Divide  by  3,  x  =  22. 

76  -  X  =  63. 

Therefore,  the  required  parts  are  63  and  22. 

26.  Two  trains  start  at  the  same  time  from  two  cities  460  miles 
apart  and  travel  towards  each  other,  one  at  the  rate  of  50  miles  an 
hour  and  the  other  at  the  rate  of  40  miles  an  hour.  In  how  many 
hours  will  the  trains  meet  ? 

Let  X  =  the  number  of  hours  in  which  the  trains  will  meet. 

Then         60  x  =  the  number  of  miles  the  firat  travels, 

40  X  =  the  number  of  miles  the  second  travels, 
and    60  X  +  40  X  =  the  number  of  miles  the  two  together  travel. 
But  460  =  the  number  of  miles  the  two  together  travel. 

.-.  60x  +  40x  =  460. 
Combine,  90x  =  460. 

Divide  by  90,  x  =  6. 

Therefore,  the  trains  will  meet  in  6  hours. 


27.  A  dealer  buys  30  tons  of  coal  and  40  cords  of  wood  for 
The  coal  costs  twice  as  much  per  ton  as  the  wood  costs  per  cord. 
How  much  does  he  pay  for  a  ton  of  coal  and  how  much  for  a  cord  of 
wood? 
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Let  X  =  the  number  of  dollars  in  the  cost  of  1  cord  of  wood. 

Then  2  x  =  the  number  of  dollars  in  the  cost  of  1  ton  of  coal, 

00  X  =  the  number  of  dollars  paid  for  the  coal, 
40  X  =  the  number  of  dollars  paid  for  the  wood, 
and    60x  +  40  X  =  the  number  of  dollars  paid  in  all. 

But  400  =  the  number  of  dollars  paid  in  all. 

.-.  60x  +  40x  =  400. 
Combine,  100x  =  400. 

Divide  by  100,  x  =  4. 

2x  =  8. 

Therefore,  the  dealer  pays  $8  for  a  ton  of  coal  and  94  for  a  cord  of 
wood. 

28.  A  man  was  hired  for  60  days.  Each  day  he  worked  be  was  to 
receive  f2,  and  each  day  he  was  idle  he  was  to  pay  50  cents.  At  the 
end  of  the  50  days  he  received  $80.     How  many  days  did  he  work  ? 

Let  X  =  the  number  of  days  he  worked. 

Then  50  —  x  =  the  number  of  days  he  was  idle, 

200  X  =  the  number  of  cents  he  received  for  the  days 
he  worked, 
50  (50  —  x)  =  the  number  of  cents  he  paid  for  the  days  he 

was  idle, 
and  200  x  —  50  (60  —  x)  =  the  net  number  of  cents  he  received. 
But  8000  =  the  net  number  of  cents  he  received. 

.-.  200x  -  60(60  -  X)  =  8000. 
Remove  the  parenthesis, 

200x  -  2500  +  50x  =  8000. 
Transpose,  200  x  +  60  x  =  8000  +  2500. 

Combine,  250  x  =  10500. 

Divide  by  250,  x  =  42. 

Therefore,  the  man  worked  42  days. 

29.  Ten  men  agreed  to  buy  a  camp  together,  but  two  declined  to 
take  their  share  and  each  of  the  others  had  to  pay  $5  more  for  his 
share.     What  was  the  cost  of  the  camp  ? 

Let  X  =  the  number  of  dollars  each  agreed  to  pay. 

Then  10  x  =  the  number  of  dollars  in  the  cost  of  the  camp, 

X  4-  5  =  the  number  of  dollars  each  of  eight  did  pay, 
and  8  (x  +  6)  =  the  number  of  dollars  in  the  cost  of  the  camp. 
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.-.  10x  =  8(x-f  5). 
Remove  the  parenthesis,  10  x  =  8  x  +  40. 
Transpose,  10  x  —  8  x  =  40. 

Combine,  2x  =  40. 

Divide  by  2,  x  =  20. 

10x  =  200. 

Therefore,  the  camp  cost  $200. 

80.  Divide  37  into  two  parts  such  that  the  sum  of  twice  the  greater 
part  and  three  times  the  smaller  shall  be  87. 

Let  X  =  the  greater  part. 

Then  37  —  x  =  the  smaller  part, 

2  X  =  twice  the  greater  part, 
3  (37  —  x)  =  three  times  the  smaller  part, 
and       2  X  +  3  (37  —  x)  =  the  sum  of  twice  the  greater  part  and  three 

times  the  smaller  part. 
But  87  =  this  sum. 

.-.  2x  +  3(37-x)  =  87. 
Remove  the  parenthesis, 

2x  +  lll-3x  =  87. 
Transpose,  2x-3x  =  87-  111. 

Change  the  signs,  3x  —  2x  =  lll  —  87. 

Combine,  x  =  24. 

37  -  X  =  13. 

Therefore,  the  required  parts  are  24  and  13. 

81.  The  sum  of  two  numbers  is  35  and  three  times  the  larger 
number  is  equal  to  four  times  the  smaller.     Find  the  numbers. 

Let  X  =  the  larger  number. 

Then  36  —  x  =  the  smaller  number, 

3  X  =  three  times  the  larger  number, 
and  4  (36  —  x)  =  four  times  the  smaller  number. 

.-.  3x  =  4(35-x). 
Remove  the  parenthesis,  3  x  =  140  —  4x. 
Transpose,  3  x  +  4  x  =  140. 

Combine,  7x  =  140. 

Divide  by  7,  x  =  20. 

35  -  X  =  15. 

Therefore,  the  required  numbers  are  20  and  16. 


TEACHERS'  EDITION  25 

82.  The  sum  of  two  numbers  is  72  and  twice  the  larger  number 
exceeds  four  times  the  smaller  by  12.     Find  the  numbers. 

Let  X  =  the  larger  number. 

Then  72  —  x  =  the  smaller  number, 

2  X  =  twice  the  larger  number, 
and  4  (72  —  x)  =  four  times  the  smaller  number. 

.-.  2x=4(72-x)  +  12. 
Remove  the  jMirenthesis,  2  x  =  288  —  4x4-12. 
Transpose,  2x -f  4x  =  288 -f  12. 

Combine,  6x  =  300. 

Divide  by  6,  x  =  60. 

72  -  X  =  22. 

Therefore,  the  required  numbers  are  50  and  22. 

88.  Four  years  ago  a  man  was  seven  times  as  old  as  his  son  and 
16  years  hence  he  will  be  only  twice  as  old  as  his  son.  Find  the  age 
of  each. 

Let  X  =  the  number  of  years  in  the  age  of  the  son 

4  years  ago. 
Then  7x  =  the  number  of  years  in  the  age  of  the  father 

4  years  ago, 
X  +  4  =  the  number  of  years  in  the  age  of  the  son 
now, 
7x  +  4  =  the  number  of  years  in  the  age  of  the  father 
now, 
X  +  4  +  16  =  the  number  of  years  in  the  age  of  the  son 

16  years  hence, 
and  7x-f4  +  16  =  the  number  of  years  in  the  age  of  the  father 

16  years  hence. 
But  16  years  hence  the  father  will  be  twice  as  old  as  the  son. 

.-.  7x  +  4  -f  16  =  2  (X  -f  4  -f  16). 
Remove  the  parenthesis, 

7x -f  4  -f  16  =  2  X  +  8  +  82. 
Transpose,  7x  -  2x  =  8  -f  32  -  4  -  16. 

Combine,  5x  =  20. 

Divide  by  6,  x  =  4. 

X  +  4  =  8. 
7x-f4  =  32. 

Therefore,  the  father  is  32  years  old  and  the  son  is  8  years  old. 
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84.  Ten  years  ago  A  was  three  times  as  old  as  B  and  ten  years 
hence  he  will  be  18  years  less  than  twice  as  old  as  B.  Find  the  age 
of  each. 

Let  X  =  the  number  of  years  in  B's  age  10  years  ago. 

Then  Sx  =  the  number  of  years  in  A's  age  10  years  ago, 

X  +  10  =  the  number  of  years  in  B's  age  now, 
3x4-10  =  the  number  of  years  in  A's  age  now, 
X  +  10  -f  10  =  the  number  of  years  in  B's  age  10  years  hence, 
and   3  X  -f  10  -f  10  =  the  number  of  years  in  A's  age  10  years  hence. 
But  10  years  hence  A's  age  will  be  18  years  less  than  twice  B's  age. 

.-.  3x  -f  10  +  10  =  2  (x  +  10  +  10)  -  18. 
Remove  the  parenthesis, 

3x  +  10  -f  10  =  2x  +  20  +  20  -  18. 
Transpose,  3  x  -  2  x  =  20  +  20  -  18  -- 10  -  10. 

Combine,  x  =  2. 

X  +  10  =  12. 
3x4-10  =  16. 

Therefore,  A  is  16  years  old  and  B  is  12  years  old. 

85.  Four  times  the  excess  of  a  certain  number  oyer  9  is  equal  to 
6  less  than  twice  the  number.     Find  the  number. 

Let  X  =  the  number. 

Then         4  (x  —  9)  =  four  times  the  excess  of  the  number  over  9, 
and  2  X  —  6  =  6  less  than  twice  the  number. 

But  these  two  numbers  are  equal. 

.-.  4(x-9)  =  2x-6. 
Remove  the  parenthesis,  4x  —  36  =  2x  —  6. 
Transpose,  4x-2x  =  36-6. 

Combine,  2  x  =  30. 

Divide  by  2,  x  =  16. 

Therefore,  the  required  number  is  15. 

86.  A  can  hoe  4  rows  in  an  hour ;  B,  3  rows ;  and  C,  2  rows.  How 
many  hours  will  it  take  the  three  together  to  hoe  126  rows  ? 

Let  X  =  the  number  of  hours  required. 

Then  4  x  =  the  number  of  rows  A  will  hoe, 

3  X  =  the  number  of  rows  B  will  hoe, 
2  X  =  the  number  of  rows  C  will  hoe, 
and     4x4-3x4-2x  =  the  number  of  rows  the  three  together  will  hoe. 

But  126  =  the  number  of  rows  the  three  together  will  hoe. 
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.-.  4x-f3a;  +  2x  =  126. 
Combine,  9»  =  126. 

Divide  by  9,  a;  =  14. 

Therefore,  it  will  take  the  three  together  14  hours  to  hoe  126  rows. 

87.  A  cistern  that  will  hold  900  gallons  has  three  pipes.  The  first 
lets  in  7  gallons  a  minute,  the  second  15  gallons,  and  the  third  23 
gallons.     In  how  many  minutes  will  the  three  pipes  fill  the  cistern  ? 

Let  *  X  =  the  number  of  minutes  it  takes  the  three 

pipes  to  fill  the  cistern. 
Then  7  x  =  the  number  of  gallons  let  in  by  the  first  pipe, 

15  X  =  the  number  of  gallons  let  in  by  the  second 

pipe, 
23  X  =  the  number  of  gallons  let  in  by  the  third  pipe, 
and     7x  +  15x  +  23x  =  the  number  of  gallons  let  in  by  the  three 

pipes  together. 
But  900  =  the  number  of  gallons  let  in  by  the  three 

pipes  together. 

.-.  7x  +  16x-f23x  =  900. 
Combine,  46x  =  900. 

Divide  by  45,  x  =  20. 

Therefore,  the  three  pipes  together  will  fill  the  cistern  in  20  minutes. 

88.  A  tree  90  feet  high  was  broken  so  that  the  length  of  the  part 
broken  off  was  five  times  the  length  of  the  part  left  standing.  Find 
the  length  of  each  part. 

Let         X  =  the  number  of  feet  in  the  length  of  the  part  left  standing. 
Then    5  x  =  the  number  of  feet  in  the  length  of  the  part  broken  off, 
and  X  -f  6  X  =  the  number  of  feet  in  the  length  of  the  whole  tree. 
But       90  =  the  number  of  feet  in  the  length  of  the  whole  tree. 

.-.  x  +  5x  =  90. 
Combine,     -  6  x  =  90. 

Divide  by  6,  x  =  15. 

6x  =  75. 

Therefore,  the  length  of  the  part  broken  off  is  75  feet  and  the  length 
of  the  part  left  standing  is  15  feet. 

89.  A  man  has  $1.10  in  dimes  and  nickels  and  he  has  15  coins  in 
all.     How  many  coins  of  each  kind  has  he  ? 
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Let  X  =  the  number  of  dimes. 

Then  16  —  a;  =  the  number  of  nickels, 

10  X  =  the  number  of  cents  in  the  dimes, 
5  (16  —  x)  =  the  number  of  cents  in  the  nickels, 
and  lOx  +  6  (16  —  x)  =  the  number  of  cents  in  the  whole. 
But  110  =  the  number  of  cents  in  the  whole. 

.-.  lOx  +  6(16 -x)  =  110. 
Remove  the  parenthesis, 

10x  +  76-6x  =  110.  ^ 

Transpose,  lOx  —  6x  =  110  —  76. 

Combine,  6  x  =  36. 

Divide  by  6,  x  =  7. 

15  -  X  =  8. 

Therefore,  the  man  has  7  dimes  and  8  nickels. 

40.  A  man  has  9  dollars  in  half  dollars  and  quarters  and  he  has 
four  times  as  many  quarters  as  half  dollars.  How  many  coins  of  each 
kind  has  he  ? 

Let  X  =  the  number  of  half  dollars. 

Then  4  x  =  the  number  of  quarters, 

60  X  =  the  number  of  cents  in  the  half  dollars, 
100  X  =  the  number  of  cents  in  the  quarters, 
and         60  X  -f  100  x  =  the  number  of  cents  in  the  whole. 
But  900  =  the  number  of  cents  in  the  whole. 

.-.  60x  +  100x  =  900. 
Combine,  160x  =  900. 

Divide  by  160,  '    x  =  6. 

4x  =  24. 

Therefore,  the  man  has  6  half  dollars  and  24  quarters. 

41.  A  man  has  12  hours  for  an  excursion.  How  far  into  the 
country  can  he  ride  a  bicycle  at  the  rate  of  15  miles  an  hour  so  as  to 
return  in  time,  driving  a  horse  at  the  rate  of  5  miles  an  hour  ? 

Let  X  =  the  number  of  hours  he  can  ride  the  bicycle. 

Then  12  —  x  =  the  number  of  hours  he  can  drive  the  horse, 

15  X  =  the  number  of  miles  he  will  ride  the  bicycle, 
and  6(12  —  x)  =the  number  of  miles  he  will  drive  the  horse. 

But  these  two  distances  are  equal. 


TEACHERS*  EDITION  29 

.-.  15x  =  6(12-x). 
Remove  the  parenthesis,       15  x  =  60  —  5  x. 
Transpose,  16  x  +  5  x  =  60. 

Combine,  20x  =  60. 

Divide  by  20,  x  =  3. 

16x  =  46. 

Therefore,  the  man  can  ride  a  bicycle  45  miles  into  the  country. 

42.  A,  whose  horse  travels  at  the  rate  of  10  miles  an  hour,  starts 
2  hours  after  B,  whose  horse  travels  at  the  rate  of  8  miles  an  hour. 
How  many  miles  must  A  drive  to  overtake  B  ? 

Let  X  =  the  number  of  hours  A  must  drive. 

Then  x  -f  2  =  the  number  of  hours  B  drives, 

10  X  =  the  number  of  miles  A  drives, 
and  8  (x  +  2)  =  the  number  of  miles  B  drives. 

But  A  and  6  drive  the  same  distance. 

.-.  10x  =  8(x  +  2). 
Remove  the  parenthesis,  lOx  =  8x  +  16. 
Transpose,  lOx  —  8x  =  16. 

Combine,  2  x  =  16. 

Divide  by  2,  x  =  8. 

10x  =  80. 

Therefore,  A  must  drive  80  miles. 

48.  If  a  certain  number  is  diminished  by  9  and  the  remainder 
multiplied  by  9,  the  result  is  the  same  as  if  the  number  were  diminished 
by  6  and  the  remainder  multiplied  by  6.     Find  the  number. 

Let  X  =  the  number. 

Then       9  (x  —  9)  =  the  number  diminished  by  9  and  the  remainder 

multiplied  by  9, 
and  6  (x  —  6)  =  the  number  diminished  by  6  and  the  remainder 

multiplied  by  6. 
But  these  two  numbers  are  equal. 

.-.  9(ir. -9)  =  6(x-6). 
Remove  the  parentheses, 

9x-81  =  6x-36. 
Transpose,  9x-6x  =  81-36. 

Combine,  3  x  =  45. 

Divide  by  3,  x  =  15. 

Therefore,  the  required  number  is  16. 
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44.  If  5  times  a  certain  number  is  diminished  by  3  and  the  remainder 
multiplied'by  23,  the  result  is  the  same  as  if  7  times  the  number  were 
increased  by  9  and  the  sum  multiplied  by  7.     Find  the  number. 

Let  X  =  the  number. 

Then     23  (5  »  —  3)  =  23  times  the  remainder  obtained  by  diminish- 
ing 5  times  the  number  by  3, 
and  7  (7  X  +  9)  =  7  times  the  sum  obtained  by  increasing  7  times 

the  number  by  9. 
But  these  two  numbers  are  equal. 

.-.  23(5x-3)  =  7(7x-f9). 
Remove  the  parentheses, 

116x-69  =  49x-f63. 
Transpose,  115  x  -  49  x  =  63  +  69. 

Combine,  66x  =  132. 

Divide  by  66,  x  =  2. 

Therefore,  the  required  number  is  2. 

45.  A  and  B  have  together  ^0 ;  A  and  C,  $22 ;  B  and  C,  |26.  How 
much  has  each  ? 

Let  X  =  the  number  of  dollars  A  has. 

Then  20  —  x  =  the  number  of  dollars  B  has, 

22  —  X  =  the  number  of  dollars  C  has, 
and  20  —  X  +  22  —  x  =  the  number  of  dollars  B  and  C  have  together. 
But  26  =  the  number  of  dollars  B  and  C  have  together. 

.-.  26  =  20  -  X  +  22  -  X. 
Transpose,  x  +  x  =  20  +  22  -  26. 

Combine,  2  x  =  16. 

Divide  by  2,  x  =  8. 

20  -  X  =  12. 
22  -  X  =  14. 

Therefore,  A  has  |8 ;  B,  |12 ;  and  C,  $14. 

46.  The  sum  of  the  ages  of  a  father  and  his  son  is  60  years,  and  the 
father's  age  is  3  years  more  than  twice  the  age  of  his  son.  Find  the 
age  of  each. 

Let  X  =  the  number  of  years  in  the  age  of  the  son. 

Then  2  x  +  3  =  the  number  of  years  in  the  age  of  the  father, 

and  X  +  2  X  -f  3  =  the  number  of  years  in  the  sum  of  their  ages. 

But  60  =  the  number  of  years  in  the  sum  of  their  ages. 
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Transpose,  x  +  2x  =  60  —  3. 

Combine,  3»  =  57. 

Divide  by  3,  x  =  19. 

2aj-f3  =  41. 

Therefore,  the  father  is  41  years  old  and  the  son  is  19  years  old. 


47.  A  farmer  bought  16  sheep.  If  he  had  bought  4  sheep  more  for 
the  same  money,  each  sheep  would  have  cost  him  one  dollar  less. 
How  much  did  he  pay  for  a  sheep  ? 

Let  z  =  the  number  of  dollars  he  paid  for  1  sheep. 

Then  16  x  =  the  number  of  dollars  he  paid  for  the  sheep, 

and  20  (x  —  1)  =  the  number  of  dollars  he  would  have  paid  for 

the  sheep  if  he  had  bought  4  more  and  paid 
for  each  sheep  1  dollar  less. 
%  .-.  20(x-l)  =  16x. 

Remove  the  parenthesis, 

20x-20  =  16x. 
Transpose,  20  x  -  16  x  =  20. 

Combine,  4x  =  20. 

Divide  by  4,  x  =  5. 

Therefore,  the  farmer  paid  $5  for  each  sheep. 

48.  A  man  has  $64  in  five-dollar  bills  and  one-dollar  bills.  He  has 
three  times  as  many  five-dollar  bills  as  one-dollar  bills.  How  many 
bills  of  each  kind  has  he  ? 

Let  X  =  the  number  of  one-dollar  bills. 

Then  3  x  =  the  number  of  five-dollar  bills. 

X  =  the  number  of  dollars  in  the  one-dollar  bills, 
15  X  =  the  number  of  dollars  in  the  five-dollar  bills, 
and  X  +  16  X  =:  the  number  of  dollars  in  all. 

But  64  =  the  number  of  dollars  in  all. 

.-.  x  +  15x  =  64. 
Combine,  16  x  =  64. 

Divide  by  16,  x  =  4. 

3x  =  12. 

Therefore,  the  man  has  12  five-dollar  bills  and  4  one-dollar  bills. 
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49.  The  current  of  a  river  runs  2  miles  an  hour.  A  man  can  paddle 
a  canoe  a  certain  distance  up  the  river  in  7  hours  and  the  same  distance 
down  in  3  hours.    How  many  miles  an  hour  can  he  paddle  in  still  water  ? 

Let  X  =  the  number  of  miles  per  hour  he  can  paddle  in  still 

water. 
Then  x  —  2  =  the  number  of  miles  per  hour  he  can  paddle  upstream, 
X  +  2  =  the  number  of  miles  per  hour  he  can  paddle  down- 
stream, 
7(x  —  2)  =  the  number  of  miles  he  paddles  upstream, 
and    3  (x  -f  2)  =  the  number  of  miles  he  paddles  downstream. 
But  these  two  distances  are  equal. 

.-.  7(x-2)  =  3(x-f  2). 
Remove  the  parentheses,  7x— 14  =  3x4-6. 
Transpose,  7x  —  3x  =  6  +  14. 

Combine,  4  x  =  20. 

Divide  by  5,  x  =  6. 

Therefore,  the  man  can  paddle  5  miles  per  hour  in  still  water. 

60.  An  express  train,  which  travels  46  miles  an  hour,  starts  2  hours 
after  an  accommodation  train,  which  it  overtakes  in  4  hours.  What 
is  the  rate  of  the  accommodation  train  ? 

Let  X  =  the  number  of  miles  per  hour  the  accommodation 

train  goes. 
Then       6x  =  the  number  of  miles  the  accommodation  train  goes, 
and       4  X  45  =  180  =  the  number  of  miles  the  express  train  goes. 
But  the  trains  travel  the  same  distance. 

.-.  6x  =  180. 
Divide  by  6,  x  =  30. 

Therefore,  the  accommodation  train  travels  30  miles  per  hour. 

51.  A  sum  of  money  was  divided  among  A,  B,  and  C  in  such  a 
way  that  A  received  four  times  as  much  as  B,  and  B  twice  as  much 
as  C.  If  A  received  $35  more  than  C,  how  great  a  sum  of  money 
was  divided  ? 

Let  X  =  the  number  of  dollars  C  received. 

Then  2  x  =  the  number  of  dollars  B  received, 

8  X  =  the  number  of  dollars  A  received, 
11 X  =  the  number  of  dollars  that  was  divided, 
and  8  X  —  X  =  the  number  of  dollars  A  received  more  than  C. 

But  36  =  the  number  of  dollars  A  received  more  than  C. 
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..Sz  —  z  =  36. 
Combine,  7  x  =  36. 

Divide  by  7,  x  =  6. 

llx  =  65. 

Therefore,  the  sum  of  $66  was  divided. 

62.  At  an  election  there  were  2  candidates  and  1280  votes  were 
cast.  The  successful  candidate  had  a  majority  of  40.  How  many 
votes  were  cast  for  each  candidate  ? 

Let  z  =  the  number  of  votes  the  successful  candidate 

received. 
Then  x  —  40  =  the  number  of  votes  the  unsuccessful  candidate 

received, 
and  X  +  X  —  40  =  the  number  of  votes  cast. 

But  1280  =  the  number  of  votes  cast. 

.-.  X  +  X  -  40  =  1280. 
Transpose,  x  +  x  =  1280  +  40. 

Combine,  2x  =  1320. 

Divide  by  2,  x  =  660. 

X  -  40  =  620. 

Therefore,  the  candidates  received  660  votes  and  620  votes  respec- 
tively. 

58.  Three  times  the  excess  of  a  certain  number  over  8  is  equal  to 
twice  the  number  plus  1.     Find  the  number. 

Let  X  =  the  number. 

Then         3  (x  —  8)  =  three  times  the  excess  of  the  number  over  8, 
and  2x  -f  1  =  twice  the  number  plus  1. 

But  these  two  numbers  are  equal. 

.-.  3(x-8)  =  2x-f  1. 
•    Remove  the  parenthesis,  3x  — 24  =  2x+l. 

Transpose,  3x  —  2x  =  l  +  24. 

Combine,  x  =  25. 

Therefore,  the  required  number  is  26. 

64.  A  man  has  $66  in  ten-dollar  bills  and  one-dollar  bills.  He  has 
four  times  as  many  one-dollar  bills  as  ten-dollar  bills.  How  many 
bills  of  each  kiud  ha^  he  ? 
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Let  X  =  the  number  of  ten-dollar  bills. 

Then  •  4  x  =  the  number  of  one-dollar  bills, 

10  X  =  the  number  of  dollars  in  the  ten-dollar  bills, 
4  X  =  the  number  of  dollars  in  the  one-dollar  bills, 
and  10  X  +  4  X  =  the  number  of  dollars  in  all. 

But  56  =  the  number  of  dollars  in  all. 

.-.  10x4-4x  =  66. 
Combine,  14  x  =  56. 

Divide  by  14,  x  =  4. 

4x  =  16. 
Therefore,  the  man  has  4  ten-dollar  bills  and  16  one-dollar  bills. 

55.  Nine  times  a  certain  number  exceeds  56  by  as  much  as  five 
times  the  number  is  less  than  56.     Find  the  number. 

Let  X  =  the  number. 

Then         9x  —  56  =  the  excess  of  nine  times  the  number  over  56, 
and  56  —  5x  =  the  excess  of  56  over  five  times  the  number. 

But  these  two  numbers  are  equal. 

.-.  9x- 56  =  56 -6x. 
Transpose,  9x-f5x  =  664-56. 

Combine,  14  x  =  112. 

Divide  by  14,  x  =  8. 

Therefore,  the  required  number  is  8. 

56.  Divide  39  into  two  parts  such  that  the  greater  part  exceeds 
twice  the  smaller  by  1  less  than  twice  the  smaller  part. 

Let  X  =  the  greater  part. 

Then  89  —  x  =  the  smaller  part, 

X  —  2  (39  -  x)  =  the  excess  of  the  greater  part  over  twice  the 

smaller  part, 
and      2  (39  —  x)  —  1  =  1  less  than  twice  the  smaller  part. 
But  these  last  two  numbers  are  equal. 

.-.  X  -  2(39  -  x)  =  2(39  -  X)  -  1. 
Remove  the  parentheses, 

x-78  +  2x  =  78-2x-l. 
Transpose,  x  +  2x  +  2x  =  78  +  78  -  1, 

Combine,  5x  =  155. 

Divide  by  5,  x  =  31. 

39  -  X  =  8. 
Therefore,  the  required  parts  are  31  and  8, 
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67.  Ten  years  ago  A  was  three  times  as  old  as  B,  and  20  years  ago 
A  was  five  times  as  old  as  B.     Find  the  age  of  each. 

Let  X  =  the  number  of  years  in  B's  age  10  years  ago. 

Then  Sx  =  the  number  of  years  in  A's  age  10  years  ago, 

X  +  10  =  the  number  of  years  in  B's  age  now, 
3x  +  10  =  the  number  of  years  in  A's  age  now, 
X  -f  10  —  20  =  the  number  of  years  in  B's  age  20  years  ago, 
and       3  X  +  10  —  20  =  the  number  of  years  in  A's  age  20  years  ago. 
But  20  years  ago  A  was  five  times  as  old  as  B. 

.'.  3x  +  10  -  20  =  6(x  +  10  -  20). 
Remove  the  parenthesis, 

3x  +  10  -  20  =  5x  +  50  -r  100. 
Transpose,  3x  -  5x  =  50  -  100  -  10  +  20. 

Change  the  signs,  6x  -  3x  =  100  -  50  +  10  -  20. 

Combine,  2  x  =  40. 

Divide  by  2,  x  =  20. 

X  + 10  =  SO. 
3x4-10  =  70. 

Therefore,  A  is  70  years  old  and  B  is  30  years  old. 

58.  A  flag  pole  105  feet  high  was  broken  so  that  the  length  of  the 
part  broken  off  was  six  timj^s  the  length  of  the  part  left  standing. 
Find  the  length  of  each  part. 

Let  X  =  the  number  of  feet  in  the  part  left  standing. 

Then  6  x  =  the  number  of  feet  in  the  part  broken  off, 

and  X  +  6  X  =  the  number  of  feet  in  the  whole  pole. 

But  105  =  the  number  of  feet  in  the  whole  pole. 

.-.  x  +  6x  =  105. 
Combine,  7x  =  105. 

Divide  by  7,  x  =  15. 

6x  =  90. 

Therefore,  the  part  broken  off  was  90  feet  long  and  the  part  left 
standing  was  15  feet  long. 

69.  A  river  flows  at  the  rate  of  8  miles  an  hour.  A  man  rows 
a  certain  distance  up  the  river  in  12  hours  and  rows  back  to  the 
starting  pomt  m  3  hours.  How  many  miles  an  hour  can  he  row  in 
0till  water  ? 
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Let  X  =  the  number  of  miles  he  can  row  in  1  hour  in 

still  water. 
Then  x  —  3  =  the  number  of  miles  he  can  row  in  1  hour 

upstream, 
05  +  3  =  the  number  of  miles  he  can  row  in  1  hour 
downstream, 
12  (x  —  3)  =  the  number  of  miles  he  rows  upstream, 
and  3  (x  +  3)  =  the  number  of  miles  he  rows  downstream. 

But  these  two  distances  are  equal. 

.-.  12(x-3)  =  3(x  +  3). 
Remove  the  parentheses, 

12x-36  =  3x  +  9. 
Transpose,  12x  -  3x  =  9  +  36. 

Combine,  9  x  =  46. 

Divide  by  9,  x  =  6. 

Therefore,  the  man  can  row  5  miles  an  hour  in  still  water. 

60.  A  man  finds  that  it  takes  his  naphtha  launch  2  hours  to  go  24 
miles  with  the  tide,  and  4  hours  to  go  8  miles  against  the  tide.  Find 
the  rate  of  the  tide  in  miles  an  hour. 

Let  X  =  the  number  of  miles  the  tide  runs  per  hour. 

Now  the  launch  moves  against  the  tide  8  miles  in  4  hours,  or  2  miles 
an  hour,  and  with  the  tide  it  moves  24  miles  in  2  hours,  or  12  miles 
an  hour. 
Then  12  —  x  =  the  actual  number  of  miles  the  launch  moves 

through  the  water  in  1  hour, 
and  X  +  2  =  the  actual  number  of  miles  the  launch  moves 

through  the  water  in  1  hour. 
But  these  two  rates  are  equal. 

.-.  X  -f  2  =  12  -  X. 
Transpose,  x  +  x  =  12  —  2. 

Combine,  2  x  =  10. 

Divide  by  2,  x  =  5. 

Therefore,  the  tide  runs  5  miles  an  hour. 

61.  A  merchant  has  two  kinds  of  coffee,  one  kind  costing  35  cents 
and  the  other  40  cents  a  pound.  He  makes  a  mixture  of  100  pounds. 
If  a  pound  of  the  mixture  costs  him  39  cents,  how  many  pouuds  of 
each  kind  does  he  take  ? 
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Let  X  =  the  number  of  pounds  of  the  36-cent  coffee. 

Then  100  —  x  =  the  number  of  pounds  of  the  40-cent  coffee, 

35  X  =  the  number  of  cents  in  the  value  of  the  35-cent 
coffee, 
40  (100  —  x)  =  the  number  of  cents  in  the  value  of  the  40^-cent 

coffee, 
and  35  X + 40  (100 — x)  =  the  number  of  cents  in  the  value  of  the  mixture. 
But  100  X  39  =  the  number  of  cents  in  the  value  of  the  mixture. 

.-.  35  X  +  40(100  -  X)  =  100  X  39. 
Remove  the  parenthesis, 

35x  +  4000  -  40x  =  3900. 
Transpose,  35x  -  40x  =  3900  -  4000. 

Change  the  signs,       40  x  -  35  x  =  4000  -  3900. 
Combine,  5  x  =  100. 

Divide  by  5,  x  =  20. 

100  -  X  =  80. 

Therefore,  the  merchant  takes  20  pounds  costing  35  cents  and  80 
pounds  costing  40  cents. 

62.  A  had  -$27  and  B  had  $21.  A  paid  B  a  certain  sum  and  then  B 
had  twice  as  much  as  A  had  left.     How  many  dollars  did  A  pay  B  ? 

Let  X  =  the  number  of  dollars  A  paid  B. 

Then  27  —  x  =  the  number  of  dollars  A  then  had, 

and  21  +  X  =  the  number  of  dollars  B  then  had. 

But  B  then  had  twice  as  many  dollars  as  A  then  had. 

.-.  21  +  x  =  2(27-x). 
Remove  the  parenthesis,  21  +  x  =  54  —  2  x. 
Transpose,  x  +  2  x  =  54  —  21. 

Combine,  3  x  =  33. 

Divide  by  3,  x  =  11. 

Therefore,  A  paid  B  $11. 

68.  A  man  has  a  certain  number  of  dollars,  half  dollars,  and  quarters. 
The  number  of  quarters  is  twice  the  number  of  half  dollars,  and  the 
number  of  half  dollars  is  twice  the  number  of  dollars.  If  he  has  $45 
in  all,  how  many  coins  of  each  kind  has  he  ? 

Let  X  =  the  number  of  dollars. 

Then  2  x  =  the  number  of  half  dollars, 

4  X  =  the  number  of  quarters. 
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X  =  the  number  of  dollars  in  the  value  of  the  dollars, 
X  =  the  number  of  dollars  in  the  value  of  the  half  dollars, 
X  =  the  number  of  dollars  in  the  value  of  the  quarters, 
and  X  +  X  +  a;  =  the  number  of  dollars  in  the  value  of  the  whole. 
But  45  =  the  number  of  dollars  in  the  value  of  the  whole. 

.*.  X  +  X  +  X  =  46. 
Combine,  3  x  =  45. 

Divide  by  3,  x  =  15. 

2x  =  30. 
4x  =  60. 

Therefore,  the  man  has  15  dollars,  30  half  dollars,  and  60  quarters. 


Exercise  9.    Page  37 

Perform  mentally  the  indicated  addition : 


1. 

2. 

8. 

4. 

5. 

6. 

+  19 

-22 

-34 

-17 

+  17 

+  33 

-12 

-14 

+  19 

+  24 

+  24 

-48 

+  7 

-36 

-15 

+  7 

+  41 

-16 

7. 

8. 

9. 

10. 

IX. 

12. 

+  27 

-16 

-25 

-17 

+  26 

-42 

-32 

-24 

+  48 

-23 

-11 

+  86 

+  45 

+  14 

,  -11 

-10 

-15 

-29 

+  40 

-26 

+  12 

-50 

0 

+  16 

13. 

14. 

16. 

16. 

17. 

18. 

-19 

+  22 

-36 

+  29 

+  22 

-17 

-29 

-16 

+  32 

-17 

+  27 

-34 

+  39 

+  8 

.  +12 

-12 

+  36 

+  50 

-  9 

+  14 

+  8 

0 

+  85 

-  1 

19. 

20. 

21. 

22. 

28. 

24. 

28 

-46 

28 

-14 

-12 

80 

-19 

-19 

19 

22 

-17 

-60 

-17 

-24 

-12 

-38 

-22 

-40 

12 

16 

-  7 

15 

-29 

24 

-73  28  -15  -aO 


TEACHERS'  EDITION  39 


XSzercise  10.    Page  38 
Perform  mentally  the  indicated  addition : 


1. 

2. 

3. 

4. 

5. 

7a 

—  4xy 

Ila26 

3ac 

12x2 

5a 

—  6ajy 

-  6  a^b 

-2ac 

-18x2 

-4a 

6ajy 

Sa^b 

6ac 

6x2 

-«a 

2jcy 

-6a26 

—  4ac 

-    3x2 

2a 

—    xy 

8a-26 

2ac 

-    3x2 

6. 

7. 

8. 

9. 

10. 

-17a2 

12x^2 

-7o6 

4y2 

-    2a6c 

-16a2 

—  ITxyz 

-4a6 

6y2 

-    3a6c 

-16a2 

—    8a5yz 

-2a6 

8y« 

—    4a6c 

32  a2 

lOx^z 

Sab 

-12y2 

—    babe 

-16a2-  -    3xy2  -bob  6y^  -Uabc 
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1.  Find  the  algebraic  sum  of  4  a,  —  7  a,  a,  8  a,  —  12  a. 

4a-7a+a  +  8a-12a  =  13a-19a  =  -6a. 

2.  Find  the  algebraic  sum  of  7  c,  5  c,  8  c,  —  14  c,  —  2  c. 

7c  +  6c  +  8c-14c-2c  =  20c-16c  =  4c. 

8.   Find  the  algebraic  sum  of  8  a6,  —  7  a5,  —  4  a6,  —  db. 

8a5-7a6-4a6-o6  =  8a6-12o6  =  -4a6. 

4.   Find  the  algebraic  sum  of  7xy,  4txy^  —  Sxy,  —  bxy. 

7  xy  +  4  xy  —  8  xy  —  5  xy  =  11  xy  —  13  xy  =  —  2  xy . 

6.   Find  the  algebraic  sum  of  4  a6c,  6  a6c,  —  8  a6c,  10  a6c. 

4a6c  +  6a6c  -8a6c  +  10a6c  =  20a6c  -8a6c  =  12 a6c. 

6.  Find  the  algebraic  sum  of  14  &,  —  16  &,  —  2  5,  8  6. 

14  5  _  166 -26 +  86  =  226 -186  =  46. 

7.  Find  the  algebraic  sum  of  8yz,  —  7y2,  —  3yz,  —  2yz. 

8  yz  —  7  y«  —  3  y«  —  2  yz  =  8  yz  —  12  yz  =  —  4  yz. 

8.  Find  the  algebraic  sum  of  -  6  x2,  8  x2,  -  4  x2,  2  x2. 

^  6x2  ^  8^52  _  4a;2  ^  2x2  -  10x2  -  I0j»?2  -  0. 
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9.    Find  the  algebraic  sum  of  -  ^a%  -  7a%  lQa%  -  Sa^ft. 

-  4a26  -  7a26  +  IGa^ft  -  Sa^b  =  IQa^b  -  19a^b  =  -Sa^b. 

10.  Find  the  algebraic  sum  of  -  62^8,  7  bhn^,  -  4  bfhn^,  3  bfhn^ 

-  62,^8  +  762^8  _  462;^8  +  362;^8  =  1062^8  _  552^8  =-  5  62„i8. 

11.  Find  the  algebraic  sum  of  6  a%  —  3  a^ft,  4  0*6,  —  7  a^ft. 

5a26  -  3a26  +  4a26  -  7a26  =  9a^b-  lOa'^b  =  -  a^b. 

12.  Find  the  algebraic  sum  of  4a2c,  —  10a2c,  (ja%  —  Qa^c.  . 

4  a^c  -  10a2c  +  6a2c  -  9a2c  =  10a2c  -  19  a^c  =  -  9a2c. 

13.  Find  the  algebraic  sum  of  2  7nn,  5  wn,  —  mn,  —  4  mn. 

2  mn  +  6  7Ain  —  mn  —  4  mn  =  7  mn  —  6  mn  =  2  7/m. 

14.  Find  the  algebraic  sum  of  Syz,  2yz,  —  10  yz,  Syz. 

Syz  -\-2yz  —  10 yz  +  Syz  =  Hyz  -I0yz=''2yz. 
16.   Find  the  algebraic  sum  of  20  xy,  —  Txy,  —  Sxy,  6xy. 

20xy  —  7xij  —  Sxy  +  dxy  =  25  xy  —  16xy  =  lOxy. 

16.  Find  the  algebraic  sum  of  -  82*,  18  z*,  -  15  z*,  11  z*. 

-  8z*  +  I82*  -  15z4  +  11  z*  =  29 z*  -  23 z*  =  6z^. 

17.  Express  in  one  term  -  7x2  _  i8x2  +  7x2  ^  7^2  +  20x2  +  3x2. 

-  7x2  _  183-2  _|_  7aj2  ^  7x2  +  20x2  +  3x2  =  37x2  _  25x2  =  i2a;2. 

18.  Express  in  one  term  4a2  +  a2  -  9a2  +  11  a2  -  6a2  -  7a2. 

4a2  +  a2  -  9a2  +  11  a2  -  6a2  -  7a2  =  16a2  -  22a2  =  -  6a^. 

19.  Express  in  one  term  -  3a62  _  6062  _  29 062  +  4a62  4-  5a62. 

-  3a62  -  5a62  -  29a&2  +  4a62  +  6a62  =  9a62  -  37a62  =  -  28a62. 

20.  Express  in  one  term  3  a2x  +  6  o2x  +  4  a2x  -  9  a2x  -  13  a2x. 
3a2x  +  6a2x  +  4a2x  -  9a2x  -  13a2x  =  13  a2x  -  22  a2x  =  -  9  a2x. 

21.  Express  in  one  term  -  5  a262  -  10  a262  +  9  a262  +  3  a262  -  5  a262. 
-5a262_i0a262  4-9a262  4.3a262_5a2?,2  =  i2a262_20a262=-8a262. 

22.  Express  in  one  term  5  a^b  -  21  a^ft  -  11  a^b  +  18  a^b  +  17  a^b. 

5  a^b  -  21  a86  -  11  a^b  +  18  a^b  +  17  a^b  =  40  a^b  -  32  a^b  =  8  a^b. 
28.  Express  in  one  term  41  y^z^  -  43  y^z^  +  61  ^222  _  2  2^222  _  27^222^ 
41 2/2^2  _  43y22;2  +  61  ^2^2  _  2 y^z^  ^  27y'is^  =  102  2/2^2  _  72  y2z^  =  SOy^z\ 

24.    Express  in  one  term  —  3  6c  —  4  6c  —  31  6c  +  28  6c  +  7 6c  —  6c. 

-  36c  -  46c  -  316c  +  28  6c  -f  76c  -  6c  =  356c  -  396c  =  -  46c 
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25.  Express  in  one  term  bH  -  Sl^d  -^  1  l^d  -  I9ljf^d  -{■  7  b^d  +  4  62d. 
lM-SlM  +  7bH-  1962d  +  Tb^d  -{■  4lM=19b^d  -  27  bH  =  -  SbH, 

26.  Express  in  one  term  14  ac  —  7  ac  +  6  ac  —  9  oc  +  ac  +  4  oc. 

14  ac  —  7(ic-f6ac  —  9  ac-fac  +  4ac  =  25  oc  —  16  ac  =  9  ac. 

27.  Express  in  one  term  4 xy  +  Hxy  —  lOxy  —  xy  -^  6xy  —  7 xy. 

4xy  +  Sxy  —  lOxy  —  xy  -\-  6xy  —  7xy  =  12xy  —  ISxy  =—6xy. 

28.  Express  in  one  term  14  oc^  + 17  oc^  —  7  oc^  —  3 oc*  —  4  oc^  — 16  ac^. 

14ac2  +  17ac2-7ac2-3ac2-4ac2-15ac2  =  31ac2-29ac2  =  2ac2. 

29.  Express  in  one  term  4x2  -  11  x2  _  7^2  ^-  5^2  -  9x2  -f  3x2  +  5^2. 
4  x2  -  11  x2  -  7x2  -f  5 x2  -  9 x2  +  3  x2  -f  5  x2  =  17x2  -  27x2  =  -  10 3.2. 

80.  Express  in  one  term  16  obex  —  11  obex  —  2  abcx  +  3  a6cx  +  4  oftcx. 
16  ofecx  — 11  abcx  —  2  a6cx  +  3  abcx  +  4  abcx  =  23  a6cx  — 13  abcx  =  10  a6cx. 

81.  Express  in  one  term  13  cy  +  12  cy  —  24  cy  +  2  cy  —  3  cy  +  8  cy. 

1 3  cy  +  12  cy  -  24  cy  +  2  cy  -  3  cy  +  8  cy  =  36  cy  -  27  cy  =  8  cy. 

32.   Express  in  one  term  2ax  —  lOax  —  7ax  +  3ax  —  4ax  +  6ax. 
2ax-10ax  —  7ax  +  3ax  —  4ax  +  6ax  =  llax  —  21ax  =  —  lOax. 
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Perform  mentally  the  indicated  subtraction : 


1. 

2. 

3. 

4. 

5. 

6. 

14 

-14 

-14 

-16 

-  4 

-  8 

-  8 

8 

-  8 

-  4 

16 

18 

22 

-22 

-  6 

-12 

-20 

-26 

7. 

8. 

9. 

10. 

11. 

12. 

16 

16 

-16 

-16 

-12  . 

-  18 

20 

-20 

20 

-  6 

-16 

-24 

-  4 

35 

13. 

18 
24 

-35 

14. 

-18 
-18 

-10 

15. 

18 
-18 

4 

(j 

-    6  0  36 
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Exercise  13.    Page  41 

Perform  mentally  the  indicated  subtraction : 

1.                       2.                       3.                        4.  5. 

4o6              -    Sa^c                 Ibxyz             —16x^  14a6c 

-  6ab                  Sa^c             -    Sxyz             -    7g^»  Sabc 
lOoft             -16a2c                 2Sxyz             -   8xV  ^a&c 

6.                        7.                          8.                          9.  10. 

-IScd                 Ua^b             -14a26                    Sa(fl  -4a6 

-  led              -    9a^h                   9aV>               -lOoc*  -Sab 


-lied  23a26  -23a26  ISoc^  4ab 

11.  If  a  =  5,  6  =  -  3,  c  =  -  2,  find  the  value  of  a  +  (-  6)  +  c, 

a  +  (-  6)  +  c  =  5  +  [-  (-  3)]  +  (-  2)  =  6  +  3  -  2  =  6. 

12.  If  a  =  5,  6  =  -  3,  c  =  -  2,  find  the  value  of  -  a  -  (-  6)  +  c. 

-  a  -  (-  6)  +  c  =  -  5  -  [-  (-  3)]  +  (-  2)  =  -  5  -  3  -  2  =  -  10. 

18.   If  a  =  6,  6  =  -  3,  c  =  -  2,  find  the  value  of  a  -  6  +  (-  c). 

a  -  6  +  (-  c)  =  5  -  (-  3)  +  [-  (-  2)]  =  6  +  3  +  2  =  10. 

14.  If  a  =  5,  6= -3,  c=-2,  find  the  value  of  -(-a)-(-6)-(-c). 

_(^a)-(-6)-(-c)  =  -(-6)-[-(-3)]-[-(-2)] 

=:5_3_2  =  0. 

15.  If  a  =  5,  6  =  -  3,  c  =  -  2,  find  the  value  of  a  -  (—  6)  +  (—  c). 

a  _  (_  6)  +  (-  c)  =  5  -  [-  (-  3)]  +  [-  (-  2)]  =  6  -  3  +  2  =  4. 

16.  If  a  =  6,  6  =  —  3,  c  =  —  2,  find  the  value  of  -  a  4-  (-  6)  +  (—  c). 
-a  +  (-6)  +  (-c)=-5  +  [-(-3)]  +  [-(-2)]  =  -6  +  3  +  2  =  0. 

17.  If  a  =  6,  6  =  -  3,  c  =  -  2,  find  the  value  of  -  a  +  (-  6)  -  (-  c). 
_a  +  (-6)-(-c)=-5  +  [-(-3)]-[-(-2)]=-6  +  3-2  =  -4. 

18.  If  a  =  5,  6  =  -  3,  c  =  -  2,  find  the  value  of  -  (-  a)  -f  6  +  c. 

-  (-  a)  +  6  +  c  =  -  (-  6)  +  (-  3)  -f  (-  2)  =  6  -  3  -  2  =  0 
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Exercise  14.     Page  45 


Find  mentally  the  product  of : 

1.  2.  8. 

4  c  2  c  5  a6 

6c  c  —    2ab 


4.  5.  6. 

-2xy  4ac  Sx* 

—  2xy       — 2ac         —    2x 


20  c» 

2c2 

-  10  a26a 

4x2y2 

-8a2c2 

-16x8 

7. 

8. 

9. 

10. 

11. 

12. 

-    5x2 

5a5a 

8ac 

-    8x2y 

-a«62 

9a62 

-    2x2 

-    2a26 

2a2c2 

-    3xy2 

-ofts 

-    2a62 

10  X* 

-  10  aJ^ 

16a3c« 

24  xV 

a*67 

-  18  a*-2&* 

18. 

14. 

16. 

16. 

17. 

18. 

-    6ax2 

5xy8 

9x6 

-  16  a«6 

-     x2y2 

7a26 

-    2a2x2 

-    4xV 

-    2x* 

-    4a&8 

-3xy6 

2a66T 

12aax* 

-20x'V 

-  18x10 

64  a*6* 

3xV 

14  a't* 

19. 

20. 

21. 

22. 

28. 

24. 

\\a?y 

_  x"*  + 1 

aVy^ 

-x«6» 

a"«  +  3 

flwi  +  n-l 

-    36x* 

_a:2m-i 

-a»62 

—  x"y» 

a"*-* 

—  a'"-»+i 

—  33a2te*y  X^*"  —a'^  +  il)m\-2  o^inlytyn       a^m-l  __  ^2 


m 


25.  Find  mentally  the  product  of  9xy,  —  7x2y«,and  —  10  xy^. 

(9xy)  (-  7x2y3)(-  10  xy")  =  030  x*^'. 

26.  Find  mentally  the  product  of  -  7  a?h,  6  a62,  and  -  4  a2&2. 

( -  7  a:^))  (6  a52)  ( -  4  a2?)2)  =  168  a^&s. 

27.  Find  mentally  the  product  of  4  a%  -  6  o?-h,  and  5  aSfts. 

(4  a86)  ( -  6  a26)  (5  a^¥)  =  -  120  a^¥. 

28.  Find  mentally  the  product  of  2  a*,  a262,  -  6  a^b,  and  2  a^b"^. 

(2  a*)  (a262)  (-  6  a^b)  (2  a^d^)  =  -  24  a^*b^^ 

29.  Find  mentally  the  product  of  x2,  —  x2y,  3^22^  and  x2y8. 

(X2)  (  -  X2y)  (^2^2)  (x2y8)  -  _  afiy^z^. 

80.   Find  mentally  the  product  of  x2»,  —  x«+"»,  —  x»»-8,  and  x"»-«. 

(x2»)(—x»»  ■*■"•)(—  x*»-3)(x"«-*»)  =x2"*+8«-s. 


44  ELEMENTARY  ALGEBRA 

31.  Find  mentally  the  product  of  a^"*  +  \  a2»-i,  a*»  +  »»,  a",  and  a»-«». 

(a2m  +  i)  (a2«-i)  (a»»  +  »)  (a»)  (a"»-3»)  =  a*"»+». 

32.  Find  mentally  the  product  of  x^+<^,  x^-<=,  x^-^,  x*,  and  ib2c-8«^. 

(x<^+<0  («''"'')  (xc-*')  (X*)  (a;2c-3rf)  _  a.8c-ad+4. 
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Perform  mentally  the  indicated  division : 

1.  ^       =  9a2.  14.    — r-— r  =  ^m^yz^. 

2.    =  12c.  lo-    ^ — -— =7a. 

9  m2  -  8  acd^ 

3. ^  =  x*y.  16.                  =  2  a^b^(fi, 

17  X*  46a862c 

4.    —  =  %xy^.  *••    — ^TTTTT  =  ~  2  2*. 

12x*y  -  7xs?/*z* 

6x'2/8  ,«     12  x"^"      ^ 

5.  ^^  =  2x6y8.  18.         /    =2x"-2ym-8. 

3xV            ^  6xV 

_lla5x2  -8xV 

^-    -8^  =  -^'^^-  37^^-^"^- 

10.  ZLll^*  =  5a46.  23.   -Z^^^TV^  =._  4x»-^r- 

11.  — - — =  _4n*.  24.   — ^  =  x8-«2/8^ 

3m*?i  .                       X"               '^ 

12.  ^'  =  3W.  25.   :^^?^  =  ,V. 
^^-    ^^-rrv- =  3  a6c3.  26.   =  Zac. 
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27.  i^  =  -3«..  80.  ^  =  20*. 

„^     lOa^V      „,,  oi  -18x52/62         ^   .  , 

28.   =  2  a*x^.  31.   ^—  =  -  2  xV 

5a8x6  9x8y82- 
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1.  Add  2aH-36-5c;  3a-26  +  3c;  a -26 -(-3c. 

2a  +  36-6c 

3a-26  +  3c 

a-26-h3c 

6a-    6+    c 

2.  Add  5x8  — 3x2y +  3xy2_y8j   _  3a;8  +  a;2y  4.  7^8.    2x8-6x2y 

-  8xy2  _}.  2^;   _  3x8  +  4x2y  +  7x^2  _  yS. 

6x8-3x2y +  3xy2_    2^8 

-3x«+    x'^y  +7y8 

2x8 -6x2y- 8x2/2+    2/8 

-3x8  +  4x2y  + 7x2/2-    2/8 

x8- 3x22/ +  2x2/2 +  62^8 

8.   Add  7a-6+c-d;  -6a  +  46 -8c  +  4d;   -2a+66+3c-7d; 
a-86  +  4c-4d. 

7a  —    6+    c  —    d 
-  5a  +  4?)-8c  +  4d  V 

-2a  +  66  +  3c-7d 

a-8b  +  4c  -4d 

a  -8d 

4.    Add  7a-35  +  2c-3d;  5a-46-6c+7d;  9a  +  o6-4c  +  8; 
__7a-36-2c-17. 

7a-36  +  2c-3d 
6a-46-5c  +  7d 
9a  +  36-4c  +    8 

-  7a-3b-2c  - 17         / 

14a_76-9c  +  4d-    9 
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6.  Add     8a8-a26  +  7a62  +  3&8;      -9a»  +  4a26-7a62_66«; 
a«  +  a26  -  a63  4-  &8  J  a»  -  a26  -  ofe^  +  3  68. 

8a«-    a26  +  7a62^35« 

-9a8  +  4a26-7a62-568 
a8+  a26-  0624.  68 
gs,     a26_     0524. 358 

a8  -f  3  a26  -  2  a62  +  2  6» 

6.  Add7a-36  +  5c-10d;  26-3c4-d-4e;  6c-6a-4e+2d; 

-36-8c  +  7a-e;  21e-16c  +  a-5d. 

7a-36+    5c-10d 

+  26-   3c+      d-   4e 

-Ga  +    5c+    2d--   4e 

7a -36-   8c  -      e 

a  -16c-    5d  +  21e 

9a-46-17c-  12d  +  12e 

7.  Add  3<i62-4a26  +  a8;  -4ac2  +  6a62-c8;  -76*  +  2a26  -  6  ac-; 

6a8-lla62-12ac2. 

a8-4a26+    3a62  -. 

+    6a62-   4ac2-c8  ^ 

+  2a26  -    6ac2  -768 

6a8 -Ila62-12ac2 

6a8-2a26-    3a62  -  22ac2  -  c^  -  76* 

8.  Adda»  +  3a26  +  3a62  +  68;  -6a62  +  3a26-68-|-3a8;  3a62- 6a26 

+  868-8a3;   -5  63+2a26-4a8  4-8a62;   7a8+6  68-6a26+5a62. 

a^H- 3a26  +  3a62+    68 

3a8  +  3a26-5a62-  6' 
~'3a8-5a26  +  3a62  +  368 
-  4a8  +  2  a26  +  3 a62  -  568 

7a8-5a26  +  5a62  +  668 

4a8-  2a26  +  9a62  +  4  68 

9.  Add    4  c2cr2  -  3  c8d  +  17  c*  -  8  c6  ;    14  c2d2  +  4  c8d  +  6  c*  -  3  c^ ; 

-c2d2-2c8d  +  4c*  + 19c6;    2c2d2  +  5c8d  -  7c*  +  9c6  ;    3c2cP 
+  41  c8d  -  c*  +  7  c6. 

4c2(f2_    3c8d  +  17c*-    8c6 

14c2d2+    4c8d+    5c*-    3c6 

-      c2d2_    2c8d+    4c*  +  19c« 

2cH^-\-    bcH-    7c*  +    9c« 

3c2d2  +  41c8d-       c*+    7c6 

22c2d2  +  45c8d  +  18c*  +  24  c* 
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10. 


11. 


Add  a*  +  6  a«6  +  10  a^fta  -|-  e  ad*  +  6* ;  -  7  &*  -  3  aSfe^  +  7  oft* 
+  8  a*  +  4  a«6 ;  8  a^ft^  +  3  oft*  -  6  a*  +  3  ft*  +  6  a«6 ;  -  3  a^fr 
+  5  a262  +  3  a*  -  6  ft*  -  3  a6«. 

a*+  6a86  +  10a262+   6a&8+    &* 

8a*  +  4o86-    8a263+   Tab»-7b*' 

-5a4+  6a36+    8a262+   3a&8  +  3&*      ' 

3a*-  3a86+    ba^b^-^  Sdb^-bb^ 


7a*  +  13a«6  +  20a262  +  13 06*  -  86* 

Add  4  aj*2^2;«  -  3  x^z^  +  17  ^2^824  _  3  xys^is ;  14  x^z*  +  4  ays^s 
+  5  sfiy^z^  —  3  x*y62;« ;  —  x^y^sfi  —  2  x«y*«6  -f  4  xy^^s  ^19  x^yH*  ; 
2  JCV26  +  5  xy^z^  -  7  a^i^z*  +  9  x^y^z* ;  -  12  x]/^z^  +  4  x^y^^c 
-  15a;2y8z*  -  x«2/42* .  Sx^yS^fi  ^  41 352^824  _  x^y^z^  +  7a;y2«8. 

-3x»y*;^  +  17x2y8#'-  805^228 
+  5  x^f  +  14  x^ySaf  If  4  xyS^iS 
-2a;82^;f  ^19a;2y8^^  4a;y22;« 
+  2  x8y*;^5  4.  9  aj2y824  4.  5  ^^228 
-    a;»2/*#  -  15  x2y8«*  \-  12  xy2«8 

-      g8y*3|^  +  41  g2y8g4  j}-     7  gy2g8 


86a;2y824  ) 
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1.  From  4a -66  + 2c 

take  3a -36 -3c. 

4a-66  +  2c 

3a-36-3c 

a-  36  +  6c 

2.  From  2a -26  -4c 

take  3a  —  36  —  6c. 

2a-26-4c 
3a-36-6c 

—    a+    6+    c 


8.   From4x2  +  2xy +  3y2 

take  x2  _  xy  +  2  2/2. 

4a;2  +  2xy +  3y2 

g^  -    gy  +  2y2 

3a;2  +  3xy+    y2 

4.   From  a8  +  3  a26  +  3  a62  +  6' 
take  a8-3a26  +  3a62-63. 

a8  +  3  a26  +  3  a62  +    68 
a8_3a26+3a62-    6« 


6a26 


+  2  6"» 


6.  From  z*+3a«8_26x2+3cx-4d  take  3x*+aaJ8-46x2-3cx+d. 

X*  +  8  aa;8  -  2  6x2  +  3  ^x  -  4  d  , 
3x*.+    ax8  -  4  6x2  _  8  ex  +    d 
-2ifc*+2ax8  +  2  6x2  +  0cx-5d 
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6.  From  72x4-78ajSy-10x2y2  4.i7a^^3y4 

take  -  X*  +  36x»y  -  VI xy^  -  34  j/*  -f  10x?y2. 

72x*  -    78x8y  -  lOxV  ^  i7ajy8  4.    3^4 

-     x*4-    36x^H-10xV- 17xy«-34y* 

73  X*  -  114  x8y  -  20  xV^  4-  34xy8  +  37y* 

7.  From  6x2  ^  7^;^  _  5^2  _  i2zy2  -  82/2  -  bz^ 

take  — 8xy  —  7  y«  +  Sx2  —  41/2-1-5  ajy^;. 

6x2+    7xy-5y2_i2a;y2-8y2 -5z2 

3x2-    8xy-4y2-f   fSxyz-rlyz 

3  x2  4- 15  xy  —    y2  _  17  /gyg-  _    yz  —  bz^ 

8.  From  4x*  +  12x8-x2-27x-18  take  4x*+4x8-17x2-9x+18. 

4x*  +  12x«-      x2-27x-18    >^ 
■       4x*T   4x8^17x2-    9X  +  18 
8x3  +  16x2-  18X-36 

9.  From  x*  -  ox^  -  a2x2  -  a^x  -  2  a*  take  3  ax«  -7  a2a;2+3  a'«x-2  a*. 

X*  -    ax3  -    a2x2  -    a^a  -  2  a* 
3ax8  -  7a2x2  +  3a»x  -  2a< 
X*  -  4ax»  +  6a2x2  _  4a8x 

10.  From  6x2  _  133;^  _|_  (Sy2  _  \2xz  -  13yz  +  6^2 

take  2x^  —  bxy  ■\-  2y^  —  xz  —  yz  —  z^, 

6x2 -13xy  + 62/2  _  I2xz -ISyz -^  6z^ 
2  x2  —  5  xy  +  2  y2  —  gg  _  yg  _  ga 
4x2-    8x2/ +  42/2- 11x2 -12yz  + 7*2 

11.  From  2x*-6x»-x2+15x-10  take4x*  +  6x«-4x2-16x-15 

2x*  -   6x8-    x2  +  16x-10 
4x4+    6x8-4x2-16x-15 


-  2x* -12x8  + 3x2 +  30X+    5 
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Simplify  by  removing  the  parentheses  and  combining  like  terms 

1.   (7  a  -  26)  -  [(3a -c)- (26 -3c)] 
=  7a-26-[3a-c-26  +  3c] 
=  7a-26-3a  +  c  +  2  6-3c 
=  4  a  -  2  c. 
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2.   (9a -4c) -{[6a -(36 -4c)] -36}  f 

=:9a-4c-{[6a-36-f  4c]-36} 
=  9a-4c-{5a-36  +  4c-36} 
=  9a-4c-6a4-36-4c4-36 
=  4a  +  66-8c. 

8.   2a-  (36  + 2c) -{66  -  3a  -  (a  +  6)  +  6c  -  [2a  -  (c  +  26)]} 
=  2a-36-2c-{56-3a-a-6  +  6c-[2a-c-2  6]} 
=  2a-36-2c-{56-3a-a-6  +  6c-2a-|-c  +  2  6} 
=  2a-36-2c-56  +  3a-fa-f6-6c  +  2a-c-26 
=  8a-96-8c. 

4.    a  -  {26  +  [3x  -  3a  -  (a  +  6)]  +  [2a  -  (6  +  c)]} 
=  a-  {26  + [3  a; -3a -a -6]  +  [2a- 6 -c]} 
=  a-{26  +  3aj-3a-a-6  +  2a-6-c} 
=  a  -  2  6  -  3  X  +  3  a  H;.^  +  6  -  2  a  +  6  +  c 
=  3a  +  c-3x. 

6.   16-x-{7x- [x-9x-(3-6x)]} 
=  16  -  X  -  {7x  -  [X  -  9x  -  3  +  6x]} 
=  16-x-  {7x-x  +  0x  +  3  -Cx}  ^''' 

=:16-x-7x  +  x-9x-3  +  6x 
=  13-10x. 

6.  2a-  {36  +  (26-c)-4c  +  [2a-(36-c)4-26)]} 

=  2a-{36  +  26-c-4c  +  [2  a  -  (36^  c  +  26)]} 
=  2a-{36  +  26-c-4c  +  [2a-36  +  c-2  6]} 
=  2a-{36  +  26-c-4c  +  2a-36  +  c-2  6} 
=  2a-36-26  +  c  +  4c-2a  +  36-c  +  26 
=  4c. 

7.  X*  -  {4x8  -  [6x2  _  (4aj  -  l)]}'-  (x*  +  4x8  4.  Cx^  +  4x  +  1) 

=  x*-  {4x8-[6x2-4x+  1]}  -x4-4x8-6x2-4x-l 
=  X*-  {4x8-6x2  +  4x-  l}-x*-4x'-6x2  _4x-  1 
=  x*-4x3  +  6x2-4x  +  1  -X*  -4x8-6x2-4x-  1 
=:^8x8-8x. 

8.  06  -  [(36cc  -  2a6)  -  (56ce  -  6e/)  +  (3a6  -  36e/)] 

=  a6  -  [36ce  -  2a6  -  56ce  +  6^+  3a6  -  36^^] 
=  a6  -  3  6ce  +  2  06  +  6  6ce  -  6e/  -  3  a6  +  3  hef 
=  26ce  +  2  6e/. 


^ 
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9.   1  -  [1  -  (2  -  x)]  +  [4x  -  (3  -  6x)]  +  [4  -  (6x  -  6)] 
=  1  -  [1  -  2  +  X]  +  [4x  -  3  +  6x]  +  [4  -  6x  4-  5] 
=  l-l  +  2-x  +  4x-3  +  6x  +  4-6x  +  5 
=  8  +  3x. 

10.  4  X  -  3  y  -  { (2  X  +  4  y)  +  3  X  +  [y  -  9  X  -  (2  y  -  X)  +  (X  -  y)] } 
=  4x-3y-{2x  +  4y  +  3x  +  [y-9x-2y4-x  +  x-y]} 
=  4x-3y-{2x  +  4y  +  3x  +  y-9x-2y+x  +  x  — 
=  4x  —  3y  —  2x  —  4y  —  3x  —  y  +  9x  +  2y  — X  — x  +  y 
=  6  X  —  6  y. 


11.   llx-{7x-[8x-(9x-12a-^6x)]} 

=  llx  -  {7x  -  [8x  -  (9x  -  12a  +  6x)]} 
=  llx- {7x- [8x-9x  +  12a-6x]}    \ 
=  llx-{7x-8x  +  9x-12a  +  6x} 
=  llx-7x  +  8x-9x  + 12  a-6x 
=  12a-3x. 


12.  2a-  {7  6 -f  [4a -76 -(2a- 66  + 4a)] -3a} 

=  2a-{7  6  +  [4a-76-(2a-66-4a)]-3a} 

=  2a-{7  6-f[4a-76-2a  +  66  +  4a]-3a} 

=  2a-{7  6  +  4a-76-2a  +  66  +  4a-3a}  ^ 

=  2a-76-4a  +  76-f2a-66-4a  +  3a 

=  -a-66. 

13.  a +  26+  1  -(3a -26) -[a -{26  +  1  + (3a +  26) -26}] 

=  a  +  26  +  l-3a  +  26-[a-{2  6  +  l  +  3a  +  26-2  6}] 
=  a  +  26  +  l-3a  +  26-[a-26-l-3a-26  +  26] 
=  a  +  26  +  l-3a  +  26-a  +  26  +  l  +  3a  +  26  — 26 
=  66  +  2. 

14.  x8  +  (3xy  +  y»  -  1)  -  [x^  -  (ys  -  1)] 

=  x8  +  3xy  +  y8  -  1  -  [x3  -  ys  +  1] 
I        =  x^  +  3  xy  +  y8  —  1  —  X*  +  y8  —  1 
=  3xy  +  2y8-2. 


15.   a  +  l-[a2-(2a-3)  +  a2-(5a2-8a-7)] 

=  a  +  1  -  [a2  -  (2a  -  3)  +  a«  -  (5a2  -  8a  +  7)] 
=  a  +  1  -  [a2  -  2 a  +  3  +  a2  -  5a2  +  8a  -  7] 
=  a  +  l-a2  +  2a-3-a2  +  5a2-8a  +  7 
=:3a-  -  5a  +  5. 
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16.   3x-  {2y -f  [3x-(42/-  5x-^2z-Sy)  4-42/]  -2x} 

=  3x~  {2y  +  [3x-(4y-5x-f2x-3y)  +  4y]  -2x} 
=  3x-  {22/  +  [3x-4y  +  5x-  2x  +  3y +  4y]  -2x} 
=  3x-{2y-f3x-4y +  6x-2x  +  32/  +  4y-2x} 
=  3x-22/-3x  +  42/-5x  +  2x-32/-4y  +  2x 
=  — X  — 6y. 


17.  3a2-a6-f-[4  62-{3a6-2a2+(26a-3o2-2a6)-&2}+a2+a6] 

=3aa-a64-[462_{3(i6_2a2+(262_3a2  4-2o6)-62)  +  a2-fa6] 
=3a2-a6+[462-{3a6-2a2+2  62-3a2+2a6-62}+a2+a6] 
=3a2-o6+[462_3a6+2a2-2  624.3a2_2a6+62+a2H-o6] 
=3a2-a5+4  62_3  064-2  a2-2  62+3  02-205+624.^2+06 
=  9a2-6a6+362. 

18.  3xa-2x2/  +  3y2_  {2x2 -[4x2-  5x2/ +  2  2/2  4.  (3^2  +  2 y2)]} 

+  {3x2  -  [2X2/  +  3j/2  _  (2a;2  +  Sxy  +  l/2)]i 
=  3x2  -  2x2/  +  32/2  _  {2x2  -  [4x2  -  bxy  -  22/2  +  3x2  +  22^]} 

+  {3x2  -  [2X2/  -f  32^2  _  2x2  -  Sxy  -  2/2]} 
=  3x2  _  2xy  +  3y2  _  |2x2  -  4x2  +  ^xy  +  2y2  _  3^2  _  22/2} 

+  {3x2  -  2x2/  -  3y2  +  2x2  +  sxy  +  y2} 
=  3x2  _  2xy  +  3y2  _  2x2  +  4x2  -  5xy  -  2y2  +  3x2  +  2y2 

+  3x2  -  2X2/  -  3y2  +  2x2  +  Sxy  +  2^ 
=  13x2 -6xy+ 2/2. 

19.  44x+[48y-(62  +  3y-7x)+42]-[482/-8x  +  2z-(4x  +  2/)] 

=  44x  +  [48y  -  6«  -  3y  +  7x  +  4 2]  - [482/  -  8x  -  2« -4x - 2/] 
=  44x  +  48y-62-3y  +  7x  +  42-482/  +  8x  +  22  +  4x  +  2/ 
=  63x--2y. 
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Inclose  the  last  three  terms  in  a  parenthesis  preceded  by  —  : 

1.  ai2-6i2+6a»6«-669a8+86»a«=ai2-6i2-(6  69a8-6a868-866a«). 

2.  x»  -  y«  -  Sxy  -  22^  -  2x2  =  x*  -  y»  -  (Sxy  +  2y2  +  2x2). 
8.  26z«  +  10y2  +  25y222_  16x2 +  10x222 

=  2622  +  10y2  -  (_  25y222  +  16x2  -  10x222). 

4.   lOx*  +  5x8  +  18x2  +  30x - 360  =  lOx*  +  6x8 _ (360 - 30 x- 18x2). 

Inclose  the  last  three  terms  in  a  parenthesis  preceded  by  +  : 
6.   X*  +  5x8  -  16x2  +  20x  +  16  =  X*  +  5x8  +  (-  16x2  +  20x  +  16). 


' 
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6.  a?*  +  4x3y  +  xV  +  12a;y8  +  9^/*  =  a^  +  4a;8y +  (iBV  +  12xy»-i-9y*). 

7.  4x*  +  4x»y-66a;V*-10xy8  +  26y* 

=  4x*  +  4x«y  +  (-  66xV  -  10«y«  +  25y*). 

8.  9a*  +  18a86-62a262_i2a68-46* 

=  9a*  +  18a86  +  (-  52a263  -  12a6«  -  4&*). 

Collect  in  parentheses  the  coefficients  of  x,  y,  and  z : 

9.  a^x  +  2  a3y  4-  a22  +  ate  -  a6«  +  62a;  +  62y  ^  522 

=  a^x  +  a6x  +  62a;  +  2a2y  +  62y  +  a2«  -  062  +  Ws 
=  (a2  +  06  +  62)x  +  (2a2  +  62)y  _|.  (a^  _  06  4-  62)2. 

10.  2ax-byi-Scz-dx-j-Sey-  bfz  -j-x  —  y-z 

=  2ax  —  dx  +  x-6y4-3ey  —  y  +  3c2  —  6/2  —  2 
=  (2a  -  d  +  l)x  -  (6  -  3c  +  l)y  +  (3c  -  5/-  1)2. 

11.  ax-\-bx  —  cz  +  iay-bz-^cy-\-cx-hy  —  az 

=  az  +  bx-\-cz-\-4ay  —  by-\-cy  —  cLZ  —  bz  —  cz 
=  (aH-6H-c)x  +  (4a-6  +  c)y  —  (a-f6  +  c)  2. 

12.  3x-4y +  62+  3 ax +  2 6y  + 2 C2- 6 dx- 3 ey- 4/2 

=  3xH-3ax-5(ix-4y  +  2  6y-3ey  +  624-2c2  -4/2 
=  (3  +  3a-6d)x-(4-264-3e)y  +  (6  +  2c-4/)2. 

13.  mx  + ny +P2  +  3x  -  42  4- 52/ —  nx  —  my 

=  ??ix  —  ?ix  +  3 X  —  my  -\-  ny  +  5y  -\- pz  —  4z 
=  (w  —  n  4-  3)  X  —  (m  —  ft  —  5)  y  4-  (p  —  4)  2. 

14.  7  ax  -  3  ay  —  4  a2  4-  4  6x  —  2  6y  4-  3  62  —  2  ex  4-  2  cy  —  6  C2 

=  7  ax  4-  4  6x  —  2  ex  —  3  ay  -  2  6y  4-  2  cy  —  4  az  4-  3  62  —  6  C2 
=  (7a4-46-2c)x-(3a4-26-2c)y-(4a-364-6c)2. 

15.  -6a2x4-6a8y  4-3a62  4-3ax4-  56x  -  4622,  4- 6ay  4-  I262 

=  -  6  a2x  4-  3  ax  4-  5  6x  4-  6  a8y  4-  6  ay  -  4  62y  4-  3  062  4- 12  62 
=  (- 6a2  4- 3a  4- 5 6)x  4- (6a8  4- 6a  -  462)y  4- (3a6  4- 126)2. 

16.  a2x  -  (62  -  d^)y  4-  (c2  _  a2)2  4-  62x  -  c22  -a^  -If^z 

=  a2x  4-  62x  -  a2y  -  (62  -  c2)y  -  622  -  c22  4-  (c2  -  a2)2 
=  (a2  4-  62)x  -  (a2  -I-  62  _  c2)y  _  (62  ^  c2  -  e2  4-  a2)2 
=  (a2  4-  62)x  -  (a2  4-  62  -  c2)y  -  (a2  4-  62)2. 

17.  12  a8x  -  4  68y  4-  2  C82  -  6  a82  4-  7  6«x  -  3  e8y  4-  X  -  y 

=  12a8x4-  768x4-x-468y  -  3cSy  -  y  -  6a82  4- 2e82 
=  (12a8  4- 768  4- l)a;  -  (468  4- 3e8  4- l)y  -  (5a8  -  2c8)2. 
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18.  Saz  —  2by  +  bcz  —  Zay  —  2  6x  —  36«  +  2cy  —  Ilex  —  az 

=  Sax  —  2bx  —  llcx  —  Say  —  2hy  -{-2cy  —  az  ~Sbz  +  bcz 
=  (3a-26-nc)x-(3a  +  26-2c)y-(a  +  36-6c)«. 

19.  az-\-Sy  —  4bx-{-2by  —  Sax  —  z-^dbz  +  2ay  —  Sz 

=  —  Sax  —  ibx  —  Sx  +  2ay-{-2by-{-Sy-{-az-\-dbz  —  z 
=  -{3a  +  46  +  3)ic  +  (2a  +  26  +  3)2/  +  (a  +  66-l)z. 
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1.  Add  2  +  3x  +  5x2  +  9x»  +  17x*  +  33x6;   l+x-7x8  +  33x* 

-130x6;  1  -  4x4-9x2-16x3  H-26x*- 36x6;  2H-6x  +  10x2 
+  17x8 +  26x*  + 37x6. 

2  +  3x+  5x2+  9a^_j.  n^  +  33x6 
1+    X  -    7x8+    33x*- 130x6 

l-4x+  9x2-16x8+  25x*-  30x6 
2  +  5X  + 10x2+ 17x8+  26x*+  37x6 
6  +  5x  +  24x2+    3x8  +  101 X*-   96x6 

2.  Add  3 a2x2  +  7ax«  +  2x*-7a8x  +  2a*;    5a*-2a8x-3 a2x2 

-6ax8  +  2x*;    a*  +  2a8x  -  4a2x2  +  2ax8  +  x*;    6a2x2-3x* 
—  4a*  +  7a8x  +  6ax8. 

2  X*  +  7  0x8  +  3  ^2x2  -  7  a8x  +  2  a* 

2x*  -  5ax8  -  3a2x2  -  2a8x  +  6a* 

X*  +  2  ax8  -  4  a2x2  +  2  a8x  +    a* 

-3x*  +  6ax8  +  5 a2x2  +  7 a-^c  -  4 a* 

2x*  +  9ax8+    a2x2  +4  a* 

8.   Add  7(6 -c);  4(6 -c);  2a(6-c);  -3a(6-c);  -3(6-c); 
-5(6-c). 

7(6  -  c)  +  4(6  -  c)  +  2  a(6  -  c)  -  3  a(6  -  c)  -  3(6  -  c)  -  5(6  -  c) 
=  3(6  -  c)  -  a(6  -  c)  =  (3  -  a)  (6  -  c). 

4.   Add  (a  +  6)x  +  (6+c)2/+(a  +  c)«;  (6— c)x+(c— a)y+(a  —  6)«; 
(a  +  c)x  +  (a  +  6)y  +  (6  +  c)z. 

(a  +  6)x+      (6  +  c)y+       {a-{-c)z 

(6  — c)x+      (c  —  a)y-^      {a  —  b)z 

{a  +  c)x  +      (g  +  6) y  +       (6  -f-  c)z 

(2a  +  2  6)x  +  (26  +  2c)y +  (2a  +  2c)z 
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5.  Add  em(x2+l)-8m(a;-l)+2m(x+l);  -Sm(3^+l)^2m{x-l) 

+3m(x+l);  2m{x2+l)+9m(x-l)-4m(x+l). 

6m(aj2  4.1)-8m(x-l)  +  2m(x  +  l) 
-  3m(x2  +  1)  -  2m (X  -  1)  +  3m(a;  +  1) 

2m(xg  +  l)  +  9m(g-l)-4m(x  +  l) 
6m(x2  +  l)-    m(x-l)+    m(x  +  l) 

=  6  /wx2  +  6m-mx  +  m4-mx  +  m  =  6  mx^  +  7  m. 

6.  From  a*  -  &*  take  a*  -  4  a^ft  +  6  o^fea  -  4  a68  +  ft*. 

a*  -64 

o* -4a86  4-6a2&2-4ay  +    ft* 
4a3ft  -  6a26»H- 4aft8  -  2&* 

7.  From  3y8  -  Oxy*  -  4x2^  +  x*  take  x»  +  2x2y  -  5xy2  +  2y«. 

x8-4aa^-6xy2  +  3y8 

x8  +  2x2y -5x^2  +  235^ 

-6x2y-    xy2  4-    y* 

8.  From  a262  4- 3  62c2  +  4  c2a2  take  2  a262  -  4  6c  4- 2  62ca. 

a262  +  3  62c2  H- 4  c2a2 
2a2ft2  4.262c2 -4ftc 

-  a2ft2+    ft2c2  +  4c2a2  +  4ftc 

9.  From  (6  +  c)x2  +  (a  +  c)xy  -  (a  +  b)y^ 

take  (a  +  c)x2  -  (6  -  a)xy  +  (a  -  ft)?^. 

(6  +  c)x2  +  (a  +  c)xy  -  (a  +  ft)y2 
(g  +  c)x2  -  (ft  -  a)xy  +  (a  -  ft)y2 
(6  -  a)x2  +  (6  +  c)xy  -  2ay2 

10.  From  (a  +  6)*  -  (a  +  6  +  c)  +  (6  +  c)2 

take  (6  +  c)2  -  2(a  +  ft  +  c)  -  (a  +  6)2. 

(a  +  ft)2-    (a  +  ft  +  c)  +  (ft  +  c)2 

-  (a  +  6)2-2(a  +  6H-c)  +  (ft  +  c)2 
2(a  +  6)2+    (a  +  b  +  c) 

11.  Simplify  4a-[3a-ft-{2a  +  6-(a~  6^^)}  -  2  6]. 

4o  -  [3a  -  6  -  {2a  +  6  -  (a  -  ft"^^)}  -  26] 
=  4a-[3a-6-{2a  +  6-(a-6  +  a)}-26] 
=  4a-  [3a-6-  {2a  +  6-a  +  6-a}-26] 
=  4a-[3a-6-2a-64-a-6  +  a-2  6] 
=  4a  —  3a  +  6  +  2a  +  6-aH-6-a  +  26 
=  a  +  5  6. 
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12.  Simplify  x^-y^-  [2x2  +  {3x2  -  (2x2  -  y^)  -  2y2}  +  2x2]. 

x2  -  y2  _  [2x2  +  {3x2  -  (2x2  -  2^2)  _  2y2}  +  2x2] 

=  X2  -  y2  _  [2X2  +  {3X2  __  2X2  +  y2  _  2y2}  +  2  x2] 

=  x2  -  y2  -  [2x2  +  3x2  -  2x2  +  y2  _  2ya  +  2x2] 

=  X2  -  y2  _  2x2  -  3X2  +  2X2  _  y2  4.  2y2  _  2x2 

=  -4x2. 

13.  Arrange  ax  —  x2  —  6x2  +  x^  —  o^s  +  6x  —  x  +  to^  —  2cx  +  ax2 
according  to  the  descending  powers  of  x,  and  inclose  the  coefficients 
of  like  powers  of  x  in  parentheses. 

ox  —  x2  —  6x2  +  x^  —  Qjj^z  +  6x  —  x  +  6x*  —  2cx  +  ax2 
=  x^  —  ox^  4-  6x3  _  x2  +  ax2  -  6x2  —  x  +  ax  +  6x  —  2  ex 
=  (1  -  a  +  6)x8  -  (1  -  a  +  6)x2  -  (i  _  a  -  6  +  2c)x. 

14.  Arrange  3ax2-36x4-2cx8-6x8+26x2-2ax+2cx2-3cx+3ax« 
according  to  the  descending  powers  of  x,  and  inclose  the  coefficients 
of  like  powers  of  x  in  parentheses. 

3ax2  -  36x  +  2cx8  -  6x3  +  26x2  -  2ax  +  2cx2  -  3cx  +  Sax^ 
=3ax8  -  6x3  +  2cx8  +  3^352  +  26x2  4-  2cx2  -  2ax  -  36x  -  3cx 
=  (3a-6  +  2c)x8  +  (3a  +  26  +  2c)x2-(2a  +  36  +  3c)x. 

15.  From  3c  +  4d  —  6a  —  26  take  2c  —  3a  +  6  —  2d  and  check 
the  result  when  a  =  3,  6  =  4,  c  =  6,  d  =  6. 

Put  a  =  3,  6  =  4,  c  =  6,  d  =  6. 

3c +  4d- 5a -26  =  16 +  24 -15-    8=      16 

2c-2d-3a+     6=  10-12-    9+    4=-    7 

c  +  6d- 2a -36=    6  +  36-   6- 12=     23 

16.  If  a  =  -  2,  6  =  -  3,  c  =  4,  d  =  0,  find  the  value  of 

a8  -  263  +  c3  -  3a6c  +  46cd  +  2ac2. 

Put  a  =  -  2,  6  =  -  3,  c  =  4,  d  =  0. 

a*  -  263  +  c«  -  3a6c  +  46cd  +  2ac2 

=  (  -  2)3  -2(  -  3)8  +  (4)3  _  3(  -  2)  (  -  3)  (4) 

+  4(-3)(4)(0)+2(-2)(4)2 
=  -8  +  54  +  64-72  +  0-64 
=  -26. 
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If  a  =  5,  6  =  6,  c  =  7,  and  2«  =  a  +  &  +  c,  find  the  value  of : 

17.  «2  _  (s  _  a)  (a  _  6)  -  («  -  b)  («  -  c)  -  (a  -  a)  (a  -  c). 

2a  =  a  +  6  +  c  =  5  +  6  +  7  =  18. 
.-.  a  =  iofl8  =  9;  a-a  =  9-6  =  4;  a-6  =  9-6  =  3; 

8-c  =  9-7  =  2. 

8^-(s-  a)  (a  -  6)  -  («  -  b)  (8-c)-(8-  a)  (s  -  c) 

=  92-4x3-3x2-4x2  =  81 -12 -6-8  =  81 -26  =  65. 

18.  8^ -{8-  a)  (8  -&)(«-  c)  +  (a  -  a)^(8  -  6)  +  (a  -  6)2(a  -  c) 

=  92-4x3x2+42x3  +  32x2  =  81-24  4-48  +  18  =  123. 

19.  s2  +  (a  _  a)2(a  -  6)  +  («  -  6)2(a  -  c)  +  (a  -  c)2(a  -  a) 

=  92  +  42  X  3  +  32  X  2  +  22  X  4  =  81  +  48  +  18  +  16  =  163. 

20.  What  number  must  be  added  to  x2  +  2  xy  +  y2  that  the  sum 
may  be  2  x^  —y^? 

2x2  -  2^2  _  (aj2  4.  2x2/+y2)3=  2x2  -2/2  _  aj2  _  2xy-2/2  =  x2  -  2x2/-  2 2/2. 

21.  What  number  must  be  added  to  a^  -  3a26  +  3a62  -  fts  that 
the  sum  may  be  3  a^  -  a%  -\-2¥? 

3a8  -  a26  +  268  -  (^s  _  3a26  +  3a62  _  fts) 
=  3a8  -  a26  +  268  _  ^8  _|-  3^26  -  3a62  +  &» 
=  2  a^  +  2 a26  -  3a62  +  368. 

22.  What  number  must  be  subtracted  from  2  a8  —  568  -f.  3  ^25  that 
the  remainder  may  be  a8  —  3  a26  +  3  a62  —  68  ? 

2  a^  -  66'J  +  3 a26  -  ( a8  -  3 a26  +  8 06^  -  68) 
=  2a8  -  56^  +  3a26  -  a^  +  3a26  -  3a62  +  68 
=  a3  +  6a26-3a62-468. 

If  ^=  a2  +  62  +  c2,  B  =  a2  +  62  -  c2,  C  =  a2-62+c2,  D  =  62+c2-a2, 
find  the  value  of  : 

23.  A  +  B  +  C  +  D 

=  a2  +  62  +  c2  +  a2  +  62  -  c2  +  a2  -  62  +  c2  +  62  +  c2  -  a2 
=  2  a2  +  2  62  +  2  c2. 

24.  ^  -  B  -  C  +  D 

=  (a2  +  62  +  c2)  _  (a2  +  62  -  c2)  -(a2  -  62  +  c2)  +  (62  +  c2 -  a2) 
=  a2  +  62  +  c2  -  a2  -  62  +  c2  -  a2  +  62  -  c2  +  62  +  c2  -  a2 
=  -2a2  +  262  +  2c2. 
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25.  A-B-{^C-D 

=  (a2  -1-  62  +  c2)  -  (a2  +  62  _  c^)  4-  (a^  _  52  4.  c2)  _  (52  4.  gs  __  ^2) 

=  a2  _|_  52  ^  c2  -  a2  -  62  -I-  c2  +  a2  -  62  4.  c2  _  62  _  c2  -I-  a2 
=  2a2-262  +  2c2. 

26.  A-B-C-D 

=  (a2  +  62  H-  c2)  -  (a2  +  &2  -  c2)  _  (a2  -  62  +  c^)  -  (62  +  c2  -  a2) 
=  a2  +  62  +  c2  -  a2  -  62  +  c2  -  a2  +  62  -  c2  -  62  -  c2  +  a2 
=  0. 

If  ^  =  3a2-2a6+662,  B  =  7  a^ -Sab+bb%  C  =  9a2-5a6+362, 
D  =  llo2  -3a&-462,  find  the  value  of  : 

27.  ^  +  B+0  +  D 

=  3a2  -  2a&  +  56^  +  7a2  -  8a6  +  562  +  9^2  _  5^6  +  362 

+  lla2-3a6-462 
=  30a2-18a6  +  962. 

28.  A-  B-C  +  D 

=  (3a2  -  2a6  +  662)  -  {7a2  -  806  +  662)  -  (9a2- 6a6  +  362) 

+  (lla2-3a6-462) 
=  3a2  -  2  a6  +  562  -  7  a2  +  8a6  -  562  -  9a2  +  5a6  -  362 

+  lla2-3a6-462 
=  _2a2  +  8a6-762. 

29.  B-(A-\-C-D) 

=B-A-C+D 

=  (7a2  -  8a6  +  662)  _  ^3^2  _  2a6  +  662)  -  (9a2  -  6a6  +  362) 

+  (lla2-3a6-462) 
=  7a2-8a6  +  562-3a2  +  2a6-6  62-9a2  4.5a6-362 

4-lla2-3a6-462 
=  6a2-4a6-762. 

80.   A  +  B-{C  +  I)) 

=A+B-C-D 

=  (3a2  -  2a6  +  662)  +  (7a2  -  8a6  +  662)  -  (9a2  -  6a6  +  362) 

-(lla2-3a6-462) 
=  3a2  -  2a6  +  662  +  7a2  -  8a6  +  662  -  9a2  +  606  -  362 

■-lla2  +  3a6  +  4  62 
=  -10a2-2a6  +  1162. 
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81.  A 


=  <3 


A  -B-{^C  +  D 

(3a2  -  2a6  +  662)  -  (7a2  -  8a6  +  562)  +  (9a2  -  6a6  + 362) 

+  (lla2-3a6-462) 
=  3a2  -  2a6  +  562  -  7a2  +  8a6  -  662  +  9a2  -  5a6  +  362 

+  lla2-3a6-462 
=  16a2-2a6-62. 

88.   B-{C-[^-(B  +  D)]} 

=  B-{C-[A^B-D]} 

=  B-{C-A-\-B  +  D} 

=  B-C-{^A-B-D 

=A-C-D 

=  (3a2-2a6  +  562)-(9a2-5a6H-362)-(llo2-3a6~4  62) 

=  3a2-2a6  +  562-9a2  +  5a6-362-lla2  +  3rt6  +  462 

=  -17a2  +  6a6  +  662. 
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1.  Multiply  2  x2  -  3  xy + 

by  2x. 
2x2-3xy  +  y2 

2x 

4x8-6x2y +  2xy2 

2.  Multiply  a2  -  2  a6  +  3  62 

by  ab. 

a2-2a6  +  362 

a6 

a86-2a262  4-3a68 

3.  Multiply  1  +2  a-3 a2  by  a^. 

l  +  2a-3a2 

a2 

a2  +  2a8-3a* 

4.  Multiply  2  a2  -  3  a6  +  62 

by  3a6. 
2a2-3a6  +  62 

3a6 

6a86-9a262  +  3a68 


5.  Multiply  x7-x4-2x  by  2x2. 

x''  —  X*  —  2  X 

2x2 

2a^-2xe-4x* 

6.  Multiply  x»- 15  X- 10 

by  3  ax. 

x«-15x-10 
3ax 


3ox*-45ax2-30ax 

7.  Multiply  2  a*  -  16  a  +  6 

by  3  a. 

2a8-  16a.+  6 

3a 

6  a*  -48a2  +  18a 

8.  Multiply  4  X*  -  x2y2  _  9  y4 

by  -  xy. 
4x*-x2y2_9y4 

-  xy 

—  4  x^y  +  x^y^  +  0  xy* 
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9.    Multiply  6  x2  ~  7  «  4- 2 
by  -3x2. 

6x2-  7x  +  2 

-  8x2  

-18x*  +  21x«-6x2 

10.  Multiply -6x^-2x*y2-a.«y4 

t)y-3y2. 

-  5x6y-2x*2/2-x22^ 
~  3y2 

16x6y«  +  6x*y*H-3x2y« 

11.  Multiply  a2  -  3  a  + 10 

by  4  a26. 

a2-3a  +  10 
4a26 

4a*6-12a86  +  40a26 

12.  Multiply  9  X*  +  3  x2y2  -f  4  y* 

by  2xy. 

9x*H-3x2y2H-4y* 

2xy    

18x6y  +  6x8y8  +  8x2/* 

18.   Multiply  3  x8  -  x2+ 13  X  -  30 
by2x?. 

3x»-x2  +  13x-  30 
2x2 

6x'^-2x*  + 26x8 -60x2 

14.   Multiply  x^H-2axH-a2-6a 
by  -Sab. 
x2  +  2  ox  +  a^  _  62 

-3a6 

-  3  a&c2  -  6  a26x  -  3  a^ft  +  3  aft*      -  2  a'ft  -f  2  a^fts  +  2  a662  _  2  a6« 


15.  Multiply  6ac  + 96c -2  ad 
-3Mby  2ad. 

6ac  +  96c-2ad-36d 

2ad 

12  a^cd  +18  oftcd  -  4  a2(i2  _  o  abcP 

16.  Multiply  3  a«  -  8  a26  +  a62 
—  6*  by  —  6  a6. 

3a8-3a26  +  a62-68 

—  5a6 

-  16a*6  +  16a862  _  6aa6»  +  6aM 

17.  Multiply  X*- 6x8 +  13x2 
-12x  +  4by  4x2. 

x*-6x8  +  13x2-]2x+  4 

4x2 

4x8  -  24 x«  +  62 X*- 48x8 +16x2 


18.  Multiply  2  a8  -  4  a*  +  8  a8 
-12a2  +  6aby  -3a. 

2  a8  -  4  a*  +  8  a8  -12  a2+  6  a 

-3a 

-6a^+12a8-24a*+36a8-18a2 

19.  Multiply  a«  -  a2M  -  a*6  +  68 
by  —  2  ab. 

a6  -  a26*  -  a*6  +  66 
-2a6 


1.   Multiply  3  a  -  4  6  by  a 

3a  -46 
a  —    ft 

3a2-4a6 

-3a6  +  462 

3a2-  7a6  +  462 


6. 


22.    Page  62 

2.    Multiply  4 6-5 c  by  3 6+4 c. 

46  -5c 
36  +4c 

12  62 -156c 

+  166c -20c2 

1262+      6c-20c2 
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8.   Multiply  4 X -9 y  by  2-6 y. 

4«  —  Qy 

X  —  6y 

4x2-    9xy 

-20xy  +  46yg 
4x2 -29xy +  46y2 

4.  Multiply  3 a- 2 6  by  2a -6. 

3a  -26 

2a  -    6 

6a2-4a6 

-3a&  +  2&3 
6a2-7a6  +  263 

5.  Multiply  a  +  6  by  X  +  y. 

a  +  6 
x  +  y 


ax-\-bx 


-\-ay  -\-by 


ox  +  6x  +  ay  +  6y 

6.  Multiply  2 a-36  by  6a+76. 

2o  -36 

•  6a  +76 
10a2-15a6 

+  14a6-2162 
10a2-      a6-2162 

7.  Multiply  a  —  66bya  +  36. 

a  —  66 
a  +86 
a2-5a6 

+  3a6-1562 
a2-2a6-16  62 

8.  Multiply  3x  -  6  by  3x  +  6. 

3x  -6 

3x  +5 
9x«l-16x 

-hl6x  -26 


9.   Multiply  7x-3by5x-4. 

7x  -3 
6x  —  4 
35x2 -16x 

-28x  +  l^ 
.  36x2-43x4-12- 

10.  Multiply  7a-66  by  6a+66. 

7a  -66 

6a  +66 
42a2-30a6 

+  36a6-2562 
42a2+    6a6-2662 

11.  Multiply  a  —  6  by  X  +  y. 

a  —  6 

x  +  y 


ax  —  6x 


-\-ay  ~hy 


ttx  —  bx  -\-  ay  —  bj 

12.  Multiply  3a+66  by  76-4a. 

3a  +66 
-  4a  +76 
-12a2-20a6 

+  21a6  +  3662 
-12a2+      a6  +  3662 

13.  Multiply  6x  +  1  by  7y  -  2. 

6x+l 
7y-2 


36xy +  7y 


-lOx-2 


36xy +  72/-10X  -2 

14.   Multiply  2a+36  by  2 a-36. 

2a  +36 
2a  -36 


4a2  +  6a6 

-6a6-962 


9x2 


-26 


4a2 


-962 
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15.   Multiply  8x~7y  by  7x+6y.      18.   Multiply  x  -  1  by  x  -  2. 

8x  -7y 
7x  -}-6y 


66x2- 49  xy 

+  48xy-42yg 
56x*--      xy  — 42 


X 

-1 

X 

-2 

X2 

—      X 

-2x 

+  2 

X2 

-3x 

+  2 

16.   Multiply  X  +  y  by  X  +  y. 


X  +y 
X  +y 

x2+    xy 
+    xy  +  y2 

x2  +  2xyH-y2 

19.   Multiply  x2  -  2ax  +  a^ 
by  X  —  a. 

x2  -  2  ox  +  a" 
X  —    a 


x»  -  2  ax^  4-    a^x 

-    0x2  +  2  g^x  -  gg 
x*-3ax2  +  3a2x-a» 


17.   Multiply  X  —  y  by  X  —  y. 


X 
X 

-y 
-y 

X2 

-  xy 

-  xy-^y^ 

x2 

-2xy  +  y2 

20.   Multiply  a2  +  2  a6  +  62 

by  a  +  &. 

a2  +  2  oft  +  62 

g  +6 

g8  +  2  g26  +    g62 
+    g26  -t-  2  g62  +  68 

g8  +  3g26H-3g62  +  6« 


21.   Multiply  3x2  -  4x  +  7  by  5x2  -  x  -  4. 

3x2-4x  +  7 
5x2-     x-i 
15x*- 20x8  4- 36x2 

-    3x8+    4aj2_    7x 
-  12x2+  16x 


-28 


15x*- 23x8 +  27x2+    9X-28 

22.   Multiply  5  g8  -  2  g%  +  gx2  by  2  g2  -  gx  +  x2. 

6g8-2g2x  +  gx2 

2g2-    gx  +    x2 
10g6-4g*x  +  2g8x2 

-5g*x  +  2g8x2-    g2x8 

+5g8x2-2g2x8  +  gx* 

lOgS  -  9g*x  +  9g8x2  -  3a2x8  +  gx* 


\ 
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83.   Multiply  5a2-3a6 -262  by  a" -I- 2a6. 

5a2-3a6-262 
a2  +  2a6 


\ 


5a*-    3a«6-2a262 

H-10a»&-6a262-4a&» 
6a*  +    7a86-8a262_4a&8 


24.    Multiplya;2  4-7x-5by  x«-3aj+7. 

a2  +  7x-5 

gg-3x  +  7  *)^ 

a* +  7x8-    5x2 

-3x3-21xa  +  15x 

+    7x2+49x-36 

x*  +  4x»-19x2  +  64x-36 


85.   Multiply  3 a86  -  2 a262  +  a68  by  2 a2  -  oft  -  662. 

3a86-2a262  +  a&8 
2a2   -    a6    -662 


6a66-4a*62-|-    2a8&8 

-3a*62+    2a8&8-      a«6* 

-15a8&8-H0a2&*-6a66 

6a66-7a*62_lla868+    9a26*-6a66 


26.    Multiply  x2  -  2x  +  1  by  x«  -  3x  +  2. 

x2-2x  +  l 
xS-3x  +  2 


x6-2x*+    x3 

-3x8  +  6x2-3x 

-f2x2-4x  +  2 

x^  -  2x*  -  2x«  4-  8x2  -  7x  +  2 

27.   Multiply  x2-6ax- 2a2  by  x2  +  2ax  4- 3a2 

x2-6ax-2a2 
x2  +  2ax  +  3a2 
X*  -  6  0x8  -    2  a2x2 

+  2ax8-10a2x2-   4a8x 
+    3a2x2- i5a8a;_6q4 

x*-3ax8-    9a2x2- 19a8x-6a* 
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88.    Multiply  7a;2  +  y2_3a.y  by  2aj8  +  y-aj. 

7x2-3x2/  +  y2 

2g8~    X    -\-y 
14x6-6x*y +  2x8y2 

-7x8+    3a;2y-    xj^ 

+    7x-^y-3xy2-t-y8 

14x6  _  6a4y  4.  2xV  _  7x8  _j.  I0x2y  -  4xy2  +  2/« 

29.   Multiply  1  +  2x  +  x^  by  1  -  2y  +  ya.  ' 

l  +  2x  +  x2 

l-2y4-y^ 

l  +  2x  +  x2 

—  2y  —  4xy  —  2x2y 

+y2  +  2xyg  +  xV 

H-2x  +  x2-2y-  4x2/  -  2x2y  +  y2  _j.  2xy2  +  xV 

SO.   Multiply  x2  +  to  -  c  by  x2  -  ax  +  6. 

x2  +  6x  —  c 
x2  —  ox  +  6 


X*  +  6x8  —  cx2 

—  0x8  —  ^x2  +  acx 

X*  -  (a  -  6)x8  _  (a6  -  6  +  c)x2  +  {ac  +  lf^)x  -  he 
81.   Multiply  x2  -  ox  -  62  by  px  +  x2  -  gS. 

X2  —  ox  -^  62 

x^  +  px  —  q^ 


X*- 

ax8  — 

62X2 

+ 

PX8  — 

apx^  — 

62px 

— 

g2x2-f 

aq^  +  6V 

X*  -  (a  -p)x8  -  (ap  +  62  +  gf2)x2  4-  {aq^  -  62p)x  +  6^92 

82.   Multiply  Sx'  -  2x2  +  x  -  1  by  5x2  _  4x  -  1. 

3x^-2x2  +  x--l 

6x2 -4x  -  1 

16x6-10x*+    6x8-6x2 

-12x*+    8x8 -4x2  4- 4x 

-    3x8  +  2x2-     x  +  1 

V  16x6 -22x*  + 10x8- 7x2  + 3x  +  l 
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88.   Multiply  3a  +  46-5cby4a-36  +  c. 

3a  +46-6C  \  ' 

4a  —  36  4-    c  ^ 

12a2+  16a6-20ac 

-    9ab  -1262^-1560 

+    3ac +    4  6c -6c2 

12a2+    7a6- 17ac-12624- 196c-6c8 

34.   Multiply  a^  -  2a6  +  62  by  Sa^  -  5a6  +  463. 

a2  -  2  a6  +    62  j 

5  a2  -  5  a6  +  4  62 


5a*  -  10a'6+    5a262 

-    6a36+  10a262-    6a63 

+    4a262-    8a6^  +  4  6* 

6a*  -  15a86  +  ll)a262  -  13a6»  +  46* 


V 


35.  Multiply  2  a;^  -  4  x2y  -  6  xy^  by  4  x^  +  8  ic22/  +  5  xy*. 

2x8-4x2y  -6x2/2 
4x«-t-8x2y  +  5xy2 
8x6  _  16x^2/ -20x*y2 

+  16  x52/  -  32  x*2/2  _  40  xV 

+  10x*y2  -  20  xV  -  26  x^ 

8x6  -  42x*2/2  -  60x3y3  -  25x22/* 

36.  Multiply  a2  -  3a  +  1  by  2a2  +  4a  -  3. 

a2-3a-f  1 
2a2  +  4a-3 


2a*-6a3+    2a2 

+  4  a8  -  12  a2  +    4  a 

-    3a2-t-    9a-3 

2a*-2a8-13a2  +  13a -3 


37.    Multiply  a'»  +  2a'»  +  i  -  3a"«  +  2  _  i  by  a  +  L 

—  3a™  +  2^2a"'  +  i +^™-l  i 

g-H 

—  3a*»  +  ^  +  2a"'+2  .^    a"*+i  —a 

-3a"'  +  2  +  2a*"-n +a"»         -1 

—  3a"»  +  8_      am+2^3am  +  l_|_  fl^in  _  a_x 
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38.   Multiply  a»-4a»-i  -5a*»-2  +  a^-^by  a  -  1. 

a»  -  4 a» - 1  -  6 a» - 2  -I-  a»- 8 
a   -1 


w 


(i»  + 1  _  4  a»  _  5  a«  - 1  4-    a"  -  ^ 

-     g"  +  4fl"-^  +  5a"-2  -  g^-g 
a»H-i-5a«-    a»-i  +  6a»-2  -  g«-8 


39.   Multiply  o*- a"- 16  + a*- 2 62  by  a -6. 

a»  -  a^-16  +  a"- 262 
a   —  6 


(jn  +  i-    g«6  4-    a»-i62 

-    a"6  -t-    a»»-i62  -  a»-26' 
a«+ 1  -  2 a»6  +  2 a**- 162  -  a»- 268 


40.   Multiply  1  -  ox  +  6x2  -  cx8  by  1  —  x2  4-  X. 

1  —  ax  +  6x2  -  ex* 
1  +    X  -   x2 


1  - 

ax  + 

6x2- 

cx* 

+ 

X  — 

ax2  + 

6x3- 

ex* 

— 

X2  + 

ax*  — 

6x*  +  cx6 

41.   Multiply  468  -  26  +  1  -  362  by  462  +  56  +  268. 

458_362_26  +  l 
268  +  462  +  66 


866-    666-    42^+    268 

+  1666-126*-    868+    462 

+206* -1568 -1062 +  66 

86«  +  1066+    46*-2168-    662  +  66 


42.   Multiply  a8  +  3a  -  2  a2  +  1  by  4a2  +  3  -  2a. 

a'-   2a2  +  3a  +  1 
4a2-   2  a  +3 


4  aS  -    8  a*  +  12  a8  +  4  a2 

-   2a*  +   4a8-6a2-2a 

+   3a8-6a2  +  9a  +  3 

4a6-10a*  +  19a8-8a2  +  7a  +  3 
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43.  Multiply  6c  +  ac  +  o6bya--6  +  c. 

ab  -\-  ac-[-bc 

a     —  h   -\-  c  ) 

aPh  +  aH  +  abc  ' 

-abc-aJt^-l^c 

:  -f  abc -f  ac^  +  hc^ 

-   r***   aPh  +  a^c-^  abc-ab^-  h^c  +  ac^  +  6c2 

44.  Multiply  262^2  +  36*  -  7bd^  -  b¥d  +  d*  by  362  +  3d2  _  56d. 

36* -56«d  + 262^2 -76d«  +  d* 

9  66-1566d+    66*d2_2168d8+    362(2* 

-1666d  +  256*d2_  I068d8  +  3662d*-    66d6 

+    96*d2- 1568d«4-    6  62d*  -  21  6^^  4- 3  d^ 

966  -  3066d  +  406*d2  _  46  68d«  +  44  62d*  -  266d6  4-  3d6 

45.  Multiply  a?»+i  -  3a;'»+2  ^  gjm+s  _  2x»»+* 

by  2x"»-i  +  3x'»-2-4x»«-8. 

a?»»+i  —  3x"»+2  _|_    x"»+3  — 2x"*+* 

—  4x"»-8  +  3x"'-2  4-2x"'-^ 

—  4x*"*-2 -I- I2x2m-i  _   4a;2"« -I- 8x2»»  +  i 

+   3x2'"-i-   9x2»»  + 3x2'«+i -6x2"»+2 

•    -f     2x2"»  —  6x2"*+^  +  2X2W  +  2  — 4x2»*  +  s 

_  4x2"»-2  ^  15x2»n-l  —  llx2"»  -f  6x2'»»  +  l  —  4x2»»  +  2  _  4x2>n  +  3 

46.  Multiply  a«  +  3a»-2  -  2a'*-i  by  2a'*+i  +  a'*+2  _  s^n 

a»      -2a"-!  +  3a'»-2 
a»  +  24.2a»  +  i  -3a'» 
a2n  +  2  _2a2«  +  i  +  3a2« 

-|-2o2«  +  i_4a2n4.   ea**-! 

-3a2»+   6a2»-^-9a2»-2 

a2»  +  2  -4a2»-M2a2»'-i-9a2«-2 

47.  Multiply  a?»-i  —  x'»-2y  +  x»-8y2  _  x"-*y8+a?»-6y*  by  x  +  y. 

/jjn-i  _x»  — 22^_^x"~3y2_x«-*y84-x"~^y* 

g-f  y 

X»  —  x" - '  2/  -f  X"  —  2^2  __  X" ~ ^2/'  +  g**  ~  *2/* 

4-  X"  — ^y  —  X" -2y2  ^  x^-^y'  —  x^~*y*  4-  x*»  — ^^ 
x»  4-x»-Sy* 
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48.   Multiply  ai»  -  3aP-i  +  4a^-2  -  6aP--»  +  5ap-* 
by  2  a*  -  a2  +  a. 

aP  —  SaP-^  -^   4aP-^  -6aP-^  +  5aP-^ 

2a8  -    gg  +  g 

2aP  +  ^-6aP  +  ^-^   8gi>  +  i  -  12gi' +  lOgp-i 

-    gP  +  2+    ZaP  +  ^-   4gp-f    6gi»-i-   5gi»-* 

-f      gp  +  i-   3gp+    4gp-t-   6gp-8+ 5gp-g 

2gp+3_7ai,  +  2  4.i2ai»  +  i-19gi'  +  20gp-i  -  llgJ>-2  +  6gp-3 

Exercise  23.    Page  64 

1.   Multiply  2»8  +  4x2y  -  3a:y2  -  ys  by  5a;2  -  2xy  -  y«. 

2  +  4-3-  1 
6-2-1 
10  +  20-16-6 
_    4_    8  +  6  +  2 

-    2-4  +  3  +  1 

10+16-25-3  +  6+1 
Hence,  the  product  is  10  jc«  +  16  x*y  -  26  a V  _  3xV  +  6xy*  + 1^. 

8.  Multiply  0*  -  2g*6  +  3  g^ft^  _  2 g^&s  +  gft*  -  6^  by  2g2  -  ab  +  62. 

l_2+3-2+l-l 

2-1  +  1 

2-4+6-4+2-2 
-1+2-3+2-1+1 
■H^^  +  3-2  +  1-1 
2-6+9-9+7-5+2- 1 

Hence,  the  product  is 

2g''  -  5g«6  +  9g6&2  _  9a*&8  +  7 g^M  -  5g266  +  2g66  -.  ft?. 

S.  Multiply  5c8  -  3c6  +  9c*  -  10c2  +  4  by  9c6  +  6c*  -  13c2. 

6-3+   9-10  +  4 

9  +  5-13 

46  -  27  +  81  -  90  +    36 

+  26-16  +  46-    60+   20 

-  65  +  39  -  117  +  130  -  62 

45  _    2  +    1  -    6-131  +  160-52 
Hence,  the  product  is  45ci*-2ci2+cW-6c8-131c6  +  150c*-62c2. 
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4.    Multiply  x*-3x8-|-2«a-x  +  6by3x»-2«2-'6aj  +  3. 

l_34.2-l-|-6 
3-2-6+3 


3-    9  +  6-   3  +  15 
_   2  +  6-   4+    2-10  ^y^ 

-6  +  16-10+    5-26 

+3-9+6-3  +  16 

3-11  +  7  +  11-    2+    1-28  +  16 

Hence,  the  product  is  3x7 -llx^  -|.7xfi  +  llx*-2xHx*-28x+16. 

6.   Multiply  2  +  7a  -  2o2  +  8a8  -  4a*  by  2  +  6a  +  3a»  -7a«. 

2+7-2+8-4 

2  +  6  +  3-7 

4  +  14-    4  +  16-    8 
+  10  +  36-10  +  40-20 

+  6  +  21-    6  +  24-12 

-14-49  +  14-66  +  28 

4  +  24  +  37  +  13-23+18-68  +  28 

Hence,  the  product  is 

4  +  24a  +  37 a^  +  I3a8  -  23a*  +  18a6  -  68 a«  +  28a^ 

6.  Multiply  05*  -  4x»y  +  6x2y2  _  4 ajyS  ^  y4  i,y  aj2  -|-  2xy  +  y\ 

1 -4  +  6-4+  1 

1+2  +  1 

1 -4+6-   4+1 
+  2-8  +  12-8  +  2 
-f  1  -    44.6-4  +  1 
1-2-1+   4-1-2+1 

Hence,  the  product  is  x^  —  2  x^y  —  x*y2  +  4  jpSy^  —  x^y*  —  2  x\fi  +  y*. 

7.  Multiply  3a*62  -  6a^6^  +  4a26*  +  aft^  by  2a26  -  6062  +  268. 

3-6+4+1 

2-6  +  2 

6  -  12  +    8  +    2 
-16  +  30-20-6 

+    6-12  +  8  +  2 
6-27  +  44-30  +  3  +  2 

Hence,  the  product  is  6a868-27a66*+44a*^-30a«68+3a257  4_2a68. 
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8.  Multiply  05*  -  4x3y  4. 6a;2y2  _  4 xys  +  y4  i)y  ^s  _  Sx^  +3xy2  _y8, 

1-44.6-4  +  1 
1  -34-3-1 

1-44-    6-    4  +  1 

-  3  +  12  -  18  +  12  -    3 

+    3-12  +  18-12+3 

-    1+    4-    6  +  4-1 

1-74-21 -35  +  35-21  +  7-1 

Hence,  the  product  is 
x7  -  7«*y  +  21x6ya  _  35x*y8  ^  s^x^  -  21x2^6  4.  735^6  -  ^7. 

9.  Multiply  3«*  +  Gx^y  _  Qajy^  4- 12 y*  by  2x2  -  3xy  +  y^. 

3  +  6  +  Q-9  +  12 
2-3+  1 


6  +  12+    0-18  +  24 
-    9-18-    0  +  27-36 

+    3+6+0-9  +  12 


/ 


6+    3-16-12  +  61-45  +  12 
Hence,  the  product  is 

6x*  +  Sx^y  -  15x*y2  -  12 xV^  +  61xV  -  46x2^  +  12 y«. 

10.  Multiply  3a8x  -  2a2x2  +  6ax8  -  8x*  by  -  2a2  +  6ax  -  4x2. 

3-2+5-8 
-2+6-4 
-  6  +    4-10+16 

+  18-12  +  30-48 

-12+    8-20  +  32 

-6  +  22-34  +  54-68  +  32 

Hence,  the  product  is 

-Qa^x  +  22a4x2  -  34a8x3  +  54a2x*  -  68axS  +  32 x«. 

11.  Multiply  262/6  -  362^4  4.  453^8  _  52^2  by  2/8  _  45^2  4.  e62y. 

2-3+4-5 
1-4  +  6 
1-    3+    4-6 
-   8  +  12-16  +  20 

+  12-18  +  24-30 
1-11+28-39  +  44-30 
Hence,  the  product  is 

2 6y8  -  11622^7  4.  28  682^«  -  396*2/6  +  44 6^^*  -  SOlfiy^. 
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12.  Multiply  c«  -  8c2z  +  ^cz^  +  II2*  by  6c2  -2cz  +  12«2. 

1  -8+   6  +  11 
6-2  +  12 
6-48  +  30  +  66 

-  2  +  16-10-22 

+  12-96  +  60  +  132 
6-60  +  68-40  +  38  +  132 
Hence,  the  product  is  Oc^  -  50c<z  +  58  c^^^  _  40  cV  ^_  38  cz*  + 132  2^ 

13.  Multiply  a*  -  7a»6  +  60252 +  8a68-2&*  by  a2-3a6  +  262. 

1-7+6+8-2 

1-3+2 

1-    7+    6+    8-    2 

-  3  +  21  -  18  -  24  +    6 

+    2-14  +  12  +  16-4 
1-10  +  29-24-14  +  22-4 
Hence,  the  product  is 

as  -  lOa^ft  +  29a*62  _  24a868  -  14a2&*  +  22df^-^b^, 

14.  Multiply  2x  - aj2  +  4x8  -  10  +  7xfi  by  2x*  -  3a;2  +  2a^  +  2  +  3x. 

7  +  0  +  4-1  +  2-10 

2+2-3  +  3  +  2 

14+0+8-2+4-20 
+  14+    0+    8-   2+    4-20 

-21-    0-12+    3-    6  +  30 

+  21+    0  +  12-    3+    6-30 

+14+    0+    8-    2+    4-20 

14  +  14  -  13  +  27  +    4  -    1-21  +  34-26-20 
Hence,  the  product  is 
14x9  +  14x8  -  13x7  ^  27 x«  +  4x6  -  x*  -  21  x«  +  34x2  -  26x  -  20. 

16.   Multiply  2 x*-3x8y +2  2/4-2 xy8+4x2y2  by  2;cy^-y^+z^-Sx^. 

2-3+4-2+2 
1-3+2-1 
2-3+    4-    2+    2 
-6+    9-12+   6-    6 
4.   4_    6+    8-   4  +  4 

-    2+3-   4  +  2-2 

2-9  +  17-22  +  19-14  +  6-2 
Hence,  the  product  is 
2x7  _  Qx^y  +  17xV  _  22x*y8  +  19xV  -  14x2y6  +  Qzy^  -  2y7. 
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16.  Multiply  32r-2y»«+i -6|r+2  +  2r+* 

by  3y«-®  +  2y'»-2  -  6y«-i  -  y*". 

3-2-5+1 
3+2-6-1 

9  -  6  -  16  +   3 
+  6-    4-10+    2 
-15  +  10  +  26-6 

-3+2  +5-1 

9  +  0-34+   0  +  29  +  0-1 
Hence,  the  product  is  9y2m-8  _  34y2m-i  +  29y2m+i  _  y2m+8 

17.  Multiply  a»  -  a"  +  i  +  a^+2  -  a»+8  by  a^  -  a^  -  a  +  1. 

1-1+1-1 
1-1-1+1 

1-1+1-1  ^ 
-1+1-1+1 
-1+1-1+1 
+1-1  +  1-1 

1-2+1+0-1+2-1 
Hence,  the  product  is  a"  -  2  a»  +  ^  +  a^  +  s  -  a'»  +  *  +  2  a'»  +  *  -  a'»  +  «. 

18.  Multiply  a»-3a*  +  6a*-7a8  +  6a2_3a  +  lbya2-a  +  l. 

1  _  3 -f  6  -  7  +  6  -  3  +  1 

1-1  +  1 

1-3+   6-7+6-3+1 
-1+   3-   6+   7-   6+    3-1 
+    1-3+6-7+6-3  +  1 
1  _  4  +  10  -  16  +  19  -  16  +  10  -  4  +  1 

Hence,  the  product  is 

a8  _  4a7  +  lOaO  -  lOa^  +  19a*  -  16 a^  +  10a2  -  4a  +  1. 

19.  Multiply  2  m*  -  6m»  +  3m2  -  3m  +  1  by  m2  -  3m  +  1. 

2-6+3-3+1 

1 -3  +  1 

2-   6+    3-   3+    1 
-   6  +  18-   9+   9-3 

+    2-   6+   3-3  +  1 
2-12  +  23-18  +  13-6  +  1 

Hence,  the  product  is  2m«  -12m«  +  23  /n*  -18m«  +13m2  -  6m  +1. 
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20.  Multiply  6a8x  -  17a*^a  +  14ax8  -  3x*  by  2a  -  3a;. 

6-17  +  14-3 

2-3 

12-34  +  28-6 

-18  +  61-42  +  9 
12-62  +  79-48  +  9 

Hence,  the  product  is  12  a*x  -  52  a^x^  +  79  a?x^  -  48  ox*  +  9  x^. 

21.  Multiply  x6  -  6x*  +  3x«  +  6x2  -  7x  +  2  by  x^  -  3x2  +  3x  -  1. 

1+0-6+3+6-7+2 
1-34.3-1 

1+0-5+   3+6-7+2 
-3-0  +  15-    9-18  +  21-    6 

+  3+    0-15+    9  +  18-21+    6 

-1-0+6-3-6+7-2 

1  _  3  _  2  +  17  -  18  -  11  +  38  -  33  +  13  -  2 

Hence,  the  product  is 

x9  -  3x8  -  2x7  +  17x6  _  18x5  -  llx*  +  38x3  -  33x2  4. 13^  _  2. 

22.  Multiply  8  afts  -  8  0^6  +  24  a'^lP  +  al^lf^  +  14  am  +  12  a*6«  +  6  a^ 

by  7a26  +  2a62  +  6a». 

8  +  24  +  14+12  +  1-8  +  6 

2+    7+    5 

16  +    48  +    28  +    24  +      2-16  +  10 
+    66  +  168  +    98  +    84  +    7-66  +  35 

+    40  +  120  +    70  +  60  +    5-40  +  26 

16  +  104  +  236  +  242  +  166  +  61  -  41  -    6  +  25 

Hence,  the  product  is 

16  am  +  104  a^W  +  236  a^lfi  +  242  a^b^  +  166  cfilA  +  61  a'ft* 
-41o862_5a96  +  26aio. 

23.  Multiply  x^  +  4x8  -  92x  -  3x*  +  26x2  +  5  by  x2  -  3x  +  4. 

1-34.4  +  26- 92 +  5 

1-3+4 

1-3+4  +  26-92+      6 
-  3  +   9  -  12  -    78  +  276  -    15 

+    4  -  12  +    16  +  104-368  +  20 
1-6  +  17+2-164  +  386-383  +  20 

Hence,  the  product  is 

x7  -  6x9  +  17x6  +  2x*  -  154x8  +  385x2  -  383x  +  20. 
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18.   DivideSir-SjT"'"* -5y"«+*  +  ir+'by  2/*.  (v/ 

y4|3yin      _  2y'"  +  i  —  6y"+^ +  y*»+^' 


14.  Divide  4a?»  +  3a?»+i-2x»  +  «  +  x«+8  by  x»-i. 


> 


4x  +3x2       _2x8       +x* 

16.   Divide  2ai»-4aP  +  i-6aP  +  2_|_8aP  +  8  by  2aP-2. 

2ai»-2|2a''  -  4ap  +  i  -  6aP  +  2  4.  8aP  +  «        ^^ 


a2  -  2  a*       -  3  a*       +  4  a^ 
16.   Divide  C'+s  +  c''+*  -  2c'-  +  «  -  3^+6  by  c^  +  ^. 

c        +c2      -2c»      -3c* 

EzerclBe  25.    Page  70 

1.  Divide  SSx'  +  47x2  +  13x  +  1  by  5x  +  1. 

35x8  + 47x2 +  13x  +  l|5x  +1 
35x8+    7x2  7x2  +  8x  +  l 

+  40x2  +  13x 
+  40x2+   8x 

+    5x  +  l 
+    5x  +  l 

2.  Divide2a*-6a8  +  3a2-3a  +  lby  a2-3a  +  l. 

2a*-6a8  +  3a2-3a  +  l|a2-3a  +  l 
2a*-6a8  +  2a2 2a2  +  l 

+    o2  -  3  a  +  1 

+    a2-3a  +  l 

3.  Divide  42 a*  +  41  a*  -  Oa*  -  9a  -  1  by  7  a2  +  8 a  + 1. 

42a4  +  41a3-    9a2  -  9a  -  l|7a2  +  8a  +  1 
42a*  +  48a8+    Qgi  6a2-    a-1 

-  7a8-15a2-9a 

-  7a8-    8a2-    a 


7a2-8a-l 
7a2-8a-l 
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4.    Divide  2x*-4x»- 3x2 -x  +  1  by  x2-3x  +  l. 

2x*  -  4x8  -  3x2  -  X  +  1 1x2  -  3x  +  1 


2x*-6x8  +  2x2  2x2  +  2x+l 


+  2x8 
+  2x8 

— 

6x2-    a; 
6x2  +  2x 

+ 
+ 

x2- 
x2- 

3x 
3x 

+  1 

+  1 

5.   Divide  6a8x  -  Va^^  +  14ax8  -  3x*  by  2a  -  3x. 

6a8x  -  17a2x2  +  14ax8  -  3x*|2a-3x 

6a8x-    9a2x2  3a2x-4ax2  +  x8 


-  8a2x2  +  l4ax8 

-  8a2x2  +  12ax8 

+   2ax8- 
+    2ax3- 

-3x* 
-3x* 

6.    Divide  4x2  -  28xy +  49y2  by  2x-7y. 

4x2  -  28 xy  +  49y2[2x-7y 
4x2  —  14  xy 2x  —  7y 

-  14x2/  +  49y2 

-  Uxy  +  idy^ 


7.    Divide4a8  +  4a2-29a  +  21  by  2a-3. 

4a8+    4a2-29a  +  21|2a 


4a8-    6a2  2a2  +  6a-7 


+  10a2 
+  10a2 

-29  a 
-15a 

-14  a 
-  14a 

+  21 

+  21 

8.    Divide6a8-13a26  +  4a62  +  368by  2a-36. 

6a8  -  18a26  +  4a62+  36S[2a_-_36 
6a8-   9a26  3a2-2a6-62 

-  4a26  +  4a62 

-  4a26  +  6a62 


-2a62  +  368 
-2a62  +  3&8 
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9.   Divide  6 aj*  -  13ax»  -  ISa^  -f  13a%c«  -  5a*  by  2a;2  -  3ax  -  a^. 
6aj*-13fla8  +  13a2a;2-13a»a;-5a*|2x»-3aa;-    a^ 


-  4ax»  +  16a2aj2-13a«x 

-  4  0x8+   602x2+   2a8x 


+  10c2x«-16o8x~6a* 
+  10a«x2-15a»x-6a* 


10.  Divide46x*  +  35x2-4  +  18x8  +  4xby  9x»  +  7x-2.     .^^ 

45x*  + 18x8 +  36x3+   4x-4|9x8  +  7x-2/' 
45  X* +35x2-10x         6x  +2 

+  18x8  +i4aj-4 

+  18x8 +14X-4 

11.  Divide  6x*  +  13x2^  -  x8y  +  4y*  +  2xV  ^J  2x«  -  3xy  +  4ya. 

6x*-    x8y+   2xV  +  13xy8  +  4y*|2x2  -  3xy  +  4y2 
6x*-9x'V  +  12xV 3x2  +  4xy+    y* 

+  8x8y  -  lOxV  +  13xy8  . 

+  8x8y-12xV  +  16xy8 


+   2xV-   3xy8  +  4y* 
+   2xV-    3xy8  +  4y* 


12.  Divide  2x*  +  x8y  -  3xy8  _  i3x2y«  ^y^hyx^-  2xy  - 

2x*  +    x»y  -  13xV  ~  3xy8  +  y4|g2-2xy  -y^ 
2x*-  4x8y-   2xV 2x2+5xy-y2 

+  5x8y-llx2y«-3x2^ 
+  6x8y-10xgyg-5xy8 

-        X2y3  +  2xy8  +  y4 

-      X«yg  +  2xy8  +  y4 

13.  Divide  15x6  _  Sxy^  +  4x8y2  +  10x*y  +  6xV  by  5x8  +  3xy2. 

15x^  +  10x*y  +  4x8y2  +  6xV  -  3xy*|6x8  +  3xy2 

15x6 +9x8y2 3x2  +  2xy-y2 

+  10x*y  -  6x8y2  +  6xy 

+  10x*y  +6x2y8 

-5x8y2  -3xy* 

-5x8y«     -3x2/* 


' 
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14.   Divide  21a*  -  IQa^b  -  bab»  +  lOa^fta  +  26*  by  Sa^  -  a6  +  62. 

21a*  -  16a«6  +  16a262  _  6a68  +  2M[3a^-^_aM_^ 
21a*-   7a«&+   Ta^ftg  7a2-3a6  +  262 

-  9o86+   9a262_5o&8 

-  9a86+   3a262_3a68 


+   6a262_2a68H-2&* 
+   6a262_2a68  +  2&* 


16.    Divide  -73x2  _  26  +  56x*+96x  -  69x8  by  _  llx+7x«-3x2+6. 

66 X*  -  59x8  -  73x2  +  96x  -  25|7x8  -  3x2  -  llx  +  6 
66x*- 24x8- 88x2 +  40x  8x  -6 

-  36x8  +  16x2 +  55x- 26 

-36x8+  I6x2-f  65X-26 

16.   Divide  7  a*6^  -  19  a265  +  a^  -  9  a662  ^  IS  a^b^  -  h^  ■}- S  dffi 
by  68  -  2  a62  +  a^. 

a7  -  9a562  +  7 a*68  +13a86*  - 19 a26^  +  8 a66  - 6" |a8-2a62+68 


gT  -  2  a662  +    a*68 a*-7a262+6o68-6* 

-  7  0^62  -I-  6  a*68  + 13  a36*  - 19  a266 
-7a662  _|_i4a354_  7^255 


+  6a*63  -     a'^6*  -12a266  +  8a66 
+  6a*68  - 12 a265  _).  6 a66 


-  a86*  +  2  a66  -  6^ 

-  a86* +  2  a6^^  -  6^ 

17.  Divide  4x^y  —  4x8^^  ^4,x^  —  xy^  by  2x2  -  2xy  +  ^. 

4:X^y  —  4 x8y8  ^  4 a;2y4  _  a;y6 12 x2  -  2 xy  +  y2 

4  x^y  —  "^  ^y^  4-  2  x8y8 2  x8y  +  2  x2y2  _  xy^ 

+  4  x*y2  _  6  x8y8  ^  4  a;2y4 
+  4x*y2  -  4g8y8  ^  2x2y* 

-2x8y8  +  2x2y*-xy6 
-2x8y8  +  2x2y*  -  xyS 

18.  Divide  4x*  -  x2y2  +  6xy8  -  9y*  by  2x2  -  xy  +  3y2. 

.4x*  -    X2y2  +  6xy8-9y*|2x2-xy  +  3y2 


4x*-  2x8y  +  6x2y2 2x2  +  xy-3y2 

+  2x8y-7x2y2  +  6xy8 

H-2x8y-     x2y2  4-3xy8 

-6x2y2  +  3xy8-9y* 
--6x2y2-{-3xy8-9y4 
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19.  Divide  a^  -  5«*  +  3x8  -f  6x2  -  7x  +  2  by  a^  -  3x2  -|-  3aj  - 1. 

ofi  -  5x*  +  3x8  +  6x2  -  7x  -f  2|x»  -  3x2  +  5x  -1 

xg-3xs  +  3x*-    x8  x8  +  3x2+    x-2 


-f  3x6-8x*  +  4x8  +  6x2 
+  3x<^-9x*  +  9x8-3x2 


-f    x*-5x8-f  9x2-  Yx 
+    X*- 3x8 +  3x2-    a; 

-2x«-f  6x2-6x  +  2 
--2x8  +  6x2-6xH-2 


20.  Divide  a*  -  6*  by  a8  +  a26  +  a62  +  68. 

a*  -M|a8  + 025  +  0624.58 

g*  +  0^6  +  0252 -I-  068  a  -6 

-  a86  -  a262  _  afts  _  M 

-  gsft  -  o262  -  068  ^  64 


21.  Divide  3x*i  +  4x«y2  ^  4352^8  +  xy*  +  4 2^  by  x3  +  x2y  +  xy2  +  ys. 

3x6               +  4x8y2  +  4aj2y8  +  X2/*  +  4y&|x8  +  x2y  +  xy2  4.  y3 
Zq^  -♦-  3x^  -f  3x8y2  -f  3x2y8 3x2-3xy  +  4y2 

-3x*yH-    x8y2+    x2y8+    xy* 

-  3x*y  -  3x8y2  _  3a2y8  _  ^^ 

+  4x8y2  +  4x2y8  +  4x2/4  _|_  4y6 
+  4x8y2  +  4x2y8  ^  4xy4  ^  4  y5 

22.  Divide  a*  -  5a862  -  6a268  +  6^  by  a2  -  3a6  +  62. 

a*  -6a862-6a268  +  66|a2  -  3a6  +  62 

gg  -  3  0*6  +    a862 g8  +  3  g26  +  3  062 -f  6^^ 

+  3g*6- 60862 -6g268 
+  3g*6-9g862  +  3o268 
+  3o862-8a268 
•f  3o862-9o268+'3o6* 

+    o268-3o6*  +  6B 
•f    a268-3fl6*  +  6ft 
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Ezercise  26.    Page  72 

1.   Divide  2a*  -  Sa^b  +  6a«62  _  ofts  +  66*  by  a^  -  2a6  +  36^. 

2-3  +  6-1  +611-2  +  3 


2-4+6       2+1+2 
+1+0-1 
+1-2+3 


+2-4+6 
+2-4+6 


Hence,  the  quotient  is  2  a^  +  a6  +  262. 

2.   Divide  2x*  +  3a;«y  +  x^^  -  ixy^  -  2y*  by  x^  +  2xy  +  2y2. 

2  +  3  +  1  -4-  211  +  2  +  2 


2+4+4  2-1-1 

-1-3-4 
-1-2-2 


-1-2-2 
-1-2-2 


Hence,  the  quotient  \s2x^  —  xy  —  y\ 

3.   Divide  a^  -  2a*6  -  a^b^  +  5a268  -  4a6*  +  6^  by  a*  -  2a62  +  6». 

l_2-l  +  6-4  +  l|l  +  0-2  +  l 
l_|.0-2  +  1  1-2  +  1 


-2  +  1+4- 
-2  +0  +  4  - 

-4 
-2 

+  1+0- 
+  1  +  0- 

-2  +  1 
-2  +  1 

Hence,  the  quotient  is  a^  —  2  a6  +  6^. 

Divide  c^  +  2 c*d  -  bcH^  +  16 c^d^  -  6cd*  +  Od^  by  c^  -  2cd  +  Sd^. 

1  +  2-6  +  16-6  +  911-2  +  3 
1-2+3  1+4+0+3 

+  4-8  +  16 

4-4_8  +  12 

+3-6+9 
+   3-6+9 

Hence,  the  quotient  is  c^  +  4  c^d  +  3  #. 
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5.   Divide  9x*  +  6{B»y2-4xV-8a;y*-2y6  by  3«8+2x2y+4xy2+22/8. 

9  +  0+    5-   4-8-213  +  2+4  +  2 


9  +  6  +  12+    6  3-2-1 

-6-    7-10-8 
-6-   4-    8-4 


-   3-   2-4-2 
._    3_    2-4-2 


Hence,  the  quotient iaSz^  —  2xy  —  y^, 

6.   Divide  2a'-6a8  +  6(i*-6a8  +  6a2-4a  +  l  by  a^-a^  +  a^-a  +  l. 

2-6  +  6-6  +  6-4  +  111-1  +  1-1  +  1 


2-2+2-2+2  2-3+1 

-3+4-4+4-4 
-  3 -|.  3  _  3  _|.  3  _  3 


+1-1+1-1+1 
+1-1+1-1+1 


Hence,  the  quotient  is2a^  —  3a  +  l. 


Y.   Divide  x^  -  2x«  +  x^  +  2x8  _  3a;2  .j.  i  by  a^  +  2x  +  1. 

1-2+1  +0  +  2-3  +  0  +  l|l  +  0  +  0  +  0  +  2  +  l 
1+0+0+0+2+ 1       1-2+1 

-2+1+0+0-4+0 

-2+0+0+0-4-2 


+1 +0+0+0+2+1 
+1+0+0+0+2+1 


Hence,  the  quotient  is  x^  —  2x  +  1. 


8.   Divide  1  +  26  -  262  _  368  _ft4_  465  _  57  by  1-262-64. 


1  +  2-2-3-1  -4  +  0-111  +  0-2  +  0-1 
1+0-2+0-1  1+2+0+1 


+  2  +  0 
+  2  +  0 

-3  +  0- 
-4  +  0- 

-4 
-2 

+  1+0- 
+  1  +  0- 

-2  +  0- 
-2  +  0- 

-1 
-1 

Hence,  the  quotient  is  1  +  2  6  +  6^. 
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9.   Divide  «*y*  -  4x^2^  +  12xyz«  -  92*  by  x^  -  2xy2  +  Zz\ 


\ 


1  +  0-4  +  12  -9|l-2  +  3 
1-2  +  3  1  +  2-3 


+  2- 
+  2- 

-7  +  12 

-4+    6 

- 

-3  + 
-3  + 

6- 
6- 

-9 
-9 

Hence,  the  quotient  is  x^  +  2  xyz  —  3  z^. 

10.   Divide  6a6  -  17a*6  +  Wdm  +  3a&*  +  466  by  3a«  -  4a26  -  68. 

6-17+   0  +  14  +  3  +  413-4  +  0-1 


6-    8+   0-    2  2-3-4 


-  9+    0  +  16  +  3 

-  9  +  12+    0  +  3 

-12  +  16  +  0  +  4 
-12  +  16  +  0  +  4 

Hence,  the  quotient  is  2  a^  —  3  a6  —  4  6^. 

11.   Divide  l^x^y^  +  a«  +  62/«  -  17x2^  -  hT^y  -  2x*y2  _  ^Sy* 
by  x2-3y2_2xy. 

l_5_2  +  26-    1-17+611-2-3 


1-2-3  1-3-6+7-2 


-3+1  +  26 
-3+6+    9 

-6  +  17-    1 
-6  +  10  +  16 

+    7- 
+    7- 

16- 
14- 

17 
21 

— 

2  + 
2  + 

4  +  6 
4  +  6 

Hence,  the  quotient  is  x*  —  3x8y  —  bx^  +  7x^  —  2y*. 
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12.    Divide  48x2y»  +  26a;y*-17{BV  +  8»6-22x*y-8y» 
by  2x2 -4  2/2- 3xy. 

8-22-17+48  +  26-812-3-4 
8-12-16  4-5-8  +  2 


-10-    1+48 
-10  +  15  +  20 

-16  +  28  +  26 
-16  +  24  +  32 

+    4-    6- 
+    4-    6- 

-8 
-8 

Hence,  the  quotient  is  4  x*  —  6  x^y  —  8  xy^  -\-2y^. 


18.  Divide  8a6«  -  8a«6  +  24a«6»  +  a^l^  +  Ua'ft*  +  12a*&»  +  ba^ 
by  7a26  +  2a62  +  5a8. 

8  +  24  +  14  +  12+    1-    8  +  5|2  +  7  +  5 

8  +  28  +  20  4-2  +  4-3  +  1 


-  4- 

-  4- 

6+12 
14-10 

+ 
+ 

8  +  22+    1 
8  +  28  f  20 

-  6- 

-  6- 

19- 
21  - 

8 
15    ' 

+ 
+ 

2  + 
2  + 

7  +  5 
7  +  5 

Hence,  the  quotient  is  4 &*  -  2  afts  +  4 aaft^  __  3a»6  +  a*. 


14.   Divide  2x8  +  5x7y  +  3xBy»  -  3x*2^  -  5xV'  -  2xV  -  2xyT  +  4y8 
by  2x6  -  x*y  +  3x8y2  __  2xV  +  xy*  -2y^. 

2  +  5  +  0  +  8-3-5-2-2  +  412-1+3-2  +  1-2 


2-1+3-2+1-2  1+3+0-2 

+6-3+5-4 -3-2 
+6-3+9-6+3-6 


-4+2-6+4-2+4 
-4+2-6+4-2+4 


Hence,  the  quotient  is  x^  +  3  x^y  —  2  y^. 
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15.   Divide6a»+»-20a»+«  +  26a*+*-19a*+«  +  10a"+8-4a»+i  +  flC" 
by  3a*-7a8  +  4a2-2a  +  l. 

6-20  +  26-19  +  10-4  +  1 13 -7  +  4-2  +  1 
6-14+8-4+2  2-2  +  1 


-  6  +  17- 

-  6  +  14- 

16  + 

8  + 

8- 
4 

-4 
-2 

+   3- 
+    3- 

7  + 
7  + 

4 
4 

-2  +  1 
-2  +  1 

Hence,  the  quotient  is  2  a»  +  *  —  2  a«+i  +  a». 
16.   Divide  6a"»+«  +  lla;"»+*y  -  21x'»+8y2  _  5a?«+2y8  ^  lOa^+iy^ 

6  +  11-21-6  +  10  +  0-1 13-2-1 

6-   4-    2  2  +  6-3-2  +  1 


+  16- 
+  16- 

19-6 
10-6 

— - 

9  +  0  +  10 
9  +  6+   3 

-6  + 
-6  + 

7  +  0 

4  +  2 

+ 
+ 

3-2- 
3-2- 

-1 
-1 

Hence,  the  quotient  is  2  x^  +  5  x*y  —  3  x*y2  _  2  xV*  +  xy*. 

Ezerciae  27.    Page  73 

1.  Add  f x2  +  f xy  +  A^^  i^^  +  5«y - |y^;  i«^ - i^y -  iy*. 

|x2+  |xy  +  T%y2 
ix2+  jxy-  |y2 
jx'-^-  jxy-  ^yg 
fx2  +  TV«y-    f2^ 

J|a2  +  3^a6  +  J62. 

^a2-    ^06+    |62 

^fa2  +  T\a5+    t6^ 
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7.  Multiply  ta8-ffa2x-fax«  + Jx«  by  ia2-T^ax-T«rX». 

Ja*+   i»ffa*x-    T5ja«xa4-     \a^ 

-  ^Sa^x-    fja»x«+    Ha2x?-T*rax* 

ia*  +  ^A(i*x  -  JiJa«xa  +  flJaax*  +  iVa»*  -  A*" 

8.  Multiply  J  -  Jx«  -  ix  +  Jx*  by  J  +  Jx  +  lx«. 

J-ix  +  ixa-Jx8 
i-f  jg  +  ja^ 

A -f  A  «  +  A  «' -  i«F  aj»  +  A  a^  -  i  a^ 

9.  Divideja'- t|ia2d  + VflKi*- A^Pby  }a-fd. 

-  Aa2d+  V-fl^ 

-  A^'^^      «<^ 

+    |ad2-^jd» 

10.    Divide  X*  -  }Jx*  +  H«'  +  f  -  ¥f  «  -  Jx^  by  ««  -  Jx  +  6. 

ae6_   ^a;4^   53^  x«-|x2-2x  +  } 


-  ^x*  +  Aa^-3xa 

-  2x»  +  Jx2- 

-  2x»  +  |x2- 

10  X 

+  ix2- 
+  JX2- 

A«  +  * 
Aaj  +  f 
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7.  Multiply  Ja*  +  f  a^x  -  f  aa;^  +  ja^  by  Ja^  -  ^ox  -  T^fX^. 

Ja8+   fa^-   {ax«  +  ix» 

Ja^+   ^ffa*x-   f^=faax3+     Ja^x* 

-   Aa*«-    H«'«^+    J  J  a^x?  -  T*r  ox* 

—   ^a^^—   Jf  a^^  +  f^ox*  — T^x^ 

8.  Multiply  J  -  Jx«  -  ix  +  Jx«  by  J  +  Jx  +  Jx*. 

i-Jx  +  ta^-ix8 
i  +  jx-f  jxg 

+    ix2-    ^x8  4-^ffx*-ixs 

9.  Divideja'- tlJa^d^- V-od*- AtPby  ia-fd. 
fa«-    j^gad Ja2-|ad  +  Jd» 


-  A 

-  A 

a2d  + 
a2d  + 

ad2 

+ 

+ 

fad2- 
fad2^ 

■A 

d8 
d8 

10.    Divide  xf  -  fjx*  +  Hx»  +  f  -  W«  -  Jx«  by  «»  -  Jx  +  6. 

x6~    -^x^H-    6x»  x8^|x2-2x  +  ^ 

-     jX*  +  TVx8-3xg 

-  2x8  +  Jx2-\Y-x 

-  2x»  +  |a^-    lOx 

+  Jx2-   T^aJ  +  f 
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Ezerciae  28.    Page  76 

Write  the  product  of : 

1.  (x  +  a)2  =  x2-f  2ax-f  aa.  4.  (2a;  -  a)2  =  4a;«- 4ax  + a^ 

2.  (y-6)2  =  y2_2by  +  62.  5.   (2a-66)2=4a2-20a6+25W 
8.   (1  +  2x2)2  =  l  +  4x2  +  4x*.  6.   (4z-3)2  =  16«2-24«  +  9. 

7.  (3  +  2d)2  =  9  +  12d  +  4d2. 

8.  (3x  -f  5y)2  =  9x2  +  SOzy  +  26y2. 

9.  (-2w  +  3n)2  =  4m2-12mn  +  9n2. 

10.  (2  +  4  m*)2  =  4  +  16  m*  +  16  m8. 

11.  (2a-6a2)2  =  4a2-20a8  +  26a*. 

12.  (x  +  a)(x-a)  =  x2-a2. 
18.  (l  +  x)(l-x)  =  l-x2. 

14.  (3  -  y)  (3  +  y)  =  9  -  y2. 

15.  (3x-2y)(3x  +  2y)  =  9x2-4y2. 

16.  (3a6  +  l)(3a6-l)  =  9a262_l. 

17.  (5x2-32/»)(ox2  +  3y8)  =  25x*-92^. 

18.  (a2  +  3x)(a2-3x)  =  a*-9x2. 

19.  (5  -  6x3)  (5x8  +  5)  =  25  -  62x6. 

20.  (6m  +  7n*)(7n*-6m)  =  49n8-36m2. 

21.  (8  -  ab'^  (al^  +  8)  =  64  -  a26*. 

22.  (a*x  +  ox*)  (ox*  -  a*x)  =  a-x^  -  aH^. 

23.  (3  a62  -  4  a26)  (3  a62  +  4  a26)  =  9  a26*  -  16  a*62. 

24.  (2  x2y  +  5  xy2)  (2  x2y  -  5  xy2)  =  4  x*i/2  _  26  x^. 


Ezerciae  29.    Page  77 


Write  the  product  of : 


1. 
2. 
3. 
4. 
5. 
6. 
7. 
8. 
9. 


X 


+  y  +  «)  (X  -  y  -  2)  =  x2  -  y2  _  2y«  -  2;9. 

X  -  y  +  2)  (X  -  y  -  Z)  =  X2  -  2xy  +  2/2  _  2;2. 

X2  +  xy  +  y2)  (x2  -  Xy  +  y2)=  x*  +  2x2y2  +  2/4_x2y2  =  x*  +  x2y2  +y4. 

a2  +  2a6+62)(a2-2a6+62)  =  a*  +  2a262+6*-4a262=a*-2a262+6* 

^2  4.  a  -  1)  (a2  -  a  +  1)  =  a*  -  a2  +  2  a  -  1. 

2x  -  y  -  3«)  (2x  -  y  +  3z)  =  4x2  -  4xy  +  y2  -  9^2. 
X  _  2y  +  3«) (X  +  2y  +  32)  =  x2  +  6x2  +  9^2  _  4y2. 

6c  +  ac  +  ah)  (be  -  ac  -  ab)  =  62c2  -  a2c2  _  2a26c  -  a262. 
ax2  +  6x  +  c)  (ax2  -  6x  -  c)  =  a^  -  62x2  -  2  6cx  -  c2. 
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10.  (a3  +  3a*  -  4a)  (a8  -  3aa  +  4  a)  =  oo  -  9a*  +  24a8  -  IQa^. 

11.  (3x2  -  2xy  +  y2)  (3x2  ^2xy-y^)  =  9x*  -  4x2y2  ^  4x^8  _  y4. 

12.  (x2  +  2ax  +  36) (x2  -  2ax  -  36)  =  x*  -  4a2x2  -  12a6x  -  962. 

18.  (x2  4-  6x  -  7)  (x2  -  6x  +  7)  =  X*  -  36x2  +  84x  -  49. 

14.   (a«6  -  2  a262  -  2  a63)  (a86  +  2  a262  -  2  a68) 

=  a«62  -  4a*6*  +  4a266  -  4a*6*  =  a^b^  -  8a*6*  +  4a26«. 

Exercise  30.    Page  78 

Perform  the  operations  indicated : 

1.  (3a  -  46)2  =  9a2-24a6  + 1662. 

2.  (x  -  y  +  2)2  =  x2  -f  2/2  ^  2;2  -  2xy  +  2xz  -  2yz. 

3.  {xH-y  -  2)2  =  x2  4-  y2  ^_  22  4.  2xy  -  2xz  -  2yz. 

4.  (2/2  -  3y«  +  6z2)2  =  y4  -f  9^222  4.  362*  -  6y»z  +  12^222  _  36^28 

=  y*  +  21y2z2  +  362:4  -  6y32  _  S6,yz^ 

6.   (m2  +  2  mn  -f  n2)2  =  m*  +  4  m2n2  +  n*  +  4  mH  +  2  wi2n2  -f  4  wn^ 
=  m*  4-  6  m2n2  4.  %4  ^  4  ^a^j  4.  4  ^^i^a, 

6.  (a2  -  2a6  +  62)2  =  a*  4-  4a262  4-  6*  -  4  0^6  4-  2a262  -  4a6« 

=  a*  4-  6a262  +  6*  -  4a86  -  4a68. 

7.  (x2  -  3x  -  4)2  =  X*  4-  9x2  4.  i6_  gg-s  -  8x2  4-  24x 

=  X*  +  x2  -f  16  -  6x3  -f  24x. 

8.  (x2-x-l)2  =  x*  +  x2  4-l-2x8-2x24-2x=x*-x2+l-2x8+2x. 

9.  (x2  -  3a2  4-  262)2  =  x*  4-  9a*  4-  46*  -  6a2x2  4-  462x2  -  12a262. 

10.  (a2  _  6a  4-  2)2  =  a*  4-  26 a2  4-  4  -  lOa^  4-  4a2  -  20a 

=  a*  4-  29 a2  4-  4  -  lOa^  -  20a. 

11.  (a86 -  2 a262  ~ 2 a68)2  =  a«62  4-  4 a*6*  4-  4 a266-4 a^-i. a*6*+8  a^¥ 

=  a«62  4-  4a26«  -  4a668  4-  8a866. 

12.  (x2  -  3ax  -  2a2)2  =  X*  +  9a2x2  4-  4a*  -  6ax8  -  4d2x2  4-  12a8x 

=  X* -f- 6a2x2  4- 4a*  -  6ax8  4- 12a8x. 

18.   (a4-26  +  3c  +  d)^ 

=  a2  4-4624-9c2  4.d2  4.4a6  +  6ac4-2ad4-126c4-46d4-6cd. 

14.   (a -26  + 3c -(1)2 

=  a2  4-462  +  9c2  4-d2_4a6  +  6ac-2ad-126c4-46d-6cd. 
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15.  (H-a;  +  2a!«  +  3x8)2 

=  1  +  x2  -f  4x*  +  9x0  -f  2x  -f  4x2  -f  6x3  +  4x8  +  6x*  +  12xS 
=  1  +  6x2  +  lOx*  +  9x^  +  2x4-  10x3  +  12  x*. 

16.  (1-x- 2x^-3x8)2 

=  1  +  x2  +  4x*  +  9xe  -  2x  -  4x2  -  6x3  +  4x8  +  6x*  +  12x6 
=  1  -  3x2  +  lOx*  +  9x^  -  2x  -  2x8  +  12 a^. 

17.  (2-a2  +  3a8-d2)a 

=  4  +  a*  +  9a6  +  d*  -  4a2 +  12  a8 -4d2  >.  6a6  4- 2a2d2  -  6a8d2. 

18.  (ix2-2y  + Jy2  4.2z«)a 

=  JX*+4y24.4y4  +  4«6_2x2y+2x2y2^.2x228_|y3_8y«8^_8y228. 


Exercise  31.    Page  80 

Write  by  inspection  the  product  of : 

1.  (x  +  l)(x+2)  =  x24-3x  +  2.         3.   (a -7)(a  +  4)=  a2-3a- 28. 

2.  (c-3)(c-2)  =  c2-6c  +  6.         4.   (x-ll)(x  +  5)=rx2-6x-66. 

5.  (a-6)(a-ll)  =  a2-17a4-66. 

6.  {x-3y)(x  +  7y)  =  x2-f  4xy-21y2. 

7.  (a  +  56)(a-86)  =  a2-3a6-4062. 

8.  (c-3d)(c  +  2d)  =  c2-cd-6d2. 

9.  (x2  -  a8)  (x2  +  3a8)  =  X*  +  2a8x2  -Sa\ 

10.  (a  +  l)(a  +  4)  =  a2-f  5a  +  4. 

11.  (c-3d)(c-f  d)  =  c2-2cd-3d2. 

12.  {a2  +  262)(a2_762)  =  a*-5a262-i464. 

18.   (X*  -  2)  (X*  +  6)  =  x8  +  3x*  -  10. 

14.  (x2  -f  Zyz)  (x2  _  2yz)  =  X*  +  x2yz  -  6y^^. 

15.  (a2  +  2a6)(a2  +  6a6)  =  a*  +  7a86  +  10a25a. 

16.  (x24-4ax)(x2-3ax)=x*  +  ax3-12a2x2. 

17.  (a«  -  366)  (a6_  566)  =  ai2_8a666  + 16612. 

18.  (X  -  3y)  (X  -  7y)  =  x2  -  lOxy  +  212/2. 

19.  (x2  +  2y2)(aj2  4.y2)=,a.*  +  3x2y2^2y*. 

20.  (a  -  46)  (a  -  56)  =  a2  -  9a6  4-  2062. 

21.  (x  +  y2)(a.  +  7y2)=,a.2  4-8xy2  +  7y*. 

22.  (ox  +  56y)(ax  -  46y)  =  a2x2  +  abxy  -  2062y«. 

23.  (x2  4-  Sxy)  (x2  -  5xy)  =  x*  -  2x8y  -  16x2y2. 

24.  {xy  -  7  yz)  (xy  4-  6  yz)  =  x^^  ■=-  xyH  -  42  j/^zK 
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25.  {a  -  (26  +  c)}  {a  -  2(26  +  c)}  =  a2  -  3a(26  +  c)  +  2(26  +  c)* 
=  a2  -  6a6  -  3ac -f  862  +  86c  +  2ca. 

36.  {z  +  S{y  +  2«)}  {X  -  (y  +  22)}  =  x2  +  2a;(y  +  2z)  -  3(y  +  2z)^ 

=  x2  +  2xy  +  4X2  -  32/2  -  12 y«  -  12 z2. 

37.  {a  +  4(6  +  c)}  {a  -  7 (6  +  c)}  =  a2  -  3 a(6  +  c)  -  28(6  +  c)2 

=  o2-3a6-3ac-2862-  666c  -  28c2. 

Ezerciae  32.    Page  81 

Write  by  inspection  the  product  of : 

1.  (3a-46)(a-6)  =  3a2-7a6  +  462. 

8.   (46 -5c)  (36  + 2c)  =  1262- 76c -10c2. 
8.  (4x-f  9y)(x-5y)  =  4x2-llxy-45y2. 

4.  (3a-26)(2a-6)  =  6a2-7a6  +  262.      y 

5.  (6a  +  26)(3a-46)  =  15a2-14a6-862. 

6.  (a-26)(3a  +  46)  =  3a2-2a6-862.v' 

7.  (a»-4a)(3a8-6a)  =  3a6-18a*  +  24a2. 

8.  (a  +  3)(3a  +  6)  =  3a2H-14a  +  15. 

9.  (7a-26)(3a-6)  =  21a2-13a6-f  262. 

10.  (9a  -  4c)  (3a  -  4c)  =  27 a2  -  48 ac  +  16 c2. 

11.  (36  +  2c)(c  +  26)  =  662  +  76c-f  2c2. 

12.  (3x-a)(2x-3a)  =  6x2-llax  +  3a2. 
18.  (8-9x)(3-6x)  =  24-75x  +  64x2.^"   ' 
14.  (2x  +  4y)(y-9x)  =  4y2-34ajy_18a;2. 
16.  (9x-2y)(4x-3i/)  =  36x2-35xy  +  6y2. 

16.  (7x-8a)(2x-3a)  =  14x2-37ax  +  24a2.»^ 

17.  (3a  +  26)(5a  +  96)  =  15a2-f  37a6  +  1862. 

18.  (2o  +  6c)(4aH-c)  =  8a2  +  22ac  +  5c2. 

19.  (7c-4d)(8c  +  4d)  =  56c2-4cd-16d2. 

20.  (9x-32/)(5x-2y)=45x2-.33xy  +  6y2. 

21.  (1  +  2x2)  (3  -  6x2)  =  3  +  x2  -  lOic*. 

22.  (9m8  -  6n)  (w*  -  n)  =  9m«  -  14 m^n  +  5n2. 
28.   (10  -  x2)  (6  4-  5x2)  =  60  +  44^2  -  5x*. » 

24.  (7a-2)(8a-9)=66a2-79a-f  18.    ^ 

25.  (3x-2y)(3x  +  y)  =  9x2-3x2/-2y2. 

26.  (6x2  -  2y2)  (3x2  -  7y2)  =  15^4  _  41 352^2  _|.  14^4. 

27.  (a2-5d)(3a2  +  9d)  =  3a*-6a2d-46d2. 

28.  (4m2 -y*)(7m2-8y*)  =  28m*-39m2y*  +  8y8. 

29.  (3m-a)(2m  +  5a)  =  6m2  +  13am  -  5a2. 
80.  (ia  +  i6)(ia-i6)  =  ^a2-yj^a6-^i^62. 
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T8Tarfil«e  33.    Page  82 

Write  by  inspection  the  quotient  of : 

1.   =  x«  — 8.  6.   —f- =  4y  — 2x. 

x2  +  8  4y  +  2x 

2.   ii-  =  x  +  2y.  6.   ; ; =  8a6  +  76c. 

x-2y  '^  %ah-1hc 

8.   =  a*  +  963.  7.  — . =  2&  +  3fiin. 

o4_952  ^  26-3mn 

4.   =  a*  —  6*.  8.   =  2ao  — 5cd 

a^  +  ft*  2a64-5cd 

9. =  4mn  — TOO. 

4  mn  +  7  a6 

10.   ; — -4 —  =  6aftc  +  6xya«». 

6a6c-6xy22«  • 


Exercise  34.    Page  83 

Write  by  inspection  the  quotient  of : 

1.  ^^:i-2I-*'  =  4a«  +  6a6  +  96>. 
2a-36 

2a  +  36 
#i9  _  27  ft-s 

2a  —  66 

_     216  + 126  a®      „      -^   _      „^_, 

6. =  36 -30a8  +  26a^. 

6  +  6a8 

6.  ?l|^±^  =  49c»-28cd  +  16*. 
7c  +  4d 

L     ^^  =l+4ca  +  16c*. 
l-4c2 

.     2167n8  +  343n»      «««.«.      ^^   « 

8.   Z ^ —  =  36m2-42mn«+49n«. 

6mH-7n» 
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27a^  +  126a«6' 
9.  ^  "^^  ^       "      =  9gV  -  ISofegy  4-  25ag&». 
3x^  +  5a& 

6«x^  — 125 

10.  r!^ ^  =  6JW»  +  6&a;»  +  25. 

fto'  —  5 

27i/»  —  612  2* 

18.   l!£^Il23|16'  =  25d.  +  56M  +  121».. 
6a  — 11& 

8ae63  4.i26x>^^^         ^        ^  ^^ 

2aa6  +  5«y« 


Exercise  35.    Page  84 

Write  by  inspection  the  quotient  of : 

1.  ^*^  •"  ^^  =  a«y  4-  agfeggy  +  atoV  +  ^V^. 

06  — asy 

2.  ^^^  =  ft*x*  -  68x»cy  +  6=x2c2ya  _  fta^*  +  c*y*. 
6x  +  cy 

8.  ^^ =^^^^  =  16a*  +  24a»6  +  36a«62  +  64a6»4-816*. 

20--36 

4.  ?^-r_Hl?^  =  x«-3x2y  +  9xya-27y'. 
xH-3y 

6.   ^^^  -  ^^y*  =  8g«  +  12x«y  4-  18xy'  +  27 y*. 
2x  —  8y 

6.  ^~^^^^  =  x6  +  3x*y  +  9xV  +  27 xV  +  Slxy*  +  243 y^. 
.     «-3y 

7.  ^-Ill?^  =  x6-3x*yH-9x»y«-27xV  +  81xy*-248y6. 

xH-3y 

8.  ??5^??JZ®l^  =  i25x«  +  75ax«  +  45a2x  +  27a8. 

5x  —  3a 

9.  ??^^i:i.?l^  =  i25x»-76ax2  +  46a2x-27a8. 

6x  +  3a 
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Exercise  36.    Page  86 

Resolve  into  factors : 

1.  x8  +  «2- 6x  =  x(aj2-|.  aj-5). 

2.  a2x2-3a»x  +  6a8  =  a«(x2-3x  +  5). 

8.  a2x2  +  3ayH-4az3  =  a(ax«  +  3y  +  422). 

4.  (]?cx  -  obey  =  ac  (ax  —  by). 

6.  a8-2a26-a2  =  a2(a-26-l). 

6.  2abzy -Sacxz  =  ax{2by —  Scz), 

7.  6a8x-a«x2-9a*  =  a2(6ax-x2-9a2). 

8.  x'^z  +  xi/hi  +  ajyz^  =  xyz{x  +  y-\-  z). 

9.  a62  4.a5c_a26  =  a6(6  +  c-a). 

10.  62c2x?  _  6c(i2x  =  6cx  (hex  -  d^). 

11.  a6x4  +  2ax8  +  6acx  =  ax(6x8  +  2x?  +  6c). 

12.  acx2-6c2x  +  62c  =  c(ax«-6cxH-62). 

13.  3xV  H-  4x2y8  +  6xy*  =  xy2(3x2  +  4xy  +  Sy*). 

14.  2x*y2  +  4xV  +  6«^y*  =  2x3y2(a;2  4.  2xy  +  3y2). 
16 .   a^bc  -f  a862c2  -|-  2  aSftSc*  =  a^ftc  (a^  +  oftc  +  2  if^c^). 

16.  8  xV^*  +  4  x2y8z8  +  8  xy*z*  =  4  xy^zS  (2  x^  -f  xy«  +  2  y2«2). 

17.  3a*xe-2a8x*  +  7a2x2  =  a2x2(3a2x*-2ax2  4-7). 

18.  606x8  -  4a262x2  -  4  a^ft^x  =  ate(6x2  -  4 ate  -  4a262). 

19.  6a*6  +  12a862  _  2a268  =  2a26(3a2  +  606  -  62). 

20.  9ady +  60ad2-12a2dx  =  3a<i(3y +  20d-4ax). 

Exercise  37.    Page  87 

Resolve  into  factors : 

1.  ax  -  ay  +  6x  -  6y  =  (ax  -  ay)  +  (6x  -  6y) 

=  a(x-y)  +  6(x-y) 
=  (a  +  6)  (X  -  y). 

2.  2ac  +  6c  -2ad--6d  =  (2ac  -  2 ad)  +  (6c  -  6d) 

=  2a(c-d)  +  b{c-d) 
=  (2a  +  6)(c-cr). 

8.        ax-2ay-36x  +  66y  =  (ax-2ay) -(36x-66y) 

=  a(x-2y)-36(x-2y) 
=  (a-  36)(x-2y). 

4.   Smz  —  7my  —  Snx  +  lny  =  (8mx  -  8nx)  —  {7my  ^7ny) 

=  8  X  (m  —  n)  —  7  y  (m  —  n) 
=  (8x  —  7y)(m  —  n). 
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6  3  mx  4-2cy  —  3ca5  —  2  my  =\S  mx  —  ^cx)  —  {2  my  —  2  cy) 

=  Sx{m  —  c)  —  2y  {m  —  c) 
=  (3x-2y)(m-c). 

&  wix  +  nx  +  m  +  n  =  (mx  +  nx)  +  (wi  +  n) 

=  X  (m  +  n)  +  (wi  +  n) 
=  (x  +  l)(ni  +  n). 

7.  y2  _j.  68  4-  ay2  +  aft2  =  (y2  +  62)  +  {a^  +  oft^) 

=  (1  +  a)  (y^  +  62). 

8.  ox— 6x— 2ay-\-2 by—2cy-\-cx  =  (ax— 6x+cx)  —  (2 ay— 2 by +2 cy) 

=  x(a  —  6  +  c)  —  2y(a  —  6  +  c) 
=  (x-2y)(a-6+c). 

9.  36  -  oa  -  a^x*  +  36x*  =  (36  +  36x*)  -  (a^  +  aW) 

=  36(l  +  x*)-a2(l  +  x*) 
=  (36-a3)(l  +  a;*). 

10.  y  -  z2  4-  X2^  -  xy  =  (y  —  xy)  -  (z^  -  xz^) 

=  y{l-x)-z^{l'-x) 
=  (y-z^)(l-x), 

11.  3x8-6ax2-x  +  2a  =  (3x8-6ax2)-(x-2a) 

=  3x2(x-2a)-(x-2a) 
=  (3x2-l)(x-2a). 

12.  2a2x  -  9  -  6x  +  3aa  =  (2a2x  +  3a2)  -  (6x  +  9) 

=  a2(2x  +  3)  -3(2x  +  3) 
=  (a2-3)(2x  +  3). 

18.  3x«  +  ax  +  66x  +  2a6  =  (3x2  +  ox)  +  (66x  +  2a6) 

=  X  (3  X  +  a)  4-  2  6  (3  X  +  a) 
=  (x  +  26)(3xH-a). 

14.  6a2  -  3a6  -  4ac  +  26c  =  (6a2  -  3a6)  -  (4ac  -  26c) 

=  3a(2a-6)-2c(2a-6) 
=  (3a-2c)(2a-6). 

16.  4y  +  9x»  -  6x2y  -  6x  =  (4y  -  6x)  -  (6x2y  -  9x«) 

=  2(2y  -  3x)  -  3x2 (2y  _  3^) 
=  (2-3x2)(2y-3x). 

16.      a^  -  2a«6  -  2c8d  +  4a6cd  =  (a2c2  -  2c8d)  -  (2a86  -  4a6cd) 

=  c2(a2  -  2cd)  -  2a6(a2  -2cd) 
=  (c2-2a6)(a2-2cd). 
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17. 


18 


19. 


30. 


81 


2xy  +  Byz  +  6y«  +  X2  =  (2a5y  +  6y«)  +  (zz  +  Syz) 

=  2y(x  +  3y)  +  «(xH-3y) 
=  (2y  +  z)(x  +  3y). 

c*m  —  abm  +  a6n  —  c*n  =  (c%i  —  c%)  —  (aftm  —  abn) 

=  c2  (m  —  n)  —  a6  (w  —  n) 
=  (c2  -  ab)  (m  -  n). 

a2  +  3ad  -  2a6  -  6M  =  (a2  -  2a6)  +  (Sod  -  6M) 

=  o(o-26)  +3(i(a-26) 
=  (a  +  3d) (a -26). 

12  6x  +  3 ay  -  9  6y  -  4  a«  =  (12 6x  -  4  ox)  -  (96y  -  3ay) 

=  4x(36-a)~3y(36-a) 
=  (4x-3y)(36-a). 

3x2  +  to  +  9ax  +  3a6  =  (Zz^  +  6x)  +  (9ax  +  3a6) 

=  x(3x  +6)  +  3a(3xH-6) 
=  (x  +  3a)(3x  +  6). 

22.   6  a"  -  3  a6  -  2  6m  +  4  am  =  (6  a^  -f  4  am)  -  (3  a6  +  2  6m) 

=  2 a(3 a  +  2 m)  -  6(3 o  +  2m) 
=  (2o-6)(3a  +  2m). 

83.  zy-zz-2z^  +  2yz  =  (zy  -  zz)  ^(^yz-^T^) 

=  z{y  -z)  +  2z{y  -z) 
=  (x  +  22)(y-2). 

24.       6a2  +  9ac  -  66c  -  4a6  =  (6a2  -  4a6)  +  (9ac  -  66c) 

=  2a(3o-2  6)  +  3c(3o-26) 
=  (2oH-3c)(3a-26). 

85.  X*  +  x2y2+x2z2  -  x8y  -  xyz2 -J.  ys^a 

=  (X*  +  x222)  -  (x8y  +  xyz^)  +  (xV  +  y^sfl) 

=  X2(X2  +  Z^)  -  Xy(x2  H-  Z2)  +  y2(^a  ^  2j2) 
=  (Xa  +  22)  (X2  -  Xy  +  y2). 

86.  3x8  +  6axy-662y-3ax2  +  362x-5x2y 

=  (3x8  _  3(1x2  4-  362x)  -  (6x2y  -  6axy  +  662y) 
=  3x(x2  -  ox  +  62)  -  6y(x2  _  ox  +  62) 
=  (3x-6y)(x2-ax  +  62). 

81   a26  +  6y2  +  6ax2-3xy2-3a2x~2a6x 

=  (a26  -  3a2x)  -  (2  a6x  -  6ax2)  -f  (6y2  _  3xy2) 
'  =a2(6-3x)-2ax(6-3x)  +  y2(5_3aj) 

=  (6-3x)(a2-2ax  +  y2). 
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=  (a2  -  2ax)  ~  (oft  -  26x)  +  (2ac  -  4cx)  -  (3ad  -  6cte) 
=  a{a  -  2x)  -  6(a  -  2x)  +  2c(a  -  2x)  -  3d(a  -  2x) 
=  (a  -  2x) (a  -  6  +  2c  -  3d). 

29.   6a^  +  a2xy +  9a262-3a6xz-2ax2-3a«y 

=  a(6ax  +  aa;y  +  9abz  -  36x2  -  2x2  _  3^2^) 
=  a[(6ax  -  2x2)  _  (s^ay  _  aajy)  4.  (9 ate  _  3tez)] 
=  a[2x(3a-x)-ay(3a-x)  +  36z(3a-x)] 
=  a(3a  —  x)  (2x  —  ay  +  3&2). 

Exercise  38.    Page  89 

Resolve  into  factors : 

1.  x2  +  2a6x  +  a*6*  =  («  +  a6)(«  +  a6). 

2.  x«  +  6xy  +  9y2  =  (x  +  3y)(x  +  3y). 

3.  x2-4ax  +  4a2  =  (x-2a)(x-2a). 

4.  x2-10xy  +  26y2  =  (x-6y)(x-6y). 

6.   9x2  +  48xy  +  64y2  =  (3x  +  8y)(3x  +  8y). 

6.  26x2-70xy +  49y2  =  (6x-7y)(6x-7y). 

7.  16x2  +  40xH-26  =  (4x  +  5)(4x  +  5). 

8.  4x2-12xH-9  =  (2x-3)(2x-3). 

9^  9a«  +  30a6  +  256«  =  (3a  +  66)(3a  +  56). 

10.  l-16x  +  64x2  =  (l-8x)(l-8x). 

11.  4a*H-20a26  +  266a  =  (2a2  +  5&)(2a«  +  5&). 

12.  36x*  +  «)x2  +  25  =  (6x«  +  5)(6xa  +  6). 

13.  «V-6x«y82  +  922  =  (x«y»-32)(x»y»-3z). 

14.  x«-8x»y«  +  16y*  =  («'--4y2)(x8-4y«). 
16.   25x«  +  40xy  +  16y2=  (5x  +  4y)(6x  +  4y). 

16.  49a*-42a262c8  +  9&*c*  =  (7a«-3ft2c2)(7a2-36»ca). 

17.  9x*  +  24xV  +  16y*  =  (3x2  +  4y2)(3x2  +  4ya). 

18.  4xV-20xV  +  26xV*  =  «V(4«V-20xy  +  25) 

=  xV  (2xy  -  5)  (2xy  -  5). 

19.  26a^IA^  -  20a666c2(P  +  4c*d*  =  (5a*66  -  2c8cP)  (5a*66  -  2cW). 

20.  9m*  -  66m«n  +  121  n«  =  (3m2  -  lln)  (3m«  -  lln). 

21.  49ni»  +  84iii8n8  +  36 m«  =  (7n8  +  6TO«)(7n8  +  ^to'). 

22.  4x*  +  52 aaJ»  +  169 a^  =t  (2x2  4. 13a)  (2x2  +  13a). 

28.    144x2y2  _  I68a62xy  +  49a26*  =  (12xy  -  7a62)  (12xy  -  7a62). 
24.   l-8a6c  +  16a262c2  =  (l-4a6c)(l-4a6c). 
26.   49x?  +  126xy2  +  81y*  =  (7x  +  9y2)(7xH-9y2). 
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36.  64a*63_i6a^te«4-a^  =  (8a2&-a:»)(8a26-x«). 

27.  121  a2  +  17606  +  646«  =  (11a  +  86)  (11  a  +  86). 

38.  144  ««  +  6000^  +  626  y2  =  (i2x  +  26y)  (12x  +  25y). 

39.  (a  +  6)«  -  6c(a  +  6)  +  9c2  =  (a  +  6  -  3c) (a  H-  6  -  3c). 
80.  (X  -  vY  +  122(x  -  y)  +  3622  =  (X  -  y  +  6z)(x  -  y  +  ^-gj. 
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Resolye  into  factors : 

1.  a«-63  =  (a  +  6)(a-6).  4.   l-36a«  =  (l  +  6a)(l-6a). 

2.  1 -aa  =  (l  +  a)(l-a).  6.  4-49x«=(2+7x)(2-7x). 
8.   4x2-81  y2  =(2 x+9y)(2x-9y).    6.   49x2-64  =  (7x+8)(7x-8). 

7.  36a2- 2662  =  (6a +  66)  (6a -56). 

8.  4m2-l  =  (2m  +  l)(2m-l). 

9.  9-16n2  =  (3  +  4n)(3-4n). 

10.  25x2-4  =  (6x  +  2)(6x-2). 

11.  y2_25z2  =  (y4.62)(y  _52). 

12.  49a2-2562=(7a  +  66)(7a-66). 
18.   64x2  -  26  =  (8x  +  6)  (8x  -  5). 

14.  4a*-9x2  =  (2a2  +  3x)(2a2-3x). 

16.  1  -  a46*c2  =  (1  +  a262c)  (1  -  a262c). 

16.  256x2y2  _  625  =  (16  xy  +  25)  (16  xy  -  25). 

17.  aW-46*  =  (a6  +  262)(a6-262). 

18.  64  a*62  -  xe  =  (8  a26  +  x*)  (8  a26  -  x«). 

19.  121a*-6462  =  (lla2  +  86)(lla2-86). 

20.  49x2-100y4  =  (7x  +  10y2)(7x-10y2). 

21.  144x2y2  _  49a26*  =  (12xy  +  laJtfi)  (12 xy  -  7a62). 

22.  49x2  -  96*c2  =  (7x  + 362c)  (7x- 362c). 

23.  256x2y2_i  =  (i6xy  +  l)(16xy-l). 

24.  a*62  -  4 c2d*  =  (a26  +  2  cd2)  (a26  -  2  cd?), 

26.  169 x2y2  _  144  ^2  =  (13 xy  +  12  a)  (13 xy  -  12  a). 

26.  4a26  -  2568  =  6(4 a2  _  2662)  =  6(2o  +  56)  (2a  -  56). 

27.  4x*-9y222  =  (2x2  +  3yz)(2x2-3y2). 

28.  a8-6«  =  (a*-|-68)(a*-68). 

29.  144x2  -  625  y2  =  (12x  +  25  y)  (12  x  -  25 y). 

80.  4a262  -  169 c2  =  (2a6  +  13c)  (2a6  -  13c). 

81.  4  -  361  a*6ec2  =  (2  +  19a26»c)  (2  -  19a268c). 

82.  9  m*-  121  n2p4  =  (3  m2  +  11  np2)  (3  m^  -  11  np2). 
38.  26  aio6io  -  4  c*d*  =  (5 0*66  +  2  c2cP)  (6  a^lfi  -  2  c2cP). 
84.  36x*y8  _  26a*66  =  (6x2y*  +  5a268)(6x2y*  -  5a268). 
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85.   81xV-49c*  =  (9xy8  +  7c2)(9ajy8-7c2). 

83.  a*"»  -  62«  =  (a™  +  &")  (a"»  -  6"). 

87.  4x2n«-9y2n  =  (2x"»  +  3y»)(2«'»-3y»). 

88.  81a*'»-4962"»  =  (9a2'»  +  76"»)(9a««-76»»). 

89.  a4c  _  3662cc4c  =  (a2<^  +  6  6cc2<')  (a2<^  -  66«^c2<^). 

40.  121»3  _  144  «2m  =  (llx  +  122^)  (11 X  -  12  2«). 

41.  9aW«-64  6i2n  =  (3a6»  +  8&6«)(3a««-8&6»). 

43.  49x«"»  -  36y*»»26m  =  (7aj»»  +  6y«"»28m)  (Y^m  _  6y2wz8«). 
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Resolve  into  factors : 

1.  (x  +  3y)2-42a 

=  (x  +  3y  +  22)(x  +  3y-22). 

2.  (x-5y)2-(a-26)2 

=  (x-6y  +  a-  26)(x-5y-a  +  26). 

8.   (4a  +  5)2-(2x-3)2 

=  (4a  +  5  +  2x  -  3)  (4a  +  6  -  2x  +  3) 

=  (4a  +  2xH-2)(4a-2x  +  8) 

=  4(2  a  +  X  +  1)  (2  a  -  X  +  4). 

4.   (3a  +  66)2-(H-8x)2 

=  (3a  +  66  +  l  +  8x)(3a  +  66-l-8x). 

6.  (x«-4y2)2 -(3a* -262)2 

=  (aj«  -  4y2  +  3a4  -  262)(x8  -  4y2  -  8a*  +  262). 

6.  (x  +  y)2-(x-3y)2 

=  (X  +  y  +  X  -  3y)  (X  +  y  -  X  +  3y) 

=  (2x-22^)(4y) 
=  8y(x-2^). 

7.  (2a -56)2 -(a +  46)2 

=  (2a-66  +  a  +  46)(2a-66-a-46) 

=  (3a -6)  (a -96). 

8.  (7a-86c)2-(4x-6y2)2 

=  (7a  -  36c  +  4x  -  6yz)  (la  -  36c  -  4x  +  5yz). 

9.  (2x2 +  13a)2-(3y  + 76)2 

=  (2x2  +  13a  +  3y +  76)(2x2  +  13a  -Sy-lh). 
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10.  (3x-y)«-(2x-3y)a 

=  (Bx  -  y  +  2x  -  Sy) {Sx  -  y  -  2x  +  8y) 
=  (5aj-4y)(x  +  2y). 

11.  (4a  +  36)«-(3o  +  26)2 

=  (4o  +  36-f  3a  +  2&)(4a  +  36-3a~26) 
=  (7a  +  5d)(a  +  6). 

12.  (2«-l)«-(3x  +  l)2 

'=(2x-l+3x  +  l)(2x-l-3x-l) 
=  6x(-x-2) 
=  -5x(x  +  2). 

18.   (x  +  y-«)a-(x-y-2)« 

=  (X  +  y  - 2  +  x-y  ~2)(x  +  y-2-x  +  y  +  2) 
=  (2x-2z)(2y) 
=  4  y  (x  -  2). 

14.  36(a  +  6)2-26(c-d)2 

=  [6(a  +  6)  +  5(c  -  d)]  [6(a  +  6)  -  5(c  -  d)] 
=  (6a  +  66  +  5c-5d)(6a  +  66--5c  +  6d). 

15.  49(a-6)2-36(c  +  d)"^ 

=  [7(a  -  6)  +  6(c  +  d)]  [7(a  -  6)  -  6(c -I- d)] 
=  (7a-76  +  6c  +  6d)(7a-76-6c-6d). 

16.  (6x2-4y)2-(3x2-2y)2 

=  (6x2  _  4y  ^.  3x2  _  2y) (6x2  -  4y  -  3x2  _j.  2y) 
=  (8x2-6y)(2x2-2y) 
=  4(4x2-3y)(xa-7). 

17.  64(x-i^)2-81(y-«)2 

=  [8(x  -  y)  +  9(y  -  2)]  [8  (x  -  y)  -  9(y  -  z)] 

=  (Sx-Sy  +  dy-9z)(Sx-Sy-9y-^9si) 
=  (8x  +  y  -  92)  (8x  -  17y  +  92). 

18.  49(x  +  y)2-26(x-y)2 

=  [7(x  +  y)  +  6(x  -  y)]  [7(x  +  y)  -  5(x  -  y)] 
=  (7x  +  7y +  6x  -6y)(7x  +  7y-  6x  +  6y) 
=  (12x  +  2y)(2x  +  12y) 
=  4(6x  +  y)(x  +  6y). 


s 
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Exercise  41.    Page  92 

Resolve  into  factors : 

1.  xa  -  2xy  +  1/2  -  I6sfl  =  (x^  -  2xy  +  !/»)-  (16««) 

=  (X  -  y  +  4  «)  (x  —  y  —  4  z). 

2.  a2-4a6  +  462_9c2  =  (a2-4a6  +  462)--(0c«) 

=  (a-26)«-(3c)2 

=  (a  ~  2d  +  3c) (a  -  2&  -  3c). 

8.  x«  -  6xy  +  9y2  -iez^  =  (x^  -  6xy  4-  ^y")  -  (I622) 

=  (x-3y)2-(42)a 
=  (x-3y  +  4z)(x-3y-42). 

4.  x«  -  2ax  +  a*  -  49y«  =  (x«  -  2ox  +  a^)  -  (49y2) 

=  (x-a)2-(7y)2 
=  <x  -  a  +  7y)  (x  -  a  -  7y). 

6.         3663-4  +  20a-26a«  =  (3663)~(4--^a  +  25a2) 

=  (66)2-(2-6a)2 
=  (66  +  2  -  5a) (66  -  2  +  5a). 

6.  4c2  -  a*  -  963  -  6a26  =  (4c2)  -  (a*  +  6a26  +  962) 

=  (2c)2-(aa  +  36)a 

=  (2c  +  a2  +  36)  (2c  -  a2  -  36). 

7.  4x«  -  25i^  +  9  -  12x  =  (4x«  -  12x  +  9)  -  (26y2) 

=  (2x-3)«~(6y)« 

=  (2x  -  3  -f  5y)  (2x  -  3  -  by). 

8.  25x«  -  4a«  +  16y"  +  40xy  =  (26x«  +  40xy  +  16y2)  -  (4a«) 

=  (6x  +  4y)2-(2a)2 

=:(5x  +  4y  +  2a)(5x  +  4y-2a). 

9.  16a*  -  x«  -  i/«  +  2xy  =  (16a*)  -  (x^  -  2xy  +  y«) 

=  (4  a2)2  -  (X  -  y)2^ 

=  (4a2  +  X  -  y)  (4a2  -  X  +  v). 

10.  9x2  -  o«  -  4a6  -  46»  =  (9x2)  -  (a*  +  4a6  +  46^) 

=  (3x)2-(a  +  26)2 

=  (3x  +  a  +  2 6)  (3x  -  a  -  2 6). 

11.  a*  +  2a6  +  6a-c«-2cd-cP  =  (a2+2a6+62)-(c2+2cd+(P) 

=  (a  +  6)2  -  (c  +  d)2 

=  (a  +  6  +  c  +  d)(a  +  6-c-d). 


110  ELEMENTARY  ALGEBRA 

12.  a2  +  &^-c«-(P~2a6  +  2cd 

=  (a2  -  2a6  +  62)  _  (c2  -  2cd  +  (P) 
=  (a  -  6)2  _  (c  -  d)2 

=  (a-64-c-d)(a-6-c  +  <0. 

13.  a2-c2  +  462-4d2_4a6-4cd 

=  (a2  -  4a6  +  462)  -  (c2  +  4cd  +  4^) 

=  (a-26)2-(c  +  2d)2 

=  (a-26  +  c  +  2d)(a-26-c-2d). 

14.  x2-962  +  9y2_a2  +  6a6- 6xy 

=  (a;2  -  6a;y  -f  9y^)  -  (a^  -  606  +  96«) 
=  (x-3y)2-(a-36)2 

=  (x  -  3y  +  a  -  36)(«  -  3y  -  a  +  36). 

16.   49x2-|.4y2-9a2-1662-28xy-24a6 

=  (49x2  _  28 xy  +  4y2)  _  (^a^  -|-  24a6  +  1662) 

=  (7x-2y)2--(3a-+46)2 

=  (7x-  2y +  3aH-46)(7x-2y-3a-46). 

16.  16a2  -  9x22/2  _  262;*  +  2662  +  30xyz2  +  4006 

=  (16a2  -f  40 a6  +  2562)  -  (9x2y2  _  30xy22  ^  9524) 

=  (4a  +  56)2  -  (3xy  -  6z2)2 

=  (4a  +  56  +  3xy-622)(4a+  66-3xy  +  5z^. 

17.  4a2  +  9x2- 12ax  +  126y-962-4y2 

=  (4a2  -  12ax  +  9x2)  _  (952  _  i2by  +  4y2) 

=  (2a-3x)2-(36-2y)2 

=  (2a-3xH-36-2y)(2a-3x-36  +  2y). 

18.  4x*  + 92/«-12x2y8-64a26*c« 

=  (4x*  -  12x2y8  +  9  2/6)  -  (64  a26*c6) 

=  (2  x2  -  3  2/8)2  _  (8  a62c8)2 

=  (2x2  -  32/8  +  8a62c8)  (2x2  -  32/'  -  8a62c«). 

19.  9x2  i- 162/2 -49a2- 462 +  28a6  +  24xy 

=  (9x2  4.  24xy  +  162/2)  -  (49a2  -  28a6  +  462) 

=  (3x  +  42/)2-(7a-26)2 

=  (3x  + 42/  + 7a -26)  (3x4-42/ -7a +  2  6). 

30.   81x2  -  mV  -  64a4  +  126x2/  +  16a2fnn  +  492/2 

=  (81x2  +  126x2/  +  492/2)  -  (m2n2  -  16a2mn  +  64a4) 

=  (9x  +  72/)2  -  {mn  -  8a2) 

=  (9x  +  7j/  +  mn  -  8a2)(9x  +  72/  -  mn  +  8a2). 
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21.  121  -  110x2 -y2~  625 «2-50y2  +  25x* 

=  (121  -  110x2  +  25 X*)  -  (y2  +  50y«  +  62522) 

=  (11  -  5x2)2  _(y  + 262)2 

=  (11  -  5x2  +  y  +  25 2)  (11  _  5x2  -  y  -  252). 

22.  x«  + 225- 30x8 +  28a6c-49a262-4c2 

=  (xe  -  30x8  +  225)  -  (49a262  -  28 a&c  +  4c2) 

=  (x8-15)2-(7a6-2c)2 

=  (x8-  15  +  7aJb  -  2c)(x8  ~  15  -  7a6  +  2c). 

23.  4  x2"«  —  p2n  —  a2»  -f  9  —  12  x"»  —  2  a»p» 

=  (4x?"«  -  12x"»  +  9)  -  (i)2«  4- 2a'»p»  +  a2«) 
=  (2  x«  -  3)2  -  (pn  +  a«)2 

=  (2  x"»  -  3  +  P**  +  a»)  (2  x"»  -  3  -  !>»»  -  a») . 

24.  36a2'«  +  2_42/2n  +  4_i2x«y'»  +  2+1652n-2_48a«  +  i6»-i_.9x2» 

=  (36a2»  +  2_48a»+i6»-i-fl662n-2) 

-  (9x2»-Hl2x»«y»  +  2+4y2n  +  4) 
=  (6a«  +  i-46»-i)2-(3x»+2y»  +  2)2 

=  (6a»+i-46»-i+3x»-f2y»+2)(6a'»+i-46»-i-3x»-22/"  +  2) 
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Resolve  into  factors : 

1.  X*  +  4x2  4- 16  =  (X*  +  8x2  +  16)  _  (43.2) 

=  (x2  +  4)2-(2x)2 
=  (x2  +  4  -f  2x)  (x2  +  4  -  2x) 
=  (x2  +  2x  +  4)(x2  -  2x  +  4). 

9X*  +  2x2y2  +  y4  =  (9x*  +  6x2y2  +  y4)  _  (4x2y2) 

=  (3x2  +  y2)2_(2xy)2 

=  (3x2  +  y2  +  2xy)(3x2  +  y2  -  2xy) 
=  (3x2  +  2xy  +  y2)  (3x2  -  2x2/  +  V^)- 
8.  4a*  +  lla262  +  256*  =  (4a*  +  20a262  +  25&*)  -  (9 0252) 

=  (2a2  +  562)_(3a6)2 
=  (2a2  +  562  +  3a6)  (2a2  +  562  _  3a6) 
=  (2a2  +  3a6  +  562) (2 a2  -  3a6  +  562). 

4.  a*  +  646*  =  (a*  +  16a262  +  646*)  -  (16a262) 

=  (a2  +  8  62)  -  (4  a6)2 
=  (a2  +  862  +  4a6)  (^2  +  862  -  4a6) 
=  (a2  +  4a6  +  862) (a2  -  4a6  4-862). 
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5.  4x*  -  16(12x2  4.  9^4  =  (4x*  -  12a2x2  +  9a*)  -  (4a2a;2) 

=  (2a;2-3a2)-(2ax)2 

=  (2x2  -  3a2  +  2ax) (2x2  -  3a2  - 2ax) 

=  (2x2  +  2 ox  -  3a2)  (2x2  -  2 ax  -  3 a-^). 

6.  4a*  -  13a2  +  1  =  (4a*  -  4a2  +  1)  -  (9a2) 

=  (2a2-l)2-(3a)2 

=  (2a2-H-3a)(2a2-l-3a) 
=  (2a2  +  3a-l)(2a2-3a-l). 

7.  9x*  +  15x2y2  4-  I6y4  =  (9x*  +  24x2y2  4.  i6y4)  -  (9x2y2) 

=  (3x2  +  4y2)2_(3a;y)2 

=  (3x2  +  4y2  +  Sxy)  (3x2  +  4y2  _  Sxij) 
=  (3x2  +  3xy  +  4y2)(3x2  -  3xy  +  4y2). 

8.  25  a*  +  71a2x2  +  64  x*  =  (25  a*  +  80a2x2  +  64  x*)  -  (9a2x2) 

=  (5  a2  +  8  x2)2  -  (3  ax)2 

=  (5a2  +  8x2  +  3ax)  (5a2  +  8x2  -  3 ax) 

=  (5a2  +  3ax  +  8x2)  ^5^2  _  Sax  +  8x2). 

9.  49x*  -  44x2y2  -}-  4  y*  =  (49x*  -  28x2^/2  -}-  4y*)  -  (16x2y2) 

=  (7x2-2y2)2_(4a;2,)2 

=  (7x2  -22/24.  ixy)  (7x2  _  2y2  _  4xy) 
=  (7x2  4.  4xy  _  2y2)  (7x2  _  ^xt/  -  27/2). 

10.  81  a*  -H  45  a262  +  49  6*  =  (81  a*  +  126  a262  4. 49  ^4)  _  (gi  aSfts) 

=  (9  a2  +  7  62)2  _  (9  a6)2 

=  (9a2  +  762  4.  Qab)  (9a2  +  7  62  -  9a6) 

=  (9a2  +  9a6  +  762)(9a2-9a6  +  762). 

11.  4a*  -  29a2x2  +  25x*  =  (4a*  -  20a2x2  +  2ox*)  -  (9a2x2) 

=  (2a2-5x2)2_(3ax)2 

=  (2a2  -  5x2  4.  3ax)(2a2  -  5x2  _  3ax) 

=  (2a2  +  3ax  -  6x2) (2 a2  -  3ax  -  6x2). 

12.  121  a*  +  64  a2y2  +  81  y*  =  (121  a*  -f  198  a2y2  4.  81  y*)  -  (144  a2ya) 

=  (lla2  + 92/2)2  _  (12  a2/)2 

=  (11  a2  +  92/2  +12a2/)(ll  a2  +  9y^-l2ay) 

=  (lla2-f  12a2/  +  9  2/2)(lla2-12a2/+92/2). 

18.         49  -  221x2  4- 100 X*  =  (49  -  140x2  +  lOOx*)  -  (81x2) 

=  (7-10x2)2_(9x)2 
=  (7  -  10x2  +  Ox)  (7  -  10x2  -  9x) 
=  (7  +  9x  -  10x2)  (7  -  9x  -  10x2). 
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14.  49a*  +  6a2c*  +  9c8  =  (49a*  +  42 a^c*  +  9c8)  -  (36 a^c*) 

=  (7  a2  +  3  c*)2  -  (6  ac2)2 

=  (7a2  +  3c*  +  6ac^) (7a^  +  3c*  -  6ac2) 
=  (7a2  +  6  ac*  +  3  c*)  (7a2  -  6  ac2  +  3  c*> 

15.  81c*  -  116c2  +  26  =  (81c*  -  90c2  +  26)  -  (26ca) 

=  (9  c2  -  6)2  -  (6  c)2 

=  (9c2  -  6  +  6c)  (9c2  -  5  -  6c) 

=  (9c2  +  6c  -  6)  (9c2  -  6c  -  6). 

16.  121 X*  +  29x2y2  +  26y*  =  (121je*  -f  110x2y2  +  26 y*)  -  (81x2y2) 

=  (11X2+  5^2)3  _  (9  a;y)2 

=  (11x2  +  6y2  ^  Qxy)  (llx^  +  6y2  _  g^y) 
=  (ll.x2  +  9xy  +  6y2) (Ha-a  _  Qxy  +  by^). 

17.  144  a*  +  47 a2c2  -f  49  c*  =  (144  a*  +  168  a2c2  +  49  c*)  -  (121  a2c2) 

=  (12a2-f  7c2)2_(liac)2 

=  (12  a2  +  7c2  +  llac)  (12a2  -f  7c2  -  11  ac) 

=  (12  a2  -f  11  ac  +  7c2)  (12  a2  -  llac  +7c2). 

18.  36.x*  -  141  x2y2  +  26  y*  =  (36  x*  -  60  x2y2  4.  25  y*)  -  (81  x2y2) 

=  (6  x2  -  5  2/2)2  _  (9  xy)^ 

=  (6x2  _  5y2  ^  9xy)(6x2  -  6y2  _  gxy) 

=  (6x2  4.  Qxy  -  6y2)(6x2  -  9xy  -  6y2). 

19.  49 X*  -  121x2y2  +  64 y*  =  (49x*  -  112 x2y2  +  64 y*)  -  (9x2y2) 

=  (7x2-8y2)2-(3xy)2 

=  (7x2  _  8y2  +  Sxy) (7x2  _  gys  _  3xy) 

=  (7x2  ^  Sxy  -  8y2)(7x2  -  3xy  -  8y2). 

20.  49  a*&*  +  61  a262y2  +  169  y* 

=  (49  a*6*  +  182  a262y2  +  i69  y*)  -  (121  a262y2) 
=  (7  a262  + 13  y2)2  _  (lla5y)2 
=  (7a262  4.  I3y2  +  Ila6y)(7a262  +  I3y2  _  lla6y) 
=  (7a262  -I- 11  a6y  +  13 y2) (7a262  -  Hody  +  I3y2). 

21.  121x*-302x2y2  +  169y* 

=  (121 X*  -  286  x2y2  +  169  y*)  ~  (16  x2y2) 
=  (llx2-13y2)2_(4xy)2 
=  (11x2  -  13 y2  +  4xy)  (11  x2  -  13y2  -  4xy) 
=  (llx2  +  4xy-13y2)(llx2-4xy-13y2). 
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28.        4a*  +  4a2x2  +  262*  =  (4 a*  +  20 a^aca  +  262*)  -  (lea^x^) 

=  (2  a2  +  6  a^)2  -  (4  ax)2 
=  (2aa  +  6x2  +  4aa;)  (2a«  +  Sx^  -  4ax) 
=  (2a«  +  4 ax  +  6x2) (2a2  -  4ax  +  5x2). 

23.  a*-166*  =  (a2-f  462)(a2-462) 

=  (a2  +  462)(a  +  2b){a  -2b), 

24.  xP  -  266y»  =  (X*  +  16y*)  (x*  -  16y*) 

=  (x*  -f  16y*)  (x2  +  42/2)  (x2  -  4y2) 

=  (X*  +  16y*)(x2  +  4y2)(x  +  2y)(x  -  2y). 

26.  16c*  -  81  d*  =  (4c2  +  9d2) (4c2  -  9d2) 

=  (4c2  +  9d2)(2c  +  3d)  (2c  -  3d). 

26.  256x*  -  625y*  =  (16x2  +  26y2)  (163.2  -  26y2) 

=  (16x2  +  26y2)(4x  +  6y)  (4x  -  by). 

27.  X*  +  324 y*  =  (X*  +  36x2y2  4.  324 y*)  -  (36x2y2) 

=  (x2  +  18y2)2_(6a.y)2 

=  (x2  + 182/2  +  6x2/)  (x2  +  182/2  -  6x2/) 
=  (x2  +  6x2/  +  182/2)  (x2  -  6X2/  +  18 2/*). 

28.  81  a*  -  207  aV)^  +  49 &*  =  (81  a*  -  126  a^l^  +  49 &*)  -  (81  aa62) 

=  (9a2-762)2_(9ct5)2 

=  (9a2  -  762  -}-  Qab)  (9a2  -  7&2  -  9a6) 
=  (9a2  +  9a6  -  762)  (9a2  -  9a6  -  7&2). 

29.  64a*6*  +  81x*  +  63a262x2 

=  (64  a*6*  +  144  a262x2  +  81  x*)  -  (81  a262x2) 
=  (8a262  +  9x2)2_(9a6x)2 
=  (8  a262  +  9x2  +  9a6x)  (80^62  +  9x2-9  a6x) 
=  (8a262  +  9a6x  +  9x2)(8a262  -  9a6x  +  9x2). 

30.  100a*  +  96*x*  +  lla262x2 

=  (100  a*  +  60  a262x2  +  9  6*x*)  -  (49  a262x2) 
=  (10  a2  +  3  62x2)2  _  (7  a6x)2 
=  (10a2  +  362x2  +  7a6x)  (10a2  +  362x2  -  7a6x) 
=  (10a2  +  7a6x  +  362x2)  (10a2  -  7a6x  +  362x2). 

31.  81a868  +  26x*-171a*6*x2 

=  (81  a868  -  90  a*6*x2  +  26  x*)  -  (81  a<6*x2) 

=  (9  a*6*  -  5  x2)2  -  (9  a252a.)2 

=  (9a*6*  -  5x2  ^  9a262x)  (9a*6*  -  5x2  _  9a262x) 

=  (9a*6*  +  9a262x  -  5x2) (9a*6*  -  9a262x  -  6x«). 
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82.    121  a*  +  144  a;8y*  +  260  a^xV 

=  (121  a*  +  264  a2x*y2  +  144  xV)  -  (4  a^V^) 

=  (11  a2  +  12  xV)^  -  (2  ax2y)2 

=  (llaa  +  12x*y2  +  2ax2y)  (Ua^  +  12x*3/f  -2ax^) 

=  (11  a2  +  2  ax2y  +  12x*y2)  (n  a^  -  2  ax2y  +  12  gj*y2). 

88.   49a*-193a262  +  64&* 

=  (49  a*  - 112  a^  +  64  &*)  -  (81  a^b^) 
=  (7a2-862)_(9a&)2 
=  (7a2  _  8  62  +  9a6)  (7a^  -  8  6^  -  9a6) 
=  (7a2  +  9a&  -  862)  (7a2  -  9a6  -  862). 

84.  46*x*-13362x2y*  +  9y8 

=  (46*x*  -  1262x2y*  +  9y^)  -  (12162x2^*) 

=  (2  62x2 -33/*)2- (11 6xy2)2 

=  (2 62x2  -  32/*  +  116x?y2)  (2 &2a;2  _  3y*  -  116xy2) 

=  (2  62x2  +  116xy2  -  3y*)  (2  62x2  -  116x2/2  _  3y*). 

85.  36x*y*  +  llx2y2z2  +  252* 

=  (36  x*2/4  +  60  x'^^z^  +  25  z*)  -  (49  x^^z^) 
=  (6x2^/2 +  6z2)- (7  xy«)2 
=  (6x22/2  +  6^2  +  7x2/2)  (6x22/2  +  522  _  7X2/2) 
=  (6x22/2  +  7X2/2  +  5z2)  (6x22/2  ~  7X2/2  +  522). 

86.  64x*2/8  4.  79x22/422  +  1002* 

=  (64  x*2/«  +  160  x22/*22  +  100  2*)  -  (81  x22/*22) 

=  (8X22/*  +  1022)2  _  (9X2/22)2 

=  (8x22/*  +  IO22  +  9x2/22)  (8x22/*  +  IO22  -  9X2/22) 
=  (8x2?/*  +  9x2/2;j  +  i0z2)  (8x22/*  -  9xy^z  +  IO22). 

87.  49  a*6*  -  53  a2ft2x2  +  4  X* 

=  (49  a*6*  -  28  a262x2  +  4  x*)  -  (25  a262x2) 
=  (7  a262  -  2  x2)2  -  (5  a6x)2 
_  (7^262  _  2x2  +  6a6x)(7a262  -  2x2  -  5a6x) 
=  (7a262  +  5a6x  ~  2x2)  (7a262  _  5a6x  -  2x2). 

88.  121x*-- 295x22/2 +  1692/* 

=  (121 X*  ~  286x22/2  +  1692/*)  -  (9x22/2) 
=  (11x2 -132/2)2- (3  X2/)2 
=  (11x2-132/2  +  3X2/)  (11x2  _  13  2/2  -  3x2/) 
=  (11x2  +  3X2/  -  132/2)  (11  x2  -  3x2/  -  132/2). 


116  ELEMENTARY  ALGEBRA 

89.   289x«y*  +  21«V<P  +  0d* 

=  (289x«y*  +  102x»yW  +  Qd*)  -  (81x«yW) 
=  (17  xV  +  3  d^)^  -  (9  xyd)2 
=  (17 xV  +  3<P  +  9xyd)  (17x«y»  +  Sd*  _  9xy<f) 
=  (17 xV  +  9xyd  +  3d2)(17xV  -  9xyd  +  ScP). 

40.  361 X*  -  92  a^cax*  +  4  a*c* 

=  (361 X*  -  76  aac2x2  +  4  a*c*)  -  (16  a^^^) 
=  (19x2  -  2  a^^^  -  (4 OCX)* 
=  (19x2  -  2a2c2  +  4acx)  (19x«  -2a^  -  4acx) 
=  (19x2  +  4acx  -  2a2c2)  (19x2  -  4acx  -  2a3c2). 

41.  4m*n8  +  3a2m2n*  +  9a* 

=  (4  mH^  + 12  a2m2»*  +  9  a*)  -  (9  a2m2»*) 

=  (2  m2n*  +  3  a2)2  -  (3  amn^)^ 

=  (2 m2n*  +  3a2  +  3amn2)  (2  m2n*  +  3a2  -  3amn2) 

=  (2m2n*  +  3amn2  +  3a2) (2 m2n*  -  3aTOn2  +  3a2). 

42.  9a*  +  5a2x2  +  26x* 

=  (9  a*  +  30a2x2  +  25  x*)  -  (26a2x2) 
=  (3a2  +  5x2)2-(5ax)2 
=  (3a2  +  6x2  ^  6ax)(3a2  +  6x2  -  6ax) 
=  (3a2  +  5ax  +  5x2)  (3^2  _  ^ax  +  5x2). 

48.   49m*  +  110m2n2  +  81n* 

=  (49  m*  +  126  m2n2  +  81  n*)  -  (16  m2n2) 
=  (7  m2  +  9  n2)2  -  (4  mn)2 
=  (7m2  +  9n2  +  4mn)(7m2  +  9n2  -4mn) 
=  (7  m2  +  4 mn  +  9n2)  (7m2  -  4 mn  +  9 n^), 

44.  49x*-15x2y2  4.121^4 

=  (49  X*  +  154  x2y2  +  121  y*)  -  (169  x2y«)    ' 

=  (7X2  +  Ily2)2_(13a.y)2 

=  (7X2  +  11  y2  +  13xy)  (7X2  +  lly2  _  13xy) 

=  (7x2  4.  isxy  +  Ily2)(7aj2  -  iSxy  -\-  lly«). 

45.  64  a*  +  128  a262c2 -I- 81  &*c* 

=  (64  a*  +  144  a262c2  +  81  h^c^)  -  (16  a262c2) 
=  (8  a2  +  9  62ca)2  _  (4  a6c)2 
=  (8a2  +  9&2c2  +  4a6c)(8a2  +  952C2  _  4^160) 
=  (8a2  +  4a6c  +  962c2)(8a2  -  4a6c  +  962ca). 

46.  4 m^^  -  37 m2n2x2  +  9x* 

=  ][4m*n*  -  12m2n2x2  +  9x*)  -  (25m2n2x2) 

=  (2  m2n2  -  3  x2)2  -  (5  mnx)2 

=  (2m2»2  _  3a;2  ^  5 mnx)  (2  w2n2  -  3x2  -  5?wnx) 

=  (2rn27i2  +  6mnx  -  3x2)(2m2n2  -  5mnx  -  3x2). 
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Resolve  into  two  factors : 

1.  a2  -f  462  =  (aS  4-  4a6  +  462)  _  (4a6) 

=  (a  +  2 6)2  -  (2  Va6)2 

=  (a  +  26  +  2  Va6)(a  +  26  -  2  Va6) 

=  (a  +  2  \46  +  26) (a  -  2  Va6  +  26). 

2.  4x2  +  9y2  =  (4x2  +  I2xy  +  9y^)  -  (12xy) 

=  (2a;  +  3y)«-(2V3x2/)2 

=  (2x  +  3y  +  2  VSxy)  (2x  +  3y  -  2  VSxy) 

=  (2x  +  2  VSx^  +  32/)  (2x  -  2  V3x^  +  32/). 

8.    26»n2  +  16n2  =  (25 m2  +  40?»ti  +  16 n^)-  (40mn) 

=  (5  m  +  4  n)2  -  (2Vl0mn)2 
=  (6m  +  4n  +  2  Vl0mn)(5?n  +  4n  -  2  VW) 
=  (6  m  +  2  VlO  mn  +  4  n)  (5  w  -  2  vW  +  4  n) . 

4.      64c2  +  49d2  =  (64c2  +  n2cd  +  49d2)  -  (112 cd) 

=  (8c  +  7d)2-(4V7cd)2 
=  (8c  +  7d  +  4.V7cd) (8c  +  7d  -  4  VTcd) 
=  (8c  +  4  V7cd  +  7d)  (8c  -  4  VTcd  +  Id). 

6.  36  a*  +  49  62c2  =  (36  o*  +  84  a26c  +  49  62c2)  ~  (84  a26c) 

=  (6a2  +  76c)2  _  (2aV216c)2 


=  (6a2  +  76c  +  2a  V2I  6c)  (6  a2  +  7  6c  -2a  V2r6c ) 
=  (6a2  +  2aV216c  +  76c)(6a2-2aV216c  +  76c). 

6.  9x2  +  262/2  =  (9x2  4.  goxy  +  26 y2)  _  (30xj/) 

=  (3x  +  62/)2-(V30x2/)2 

=  (3x  +  6y+ V30xy) (3x  +  6y  -  V30xy) 

=  (3x  +  V30xy  +  62/)  (3x  -  V^xy  +  6y). 

7.  81  m2  +  4  n*  =  (81  m2  +  36mn2  +  4n*)  -  (36mw2) 

=  (9m  +  2n2)2  -  (6 w  Vm)2 

=  (9m  +  2n2  +  6»V^)(9m  +  2w2_6nVm) 

=  (9m -f  6n  Vm  +  2n2)  (9m  -  6ti  Vm  +  2n2). 

8.  9c2  +  121(12  =  (9c2  +  66cd  +  121^2)  -  (66cd) 

=  (3c  +  lld)2-(V66c5)2 

=  (3 c  +  lld+ V66cd) (3 c  +  lid-  V66cd) 

=  (3c+  V66cd  +  lld)(3c-  V66cd  +  lld). 
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9.    169 a2  +  4 62c2  =  (169 a2  +  52o6c  + 4 62c«)-- (52 oftc) 
=  (13  a  +  2  6c)2  -  (2Vl3a6c)« 
=  (13a  -f  2 6c  -f  2  Vl3 abc)  (18 o  +  2 6c  -  2  Vl3 a6c) 
=  (13a  +  2Vl3a6c  +  26c)(13a-2Vl3a6c  +  26c). 


10. 


144  ««  +  49y«22  =  (144«2 -fJ68xy2  +  49y«2*)  -  (168  xyz) 
=  (12  X  +  7  yz)2  -  (2V42xyz)a 
=  (12  X  +  7  y2  +  2  V42xyz)  (12  x  +  7  yz-2  V42xyz) 
=  (12x  +  2  V42xyz  +  7^2)  (12x  -  2  V42xy2  +  7^2). 
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Resolve  into  factors : 

1.  x2+llx+24  =  (x+3)(x+8).       12.   62+116+30  =  (6+6) (6+6). 

2.  xa+6x-14  =  (x+7)(x-2).       18.   d^  +  lld+28  =  (d+4)(d+7). 
8.   a2-3a-40  =  (a+6)(a-8).        14.   a2-16a+64  =  (a-6)(a-9). 

4.  c2-12c+36  =  (c-5)(c-7).  15.  x2+3x-64  =  (x+9)(x-6). 

5.  y2-4y-12  =  (y+2)(y-6).  16.  x2-4x-77  =  (x+7)(x-ll). 

6.  x2-10x+16  =  (x-2)(x-8).  17.  c2  +  3c -40  =  (c  +  8)(c-5). 

7.  a2+10a+24  =  (a+4)(a+6).  18.  c2-14c+46  =  (c-5)(c--9). 

8.  a2+2a-15  =  (a+6)(a-3).  19.  x2+13x+40  =  (x+5)(x+8). 

9.  a2-3a-28  =  (a+4)(a-7).  20.  x2-3x-64  =  (x+6)(x-9). 

10.  x2-10x+21  =  (x-3)(x-7).      21.   x2-16x+63  =  (x-7)(x-9). 

11.  x2-x-80  =  (x  +  5)(x~6).      22.    a2+4a-60  =  (a+ 10) (a-6). 

28.   a2  -  7  a  -  18  =  (a  +  2)  (a  -  9). 

24.  x2  +  15x  +  44  =  (X  +  4)  (X  +  11). 

25.  x2  -  20xy  +  96 y2  =  (x  _  8 y)  (X  -  12y). 

26.  x2  +  Sxy  -  65y2  =  (X  +  iSy)  (x  -  by). 

27.  x2  +  17xy  +  66y2  =  (x  +  6y)(x  +  lly). 

28.  c2  -  4cd  -  96d2  =  (c  +  Sd)  (c  -  12 d). 

29.  c2  +  17cd  +  72(f2  =  (c  +  8d)(c  +  9(Q. 

80.  x2-xy -722/2  =  (x  +  8y)(x -9y). 

81.  y2  -  18^2  +  7222  =  (2/- 62)  (y- 122). 

82.  m2  +  6mn-27n2  =  (m  +  9»)(m-3n). 
88.  a2  +  3a6-15462  =  (a  +  146)(a-116). 

84.  x2  -  20xy  +  91  y2  =  (x  -  7y)  (x  -  13 y). 

85.  a2  +  18ad+66d2  =  (a  +  4d)(a  +  14d). 

86.  x2  -  4X2  -  4522  =  (x  +  52)  (X  -  92). 

87.  x2  +  20xy +  75y2  =  (x  +  5y)(x  +  15y). 
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88.  x2  -  38xy  +  106 y2  =  (x  -  Sy)  (x  -  35y). 

89.  m2  +  10mn- 24n2  =  (m  +  12n)(m-2n). 

40.  c'»-8cd-105d-^  =  (c  +  7d)(c-16d). 

41.  a«  4-1806-14062  =  (a +  206)  (a -76). 

42.  a2  +  22ac  +  96c2  =  (a  +  6c)(a  +  16c). 

48.  x2  - 13  xy2  -  90  2^222  =  (X  +  5  yz)  (x  -  18  yz). 

44.  a2  -  23  a6c  +  120  62c2  =  (a  -  8  6c)  (a  -  16  6c). 

46.  a2  -  17  a6c  +  72  62c2  =  (a  -  8 6c)  (a  -  9 6c). 

46.  m2  +  5  mnp  -  84  n2p2  =  (m  +  12  np)  (m  -  7  np). 

47.  x2y2  +  30xy2  +  209^2  =  (zy  +  II2) (xy  +  192). 

48.  a262  -  a6c  -  110  c2  =  (ab  +  10  c)  (06  -  11  c). 
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1.  Resolve  into  factors  6  x2  —  19  x  +  15. 

Multiply  by  6,  (6  x)2  -  19  (6  x)  +  90. 

Put  z  for  6  X,  22._  19  2  4  90. 

Resolve  into  factors,  (z  —  9)  (2  —  10). 

Put  6x  for  2,  (6x  -  9)  (6x  -  10). 

Divide  by  3  x  2,  (2x  -  3)  (3x  -  5). 

.-.  6x2  _  I9x  +  15  =  (2x  -  3)(3x  -  5). 

2.  Resolve  into  factors  6x2 +  17  x  + 12. 

Multiply  by  6,  (6  x)2  +  17  (6  x)  +  72. 

Put  2  for  6x,  22  +  172  +  72. 

Resolve  into  factors,  (2  +  8)  (2  +  9). 

Put  6x  for  2,  (6x  +  8y(6x  +  9). 

Divide  by  2  x  3,  (3x  +  4)  (2x  +  3). 

.-.  6{«2  +  i7x  +  12  =  (3x  +  4)(2x  +  3). 

8.  Resolve  into  factors  12x*  +  7x  -  12. 

Multiply  by  12,  (12  x)2  +  7  (12  x)  -  144. 

Put-2  for  12  X,  22  +  7  2  -  144. 

Resolve  into  factors,  (z  +  16)  (2  —  9). 

Put  12  X  for  2,  (12  X  +  16)  (12  x  -  9). 

Divide  by  4  x  3,  (3  x  +  4)  (4  x  -  3). 

.-.  12x2  +  7x  -  12  =  (3x  +  4)  (4x  -  3). 


' 
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4.   Resolve  into  factors  15x2  —  29  as  —  14. 

Multiply  by  15,  (15  x)2  ~  29  (15  x)  -  210. 

Put  z  for  15  X,  z^-2Qz-  210. 

Resolve  into  factors,  (z  +  6)  (2  —  35). 

Put  15  X  for  z,  (15  X  +  6)  (16  X  -  35). 

Divide  by  8  x  5,  .  (5x  +  2)  (3x  -  7). 

.-.  16x2-29x-14  =  (6x  +  2)(3x-7). 

6.   Resolve  into  factors  12x2  +  8x  -  15. 

Multiply  by  12,  (12  x)2  +  8  (12  x)  -  180. 

Put«forl2x,  22  +  8Z-I8O. 

Resolve  into  factors,  {z  +  18)  (2  -  10). 

Put  12  X  for  z,  (12  X  +  18)  (12  x  -  10). 

'  Divide  by  6  x  2,  (2x  -f  3)  (6x  -  5). 

.-.  12x2  +  8x-15  =  (2x  +  3)(6x-6). 

6.  Resolve  into  factora  20  x^  -  41  x  +  20. 

Multiply  by  20,  (20  x)2  -  41  (20  x)  +  400. 

Put  z  for  20  X,  z^-4lz  +  400. 

Resolve  into  factors,  (z  —  16)  (z  —  25). 

Put  20  X  for  2,  (20  x  -  16)  (20  x  -  25). 

Divide  by  4  x  5,  (5x  —  4)  (4x  —  6). 

.-.  20x2  ^  41x  +  20  =  (5x  -  4)  (4x  -  5). 

7.  Resolve  into  factors  6x2  —  17  X  —  14. 

Multiply  by  6,  (6  x)2  -  17  (6  x)  -  84. 

Put  2  for  6x,  22  -  172  -  84. 

'  Resolve  into  factors,  (2  +  4)  (2  —  21). 

Put  6x  for  2,  (6x  +  4)(6x  -  21). 

Divide  by  2  x  3,  (3  x  +  2)  (2  x  -  7). 

.-.  6x2  -  17x  -  14  =  (3x  +  2)  (2x  -  7). 

8.  Resolve  into  factors  6  x2  +  13  x  +  6. 

Multiply  by  6,  (6  x)2  +  13  (6  x)  +  36. 

Put  2  for  6x,  22  -f  132  +  36. 

Resolve  into  factors,  (^z -\-  4)  {z  -\-  9). 

Put  6x  for  2,  (6x  +  4)  (6x  +  9). 

Divide  by  2  x  3,  (3  x  +  2)  (2  x  +  3). 

.-.  6x2  +  13x  +  6  =  (3x  +  2)(2x  +  3). 
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9.   Resolve  into  factors  8  x^  +  2  x  —  16. 

Multiply  by  8,  (8  x)2  +  2  (8  x)  -  120. 

Put  z  for  8x,  22  _^.  2«  _  120. 

Resolve  into  factors,  (2  +  12)  (2  —  10). 

Put  8  X  for  2,  (8  X  +  12)  (8  X  -  10). 

Divide  by  4  x  2,  (2x  +  3)  (4  x  -  5). 

.-.  8x2  +  2x  -  16  =  (2x  +  3)(4x  -  6). 

10.  Resolve  into  factors  14x2  +  31xy  -  10  y^. 

Multiply  by  14,  (14  x)2  +  31  y  (14  x)  ~  140  y\ 

Put  z  for  14  X,  z2  +  31  y«  -  140  y2. 

Resolve  into  factors,  (z  +  35  y)  («  —  4  y). 

Put  14  X  for  «,  (14  X  +  36  y)  (14  X  -  4  y). 

Divide  by  7  x  2,  (2x  +  5y)  (7x  -  2y). 

.-.  14x2  _,.  2Axy  -  10y2  =  (2x  +  hy)  (7x  ->  2y). 

11.  Resolve  into  factors  6  x2  +  11  xy  —  36  y2. 

Multiply  by  6,  (6  x)2  +  11  y  (6  x)  -  210  y\ 

Put  2  for  6  X,  22  ^  1 1  yg  _  210  2/2. 

Resolve  into  factors,  (2  +  21  y)  (2  —  10  y). 

Put  6x  for  2,  (6x  +  21 2/) (6x  -  lOy). 

Divide  by  3  x  2,  (2x  +  7y)  (3x  -  by). 

.-.  6xa  + 11X2/- 362/2  =  (2x  +  7y)(3x-6y). 

12.  Resolve  into  factors  21  x2  +  26x2/  -  152/*. 

Multiply  by  21,  (21  x)2  +  26  2/  (21  x)  -  315  y\ 

Put  z  for  21x,  ^2  ^.  26  2/2  -  316  2/2. 

Resolve  into  factors,  (z  +  36  2/)  (2  —  9  y). 

Put  21 X  for  2,  (21x  +  362/)(21x-  Oj/). 

Divide  by  7  x  3,  (3x  +  62/)  (7x  -  32/). 

.-.  21x2  -f  26x2/  -  15y^  =  (3x  +  62/) (7x  -  Zy). 

1 8.   Resolve  into  factors  42  x2  -  69  xj/  +  20  2/2. 

Multiply  by  42,  (42  x)2  -  69  2/  (42  x)  +  840  2/2. 

Put  2  for  42x,  22  -  692/z  +  8402/2. 

Resolve  into  factors,  (2  —  24  y)  (2  —  36  2/). 

Put  42x  for  2,  (42x  -  24  y)  (42x  -  352/). 

Divide  by  6  x  7,  (7x  -  ^y)  (6x  -  hy). 

.-.  42x2  -  69x2/  +  202/2  =  (7x  -  42/)(6x  -  hy). 
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14.  Resolve  into  factors  21  x^  ~  37  xy  +  12  y*. 

Multiply  by  21,  (21  zf-^Sly  (21  x)  +  252  y». 

Put  z  for  21  aj,  253  _  37^2;  ^  262  ys. 

Resolve  into  factors,  («  —  ^  y)  (2  —  28  y). 

Put  21«  for  z,  (21x  -  9y)  (21 X  -  2Sy). 

Divide  by  3  x  7,  (7x  -Sy) (3x  -  4y). 

/.  21x2  -  37 xy  +  12 y«  =  (7x  -  Sy)  (3x  -  4y). 

15.  Resolve  into  factors  Ux^  +  63xy  +  14  y^. 

Multiply  by  14,  (14  x)^  +  63  y  (14  x)  +  196  y«. 

Put  z  for  14x,  2j2  +  53y2  ^  iggys 

Resolve  into  factors,  (2  4.  4  y)  (2  +  49  y). 

Put  14  X  for  2,  (14  X  +  4  y)  (14  x  +  49  y). 

Divide  by  2  x  7,  (7x  +  2y)  (2x  +  7y). 

.-.  14x2  +  63 xy  +  14y2  =  ^^x  +  2y)  (2x  +  7y). 

16.  Resolve  into  factors  21  x2  -  40  xy  -f  16  y«. 

Multiply  by  21,  (21  x)2  -  40  y  (21  x)  +  336  y2. 

Put  z  for  21 X,  22  _  40  y2  +  336  y^. 

Resolve  into  factors,  {z —  12  y)(z  —  2Sy). 

Put  21 X  for  2,  (21 X  -  12  y)  (21  x  -  28  y). 

Divide  by  3  x  7,  (7x  -  4y)  (3x  -  4y). 

.'.  21x2  -  40xy  +  16y2  =  (7x  -  4y)  (3x  -  4y). 

17.  Resolve  into  factors  80x2  +  43xy  +  15y2. 

Multiply  by  30,  (30  x)2  +  43  y  (30  x)  +  460  y2. 

Put  z  for  30  X,  22  +  43  y2  +  460  y2. 

Resolve  into  factors,  {z  +  18  y)  (z  +  26  y). 

Put  30x  for  z,  (30x  +  18y) (30x  +  26y). 

Divide  by  6  x  6,  (6x  +  3y)  (6x  +  6y). 

.-.  30x2  +  43 xy  -f  16y2  =  (6x  +  3y)  (6x  +  by). 

18.  Resolve  into  factors  21  x2  +  41  xy  +  10  y2 

Multiply  by  21,  (21  x)2  +  41  y  (21  x)  +  210  y2. 

Put  z  for  21 X,  «2  ^^lyz^  210  y^. 

Resolve  into  factors,  (2  +  6  y)  (2  +  36  y). 

Put  21 X  for  «,  (21x  +  6y)  (21x  +  36y). 

Divide  by  3  x  7,  (7x  +  2y) (3x  +  6y). 

.-.  21X2  +  41xy  +  10y2  =  (7a;  +  2y)  (3x  +  6y). 
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19.  Resolve  into  factors  21  x^  ^2dxy  -  10  y^. 

MulUply  by  21,  (21  x)2  +  29  y  (21  z)  -  210  y^. 

Put  z  for  21a;,  z^  -\-29yz-  210  y^. 

Resolve  into  factors,  (z  +  35  y)  (2  -  6  y). 

Put  21 X  for  2,  (21 X  +  36  y)  (21 X  -  6  y). 

Divide  by  7  x  3,  (3x  +  5  y) (7x  -  2y). 

.'.  21x2  +  29xy-10y2  =  (3x  +  5y)(7x-2y). 

20.  Resolve  into  factors  10x2  +  19  xy  -  15  y2. 

Multiply  by  10,  (10  x)2  +  19  y  (10  x)  -  160  yK 

Put  z  for  10  X,  «2  ^iQyz-  150  y2. 

Resolve  into  factors,  (z  +  25  y)  (2  —  6  y). 

Put  10  X  for  z,  (10 X  +  25  y)  (10  x  -  6  y). 

Divide  by  6  x  2,        *  (2x  +  5y)  (6x  -  3y). 

.-.  10x2  _|_  iQxy  -  15y2  =  (2x  +  5y)  (5x  -  3y). 

■ 

W.   'R^ght>i^        ^tors  6a2  +  lloft  —  3662.  -       .;^   * 

Multiply  by  6,        ^^"-"■--  .      ...J^^  +  11 6  (6  a)  -  210  62. 

Put  2  for  6  a,  z2  +  11 62  -  210  62. 

Resolve  into  factora^j^        ,  ^ (2  +  21 6)  (2  -  10  6). 

Putjg|irf5r2,'^       '"'  '^     ^"^  (6a-r^ii^a-106). 
Divide  by  3  x  2,  (2a +  76)  (3a  -  56). 

.-.  6a2  +  lla6-3562=:(2a  +  76)(3a-66). 

28.   Resolve  into  factora  12  c2  -  11  cd  -  15  d2. 

Multiply  by  12,  (12  c)2  -  11  d  (12  c)  -  180  d^. 

Put  2  for  12  c,  22  -  11  d2  -  180  d2. 

Resolve  into  factors,  (2  +  9  d)  (2  —  20  d). 

Put  12  c  for  2,  (12c  +  9d)  (12  c  -  20d). 

Divide  by  3  x  4,  (4c  +  3d)(3c  -  6d). 

,-.  12c2-llcd-15d2  =  (4c  +  3d)(3c-5d). 

28.   Resolve  into  factors  12  7712  +  mn  -  20  n^. 

Multiply  by  12,  (12  m)2  +  n  (12  m)  -  240  n^. 

Put  2  for  12m,  22  -f  W2  -  240w2. 

Resolve  into  factors,  (2  +  16  w)  (2  —  15n). 

Put  12  m  for  2,  (12  m  +  16  n)  (12  m  -  15  n). 

Divide  by  4  x  3,  (3m  +  4n)  (4m  -  5n). 

.-.  12 m2  +  mn  -20n^  =  (3m  +  4?i)  (4m  -  5n). 
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24.  Resolve  into  factors  12  j^  +  25  j^z  +  12  2>. 

Multiply  by  12,  (12  y)^  +  26  z  (12  y)  +  144  z«. 

Put  X  for  12  y,  x^  +  25  X2  +  144  sfl. 

Resolve  into  factors,  (x  +  9  2)  («  +  16  z). 

Put  12  y  for  x,  (12  y  +  9  z)  (12  y  +  16  z). 

Divide  by  3  x  4,  (4y  +  3«) (3y  +  4«). 

.-.  12y2  +  26 yz  +  12x2  =  (4y  +  3«)  (3^  +  42). 

25.  Resolve  into  factors  16  a^  -  14  a5  -  8  6^. 

Multiply  by  16,  '  (16  a)2  -  14  6  (16  a)  -  120  W, 

l*ut  2  for  15  a,  2^  _  14  5^  _  120  fta. 

Resolve  into  factors,  (2  +  6  6)  (2  —  205). 

Put  16  a  for  2,  (15  a  +  6  6)  (15  a  -  20  6). 

Divide  by  3  X  5,  .  (5a  +  26)  (3a  -  46). 

.-.  15a2-14a6-862  =  (5a  +  26)(3a-46). 

lOt-  Btt^^lve  into  factors  15  a^  -  16  a6  +  4  62. 

Multiply  by  15,  ^    '<^«;''  -  166(15a)  +  6062. 

Put  2  for  16  a,  --'— -  2^  -  16  62  +  60  62. 

Resolve  into  factors,  (2  —  6  6)  (2  —  10  6). 

Put  15  a  for  2^^^^^,.--^->.'-^^  "^      \^a-  (W»)<15.a  -  106). 
Divide  ^^?7'5<57  (5  a  -  2  6)  (3  ^-  2  6). 

.-.  15a2-16a6  +  462  =  (5a-26)(3a-26). 

27.  Resolve  into  factors  30  c^  -  cd  -  20 (P. 

Multiply  by  30,  (30  c)2  -  d  (30  c)  -  600  d^. 

Put  2  for  30  c,  z^-dz-  600  cT*. 

Resolve  into  factors,  (2  +  24  (i)  (2  —  25  d). 

Put  30c  for  2,  (30c  +  24d)(30c  --  25d). 

Divide  by  6  x  5,  (5c  +  4d)  (6c  -  5d). 

.-.  30c2-cd  -  20d2  =  (6c -f  4d)  (6c- 6d). 

28.  Resolve  into  factors  30  c2  -  11  cd  -  30  d2. 

Multiply  by  30,  (30  c)2  -  1 1  d  (30  c)  -  900  d2. 

Put  2  for  30  c,  22  -  11  d2  -  900  d2. 

Resolve  into  factors,  (2  +  25  d)  (2  —  36  d). 

Put  30c  for  2,  (30c  +  25d)  (30c  -  36d). 

Divide  by  5  x  6,  (6c  +  6d)  (5c  -  6d). 

.-.  30 c2  -  lied  -  30 d2  =  (6c  +  5d)  (5c  -  6d). 
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89.  Resolve  into  factors  10  a^  -  61  a5  +  56  68. 

Multiply  by  10,  (10  a)2  -  51 6  (10  a)  +  560  62. 

Put  z  for  10a,  z^  -  5162  +  56062. 

Resolve  into  factors,  (2  —  16  6)  (2  —  35  6). 

Put  10  a  for  2,  (10  a  -  16  6)  (10  a  -  86  6). 

Divide  by  2  x  5,  (6a  -  86) (2a  - 76). 

.-.  10a2-51a6  +  5662  =  (5a-86)(2a-76). 

80.  Resolve  into  factors  15  6^  +  2  6c  -  46  c^. 

Multiply  by  15,  (16  6)2  +  2  c  (16  6)  -  675  c^. 

Put  2  for  156,  22  +  2  C2  -  676  c2. 

Resolve  into  factors,  (2  +  27  c)  (2  —  25  c). 

Put  15  6  for  2,  (156  +  27c)(166-25c). 

Divide  by  3  x  5,  (66  +  9c)(36  -  5c). 

.-.  1562  +  26c-46c2  =  (56  +  9c)(36-5c). 

81.  Resolve  into  factors  12  a2  -  25  06  -  60  62. 

Multiply  by  12,  (12  a)2  -  25  6  (12  a)  -  600  62. 
Put  2  for  12 a,  22  -  2562  -  60062. 

Resolve  into  factors,  (2  —  40  6)  (2  +  16  6). 

Put  12a  for  2,  (12a  -  406) (12a  +  166).       . 

Divide  by  4  x  3,  (3a  -  106) (4a  -f-  66). 

.-.  12a2-26a6-5062  =  (3a-106)(4a  +  66). 

82.  Resolve  into  factors  6  m2  -f- 11  m/i  -  72  n^. 

Multiply  by  6,  (6  m)2  +  1 1  n  (6  m)  -  432  n^. 

Put  2  for  6»w,  22  -H  lln2  -  432n2. 

Resolve  into  factors,  (2  +  27  n)  (2  —  16  n). 

Put  6m  for  2,  (6 m  +  27 n)  (6  to  -  16n). 

Divide  by  3  x  2,  (2m  +  9w)(3m  -  Bn). 

.-.  6m2  -I-  limn  -  72n2  =  (2i»  +  9n)  (3m  -  8n). 

88.  Resolve  into  factors  15x2  4.  44  xy  —  20^2. 

Multiply  by  16,  (15  x)2  +  44  y  (15  %\  -  300  y^. 

Put  2  for  15x,  22  -I-  44 y2  -  300 y\ 

Resolve  into  factors,  (2  +  50  y)  (2  —  6  y). 

Put  15x  for  2,  (16x  +  50y)  (16«  -  Qy). 

Divide  by  6X3,  (3x  +  10y)(5x  -  2y). 

.-.  15x2 +  44a^  _  20y2  =  (3x  +  10y)(5x-2y). 
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84.   Resolve  into  factors  20  05* -ay- 99  y2. 

Multiply  by  20,  (20  x)2  -  y  (20  x)  -  1980  y^ 

Put  z  for  20  X,  z^-yz-  1980  y2 

Resolve  into  factors,  (z  +  44  y)  (2  —  45  y). 

Put  20x  for  z,  (20x  +  44y)(20x  -  46 y). 

Divide  by  4  x  5,  (5  x  +  11  y)  (4  x  —  9 

.-.  20x2  -  xy  -  99y2  =  (6x  +  H  y)  (4x  -  9y). 
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1.   Resolve  into  factors  Ox^  —  lOx  +  15. 

Divide  by  6,  x«  -  V-x  +  f. 

Complete  the  square,  (x^  -  ^  x  +  f  H)  +  (f  -  If})- 

Simplify,  (X  -  \%Y  -  (^^)\ 

Resolve  into  factors,  (^5  —  if  +  t^)  («  —  H  ~  A)- 

Simplify,  («-|)(a5-|). 

Multiply  by  2  X  3,  (2  x  -  3)  (3  x  -  5). 

.-.  6x2-19x  +  16  =  (2x-3)(3x-5). 


2.  Resolve  into  factors  6x2  + 17  X +  12. 

Divide  by  6,  aJ"  +  J^  x  +  2 

Complete  the  square,  (x2  +  1/  x  +  f  |f )  ~  (f  ||  —  2) 

Simplify,  (X  +  \\Y  -  (^)a 

Resolve  into  factors,  (^  +  tI  +  ti)  (*  +  !}  —  A) 

Simplify,  («  +  !)(«  +  !) 

Multiply  by  2  X  3,  (2x  +  3)  (3x  +  4) 

.-.  6x2  +  17x  +  12  =  (2x  +  3)(3x  +  4). 

3.  Resolve  into  factors  12x2  + 7x  —  12. 

Divide  by  12,  x^  +  ^^x  - 1 

Complete  the  square,  (x2  +  ^j  x  +  5%)  -  (^y^  +  1) 

Simplify,  "        (x+3>j)2_(5j)2 

Resolve  into  factors,  (aJ  +  A  +  ||)  («  +  A  -  if) 

Simplify,  (X  +  f)  (x  -  }) 

Multiply  by  3  X  4,  (3x  +  4)  (4x  -  3) 

.-.  12x2  +  7x-12  =  (3x  +  4)(4x-3). 
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Resolve  into  factors  12  x*  +  8  x  -  15. 

Divide  by  12,  x«  +  |  x  -  { 

Complete  the  square,  (35^  +  i  a^  +  i)  —  (t  +  }) 

Simplify,  (X  +  J)2  -  (i)2 

Resolve  into  factors,  («  +  }  +  i)  (35  +  J  -  i) 

Simplify,  (X  +  })  (x  -  f ) 

Multiply  by  2  X  6,  (2x  +  3)  (6x  -  5) 

.-.  12x2  +  8x-16  =  (2x  +  3)(6x-6). 


5.   Resolve  into  factors  20x2  -  41  x  +  20. 


Divide  by  20, 

Complete  the  square, 

Simplify, 

Resolve  into  factors, 

Simplify, 

Multiply  by  5  X  4, 


x^  ~  lix  +  1 

(x2-jjx  +  if4i)  +  (i-|Hi) 
(*  -  H)^  -  (A)' 

{6x-4)(4x-5) 


.-.  20x2  -  41x  +  20  =  (5x  -  4)  (4x  -  6). 


6.  Resolve  into  factors  6  x*  +  13  x  +  6. 

Divide  by  6,  x?  +  J^x  +  l 

Complete  the  square,  (x^  +  V- «  +  iff)  +  (1  -  Hf) 

Simplify,  (X  +  H)2  -  (A)2 

Resolve  into  factors,  («  +  H  +  /s)  (*  +  if  -  A) 

Simplify,  (x  +  f)  (x  +  |) 

Multiply  by  2  X  3,  (2  x  +  3)  (3  x  +  2) 

.-.  6x2  +  13x  +  6  =  (2x  +  3)(3x  +  2). 


7.  Resolve  into  factors  8  x^  -f  2  x 

Divide  by  8, 

Complete  the  square. 

Simplify, 

Resolve  into  factors. 

Simplify, 

Multiply  by  2  X  4, 

.-.  8x2  +  2x-16 


-15. 


x2+ ix- 

(x  +  i  +  Y)(«  +  i-V) 
(x  +  f>(x-}) 

(2x  +  3)(4x-5) 
(2x  +  3)(4x  -5). 
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8.    Resolve  into  factors  6  x^  +  11  xy  —  36  y^. 

Divide  by  6,  z^  +  ^xy-^ y^ 

Complete  the  square,  (x  +  V  ^V  +  ili  V^)  -  (¥  V^  +  iii  '^) 

Simplify,  («  +  Hy)2-tti3/P 

Resolve  into  factors,  (aJ+Hy+ttV)  (a^+xiy-f  i^) 

Simplify,  (x  +  i  y)  (x  -  f  y) 

Multiply  by  2  X  3,  (2x  +  7y)  (3x  -  5y) 

.-.  6x2  +  llxy-36y2  =  (2x  +  7y)(3x-6y). 


9.    Resolve  into  factors  30 x^  +  43 xy  +  15  y^. 

Divide  by  30,  x^  +  J  J  xy  +  i  y2 

Complete  the  square,  (x^  +  | J  xy  +  MM  2^  +  (i  2^  -  if*!  2/^) 

Simplify,  '  («  +  My)'-(«Vy)' 

Resolve  into  factors,  (x  +  |J  y  +  /^r  y)  (x  +  ij  y  -  ^^j  2^) 

Simplify,  (x  +  4y)(x  +  ly) 

Multiply  by  6  X  5,  (6x  +  6y)  (5x  +  3y) 

.-.  30x2  +  43xy  +  16y2  =  (6x  +  5y) (5x  +  3y). 

10.   Resolve  into  factors  10x2  +  19 xy  ~  15  y2. 

Divide  by  10,  x2  +  ijxy  -  | y2 

Complete  the  square,    (x2  -f  jj xy  +  Jf  J yS)  _  (|  y%  ^  ajj ^2) 

Simplify,  (^ -V  \%y)^  -  dhvY 

Resolve  into  factors,  (x  +  i  g  y  +  ^  J  y )  (x  4-  M  2^  -  f i  2/) 

Simplify,  (x  +  fy)(x-iy) 

Multiply  by  2  X  5,  (2x  +  6y)  (5x  -  3y) 

.-.  10x2  +  i9xy  -  15y2  =  (2x  +  5y)  (5x  -  3y). 


11.    Resolve  into  factors  12  c2  -  11  cd  -  15  cJ2. 

Divide  by  12,  c^-\\cd-\  d^. 

Complete  the  square,     (c^  -  ii  cd  -f  ^^d^)  -  (| d2  +  Jf  J d^). 

Simplify,  (c-iidY'-m^)^' 

Resolve  into  factors,  (c  -  i^d  -{-  ^^d)  (c  -  i^d  -  f | d). 

Simplify,  (c  +  Jd)(c  -  Jd). 

Multiply  by  4  X  3,  (4  c  +  3d)  (3c  -  6d). 

.-.  12 c2  -  lied  -  15d2  =  (4c  +  3d) (3c  -  5d). 
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12.   Resolve  into  factors  12  m^  -f  mn  —  20  ii^. 

Divide  by  12,  m^  +  ^j  mn  —  f  n*. 

Complete  the  square,  (i»2  +  ^  mn  +  g}^  n^)  —  (f  n*  +  ^^  n*). 
Simplify,  (m  +  ^\  n)2  -  (ti  n)2. 

Resolve  into  factors,        (»*.+  ^V  ''^  -\-  H^)  (^  "^  ^i  ^  ~  ii  ^)- 
Simplify,  (?n  +  |  n)  (m  —  J  n). 

Multiply  by  3  X  4,  (3m  +  4n)  (4m  -  5n). 

.-.  12m2  +  mn-20n2  =  (3m  +  4n)(4m-5n). 

18.   Resolve  into  factors  12  y^  +  25  yz  +  12  z«. 

Divide  by  12,  y^  +  f  I  yz  +  «'. 

Complete  the  square,  (y^  +  f  f  y«  +  iH  z^)  +  (^^  -  f  f  |  «2^. 

Simplify,  (y  +  fJ«^)2-(/?2)2. 

Resolve  into  factors,  (2/  +  M  ^  +  A  ^)  (^  +  ?t «  —  A  ^)- 

Simplify,  (y  +  }  2)  (y  +  }  z). 

Multiply  by  3  X  4,  (3y  +  4«) (4y  +  3 «). 

.-.  12 y2  +  25 y«  +  12  2^  =  (3y  +  42)  (4y  +  3z). 


14.   Resolve  into  factors  15  a^  -  16  a&  +  4  Ifi, 

Divide  by  16,  a^  -  jf  oft  +  ^^  62 

Complete  the  square,  (a^  -  ||  06  +  ]j%  &^)  +  ( A  6^  -  i^  6^) 

Simplify,  (a-A&)-'(A&)' 

Resolve  into  factors,  (^t  —  A  ^  +  1^5  ^)  (^  ~  A  ^  ~  A  ^) 

Simplify,  (a -f  6)  (a -J  6) 

Multiply  by  6  X  3,  (5a  -  26)  (3a  -  26) 

.-.  15aa- 1606  +  462  =  (6a -26)  (3a -26). 


16.  Resolve  into  factors  30  c^  -cd-  20  d2. 

Divide  by  30,  c^-^cd-ldP. 

Complete  the  square,  (c^-^cd-\-  ^-^j^ (P)  -  (|  d2  +  ^^^^ d2). 
Simplify,  (c-^d)2_  (49^)2. 

Resolve  into  factors,  (c  —  ^  d  +  f  J  d)  (c  —  ^^^  d  —  \%  d). 

Simplify,  (c  +  f  d)(c  -  f  d). 

Multiply  by  5  X  6,  (5c  +  4d)(6c  -  6d). 

.-.  30c2-c(J-20<i2  =  (5c  +  4d)(6c-6d). 
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16.  Resolve  into  factors  30  c»  -  11  cd  -  30  cP. 

Divide  by  30,  c2  -  j  j  cd  ~  da 

Complete  the  square,  (c^  -  H  «i  +  ^V  d^)  -  (d^  +  ^^  da) 

Simplify,  (c-H<^)'~(Hd)2 

Resolve  into  factors,  (c  -  ii  d  +  |J  d)  (c  -  H  <*  -  f i  <i) 

Simplify,  (c  +  fd)(c-fd) 

Multiply  by  6  X  6,  (6c  +  6d)  (5c  ~  6d) 

.-.  30ca-llcd-30d2  =  (6cH-5d)(6c-6d). 

17.  Resolve  into  factors  10  a^  -  51  a6  -f  56  &2. 

Divide  by  10,  a2  -  { J  a6  +  ^8  fta 

Complete  the  square,  (a^  -  { J  a6  +  %V  ^)  +  ( ¥  ^  -  Wi^  ^) 
Simplify,  (a-M&)-(i§6)8 

Resolve  into  factors,  («  -  ii  &  +  i g  6)  (a  -  f  J  6  -  JJ  6) 

Simplify,  (a-i6)(a~i6) 

Multiply  by  6  x  2,  (6a  -  86) (2a  -  76) 

.-.  I0a2  -  51a6  +  6662  =  (5a  -  86)  (2a  -  76). 

18.  Resolve  into  factors  15  x2  +  44  xy  -  20  2/2. 

Divide  by  15,  x2  +  f  j  ^y  -  J  y2 

Complete  the  square,  (x2  +  Jf  xy  +  Jf f  y^)  -  (f  y2  +  4 1|  ^aj 

Simplify,  (x  +  ||  y)2  _  (.2|  y)2 

Resolve  into  factors,  («  +  f |  y  +  f  f  y)  (x  -f  f  f  y  -  f  f  y) 

Simplify,  (x  +  i_Q  y)  (x  -  f  y) 

Multiply  by  3  X  6,  (3  x  +  10  y)  (5  x  -  2  y) 

.-.  15x2  +  44 xy  -  20 y2  =  (3x  -f  10y)(5x  -  2y). 
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Resolve  into  factors : 

1.  27 x«  +  343y8  =  (3x  +  7  y)  [(3x)2  -  (3x)  (7  y)  +  (7  y)2] 

=  (3x  +  7  y)  (9x2  -  21  xy  +  49 y2). 

2.  216  a8  - 1331 6^  =  (6  a  -  11 6)  [(6  a)2  +  (6  a)  (11 6)  +  (11 6)2] 

=  (Qa-  116)  (36  a2  +  66  a6  +  12162). 

3.  126a868  +  216c8d»  =  (6a6  +  Qcd)  [(5a6)2  -(5a6)  (6cd)  -f  (6cd)a] 

=  (5  06  +  6  cd)  (26  0.262  -  30  a6cd  -|-  36  c2d2). 
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4.  729xV-f612a8&«=  (Oxy  +  8a6)  [(9a;y)«  -  (9xy)  (Sab)  +  (Sab)^] 

=  (9zy  +  8a6) (81x4*  - 72a6a;y  +  64aa6a). 

5.  1250*  -  343y««»  =  (6a;  -  7y2)  [(5x)2  -f  (6x)  (Ty^)  +  (Tyz)^] 

=  (5x  -  7yz)  (26 X?  +  Sbxyz  -f  49y2a;2). 

6.  729a»  -  343&»  =  (9a  -  76)  [(9a)2  +  (9a)  (76)  +  (76)«] 

=  (9a  -  76)  (81  a*  +  63 06  +  4962). 

7.  Ssfi  +  27 yo  =  (2x2  -|.  3^8)  [(2x2)2  -  (2x2)  (3y8)  +  (3y8)2] 

=  (2x2  -f  3y«)  (4x*  -  6x2y»  +  9y«). 

8.  27 x«  -  64y«2»  =  (3x2-4y22«)  [(3 x2)2+ (3x2) (4 y228)^. (4^22.8)2] 

=  (3x2  -  4y2z»)  (9x*  +  12x2^2^8  ^  16|^Z«). 

9.  1000  J*  -  1331y«  =  (10  x  -  11  y)  [(10  x)2  +  (10  x)  (11  y)  +  (11  y)2] 

=  (lOx  -  11  y)  (100x2  +  llOxy  f  121  y2). 

10.  1331  »n»  +  1728 n«  =  (11  m  +12 n)  [(11  m)2 -(11m)  (12  w)  +  (12 n)2] 

=  (11  m  +  12  n)  (121  m^  -  132  mn  +  144  n^), 

11.  27  4-  a866c9  =  (3  +  a62c»)  (9-3  a62c8  4-  d26*c«). 

12.  216 x»y»«»  -  126  =  (6  xyz  -  6)  [(6 xy«)2  +  (6 xyz)  (6)  +  62] 

=  (6  xyz  -  6)  (36  x2y222  ^  30  xyz  -f  25). 

18.  (a  +  26)»  -  1  =  (a  +  26  -  1)  [(a  +  26)2  4.  («  -f  26)  +  1] 

=  (a  -f  2  6  -  1)  (a2  +  4a6  +  4 62  -f  a  +  2  6  +  1). 

14.  (a  -  26)8  -fl  =  (a  -  26  4- 1)  [(a  -  26)2  -  (a  -  26)  +  1] 

=  (a  -  26  4- 1)  (a^  -  4a6  +  462  -  a  +  26  -f  1). 

15.  1  -  (X  -  y)»  =  [1  -  (X  -  y)]  [l  +  (x  -  y)  -f  (x  -  y)2] 

=  (1  -  X  -f  y)  (l-f  X  -  y  4  x2  -  2xy  -f  y2). 

16.  x«  +  y«  =  (x2  +  y2)  [(x2)2  -  (x2)  (y2)  +  (^2)23 

=  (X2  4.  y2)  (x4  _  x2y2  +  y4). 

17.  d»  -  y»  =  (a*  -  y«)  [(a»)2  4-  (a^)  (y*)  -f  (y8)2] 

=  (a8  -  y8)  (a«  +  aV  +  y^) 

=  (a  -  y)  (a2  +  ay  4-  y2)  (ofi -^  a^ -^  y«). 

18.  27 a*  -  (a  -  6)«  =  [3a  -  (a - 6)]  [(8a)2 4. 3a(a  - 6)  +  (a  - 6)2] 

.  =(3a-a  +  6)(9a24-3a2-3a6  +  a2-2a6  +  62) 
=  (2a  +  6)  (13 a2  -  6a6  +  62). 
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19.  64 a*  -f  (a  +  6)»  =  [4a  +  (a  -I-  b)] [(4a)2  -  (4a) (o  +  6)  +  (a  +  6)2] 

=  (4a  +  a -f  6) (I6a«  - 4a2-4 aft  +  a*  +  2a6 -f  62) 
=  (6a  +  6)  (13a2  -  2a6  -f  b^. 

20.  (x2  _  5)»  -  y«  =  [(x2  -  6)  -  y^]  [(x^  _  6)3  +  {x^  -  6)  (y»)  -f  (y2)2] 

=  (X2  _  6  -  ya)  (X*  -  10X2  ^.  25  +  X2y2  _  5^2 _|.  y4). 

21.  (x«  +  4)»  +  y»  =  [(x»  +  4)  +  y]  [(x»  +  4)2  -  (x8  +  4)  (y)  +  y2] 

=  (x»  +  4  -f  y)  (xP  +  8x«  + 16  -  x«y  -  4y  -I-  y2). 

22.  (a-f  6)»-(a-6)» 

=  [(a  +  6)  -  (a  -  6)]  [(a  +  6)^  +  (a  +  6)  (a  -  6)  +  (a  -  6)2] 
=  (a  +  6-a-f6)(a2  +  2a6  +  62  +  a2-62  +  a2-2a6-f6a) 
=  26(3a2  +  68). 

28.   64(x  +  y)8  +  27(x-y)» 

=  [4(x  +  y)  +  3(x  -  y)]  [{4(x  +  y)}2-{4(x  +  y)}  {3(x  -  y)} 

+  {3(x-y)}2] 
=  (4x  +  4y  +  3x  -  3y)  (16x2  +  32 xy  +  16y2  -  12x2  +  12y2 

+  9x2-18xy  H-0y2) 
=  (7ic  +  y)  (13x2  +  14xy  +  37  y*). 

24.  (5a-26)»  +  8c8 

=  [(5a  -  26)  +  2c]  [(6a  -  26)2  -  (6a  -  26)  (2c)  +  (2c)«] 
=  (5a-26  +  2c)(25a2-20a6  +  46«-10ac  +  46c  +  4c2). 

26.   x2iyi8  +  a«6i2 

=  (xV  +  a*6*)  [(«V)^  -  («V)  (a^M)  +  (a66*)2] 
=  (xV  -f  a66*)  (xi*yi2  -  a66*xV  +  a^^b^)- 

26.  (2a-36)8-(x-4y)8 

=  [(2a-36)-(x-4y)][(2a-36)2  +  (2a-86)(x-4y) 
+  (x-4y)2] 

=  (2  a-36-x  +  4  y)  (4  a2- 12  a6  +  962H-2ax-8  ay -36x 
+  12 6y  +  x2  -  8xy  +  16y2). 

27.  x»  -  (y  -  22:)»  =  [X  -  (y  -2z)]  [x2  +  x(y  -  2«)  +  (y  -  22)2] 

=  (x  -  y  +  2«)  (x2  +  xy  -  2xz  4-  y2  -  4y2  +  4^2). 


28.    (x  +  y)8  +  (x-y)» 


-r  vr  -TV*  —  y; 

=  [(X  +  y)  +  (X  -  y)]  [(X  +  y)2  -  (x  +  y)  (x  -  y)  +  (x  -  y)2] 

=  (ic  +  y-fx-y)(x?  +  2xy  +  y2-x2  +  y2H-x2_2xy  +  y^ 


=  2x(x2  +  3y2). 
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Exercise  48.    Page  104 

1.  Resolve  into  factors  a*  -f  4  x^  +  x  —  6. 

Ifx  =  +1,  x?  +  4x2  +  x-6  =  l-f4  +  l-6  =  0. 

Hence,  x  —  1  is  a  factor. 
.-.  z3  -f  4  x2  +  X  -  6  =  (X  -  1)  (x2  +  5x-f  6)  =  (X  -  1)  (x  +  2)  (x  -|-  3). 

2.  Resolve  into  factors  a»  -  7  a^  +  16  a  -  12. 

If  a  =  +  1,     a»  -  7a2  +  16a  -  12  =  1  -  7  +  16  -  12  =  -  2. 
If  a  =  -  1,     a"  -  7a2  +  16a  -  12  =  -  1  -  7  -  16  -  12  =  -  36. 
If  a  =  -f  2,     a8  -  7a2  +  16a  -  12  =  8  -  28  +  32  - 12  =  0. 

Hence,  a  —  2  is  a  factor. 
.-.  a»-7a2  +  16a-12  =  (a-2)(a2-6a  +  6)  =  (a-2)(a-2)(a-3). 

8.  Resolve  into  factors  c*  —  8  c  +  3. 

Ifc  =  +1,  c8-8c  +  3  =  l-8  +  3  =  -4. 

Ifc=-1,  c»-8c  +  3  =  -l  +  8  +  3=+10. 

Ifc  =  +3,  c»-8c  +  3  =  27-24H-3  =  4-6. 

Kc=-3,  c»-8c  +  3  =  -27-f  24  -1-3  =  0. 

Hence,  c  +  3  is  a  factor. 

.-.  c»  -  8c  -f  3  =  (c  +  3) {c2  -  3c  +  1). 

4.  Resolve  into  factors  2  x*  -  x«  -  13  x  -  6. 

If  X  =  +  1,  2x8  -  x2  -,  13x  -  6  =  2  -  1  -  13  -  6  =  -  18. 

Ifx  =  -1,  2x'-x2-13x-6  =  -2-l-f-13-6=+4. 

If  X  =  +  2,  2x»  -  x2  -  13x  -  6  =  16  -  4  -  26  -  6  =  -  20. 

If  X  =  -  2,  2x8  -  x2  -  13x  -  6  =  -  16  -  4  +  26  -  6  =  0. 

Hence,  x  +  2  is  a  factor. 
.-.  2x8-x2-13x-6  =  (x-f2)(2x2-6x-3)  =  (x4-2)(x-3)(2x-|-l) 

5.  Resolve  into  factors  x8  —  lOx  +  12. 

Ifx  =  -|-1,  x8-19x  +  12  =  l-19-f  12=-6. 

If  X  =  -  1,  x8  -  19  X  +  12  =  -  1  +  19  +  12  =  +  30. 

If  X  =-f  2,  x8  -  19x  +  12  =  8  -  38  +  12  =  -  18. 

If  X  =  -  2,  x8  -  19x  +  12  =  -  8  +  38  -H  12  =  -f  42. 

If  X  =  +  3,  x8  -  19x  +  12  =  27  -  57  4- 12  =  -  18. 

If  X  =-  3,  x8  -  19x  +  12  =  -  27  +  57  +  12  =  +  42. 

If  X  =+  4,  x8  -  19x  +  12  =  64  -  76  +  12  =  0. 

Hence,  x  —  4  is  a  factor. 

.-.  x8  -  19x  +  12  =  (X  -  4)  (x2  +  4x  -  3). 
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6.  Resolve  into  factors  6  x"  -  11  x^  +  6  «  -  1. 

Ifx  =  +  1,        6x«-llx»  +  6x-l  =  6-ll  +  6-l  =  0. 

Hence,  x  —  1  is  a  factor. 
.-.  6x8-llX»+6x-l  =  {x-l)(6xa-6x  +  l)  =  (x-l){2x-l)(3«-l). 

7.  Resolve  into  factors  x>  -  Ox'  +  26x  -  24. 

Ifx  =  -M,         x»- 9X2 -f26x- 24  =  1-9  +  26-24  =  - 6. 
Ifx  =  -1,         x8-9x2  +  26x-24=-l-9-26-24=-60. 
If  X  =  +  2,         x«  -  9x2  +  26x  -  24  =  8  -  36  +  62  -  24  =  0. 

Hence,  x  —  2  is  a  factor. 
.-.  x»  - 9x2  +  26x - 24  =  (X - 2) (3.2  -7x  +12)  =  (x - 2) (x - 3)(x-4). 

8.  Resolve  into  factors  2  c*  +  9  c2  + 12  c +  4. 

Ifc  =  +  1,  2c«  +  9c2  +  12c  +  4  =  2  +  9  +  12  +  4=+27. 

Ifc  =  -1,  2c8  +  9c2  +  12c  +  4=-2  +  9-12  +  4  =  -l. 

If  c  =  +  2,  2c8  +  9c2  +  12c  +  4  =  16  +  36  +  24  +  4  =  +  80. 

K  c  =  -  2,  2c8  +  9c2  +  12c  +  4  =  -  16  +  36  -  24  +  4  =  0. 

Hence,  c  +  2  is  a  factor. 
.-.  2c8  +  9c2+12c  +  4  =  (c  +  2){2c2  +  6c  +  2)  =  (c  +  2)(c  +  2)(2c  +  l). 

9.  Resolve  into  factors  a*  —  5  a'  —  2  a  +  24. 

If  a  =  +l,  a8-  5a2-2a  +  24  =  l-6-2  +  24  =  +18. 

Ifa  =  -1,  a«-6a2-2a  +  24=-l-6  +  2  +  24=  +  20. 

Ifa  =  +2,  a»-6a2-2a  +  24  =  8-20-4  +  24=  +  8. 

Ifa  =  -2,  a8-6a2-2a  +  24  =  -8-20  +  4  +  24  =  0. 

Hence,  a  +  2  is  a  factor. 
...  a8-6a2-2a  +  24  =  (a  +  2)(a2-7a+12)  =  (a  +  2)(a-3)(a-4). 

10.   Resolve  into  factors  x^  -  2  x2  -  16  x  +  36. 

If  x=+l,  x«-2x2-16x  +  36  =  l-2-16  +  36=+20. 

If  X  =  -  1,  x«  -  2x2  -  lox  +  36  =  -  1  -  2  +  16  +  36  =  +  48. 

If  X  =  +  2,  x«  -  2x2  -  16x  +  36  =  8  -  8  -  30  +  36  =  +  6. 

Ifx  =  -2,  x8-2x2-16x  +  36  =  -8-8  +  30  +  36  =  +  60. 

If  X  =  +  3,  x8  -  2x2  -  16x  +  36  =  27  -  18  -  46  +  36  =  0. 

Hence,  x  —  3  is  a  factor. 
.-.  x8  -  2  x2  -  16  X  +  36  =  (X  -  3)  (x2  +  X  -  12)  =  (x  -  3)  (x  -  3)  (x  +  4). 
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11.   Resolve  into  factors  m«  +  m^  —  22  m  —  40. 

If  m  =  +  1,  m«  +  m2  -  22m  -  40  =  1  -f  1  -  22  -  40  =  -  60. 

If  m  =  -  1 ,  m8  -f  m2  -  22  m  -  40  =  -  1  +  l-f  22  -  40  =  -  18. 

If  m  =  +  2,  m8  +  m3  -  22m  -  40  =  8  +  4  -  44  -  40  =  -  72. 

Km  =  -2,  m8  +  m2-22m-40  =  -8-|-44-44-40  =  0. 

Hence,  m  +  2  is  a  factor. 
.-.  m«  +  m2-22m-40  =  (m+2)(m2-m-20)  =  (m4-2)(m+4)(m-6). 

18.   Resolve  into  factors  n«  —  n^  —  8  n  +  12. 

Ifn  =  +  1,  n8~n2-8n  +  12  =  l-l-8  +  12  =  +  4. 

Ifn  =  -1,  n8-n2-8ii+12=-l-l-f8  +  12=  +  18. 

If  n  =  +  2,  n8  -  w2  -  8n  +  12  =  8  -  4  -  16  +  12  =  0. 

Hence,  n  —  2  is  a  factor. 
.-.  »«  -  n2  -  8W  4- 12  =  (»  -  2)  (n«  +  w  -  6)  =  (n  -  2)  (n  -  2)  (n  +  3). 

18.   Resolve  into  factors  6x6  4.  I9x*  -  20a;»  -  66x«  -f  24x  +  36. 

Kx=H-l, 
6x6  +  19x*-20x«-65x2+24x  +  36  =  6-M9-20-66-f24+36=0. 

Hence,  x  —  1  is  a  factor. 

.-.  6x6  +  19x*  ~  20x»  -  66x2  +  24x  4-  36 

=  (X  -1)  (6x*  -f  26x8  ^  5x3  _  60x  -  36). 

Ifx=+1, 
6x*  -f  25x»  +  6x2  -  60x  -  36  =  6  +  26  +  6  -  60  -  36  =  ~  60. 

Kx  =  -1, 
6x*  +  26x»  +  6x2  -  60x  -  36  =  6  -  26  +  5  +  60  -  36  =+  10. 

If  X  =  +  2, 
6x*  +  26x»  +  6x2  -  60x  -  36  =  96  +  200  +  20  -  120  -  36  =  +  160. 

K  X  =  -  2, 
6x*  +  26x»  +  6x2  -  60x  -  36  =  96  -  200  +  20  +  120  -  36  =  0. 

Hence,  x  +  2  is  a  factor. 
.-.  6x*  -f  26x«  +  5x»  -  60x  -  36  =  (X  +  2)  (6x»  +  13x2  -  21x  -  18). 

If  X  =  -  2,     6x8  +  13x2  -  21x  -  18  =  -  48  +  62  +  42  -  18  =  +  28. 
If  X  =  +  3,    6x8  +  13x2  -  21x  -  18  =  162  +  117  -  63  -  18  =  +  198. 
If  X  =  -  3,     6x8  +  13x2  -  21x  -  18  =  -  162  -f  117  +  63  -  18  =  0. 

Hence,  x  +  3  is  a  factor. 

.-.  6x8  ^  13x2  -  21x  -  18  =  (X  +  3)  (6x2  -  6x  -  6). 
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To  factor  6x2  _  6x  -  6. 

Multiply  by  6,  (6  x)«  -  6  (6  x)  -  36. 

Put  «  for  6x,  22  _  5 2  _  36. 

Resolve  into  factors,  (z  -f  4)  (2  —  9). 

Put  6x  for  z,  (6x  +  4)  (6x  -  9). 

Divide  by  2  x  3,  (3x  +  2)  (2x  -  3). 

.-.  6x2-6x-6  =  (3x  +  2)(2x-3). 
/.  6x6  ^  19 a4  _  20x8  -  66aJ2  -f  24x  +  36 

=  (X  -  1)  (x  +  2)  (x  -f  3)  (3x  +  2)  (2x  -  3). 

14.   Resolve  into  factors  6 x^  +  x*  -  111 x^  +  66 x^  +  448 x  -  480. 

If  X  =  4- 1,     6x6  +  X*  -  iiiaj8  4.  QQx^  +  448x  -  480 

=  6  +  1  -  111  +  66  +  448  -  480  =  -  70. 

If  X  =  -  1,    6x5  +  X*  -  111x8  +  66x2  4-  448x  -  480 

=  -  6  +  1  +  111  +  66  -  448  -  480  =  -  766. 

If  X  =  +  2,     6x6  +  X*  -  111x8  +  66x^  +  448x  -  480 

=  192  +  16  -  888  +  264  +  896  -  480  =  0. 

Hence,  x  —  2  is  a  factor. 

.-.  6x6  +  X*  -  iiia.8  +  66x2  +  448x  -  480 

=  (x  -  2)  (6x*  +  13x8  -  85x2  -  104x  -f  240). 

Ifx  =  +  2,    6x*4-  13x8  -  86x2  _  io4x  +  240 

=  96  +  104  -  340  -  208  +  240  =  -  108. 

If  X  =  -  2,    6x*  +  13x8  -  86x2  -  104x  +  240 

=  96  -  104  -  340  +  208  +  240  =  +  100. 

If  X  =  +  3,    6x*  +  13x8  -  86x2  -  104x  +  240 

=  486  +  361  -  766  -  312  +  240  =  0. 

Hence,  x  —  3  is  a  factor. 
.-.  6x*  +  13x8  -  85x2  -  104x  +  240  =  (x  -  3)  (6x8  +  31x2  +  8x  -  80). 

If  X  =  +  4,    6x8  -f  31x2  +  8x  -  80  =  384  +  496  +  32  -  80  =  +  832. 
If  X  =  -  4,    6x8  +  31x2  +  8x  -  80  =  -  384  +  496  -  32  -  80  =  q. 

Hence,  x  +  4  is  a  factor. 

.-.  6  x8  4-  31x2  +  8x  -  80  =  (x  +  4)  (6 x2  +  7x  -  20). 

To  factor  6x2  4. 7aj  _  20. 

Multiply  by  6,  (6  x)2  +  7  (6  x)  -  120. 

Put  ^  for  6x,  z'^  +  lz-  120. 

Resolve  into  factors,  (z  +  16)  (2-8). 
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Put  6x  for  2,  (6aj  +  16)(6x-8). 

Divide  by  3  x  2,  (2  x  +  5)  (3  x  -  4). 

.-.  6aj2  4-  7x  -  20  =  (2x  +  5){3x  -  4). 
.-.  6x6  +  x*-lllx«  +  66a:^-f448x-480 

=  (X  -  2)  (X  -  3)  (X  -f  4)  (2x  +  5)  (3x  -  4). 

16.  Resolve  into  factors  4x6  -  22 x*  +  17x«  +  83x2  _  I52x  +  60. 

If  X  =  +  1,    4x6  -  22x*  -f  17 x»  +  83x2  -  162x  +  60 

=  4  -  22  +  17  -I-  83  -  162  -f  60  =  -  10. 

If  X  =  -  1,    4x6  -  22 X*  +  17x«  +  83x2  _  I62x  +  60 

=  _4_  22 -17 +  83  + 162+60=+  252. 

If  X  =  +  2,    4x6  -  22x*  +  17x8  +  83x2  _  1523?  +  60 

=  128  -  362  +  136  +  332  -  304  +  60  =  0. 

Hence,  x  —  2  is  a  factor. 

.-.  4x6  _  22 X*  +  17x8  _|.  83x2  _  I52x  +60 

=  (x  -  2)(4x*  -  14x«  -  11x2  +  61x  -  30). 
If  X  =  +  2, 
4x*  -  14x«  -  11x2  +  61x  -  30  =  64  -  112  -  44  +  122  -  30  =  0. 

Hence,  x  —  2  is  again  a  factor. 
.-.  4x*  -  14x8  -  11  x2  +  61x  -  30  =  (X  -  2)  (4x«  -  6x2  -  23x  +  15). 

If  X  =  +  3,    4x«  -  6x2  -  23x  +  15  =  108  -  54  -  69  +  15  =  0. 

Hence,  x  —  3  is  a  factor. 

.-.  4x8  -  6x2  -  23x  +  16  =  (X  -  3)  (4x2  +  6.x  -  5). 

4  x2  +  6  X  —  5  ciuinot  be  resolved  into  rational  factors. 
.-.  4x6  -  22x* +17x8  +  83x2 -152x  +  60  =(x-2)2(x-3)(4x2+6x-5). 


Exerciae  49.    Page  106 

Resolve  into  factors : 

1.  a86c2  -  a^2a.  _  ^^i^^  =  a^^(a  -x-b), 

2.  6ax-15&y +  9&x-10ay  =  (6ax  +  96x)-(10ay  +  15&y) 

=  3x(2a  +  36)-5y(2a  +  3  6) 
=  {3x-5y)(2a  +  36). 

8.  9a2  -  24ac  +  16c2  =  (3a  -  4c)  (3a  -  4c). 

4.  49x2  -  81y2  =  gx  +  9y)  (7x  -  9y). 
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6.   a«-26c2+962  4.6a6  =  (a2-f  6a6  +  96^-(26c«) 

=  (a  +  36)2-(6c)2 
=  (a  -f  36  -f  5c)  (a  +  36  -  5c). 

• 

6.  16a*  +  266*  +  24a26a  =  (16a*  +  40a262  +  256*)  -  (16aW^ 

=  (4a2  +  563)«-(4a6)2 

=  (4a2  +  562  +  4a6)  (4^2  4.  562  -  4a6) 

=  (4aa -f  4a6  +  562)  (4a2  -  4a6  4- 562). 

7.  a;2  +  2{cy  -  99y2  =  (z-9y)(x  +  lly). 

8.  24a;2  +  2xy-35y2. 

Multiply  by  24,  (24 x)^  +  2y  (24 x)  -  840 y". 

Put  z  for  24x,  z^-\-2yz-  840y2. 

Resolve  into  factors,  (2  -  28  y)  (2  +  30  y). 

Put  24x  for  2,  (24x  -  28y)  (24x  -f  30 y). 

Divide  by  4  x  6,  (6x  -  7y) (4x  +  5y). 

.♦.  24x2  4-2xy-35y2  =  (6x-7y)(4x4-5y). 

9.  x«  +  8y«  =  (x2  4-  2y) (X*  -  2x2y  +  4y2). 

10.  x8  +  8x«  +  20x  +  16. 

If  X  =  +  1,        x8  +  8x2  4-  20x  +  16  =  1  +  8  +  20  -I- 16  =  46. 
If  X  =  -  1,        x8  -f  8x2  -f  20x  +  16  =  -  1  +  8  -  20  +  16  =  3. 
If  X  =  +  2,        x«  +  8x2  +  20x  +  16  =  8  +  32  4-  40  +  16  =  96. 
If  X  =  -  2,        x8  4-  8x2  4-  20x  4- 16  =  -  8  4-  32  -  40  4- 16  =  0. 
Hence,  x  4-  2  is  a  factor. 
.-.  x8  4-  8x2  4-  20x  -f  10  =  (x  +  2)  (x2  4-  6x  +  8)  =  (x  4-  2)  (X  4-  2)  (x  4-  4) 

11.  15x2-76xy4-77y2 

Multiply  by  15,  (15  x)2  -  76  y  (15  x)  4- 1155  y2. 

Put  2  for  15 X,  z^-7Qyz-\-ll6b  y\ 

Resolve  into  factors,  (2  —  21  y)  (2  —  56  y). 

Put  15  X  for  2,  (15  X  -  21  y)  (15  x  -  55  y). 

Divide  by  3  x  5,  (6x  -  7y)(3x  -  11  y). 

.-.  15x2  -  76xy  4-  77 y2  =  (5x  -  7y)  (3x  -  lly). 

12.  a*y2  4-  a«xy2  4-  a2y*  =  a2y2  (a2  4-  ax  +  y2). 

13.  4x2  4.  28xy  4-  49y2  =  (2x  4-  7y)  (2x  4-  7y). 

14.  36x*  +  49y*  -  100x2y2  =  (36x*  -  84x2y2  4-  49y*)  -  (16x2y2) 

=  (6x2-7y2)2-(4xy)2 

=  (6x2-7y2  4-4xy)(6x2-7y2-.4xy) 
=  (6x2  4-  4xy  -7y2)  (6x2  -  4xy  -7y2). 
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16.   4x2  +  25y3 -  162J«-  20xy  =  (4x2  -  20xy  -f  26 y*)  -  (16x2) 

=  (2x-6y)2-(42)a 
=  (2x-6y  +  42)(2x-6y-4«). 

16.  36a« -12162  =  (6a +  116)(6a- 116). 

17.  x2  -  20x  +  51  =  (X  -  3)  (X  -  17). 

18.  6x2-13xy-63y2. 

Multiply  by  6,  (6  x)2  - 13  y  (6  x)  -  378  y2. 

Put  z  for  6x,  «2  ^\Zyz-  378y2. 

Resolve  into  factors,  (z  +  14  y)  (z  —  27  y). 

Put  6x  for  2,  (6x  -f  14 y)  (6x  -  27 y). 

Divide  by  2  x  3,  (3x  +  7y)  (2x  -  9y). 

.-.  6x2-13xy-63y2  =  (3x-f  7y)(2x-9y). 

19.  289a*  +  161a262  +  646*  =  (289a*  +  272a262  +64M)-(121a262) 

=  (17a2  +  862)2_(iia6)2 

=  (17a2+862-|-iia6)(17a2+862_iia6) 
=  (17a24-lla6  +  862)(i7a2-lla6+862). 

20.  x2  +  19xy  +  70y2  =  (x  +  6y)  (x  +  14  y). 

21.  25a2-40a6c  +  1662c2  =  (5a-46c)(5a-46c). 

22.  64xV  -  49y*z*  =  y*(64x*  -  492*) 

=  y* (8x2 -f  722)  (8x2  -  72:2). 

28.     81a*  +  646*  -  226a262  =  (81a*  -  144a262  -^  64  6*)  -  (81a2&2) 

=  (9a2-862)2-(9a6)2 
=  (9a2  -  862  +  9a6)  (9a2  _  862  -  Qab) 
=  (9a2  +  9a6  -  8  62)  (9a2  _  9a6  -  862). 

24.  729x8  -  1000y«  =  (9x  -  lOy)  (81x2  +  90xy  -f  100y2). 

25.  25 m2  -f  16n2  -  64c2-  40mn  =  (26 m2  _  40 mn  +  16n2)  -  (64 c2) 

=  (6m-4n)2-(8c)2 

=  (6  m  —  4  n  +  8  c)  (6  m  —  4  n  —  8  c). 

26.  144m*  +  68m2n*  +  49n8 

=  (144  m*  +  168  m2|i*  +  49  n«)  -  (100  mM*) 
=  (12  m2  -f  7  n*)2  -  (10  mn2)2 
=  (12 m2  +  7n*  +  10mn2)  (12 m2  +  7n*  -  lOmn*) 
=  (12  w2  +  10mn2  +  7n*)  (12 m2  -  10mn2  +  7n*). 

87.  a*  -  6a»  -  84a2  =  a2(a2  _  6a  -  84) 

=  a2(a  +  7)(a-12). 
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28.  4x24-1006- 56x- Sox  =  (4aj«-5te)-(8<M;-10a6) 

=  x(4x  -  56)  -  2a(4x  -  66) 
=  (x-2a)(4x-56). 

29.  32a«  +  4a6-1662. 

Multiply  by  32,  (32  a)2  +  4  6  (32  a)  -  480  6^. 

Put  2  for  32a,  ««  +  4 6«  -  480 62. 

Resolve  into  factors,  (2  -f  24  6)  (2  —  20  6). 

Put  32 a  for  z,  (32  a  +  24 6)  (32 a  -  206). 

Divide  by  8  x  4,  (4a  +  36) (8a  -  56). 

.-.  32a2-|-4a6~1562  =  (4a  +  36)(8a-56). 

30.  144 ?n%2  _  121  p2  _  (12 mn  +  lip)  (12 mn  -  lip). 

31.  c8  +  23c2  +  102c  =  c(c2  +  23c  +  102) 

=  c(c  +  6)  (c  + 17). 

32.  36m2-31wn-66n2 

Multiply  by  36,  (36  m)2  -  31  w  (36  w)  -  2016  n^. 

Put  2  for  36  w,  22  _sinz-  2016  n^. 

Resolve  into  factors,  {z  +  32  n)  («  -  63  n). 

Put  3j8  m  for  2,  (36  m  +  32  n)  (36  m  -  63  n). 

Divide  by  4  x  9,  (9m  -|-  8n)  (4m  -  In), 

.-.  36m2  -  31mn  -  66n2  =  (9  m  +  8n)  (4m  -  7  n).  *^ 

33.  62x6  -  6^8  4-  2 62x2  =  62x2(x3  -  X  +  2). 

34.  121  c*  + 144  d*  -f  183  c2tf2  =  (121  c*  +  264  c^2  4. 144  ^4)  _  (gi  c?(i2) 

=  (llc2  4-12d2)2_(9cd)2 

=  (llc2  4-12d2  4-9cd)(llc24-12d2-9c(f) 
=  (llc2  4-9cd4-12d2)(iic2_9cd+12d2). 

85.  49x*-48y2-9y2-6422=49x*- (9^24.  48^2  4.  6422) 

=  (7x2)2 -(3y  4- 82)2 

=  (7x2  4- 3y  +  82)  (7x2  -  3y  -  82). 

86.  81a*  -  266  6*  =  (9a2  4- 1662)  (9a2  -  1662) 

=  (9a2  4- 16  62)  (3a  +  46)  (3 a  -  46). 

87.  m2-16mn  +  60n2  =  (m--6n)(m~10?i). 

88.  2y24.3dy_i4c2^_2icd  =  (2y2  4.3dy)_(i4cy4-21cd) 

=  y(2y +  3d)-7c(2y  +  3d) 
=  {y-'Ic){2y  +  Sd). 
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89. 
40. 


27 a»  -  1331  y»  =  {3a  -  11  y)  (9a^  +  33 ay  +  121  y% 

49aj*  -  263x2y2.+  I69y*  =  (49x*  -  182  xV  +  i69y*)  -  (81  xV) 

7x2-13y2)2_(9a.y)2 

7x2-13^2  + 9xy)  (7x2-13^2-9x7) 
7x2-f  9xy -13 y2)  (7x2-9x^-132/-^). 


41. 
48. 
48. 


y2_9y2-112  22 

36x2-84xyz4-49y2z2 

49a*  +  3a2&2^.46* 


44. 

9a*»-2562n 

45. 

343x8  + 126  y8 

46. 

y6+5y4  _36y8 

47. 

x*y2  ^  ofiyi  _  x^y^ 

48. 

81  a«62  4- 90  a6c  +  25  c2 

49. 

646* -17662^2^  49  y4 

50. 

c2  +  cd-110d2 

51. 

500  a«-f  86468 

58. 

d8  +  21d6  +  90d* 

53. 

22c2  +  37cd-45d2. 

Multiply  by  22, 

Put  z  for  22  c, 

Resolve  into  factors, 

Put  22  c  for  «, 

Divide  by  2  x  11, 

.-.  22c2  +  37cd- 

y +72)(y-10z). 

6x  —  7yz)(6x  -  7yz). 

49a*  +  28 a262  +  46*)  -  (25a262) 
7a2  + 262)2 -(5a6)2 
7a2  +  262 -H  5a6)  (7a2 -H  262  -  5aM 
7a2  +  6a6  +  2  6^  (7a2  -  6a6  +  2  62). 

Sa^^-]-  5  6«)(3a2"-56'»). 
7x  +  6y)  (49x2  _  35 ^y  +  25 y2). 
=  2/8(^24.  5y_  30) 

=  y^  (y  -H  9)  (y  -  4). 

=  xhf'^(x  +  y  -z). 

=  (9a6+  5c)(9a6  +  5c). 

=  (64  6*  -  112  62y2  +  49  y4)  _  (64  62^2) 

=  (862-7y2)2_(86y)2 

=  (862  -  7y2  +  86y)  (862  -  7y2  -867) 
=  (862  +  86y-7y2)(862_86y-7y2) 

=  (c  +  lld)(c-10d). 

=  4(126a8-f  21668) 

=  4(5a  +  66)  (25a2  -  30a6  +  3662). 

=  d*(d2  +  21d  +  90) 
=  cf*  (d  +  6)  (d  +  15). 

(22  c)2  +  37  d  (22  c)  -  990  (P. 
z2  +  37dz-990d2 

(z-18d)(z  +  55d). 
(22c-18(J)(22c  +  55d). 
(llc-9d)(2c  4-5d). 
45d2  =  (llc-9d)(2c  +  5d). 
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64.  x«  - 17 xy  +  60y«  =  (x  -  6y)  {x  -  12y). 

56.   c«+6a6dx-2aca:-36cd  =  (c^  -  2acx)  -  (Slxfd  -Qabdx) 

=  c{c  -2ax)-36d(c-2ax) 
=  {c-3W)(c-2ax). 

86.  36aH426c-962_49c2  =  36a2 -(962- 426c +  49c8) 

=  (6a)a- (36 -7c)2 

=  (6a +  36 -7c)  (6a -36  + 7c). 

87.  25x*  -  81y«  =  (6x2  +  Qy)  (5a;2  _  gy). 

88.  6463c2+1446cx2  +  81x*  =  (86c  +  9x2)(86c  +  9x2). 

59.  256  X*  -  706  x22;2 + 226  z*  =  (266  x*  -  480  x2z2  +  226  2*)  -  (225  x'h^ 

=  (16x2- 1522)2  _  (15  aj2;)2 

=  (16X2-1522+15X2)(16X2-1522_16X2) 
=  (16x2H-15X2-1522)(16x2-15X2-1622). 

60.  x2  -  7xy  -  44y2  =  (jc  4.  4  y)  (aj  -  H y). 

61.  1728a8  -  126x8  =  (12a  -  6x) (144a2  +  60ax  +  25x2). 

68.  36  a*6*  -  121 6*c*  =  6*  (36  a*  -  121  c*) 

=  6*(6a2  +  11  c2)  (6a2  -  llc2). 

68.  a2  4-  13a6  +  3062  =  (a  +  36)  (a  +  loft). 

64.      4m*  +  8m2n2  -f  121  n*  =  (4  w*  +  44m2|i2  +  121  n*)  -  (36m2n2) 

=  (2  m2  +  11  n2)2  -  (6  mn)2 
=  (2m2+lln2+6wn)  (2?n2+lln2-6mw) 
=  (2m2+6mn-f  Iln2)(2m2-6mn+lln2) 

66.   14x2H-61xy  +  42y2. 

Multiply  by'l4,  (14  x)2  +  61  y  (14  x)  +  588  y2 

Put  z  for  14x,  22  4.  61y2  +  588y2 

Resolve  into  factors,  (2  +  12  y)  (2  +  49  y). 

Put  14  X  for  2,  (14  X  +  12  y)  (14  x  +  49  y). 

Divide  by  2  x  7,  (7x  +  6y)  (2x  +  7y). 

.-.  14x2  4-  61  xy  +  42y2  =  (7x  +  6y)  (2x  +  7y). 
66.     144x2-264xy2+i21y*  =  (12x  -  11  y^{\2x  -  11  y2). 
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67.  20  a2  -  49  ac  + 30  c2 

Multiply  by  20,  (20  «)«  -  49  c  (20  a)  -f  600  c^. 

Put  z  for  20  a,  z^  -  49  C2  +  600  c^. 

Resolve  into  factors,  (z  -  24  c)  («  —  26  c). 

Put  20  a  for  «,  (20  a  -  24  c)  (20  a  -  26  c). 

Divide  by  4  x  6,  (5a  -  6c)(4a  -  6c). 

.-.  20a2-49ac  +  30c2  =  (6a -6c)  (4a -5c). 

68.  a^  -  3a*62  +  3a«68  =  a^h(a^  -  3a6  +  362). 

69.  25  a*  -  211  aV  +  81  y*  =  (26  a*  -  90  a V  -|.  81  y*)  -  (121  a22/2) 

=  (6  a2  -  9  2/2)2  „  (11  ay)2 

=  (6a2-93/2  4.iiay)(5a2_9y2_iiay) 
=  (6a2-MIay-92/2)(5a2_iiay_9y2), 

70.  144a262_26cad2  =  (12a6  +  6cd)(12a6-5cd). 

71.  x»  -  612  y*  =  (x8)8  _  (8  y3)8 

=  (x»  -  8y8)  (x«  +  8aj8y»  +  64 y«) 

=  (jc  -  2y)  (x2  +  2xy  +  4y2)  (x^  4.  8x8y8  +  64 y«). 

72.  2  Jiix  +  4  nx  —  10  an  —  6  am  =  (2  mx  —  6  am)  +  (4  nx  —  10  an) 

=  w(2x  —  6a)  +  2n(2x  —  5a) 
=  (»H-2n)(2x-6a). 

78.  x2  -  6xy  -  36  y2  =  (x  +  4  y)  (x  -  9y). 

74.  49x2  _  I69y222  =  (73.  ^  13^2)  g^  -  ISyz), 

75.  99x2-17xy-12y2 

Multiply  by  99,  (99  x)2  -  17  y  (99  x)  -  1188  y^. 

Put  z  for  99x,  ^2  _  172,2  _  ii88y2 

Resolve  into  factors,  (z  +  27  y)  (z  —  44  y). 

Put  99x  for  Zy  (99x  +  27 y)  (99x  -  44 y). 

Divide  by  9  x  11,  (llx  +  3y)  (9x  -  4y). 

.-.  99x2  -  17 xy  -  12y2  =  (llx  +  3y)  (9x  -  4y). 

76.  81x^-121a2+176a6-6462  =  81x2 -(121a2-176a6  + 6462) 

=  (9a;)2-(iia-86)2 

=  (9x  +  11  a  -  8 6)  (9x  -  11  a  +  8  6). 

77.  64x«  +  126y»  =  (4x2+  6y«)  (lex*  -  20x2y»  +  25y«). 

78.  81x2|^-  180xy22+  100y222  =  y2(81x2  _  180  xz  +  100^2) 

=  y2(9x  -  IO2)  (9x  -  10 2). 
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79.  aj2  -  12xy  +  Sby^  =  (x- 5y){z  -  7y). 


80. 


81 


225  a^b  -  256  a63  =  ah  (225  a^  -  256  62) 

=  a6(15a  +  166)  (16a  -  166), 


64 X*  -  73x2y2  +  Oy*  =  (64x*  -  48x2y2  +  0y4)  -  (25x2^2) 

=  (8x2-3y2)2_(5a.y)2 
=  (8x2-3y2+5a;y)(8x2-3y2_5a.y) 
=  (8  x2+  5  xy  -3  y2)  (8  a^_  5  g.^  _3  ^2) 
To  factor  8x2  +  5xy  -By^. 

Multiply  by  8,  (8  x)2  +  5  y  (8  x)  -  24  y2. 

Put  z  for  8  X,  22  _^  5  y2  —  24  y^. 

Resolve  into  factors,  (2  +  8  2/)  (2  —  3  y). 

Put  8x  for  z,  (8x  +  8y)(8x  -  Sy). 

Divide  by  8,  (a?  +  y)  (8  x  -  3  y). 

.-.  8x2  4-5xy-32/2=(a.4.y)^8a._32,). 

To  factor  8  x2  -  5  xy  -  3  ?/2. 

Multiply  by  8,  (8  x)2  -  5  y  (8  x)  -^  24  y2. 

Put  z  for  8  X,  ^2  _  5  2^<j  _  24  y2^ 

Resolve  into  factors,  (2  4-  3  y)  (2  —  8  y). 

Put  8x  for  2,  (8x4-  Sy)  (8x  -  8?/). 

Divide  by  8,  (^x +  Sy){x  -  y). 

.-.  8x2-6xy-3y2=:(8x4-3y)(x-2/). 
.-.  64x4  -^  73x22/2  +  9y*  =  (X  +  y)  (X  -  y)  (8x  +  3y)  (8x  -  3y). 

82.  6x8  -  8ax  -f  20a6  -  166x2  =  (6x8  -  156x2)  _  (8ax  -  20a6) 

=  3x2(2x-  56)-4a(2x-56) 
=  (3x2-  4a>(2x-56). 

83.  24x2  -  86 xy  +  42^/2  =  2(12x2  -  43xy  +  21y2). 

To  factor  12  x2  -  43  xy  -f  21  y^. 

Multiply  by  12,  (12  x)2  -  43  y  (12  x)  +  252  y2. 

Put  2  for  12  X,  2;2  _  43  yz  ^  252  y2. 

Resolve  into  factors,  (z  —  7  y)  (2  —  36  y). 

Put  12  X  for  2,  (12  X  -  7  y)  (12  x  -  36  y). 

Divide  by  1  x  12,  (12  x  -  7  y)  (x  -  3  y). 

.-.  12x2  -  43xy  +  21  y^  =  (x  -  3y)  (12x  -  7y)... 

.-.  24x2  -  86 xy  +  42 y2  =  2(x  -  3y)  (12x  -  7y). 
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84.  100  a*  +  36  a^  +  816*  =  (100  a*  +  180  a^l^  +  81  ¥)  -  (144  a^lP) 

=  (10a2  +  962)2_(i2a6)i 

=  (10a2  +  962 +  I2a6)  (10a2  +  9&2  _i2a6) 

=  (10a2  +  12a6  +  962)(l0a2-12a6  +  962). 

85.  a2  +  8a6  -  3362  =  (a  -  36) (a  +  11  b). 

86.  6a2  +  25a6-9162. 

Multiply  by  6,  (6  af  +  25  6  (6  a)  -  546  62. 

Put  z  for  6a,  2^  -f  256z  -  54662. 

Resolve  into  factors,  {z  +  39  6)  (z  -  14  6). 

Put  6a  for  «,  (6a  +  396)  (6a  -  146). 

Divide  by  3  x  2,  (2a  +  136)(3a  -  76). 

.• .  6  a2  +  25  a6  -  91 62  =  (2  a  +  13  6)  (3  a  -  7  6) . 

87.  16  ic6y2  _  40  x^y^  +  25  x^y^  =  x^^  (16  x*  -  40  x^y^  +  25  y*) 

=  x2y2(4x2  -  52/2)  (4x2  -  52/2). 

88.  343a8  +  (3x  +  52/)8 

=  [7a  +  (3x  +  52/)]  [49 a2  -  7a(3x  +  by)  +  (3x  +  5y)^] 

=  (7a  +  3x  +  52/)  (49a2  -  21ax  -  35a2/ +  9x2 -f  30X2/ +252/2^ 

89.  196  x*2/2  -  225  x'^y^  =  x'^^  (196  x2  -  225  2/2) 

=  x22/2  (14  X  +  15  2/)  (14  X  -  15  y), 

90.  a*622/  +  a^b^x  +  a6*«  =  a62  (a^  -f  a26x  +  62z). 

91.  Six*  -  18x22/2  +  492/*  =(81 X*  4-126x22/2  +  ^92/*) -  (144x2^^/2) 

=  (9x2-f  72/2)2-(12x2/)2 

...  , , . . . .  J , . : ....■-  ;=.(9x2  +  72/2  +  12x2/)(9x?+72/2_i2x2/) 

=  (9x2  +  12x2/+72/2)(9x2-12x2/  +  72/2). 

92.  49x24.66x2/  +  162/2_16a2  =  (49x2-f  56x2/  +  162/2)_  (i6a2) 

=  (7x  +  42/)2-(4a)2 

=  (7x  +  4y  +  4a) (7x  +  4y  -  4a). 

98.  121  ahnn  -  169  mn2/2  ^  rnn  (121  a2  -  169  2/2) 

=  mn  (11  a  +  132/)  (11  a  -  132/). 

94.  xa  4-  16X2/  +  282/2  =  (x  +  2y)  (x  +  14  2/). 

95.  49  a66  -  154  a»68  +  121  a66  =  a6  (49  a*  -  154  a262  +  121 6*) 

=  a6(7a2  -  11 62)  (7 a2  -  11 62). 
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96.  8a«  -60^  -  35a2&*  =  a^(Sa^-Qa^i^  -  36  6*). 
To  factor  8a*  -  0a^  -  36&*. 

Multiply  by  8,  (8  a^)^  -  6  fta  (8  a^)  -  280  6*. 

Put  z  for  8a2,  z^-6 b^^  -  2806*. 

Resolve  into  factors,  (z  +  14  6*)  (z  -  20  ft^). 

PutSaaforaj,  .     (8aa  + 14  6a)(8a2- 2062). 

Divide  by  2  x  4,  (4a2  +  762)  (2a2  -  552). 

.-.  8a*  -  0a^  -  366*  =  (4 a2  +  762)  (2 a2  _  562). 
.-.  8a«  -  6a*62  -  36aa6*  =  a2(4a2  +  7i^  (2a2  -  662). 

97.  20ax  +  66y  -  16ay-86a;  =  (20ax  -  16 ay)  -  (86x  -  66y) 

=  6a(4x-3y)-2  6(4x-3y) 
=  (6a-26)(4x-8y). 

98.  169  a8+9  a*62+81 6*  =  (169  aP  +  234  a*62  +  81 6*)  -  (226  a*62) 

=  (13  a* +  962)2- (16  a26)2 

=  (13a*  +  962  +  16a^)(13a*  +  962-16a' 

=  (13  a*  +15a26  +  962)  (13  a*  -16a26  +  962) 

99.  16a*c2+  88a8c8  +  121a2c*  =  a2c2(]6a2  +  88  ac  +  121c2) 

=  a2c2(4a  +  llc)(4a  +  lie). 

100.  x2  +  xy  -  30y2  =  (X  -  6y)  (X  +  6y). 

101.  lOOa'x  -  484ax8  =  4ax(26a2  ~  121x2) 

=  4  ax  (5  a  +  11  x)  (5  a  —  11  x). 

102.  a*x2-  3a8x«  +  6a2x*  =  a2x2(a2  -  3ax  +  6x2). 

103.  a2"»+2  — a2c2»  =  a2(a2»»  —  c2»») 

=  a2(a'«  -f  c«)  (a»«  —  c»). 

104.  12  X*  -  x22/2  -  36  y*. 

Multiply  by  12,  (12  x2)2  -  yS  (12  aj2)  _  420  y*. 

Put  z  for  12  x2,  «2  _  y22  _  420  y*. 

Resolve  into  factors,  (z  +  20  y2)  (z  -  21  y2). 

Put  12  x2  for  «,  (12  x2  4-  20  y2)  (12  x2  -  21  y2). 

Divide  by  4x3,  (3x2  +  6y2)  (4x2  -  7y2). 

.-.  12x*-x2y2_35y4  =  (3x2  +  5y2)(4x2-7y2). 

105.  X*  -  16x2y  +  66y2  =  (x2  -  7y)  (x2  -  8y). 

106.  729-8(4y-7«)8 

=  [9  -  2  (4  y  -  7  «)]  [81  +  18  (4  y  -  7  «)  +  4  (4  y  -  7  2)2] 

=  (9  -  8y  +  14z)  (81  +  72  y  -  126«  +  64  y2  ^  224  yz  +  196x2) 
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107.  afb-al^  =  ab  (a«  -  &*) 

=  a6  (a«  +  62)  (a8  _  62). 

108.  sfiy  -  2xV  -  ^xy^  =  xy{x^  -2xy  -  ^y^ 

=  auy  (x  +  9y)  (x  —  lly). 

109.  JC^  _  i8xy  +  46y2  =  (X  -  3y) (X  -  16y). 

110.  24x2  +  118xy  +  46y2. 

Multiply  by  24,  (24  x)2  +  118  y  (24  x)  +  1080  y^. 

Put  z  for  24  X,  2j2  ^  118  y2  +  1080  y^. 

Resolve  into  factors,  (z  +  10  y)  (z  +  108  y). 

Put  24  X  for  «,  (24  x  +  10  y)  (24  x  +  108  y). 

Divide  by  2  x  12,  (12x  +  5y)  (2x  +  0y). 

.-.  24x2  +  118xy +45y3=(12x  +  6y)(2x  +  9y). 

111.  6*c2  -  768c»  +  46%*  =  62c2(62  -  76c  +  4c2). 

112.  144 x8y  -  1089 xy8  =  9 xy  (16x2  -  121  y2) 

=  9  xy  (4  X  +  1 1  y)  (4  X  -  11  y). 

118.   26x*y2«a+  Ii0x2y2;8  +  121«*  =  «2(26x*y2  +  110x2y«  +  121  «2) 

=  «2(6aj2y  +  n«)(6x?y  +  II2). 

114.    196  X*  -  221  x2y2  +  26  y*  =  (196  x*  -  140  x2y2  +  25  y*)  -  (81  x2y2) 

=  (14x2-5y2)2_(9xy)2 
=  (14x2-5y2+9xy)(14x2-6y2-9xy) 
=  (14x2  +  9xy-6y2)(14x2-9xy-5y2). 

To  factor  14x2  +  9xy  -  6y2. 

Multiply  by  14,  (14  x)2  +  9  y  (14  x)  -  70  y2. 

Put  2J  for  14  X,  z^-\-^yz-  70  y2. 

Resolve  into  factors,  (2  —  6  y)  (2  +  14  y). 

Put  14xfor«,  (14x-  5y)(14x+  14 y). 

Divide  by  1  x  14,  (14 x  —  5y)  (x  +  y). 
.-.  14x2  +  9xy  -  5y2  =  (14x  -  6y)  (x  +  y). 

To  factor  14 x2  -  9xy  -  6 y2. 

Multiply  by  14,  (14  x)2  -  9  y  (14  x)  -  70  yK 

Put  z  for  14x,  z^  -^yz-  70y2 

Resolve  into  factors,  (z-\-hy){z  —  14 y). 

Put  14x  for  «,  (14x  +  5y)  (14x  -  14 y). 

Divide  by  1  x  14,  (14  x  +  6  y)  («  -  y). 

.-.  14x2  _  9ajy  _  5y2  =  (14x  +  5y)  (x  -  y). 
.-.  196x*  -  221x2y2  +  25 y*  =  (x  +  y)(x  -  y)(14x  +  5y)(14x  -  5y). 
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116.    10  ox  +  45  ay  -  4  te  -  18  6y  =  (10 ox  +  45  ay)  -  (4  6x  +  18  by) 

=  5a(2x  +  9y)-26(2x  +  9y) 
=  (6a-26)(2x  +  0y). 

116.  16x2  +  72a2&3x  +  81  a*&*  =  (4x  +  Oa^fea)  (4x  +  Oa^ft^). 

117.  18m*-63man2_36„4. 

Multiply  by  18,  (18  m*)*  -  63  n'  (18  m^)  -  030  n*. 

Put  z  for  18  m2,  22-63  n^z  -  630  n*. 

Resolve  into  factors,  {z  +  10  n*)  («  -  63  n*). 

Put  18  m2  for  2,  (18  m*  +  10  n2)  (18  m2  -  63  n% 

Divide  by  2  x  9,  (9  m2  +  5  n^)  (2  m*  -  7  n2). 

.-.  18m*  -  63m2n2  -  36 n*  =  (9m2  +  5n2)(2m2  -  Tn*). 

118.  (2x  +  5y)»-(3y-7«)8 

=  [(2x  +  6y)  -  (3y  -  7z)]  [(2x  +  5  y)2 

+  (2x  +  6y)  (3y  -  7z)  +  (3y  -  7«)2] 
=  (2x  +  6y  -  3y  -f  72)(4x2-f  20 xy  +  25y2  +  6xy  +  16 y2 

-  14x2  -  36 y2  +  9y2  -  42 y2  -f-  4922) 
=  (2x  +  2y  4-  72)(4x2  +  49y2  -f  4922  _|_  26 xy  -  14x2  -  77y2). 

« 

119.  626  a*  -  1300  a262  +  324  6* 

=  (625  a*  -  900  a262  +  324  &♦)  -  (400  a262) 
=  (25  a2  -  18  62)2  _  (20  a6)2 
=  (25  a2  -  1862  +  20a5)  (26 a2  -  1862  -  20 a6) 
=  (26 a2  +  20a6  -  1862)  (26 a2  -  20a6  -  1862). 

120.  36  x^  -  166  x*y2  +  169  x2y*  =  x2  (36  x*  -  166  x2y2  +  169  y*) 

=  x2  (6  x2  -  13  y2)  (6  x2  -  13  y2). 

121.  X*  +  21x2y  +  38y2  =  (x2  +  2y)  (x2  +  19y). 

122.  144x2-144ac-81a2-64c2=144x2-(81a2  +  144ac  +  64c2) 

=  (12x)2-(9a  +  8c)2 

&(12x  +  9a  +  8c)(12x-9a-8c). 

123.  21ax-28ay +  246y-3062  +  36a2 -186x 

=  (21  ax  -  186x)  -  (28 ay  -  24 6y)  +  (86 a2  -  3062) 
=  3x(7a-66)-4y(7a-66)H-62(7a-66) 
=  (7a-66)(3x-4y +  52). 
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124.  484x8-664a^y2^225y4 

=  (484x8  -  660  xV  +  225^)  -  (4x*y2) 

=  (22x*-15y2)2-  (2  2xy)2 

=  (22 X*  -  16y2  ^  2x2y)  (22 x*  -  15y2  _  2x^) 

=  (22 X*  +  2x2y  -  15 y2)  (22 x*  -  2z^  -  15 y*). 

125.  X*  +  4x8y  -  13xV  _  40xy«  +  482^. 

If  X  =  +  y,       X*  4-  4x8y  -  13xV  -40x3^  +  482^ 

=  2^  +  42/*-132^-40y*  +  482^  =0. 

Hence,  x  —  y  is  a  factor. 

.-.  X*  +  4x8y  -  13 xV  -  40xy»  +  48 2^ 

=  («  -  y)  (25*  +  5x^2^  -  8x2^2  -  482^). 

If  X  =  +  2^,       x8  +  6x22^  -  8x2/2  -  482/8 

=  2/8  +  52/8  -  82/8  -  482/8  =  -  50 y8. 
If  X  =  -  2/,       x8  +  5x22/  -  8x2/2  -  482/8 

=  _  2/3  +  5 2/8  +  82/8  -  482/8  =  -  362/8. 
If  X  =  +  22/,     x8  +  5x22/  -  8x2/2  -  482/' 

=  82/5  +  20 2/8  -  I62/8  -  482/8  =  -  362/8. 
Ifx  =  -22/,    x8  +  5x22/  -8x2/2-482/8 

=  -  82/8  _|.  2O2/8  +  I62/8  -  4«2/'  =  -  20y8. 
If  X  =H-'3y,     x8  +  5x22/  -  8x2/2  -  482/8 

=  272/'  +  452/8  -  242/8  -  48  y8  =  0. 
Hence,  x  —  3  y  is  a  factor. 

.-.  x8 H-  5x22/  -  8x2/2  -  48y8  =  (X  -  32/) (x2  +  8x2/  +  I62/2) 

=  (x-32/)(x  +  42/)(x  +  42/). 
/.  X*  +  4  X82/  -  13  x22/2  -  40  X2/8  +  48  y* 

^**  '^  =(x-2^Xx-32/)(x  + 42/)(x  +  42/). 

126.  x2  -  4n2  H-  4mn  -  Qxy  -  m^ -\-  9y^ 

=  (x2  -  6X2/  +  92/2)  -  (m2  -  4mn  +  4  n^) 

=  (x-32/)2-(m-2n)2 

=  (x  — 3y  +  m  — 2n)(x  — 3y  — m  +  2n). 

127.  (3a-46)8  +  (2x  +  32/)8 

=  [(3a-46)  +  (2x  +  32/)][(3a-4  6)2-(3a-4&)(2x  +  32/) 

+  (2x  +  32/)2] 
=  (3a-46  +  2x  +  32/)(9a2-24a6  +  1662_6ax-9ay  +  86x 

+  12  6^  +  4x2  +  12x2/  +  92/2). 
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128.  12a*6»  +  a»6«  -  36a2&*  =  a^(12a^  +  a6  -  3662). 
To  factor  12a2  +  a6  -  3662. 

Multiply  by  12,  (12  a)'  +  6  (12  a)  -  420  62. 

Put  z  for  12 a,  z^-\-bz~-  42062. 

Resolve  into  factors,  (z  —  20  6)  {z  +  21 6). 

Put  12  a  for  z,  (12  a  -  20  6)  (12  a  +  21 6). 

Divide  by  4  x  3,  (3a  -  66)  (4a +  76). 

.-.  12 a2  +  a6  -  3662  =  (3a  -  66)(4a  +  76). 
.-.  12a*62  +  a368  -  36a264  =  a262(3a  -  66)  (4a  +  76). 

129.  6  X*  +  49  x«y  +  146  x^^  +  189  xy^  +  90  y*. 

If  X  =+  y,       6x*  +  49x3y  +  146x2y2  ^  I89xy8  +  902^ 

=  6  2^  +  49  2/*  +  146  2^  +  1892/*  +  90?/*  =  +  480y*. 
Ux  =  -y,       6x*H-  49x«2/  +  146x22/2  ^  i89x2/«  +  90y^ 

=  6y^-  492/4  +  1462/4  -  lS9y^  +  902/*  =  +  42/*. 
If  X  =  +  22/,    6x*  +  49x^2/  +  U6x^  +  189x2/^  +  902/* 

=  96  2/4  +  392  2/*  +  684  2/*  +  378  2/*  +  90  2/*  =  + 1640  2/*. 
If  X  =  -  22/,     6x*  +  49x82/  +  146x22/2  +  189x2/^  H-  902/* 

=  962/*  -  392  2/*  +  684  2/*  -  3782/*  +  902/*  =  0. 
Hence,  x  +  2  2/  is  a  factor. 
.-.  6x*  +  49x82/  +  146x22/2  -f  189x2/8  +  902/* 

=  (X  +  22/)  (6x3  ^.  37a.2y  4.  72x2/2  +  462/8). 

If  X  =  -  22/,     6x8  +  37x2y  +  72x2/2  +  462/8 

=  -  482/8  ^.  1482/8  _  144 y8  ^  462/8  =+  2/8. 

Ifx=+32/,     6x8 +  37x22/ +72x2/2  4.45^8 

=  162  2/8  ^.  333 y8  +  2I62/8  +  462/8  =  +  7662/8. 

Ifx  =  -32/,.   6x8 +  37x22/ +  72x2/2 +  462/8 

=  -162  2/8  +  3332/8  -  216  2/8  +  462/8  =  0. 

Hence,  x  +  3  y  is  a  factor. 

.-.  6x8  +  37x2y  +  72x2/2  +  462/8  =  (x  +  32/)  (6x2  +  iQxy  4. 15^2). 

To  factor  6x2  +  19x2/  + 15  y^- 
Multiply  by  6,  (6  x)2  +  19  2/  (6  x)  +  90  2/2. 

Put  z  for  6x,  z2  +  192/2  +  902/2. 

Resolve  into  factors,  (2  +  9  2/)  (2  +  10  y). 

Put  6x  for  z,  (6x  +  9y)  (6x  +  lOy). 

Divide  by  3  x  2,  (2x  +  32/)  (3x  +  62/). 

.-.  6x2  4.  19x2/  +  162/2  =  (2x  +  32/)  (3x  +  6y). 
.-.  6x*  +  49x82/  +  146x22/2  +  189x2^  +  902/* 

=  (X  +  22/)  (X  +  32/)  (2x  +  32/)  (3x  +  62/). 
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180.  0  o^x*  -  36  a262xy2  _  21  a^z^P'  +  15  a^Wx* 

=  a2x(9a2aj2  -  3562^2  _  21  a2y2  +  xf^i^^) 
=  aH  [(9  a2x2  -  21  a2y2)  +  (15  62x2  -  36  If^)] 
=  a2x[3a2 (3x2  -  7y2)  +  662(3x2  -  7ya)] 
=  a2x(8a2  +  562)  (3x2  _  7^2). 

181.  9x2 -9a2  +  64y2_  6462 +  48xy  +  48a6 

=  (9x2  +  48 xy  +  64 y2)  _  (9^2  _  4306  +  6462) 

=  (3x  +  8y)2-(3a-86)2 

=  (3x  +  8y  +  3a-86)(3x  +  8y-3a  +  86). 

132.   16a«--89a6  +  152a* -44a8-48a2 

=  a2(15a*  -  89a8  +  162 a2  -  44a  -  48). 

If  a  =  4- 1,  16a*  -  89a8  +  162 a2  _  44a  -  48 

=  15  „  89  +  152  -  44  -  48  =-  14. 

H a  =  -  1,     16a*  -  89a8  +  162a2  -  44 a  -  48 

=  15  +  89  +  162  +  44  -  48  =  +  262. 

If  a  =  4-  2,     15a*  -  89a8  +  152  a2  _  44a  -  48 

=  240  -  712  +  608  -  88  -  48  =  0. 

Hence,  a  —  2  is  a  factor. 

.-.  16a*-89a8  +  162a2-44a-48=(a-2)(16a8-69a2  +  34a-|-24). 

If  a  =  +  2,     15 a8-69a2  +  34a  + 24  =  120- 236  +  68  +  24= -24. 
Ifa  =  -2,     16a8-69a2  +  34a  +  24= -120-236-68+24= -400. 
Ifa  =  +3,     16a8-69a2  +  34a  +  24  =  406-631  +  102  +  24  =  0. 

Hence,  a  —  3  is  a  factor. 

.-.  15a8  -  59a2  +  34 a  +  24  =  (a  -  3)  (16a2  -  14a  -  8). 

To  factor  16a2  -  14a  -  8. 

Multiply  by  15,  (16  a)2  -  14  (15  a)  -  120. 

Put  z  for  15  a,  z2  _  14  ^  _  120. 

Resolve  into  factors,  (z  —  20)  (2  +  6). 

Put  15  a  for  2,  (15  a  -  20)  (15  a  +  6). 

Divide  by  5  x  3,  (3a  -  4)(5a  +  2). 

.-.  15 a2  _  14a  -  8  =  (3a  -  4)(5a  +  2). 
.•.16a?-89a6  +  152a*-44a8-48a2  =  a2(a-2)(a-3)(3a-4)(5a+2). 
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188.    16a2-34a6  +  1562. 

Multiply  by  16,  (16  a)2  -  34  6  (16  a)  +  240  b^. 

Put  z  for  16a,  s^  -  Mhz  +  2406". 

ReBolve  into  factors,  {z  —  10  6)  {z  —  24  6). 

Put  16  a  for  z,  (16  a  -  10  h)  (16  a  -  24  &). 

Divide  by  2  x  8,  (8a  -  66) (2a  -  36). 

.-.  16a2-34a6-F  1562  =  (8a  -  66)(2o  -  36). 

184.   (5a-66)»-(3x-2y)8 

=  [(5a-  66)-(3x-2y)][(6a-66)2  +  (5a-66)(3x-2^) 

-f-(3x-2y)2] 

=  (5a  -  66  -  3x  +  2y)(25aa  -  60a6  +  3662  +  ISooj  -  10  a?/ 
-  186x  +  126y  +  9x2  -  12xy  +  4y2). 

136.    16x*- 8162- 25a* +  56x2y-90a26  +  49y2 

=  (16x*  +  56x2y  +  49y2)  _  (25a*  +  90a26  +  8162) 

=  (4x2  H-7y)2-(5a2  + 96)2 

=  (4x2  4-  7y  +  5a2  +  96)  (4x2  +  7y  -  5a2  -  96). 

136.   x*-10x»  +  18x2-f  x-10. 
If  X  =  +1,    X*  -  10x8  +  18x2  H-  X  -  10  =  1  -  10  +  18  +  1  -  10  =  0. 
Hence,  x  —  1  is  a  factor. 
.-.  X*  -  10x3  +  18x2  +  X  -  10  =  (X  - 1)  (x«  _  9x2  +  9x  +  10). 

Ifx  =  +  1,    x8-9x2  +  9x +  10  =  1  -  9  +  9  +  10  =  +11. 
If  X  =  -  1,    x8  -  9x2  +  9x  +  10  =  -  1  -  9  -  9  +  10  =  -  9. 
If  X  =  +  2,     x8  -  9x2  +  9x  +  10  =  8  -  36  +  18  +  10  =  0. 

Hence,  x  —  2  is  a  factor. 

.-.  x8  -  9x2  +  9x  +  10  =  (X  -  2)  (x2  -  7x  -  5). 

If  X  =  +  5,        x2  -  7x  -  5  =  25  -  35  -  5  =  -  15. 
If  X  =  -  5,        x2  -  7x  -  5  =  25  +  35  -  5  =  +  55. 

Hence,  x2  —  7  x  —  5  has  no  i*ational  integral  factors. 

.-.  X*  -  10x8  +  18x2  +  X  -  10  =  (X  -  1)  (X  -  2)  (a;2  -  7x  -  5). 

187.   6a2-9ay-156y-206x-12ax  +  10a6 

=  (6a2  +  10a6)  -  (12ax  +  20 6x)  -  (9 ay  +  15 6y) 
=  2a(3a  +  56)-4x(3a  +  56)-3y(3a  +  56) 
=  (3  a  +  5  6)  (2  a  -  4  X  -  3  y) . 
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138.  x6  -  6x*  -  3x8  + 88x2  _204«+ 144. 

If  X  =  +  1,    x6  -  6x*  -  3x8  +  88x2  _  204x  +  144 

=  1  -  6  -  3  +  88  -  204  +  144  =+  20. 

If  X  =  -  1,    xP  -  6x*  -  3x8  +  88x2  -  204x  +  144 

=  _l_6  +  3  +  88  +  204  +  144=+  432. 

Ifx  =  H-2,    x6  -  6x*  -  3x8 +  88x2- 204xH- 144 

-  32  -  96  -  24  +  352  -  408  +  144  =  0. 

Hence,  x  —  2  is  a  factor, 

.-.  x5  -  6x*  -  3x8  +  88x2  -  204x  +  144 

=  (X  -  2)(x*  -  4x8  _  iiajs  4.  66x  -  72). 

Ifx  =  +  2,    x*-4x8-llx2  +  66x-72 

=  16  -  32  -  44  +  132  -  72  =  0. 

Hence,  x  —  2  is  again  a  factor. 

/.  X*  -  4x8  -  11x2  +  6Qz  -  72  =  (x  -  2)  (x8  -  2x2  -  16x  +  35), 

H  X  =  +  2,    x8  -  2  x2  -  1 5  X  +  36  =  8  -  8  -  30  +  36  =  +  6. 
n  X  =  -  2,     x"^  -  2x2  -  15x  +  36  =  -  8  -  8  +  30  +  36  =  +  60. 
If  X  =  +  3,     x8  -  2x2  -  15x  +  36  =  27  -  18  -  45  +  36  =  0. 

Hence,  x  —  3  is  a  factor. 

.-.  x8  -  2x2  -ISx  +  36  =  (x  -  3)  (x2  +  X  -  12) 

=  (X  -  3)  (X  -  3)  (X  +  4). 
.-.  x6  -  6x*  -  3x8  +  88x2  -  204x  +  144 

=  (x-2)(x-2)(x-3)(x-3)(x  +  4).  . 

139.  25a2  -  36x2  +  121 62  -  49^/2  -  llOoft  -  84 xy 

=  (26 a2  -  110a6  +  121 62)  _  (36x2  4.  84xy  +  49^2) 

=  (6a- 116)2 -(6x  +  7y)2 

=  (6a-116  +  6x  +  7y)(5a-116-6x-  7y). 

Ezercise  50.    Page  110 

1.  Find  the  H.C.F.  of  27x8  and  46 x*. 

27  x8  =  38  X  x8. 
45x4  =  32  X  5  X  X*. 
.-.  the  H.C.F.  =  32  X  x8  =  9x«. 

2.  Find  the  H.C.F.  of  60a268  and  75a362. 

60a268  =  2  X  62  X  a268. 
76a862  =  3  X  52x  a862. 
.-.  the  H.C.F.  =  52  X  a262  =  25a262. 
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8 .   Find  the  U.  C.  F.  of  24  a^  and  36  ax^. 

24o»x*  =  2»  X  3  X  a«aj*. 
36ax«  =  22  X  3^  X  oxs. 
.-.  the  H.C.F.  =  2*  X  3  X  0x8  =  12 aaj«.. 

4.   Find  the  H.C.F.  of  108  a^  and  84  cu^. 

108  a2c*  =  22  x3«x  a^e^, 
84ac8  =  22x3x7xac». 
.-.  the  H.C.F.  =  22  X  3  X  ac8  =  12 ac«. 

6.   Find  the  H.C.F.  of  99x*2^  and  66a5V. 

99x*2/*  =  32x  11  X  x*y*. 
66a^2  =  2  X  3  X  11  x  xV- 
.-.  the  H.C.F.  =  3  X  11  X  x8y2  =  33 xV. 

6.  Find  the  H.C.F.  of  144x6  and  108  x^. 

144xs  =  24  X  32  xxs. 

108x^  =  22  X  38  xx7. 

.-.  the  H.C.F.  =  22  X  32  X  x6  =  36xS. 

7.  Find  the  H.C.F.  of  x2  -  y^  and  x  +  y. 

x^-  y^  =  (x-\-  y)  (X  -  y). 
X  +  y  =  X  H-  y. 
.-.  theH.C.F.  =x  +  y. 

8.  Find  the  H.C.F,  of  6  (x  +  yY  and  9  (x  +  y)». 

6(x  +  y)2  =  2  X  3  x(x  +  y)2. 
9(x  +  2/)'  =  32x  (x  +  y)«. 
.-.  theH.C.F.  =  3  (X  4- y)*. 

9.  Find  the  H.C.F.  of  a  +  6  and  a^  +  h\ 

a  -f  6  =  a  -H  6. 

a8  +  &8  =  (a  +  6)  {a2  -  06  +  6^. 
.-.  the  H.C.F.  =  a  +  &. 

10.  Find  the  H.C.F.  of  a^  -  8x8  and  a  -  2x. 

a8  -  8x8  =  (a  -  2x) (a2  4-  2ax  +  4x2). 
a--2x  =  a  —  2x. 
.-.the  H.C.F.  =  a-2x. 

11.  Find  the  H.C.F.  of  x2  -  9  and  x2  -  4  x  +  3. 

x2  -  9  =  (X  +  3)  (X  -  3). 
x2  -  4x  +  3  =  (X  -  1) (x  -  3). 
.-.  the  H.C.F.  =x-3. 
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12.  Find  the  H.C.F.  of  a«  - 16  and  a^  -  2  o  -  8. 

a? -16  =  (a +  4)  (a -4).  • 
aa  _  2  a  -  8  =  (a  +  2)  (a  -  4). 
.'.  the  H.C.F.  =  o  -  4. 

18.  Find  the  H.C.F.  of  x^  -  7«  +  12  and  a;*  -  6x  +  6. 

x«  -  7x  +  12  =  (X  -  3)  (x  -  4).  7^ 

x2  -  6x  +  6  =  (X  -  2)  (X  -  8). 
.-.  theH.C.F.  =x-3. 

14.  Find  the  H.C.F.  of  a*  +  a  -  6  and  a^  +  8a  + 16. 

a2  H-  a  -  6  =  (a  +  3)  (a  -  2). 
a?  +  8a  +  16  =  (flt  +  3)  (a  +  6). 
.-.  the  H.C.F.  =  a  +  3. 

15.  Find  the  H.C.F.  of  a^  ■}- db  -  1262  and  a^  +  6a6  +  86». 

a2  -f  a6  -  12  62  =  (a  4-  46)  (a  -  sby 
a2  +  6a6  +  862  =  (a  ^2h){a  +  4^. 
.-.  theHC.F.  =o  +  46.  ( 

16.  Find  the  H.C.F.  of  x«  +  ax2  -  6  a2x  and  x*  +  5  ax«  +  6 a2x2. 

x»  H-  0x2  -  6a2x  =  x(x2  H-  ox  -  6a2)  =  x(x  +  3  a)  (X  -  2  a). 
x«  +  6ax«  +  6a2x2  =  x2(x2  +  6  ax  +  6a2)  =  x2(x  +  2a)(x  +  3  a). 
.-.  the  H.C.F.  =  X  (x  +  3  a). 

17.  Find  the  H.C.F.  of  8x2  -2xy-Sy^  and  12x2  _  xy  -  6y2. 

8x2  _  2xy  -  3y2  =  (2x  +  y)  (4x  -  3y).      1 
12x2  -xy-  6y^  =  (3x  +  2y)(4x  -  Sy). 
.-.the  H.C.F.  =  4x-3y. 

18.  Find  the  H.C.F.  of  6a2  -  a6  -  262  and  4a2  -  4a6  -  362. 

6a2  -  a6  -  262  =  (2a  +  6)  (3a  -  26). 
4a?-4a6--362  =  (2a4-6)(2a-36).     '^ 
.-.the  H.C.F.  =2a  +  6. 

19.  Find  the  H.C.F.  of  12a2  -  23ax  +  10x2  and  8a2  -  22ax  +  15x2. 

12a2  -  23ax  -f  10x2  =  (3a  -  2x)  (4a  -  6x).    / 
8a2  -  22 ax  +  15x2  =  (2a  -  3x)  (4a  -  5x). 
.'.  the  H.C.F.  =  4  a  —  5  X. 

20.  Find  the  H.C.F.  of  12x2  -  34x  +  14  and  42a  -  4ax  -  6ax2. 

12x2  -  34x  +  14  =  2 (6x2  -  I7x  +  7)  =  2 (2x  -  l)(3x  -  7). 
42a  -  4  ox  -  6 ax2  =  2  a (21  -  2x  -  3x2)=  2 a(7- 3x)(3  +  x). 
.-.  theH.C.F.  =  2(3  X- 7). 
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21.  Find  the  H.C.F.  of  x*  -  a*;  x^^.  a*;  x^  -  a«. 

X*  -  a*  =  (X  +  a)  (X  -  a)  (x*  +  a«). 
x«  +  a'  =  (x  +  a)  (x*  —  ox  +  o*). 
x«  -  a'*  =  (x  H-  a)  (x  -  a). 
.-.  the  H.C.F.  =  X  +  o. 

88.   Find  the  H.C.F.  of  x*  +  a»x  -  ax»  -  a*  and  x«  -  o^. 

X*  +  a*x  —  ax«  —  o*  =  (x  —  a)  (x^  +  a') 

=  (x  -  a)  (X  +  a)  (x2  -  ox  +  a*). 
x«  —  a«  =  (x  —  a)  (x2  +  ox  +  a^). 
.-.  the  H.C.F.  =  X  —  a. 

83.   Find  the  H.C.F.  of  2x*  -  llxV  4. 12 y*  and  Safi  -  48xV. 

2x*  -  11  X«y2  +  12  2^  =  (x2  -  4y2)  (2x2  -  3y2) 

=  (X  +  2y)  (X  -  2y)  (2x2  -  3^2). 
Safi-  48x2y*  =  3x2(x*  -  16y*) 

=  3x2(x  +  2y)  (X  -  2y)  (x2  +  4y2). 
.-.  the  H.C.F.  =  (x  +  2  y)  (x  -  2  y). 

24.   Find  the  H.C.F.  of  36x^  -  ISx^  -  27 x*  +  9x« 
and  27  x2y2  _  18  x*y2  _  9  x8y2. 

36 x«  -  18x6  -  27 X*  +  9x«  =  9x8(4x«  -  2x2  _  3x  +  1) 

=  9x8(x-l)(4x2  +  2x-l). 
27x2y2  _  I8x4y2  -  9x8y^  =  9x2y2(3  _  2x2  -  x) 

=  9x2y2(i_x)(3  +  2x). 
.-.  the  H.C.F.  =  9 x2  (X  -  1). 

85.  Find  the  H.C.F.  ofx^  +  y^;  x*  -  y* ;  x«  +  2^. 

z5  4.  y6  =  (x  +  y)(x*  - x«y  +  «V -  Jcy"  +  2^). 
X*  -  2/*  =  (X  +  y)  (X  -  y)  (x2  +  y2). 

x8  +  y»  =  (X  +  y)(x2  -  xy  +  y*). 

.-.  the  H.C.F.  =zx-^y. 

86.  Find  the  H.C.F.  of  x2-2a2-ax;  x2-6a2  +  ax;  x«-8o2-f  2ax. 

x2  -  2a2  -  ox  =  (X  +  a)(x  -  2a). 
x2  -  6a2  +  ax  =  (X  -  2a)  (x  +  3a). 
x2  -  8  a2  +  2  ax  =  (x  -  2  a)  (X  +  4  a), 
.-.the  H.C.F.  =:x-2a. 
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27.  Find  the  H.C.F.  of  SOa^b^  -  2ba^¥  +  6a*6a 

and  9a68  -  9a262  +  2a8&. 

30a2&*  -  26a»6»  +  5a*62  =  5a262(66a  _  6a6  +  a^ 

=  5a262(26_a)(36-a). 
9a6«  -  Oaafta  +  2a96  =  05(962  -  9a6  +  2a2) 

=  a6(3  6-a)(36-2a). 
.-.  the  H.C.F.  =  ab{Sb  -  a), 

28.  Find  the  H.C.F.  of  OJ*  +  Sx^  +  3«y2  ^  yn  and  x^-\-2xy  +  ^. 

x«  +  3»2y  +  3a;y2  4.  y3  =  (a-  +  y)*. 
x2  4-2a;y +  y2  =  (x4-y)2. 

.-.  theRC.F.  =(x  +  y)2. 

29.  Find  the  H.C.F.  of  Qs^y  -  13x3y2  +  53.2^3 

and  8  x»y2  -  14  x^^  +  3  aj2/*. 

6x*y  -  13 xV  +  6x2y8  =  x2y  (6x2  -  13xy  +  6y2) 

=  x2y(3x-2y)(2x-3y). 
8x8y2  __  I4aj2y8  4.  3a.y4  =  xy2(8x2  -  14x2/  +  3y2) 

=  xy2(4x-2/)(2x-32/). 
.-.  the  H.C.F.  =  xy(2x  -  3y). 


Ezercise  51.  Page  112 

1.  Find  the  L.C.M.  of  a^lj^  and  3.   Find  the  L.C.M.  of  6a2c8  and 

a2&4.  9a«c*. 

a«62  =  a8  X  62.  6a^c^  =  2  x  3  x  a2  x  c^. 

a26*  =  a2  X  6*.  9a^c^  =  32  x  a^  x  c*. 

.-.  the  L.C.M.  =  086*.  .-.  the  L.C.M.  =  2  x  32  x  a*  x  c* 

=  18  a^c^. 

2.  FindtheL.C.M.  of  5x2/2  and  4.   Find  the  L.C.M.  of  28x2jyT 

3a;^-  and35xy*. 

6xy2  =  6  X  X  X  y2.  28x2y8  =  22  x  7  x  x2  x  y*. 

3x2y  =  3xx2xy.  36xy*  =  6x7xxxy*. 

.*.  the L.C.M.  =  3  x  6  x  x2  x  y2  ...  the  L.C.M.  =  22x6x7  xx2x2/* 

=  16x2j^.  =140x2y*. 
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6.   Find  the  L.C.M.  of  49a*&8        8.   Find  the  L.C.M.  of  aa  +  26 
and  66  a^l^.  and  a^  -  2  6. 

49a*68  =  72  X  a*  X  6«.  a«  +  26  =  a^  +  26. 

56a262  =  2«  X  7  X  a2  X  62.  a^  -  26  =  a*  -  26. 

•.  the  L.C.M.  =  28  X  72  X  a*  X  68       ...  the  L.C.M.  =  (a2+2  6)  (a2-2  6) 

=  a*-462. 


=  392  a*68. 


6.  Find  the  L.C.M.  of  25a66» 

and60a866. 

25  a86»  =  62  X  a«  X  6». 
60a866  =  22x3x6xa8x65. 
•.  theL.C.M.  =  22x3x62xa6x69 
=  300  a«69. 

7.  Find  the  L.C.M.  of  z— 1  and 

x  +  1. 

«  —  1  =  X  —  1. 
x  +  1  =  x  +  l. 
.  the  L.C.M.  =  (X  -  1)  (x  +  1) 
=  x2  - 1. 


9.   Find  the  L.C.M.  of  a^  and 

a8  =  a\ 
a«  +  a2  =  a2(a  +  l). 
.-.the  L.C.M.  =  o8(aH-l). 


10.   Find  the  L.C.M.  of  x2  -f-  xy 
and  xy  +  y^. 

x^-\-xy  =  x(x-\-y). 
xy  +  y^  =  y{x  -\- y). 
.-.  the  L.C.M.  =  xy  (x  +  y). 


11.  Find  the  L.C.M.  of  1  -  y2  and  1  +  y^. 

l-y2  =  (l^.y)(l_y). 

1  +  y»  =  (1  +  y)  (1  -  y  +  y2). 
.-.  the  L.C.M.  =  (1  +  y)  (1  -  y)  (1  -  y  +  y2). 

12.  Find  the  L.C.M.  of  a^  -  ¥  and  a^  -  62. 

a8  -  68  =  (a  -  6)  {a^  +  a6  +  62). 
a2  -  62  =  (a  -  6)  (a  +  6). 
.-.  the  L.C.M.  =  (a  -  6)  (a  +  6)  (a^  +  a6  +  62). 

13.  Find  the  L.C.M.  of  x2  -  7x  +  12  and  x2  -  6x  +  6. 

x2  -  7x  +  12  =  (X  -  3)  (X  -  4). 
x2  -  6x  +  6  =  (x  -  3)  (X  -  2). 
.-.  the  L.C.M.  =  (X  -  2)  (X  -  3)  (x  -  4). 

14.  Fmd  the  L.C.M.  of  x2  -  x  -  6  and  x«  +  6x  +  8. 

x2  -  X  -  6  =  (X  +  2)  (x  -  8). 
x2  +  6x  +  8  =  (X  +  2)  (X  +  4). 
.-.  the  L.C.M.  =  (X  +  2)  (X  -  3)  (x  +  4). 
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16.  Find  the  L.C.M.  of  x*  4-  15x  +  36  and  x^  -  6«  -  27. 

x2  +  15x  +  36  =  (x  +  3)  (X  +  12). 
x2  -  6x  -  27  =  (X  +  3)  (X  -  9). 
.-.  the  L.C.M.  =  (X  -f  3)  (x  -  9)  (x  +  12). 

16.  Find  the  L. CM.  of  x^-2iKh/^-S6x^  &ndx^^- 6 z^-Uxu*. 

x*y  -  2xV  -  35 xV  =  x2y(x2  -2xy  -  362^) 

=  x2y(x  +  6y)(x--7y). 

x8y2  -  5xV  -  14xy*  =  xy2(xa  -  6xy  -  14 y^) 

=  xy»(x  +  2y)(x-7y). 
.-.  the  L.C.M.  =  xV(«  +  2y)  (x  +  6y)  (x  -  7y). 

17.  Find  the  L.C.M.  of  x^  +  ax  -  6  a^  and  x^  +  2  ax  -  8  o«. 

x«  +  ax  -  6 a2  =  (X  -  2  a)  (x  +  3a). 
x«  +  2  ox  -  8  a2  =  (X  -  2  a)  (x  +  4  a). 
.-.  the  L.C.M.  =  (x  -  2  a)  (x  +  3 a)  (x  +  4 a), 

18.  Find  the  L.C.M.  of  6x2  +  ay  -  12  y^  and  6x2  -  17xy  +  122^. 

6x2  +  xy  -  12 y2  =  (3x  -  4 y)  (2x  +  3y). 
6x2  -  17xy  +  12 y2  =  (3x  -  4y)  (2x  -  3y). 

.-.  theL.C.M.  =  (3x-4y)(2x  +  3y)(2x-  Sy). 

19.  Find  the  L.C.M.  of  15a2  +  2a6  -  24 &2  and  10a2  +  13a6  -  3062. 

16a2  +  2a6  -  2462  =  (3a -f- 46)  (5a  -  66). 
10a2  +  13a6  -  3062  =  (2a  +  56) (5a  -  66). 

.-.  the  L.C.M.  =  (2a  +  66)  (3a  +  46)  (5a  -  66). 

20.  Find  the  L.C.M.  of 

86a86  +  39a262  -  42a68  and  48a26  +  156  a62  +  126  6«. 

36a86  +  39a262  -  42a68  =  3a6(12a2  +  I3a6  -  1462) 

=  3a6(3a-26)(4a  +  76). 

48a26  +  156  a62  +  1266"  =  66(8  a2  +  26a6  +  2162) 

=  66(2a  +  36)(4a  +  76). 
.-.  theL.C.M.  =  6a6(2a  +  36)(3a-26)(4a  +  76) 

21.  Find  the  L.C.M.  of  a«  -  x« ;  a  -  x ;  a2  -  2  ax  +  a^ ;  a2  -  x2. 

0?  -  x8  =  (a  -  x)  (a2  +  ax  +  x2). 
a  —  X  =  (a  —  x). 
a2  -  2ax  4-  x^  =  (a  -  x)2. 

a2  —  x2  =  (a  —  x)  (a  +  x). 
.-.  the  L.C.M.  =  (a  -  x)2(a  +  x)  (a*  +  ax  +  x2). 
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22.   Find  the L.C.M.  of  (x^+2ax)^ ;  x8-4o2x ;  (sc-a)' ;  (x2+ax-2a«)*. 

(aj2  +  2ax)2  =  x2(x  +  2a)2. 
x8-4o2x  =  aj(x2-4a2) 

=  X  (x  +  2  a)  (x  —  2  a), 
(x  —  a)'  =  (x  —  a)', 
(x?  +  ax  -  2a2)2  =  (x  -  a)2(x  +  2a)2. 

/.  the  L.C.M.  =  x2  (X  -  a)8  (x  +  2  a)2  (x  -  2  a). 

28.   Find  the  L.C.M.  of  x(xy  -  y^);  x*y2  _  x^ ;  y (x2  -  xy)2. 

X  (xy  —  y2)  =  xy(x  —  y). 

X*y2  _  x2y4  =  x2y2  (x2  _  y2) 

=  x2y2(x  +  y)(x-y). 
y  (x2  -  xy)2  =  xhf  (X  -  y)2. 
.-.  the  L.C.M.  =  x2y2(a;  +  y)  (x  -  y)2. 

24.   Find  the  L.C.M.  of 

x*  +  0x8  -  a2aj2  +  2a'x  and  2x8  +  6ax2  +  2a2x  -  4a«. 

X^  +  0X8  -  ^2x2  _^.  2a8x  =  X(X3  +  OX2  -  o2x  +  2  O^) 

=  X  (X  +  2  O)  (X2  -  ox  +  02). 

2  x3  4-  6  0x2  +  2  o2x  -  4  o»  =  2  (x8  4-  3  0x2  +  ^^  _  2  o^) 

=  2  (X  -f-  2  o)  (x2  4-  ox  -  o2). 
.-.  theL.C.M.  =2x(x  +  2o)(x2-ax  +  a2)(x2  +  ax-o«). 

26.    Find  the  L. CM.  of 

25x3y  -  20x22/  -I-  4x2/ ;  10x2  -  29x  +  10 ;  126x'  -  8. 

25x82/  -  20x2^/  +  4x2/  =  X2/(25x2  -  20x  +  4) 

=  X2/(6x-2)2. 
10x2  -  29x  +  10  =  (2x  -  6)  (5x  -  2). 

126x8  -  8  =  (5x  -  2)  (25x2  4-  lOx  4-  4). 
.-.  the  L.C.M.  =  X2/(2x  -  5)  (5x  -  2)2(25x2  4-  lOx  4-  4). 

26.  Find  the  L.C.M.  of 

X8-82/5;  X2-42/2;  x2  4-3xy  4-22/2;  x^-xy-2jfl. 

x8  -  8 2/8  =  (X  -  2 2/)  (x2  4-  2X2/  4-  42/2). 

x2  -  4  2/2  =  (X  -  2  2/)  (X  4-  2  2^). 
x2  4-  3X2/  4-22/2  =  (X  4-  y)(x  4-2?/). 
x2  -  X2/  -  22/2  =  (X  4-  2^)  (X  -  22/). 
.-.  the  L.C.M.  =  (X  4-  2^)  (X  4-  2  2/)  (X  -  2  2/)  (x24-2  xy4-4  2/2). 

27.  Find  the  L.C.M.  of 

12x8-16x2- 16x;  12x8  4.  6x2  -  36x;  12x8  4-24x2  4-4x4-8. 
12x8  -  16x2  _  iQx  =  4x(3x2-4x-4) 

=  4x(x-2)(3x4-2). 


TEACHERS'  EDITION 


161 


12{B»  +  6x2  _  36x  =  6x(2x2  +  x  -  6) 

=  6x(x  +  2)(2x-3). 
4(3x8  +  6x2  +  x  +  2) 
4[3x2(x  +  2)-h(x-f-2)] 
4(x  +  2)(3x2  +  l). 

12x(x+2)(x-2)(2x-3)(3x+2)(3x2+l). 


12058  +  24x2  +  4x4-8  = 


/.  the  L.C.M.  = 


Ezerciae  52.    Page  119 

1.   Find  the  H.C.F.  and  the  L.C.M.  of 

6x*- 13x3 +  6x2;  8x*  -  36x8  +  64x2  -  27x. 


x2)Cx*- 13x8 +  6x2 
6x2 -13x  +6 
6x2-   9a; 

-  4x  +6 

-  4x  +6 


x)   8x*-    36x3+    64x2-    27 x 


8x3- 
3 

36x2+    64x  - 

27 

24x3- 
24x8- 

108x2+ 162  X  - 
62x2+    24x 

81 

— 

66x2+  1.38X  - 
3 

81 

-168x2  + 414  X  -243 

-  168  x2  +  364x  -168 

26)  60x  -    76 


4x 


2x  -     3 
.-.  the  H.C.F.  =  x(2x  -  3). 

6x4  _  i3a.8  +  6x2  =  a.2(2x  -  3)  (3x  -  2). 
8x*  -  36x8  +  64x2  -  27x  =  x(2x  -  3)  (4x2  -  12x  +  9) 

=  x(2x-3)(2x  -3)2 
=  x(2x-3)8. 

.-.  the  L.C.M.  =  x2(2x  -  3)8 (3x  -  2). 

2.  Find  the  H.C.F.  and  the  L.C.M.  of 

6x8  _  7a.2  _  I6x  +  12  ;  4x8  -  8x2  _  9x  +  18. 


-28 


3x-2 


4x8-8x2-   9X  +  18 
4x8-2x2-12x 

-6x2+    3X  +  18 
-6x2+   3x  +  18 


6)10x2-    5X-30 
.-.  the  H.C.F.  =2x2-x-6  =  (x 


6x8-    7x2-16x  +  12 

_2 

12x8-  l4x2-32x  +  24 
12x8  -  24x2 -27x  + 64 


2x2-       X- 
2)  (2  X  +  3). 


6 


2x-3 
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6x8  -  7x2  _  16a.  4. 12  =  (2x2  -  x  -  6)  (3x  -  2) 

=  (x-2)(2x  +  3)(3x-2). 
4 x8  -  8x2  -  9x  +  18  =  (2x2  -  X  -  6)  (2x  -  3) 

=  (x-2)(2x  +  3)(2x-3). 

.-.  the  L.C.M.  =  (X  -  2)  (2  X  +  3)  (2 X  -  3)  (3 x  -  2). 


8.   Find  the  H.C.F.  and  the  L.C.M.  of 

x8-  6x2  +  llx-6;  x8-9x2  +  26x-24. 

1 


X8- 

X8- 

-6x2  +  llx- 

-6X2+     Qx 

-6 

: 

-    x-^  + 

-      X2  + 

5x- 

5x- 

-6 
-6 

x8-9x2  +  26x-24 
x8-6x2  +  llx-   6 
-3)-3x2+16x-18 


x-1 


x2-    6x+    6 

.-.  the  H.C.F.  =  x2  -  6x  +  6  =  (x  -  2)  (X  -  3). 

x8  -  6x2  4.  iix  -  6  =  (x2  -  6x  +  6)  (x  -  1) 

=  (X  -  1)  (X  -  2)  (x  -  3). 
x8  -  9x2  +  26x  -  24  =  (x2  -  5x  +  6)  (x  -  4) 

=  (x-2)(x-3)(x-4). 

.-.  the  L.C.M.  =  (X  -  1)  (X  -  2)  (x  -  3)  (x  -  4). 


4.   Find  the  H.C.F.  and  the  L.C.M.  of 

4x*  +  7x2  +  16;  4x*  +  12x8  +  9x2-16. 

4x4  4.   7x2  4.    16 

3 


12x* 
12  X* 

+  21x2 
+  2x8              _32a 

+ 

48 

-2x8  +  21x2  +  32x  + 
3 

48 

-6x8 +  63x2  + 96  a: 
-6x8-      a;2 

+  144 
+    16 

32)64x2  +  96  a: 

+  128 

4x* +12x8+ 9x2 
4x*             +7x2 

-16 

+  16 

2)12x8  +  2x2 

-32 

6X8+      2-2 

6x8  +  9x2- 

f  12x 

-16 

-8x2. 
-8x2. 

-12x 
-12x 

-16 
-16 

2x 

3x 


1 
4 


2x2+    3x+     4 
.-.  the  H.C.F.  =  2x2  4-  3x  +  4. 

4x*  +  7x2  +  16  =  (2x2  +  3x  +  4) (2^2  -  3x  +  4). 
4x*  +  12x8  +  9x2  -  16  =  (2x2  4.  3^  4.  4)  (2x2  4.  3x  -  4). 

.-.  the  L.C.M.  =  (2x2  +  3x  +  4)  (2x2  _  3^5  4.  4)  (2x2  +  3x  -  4), 
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5.  Find  the  H.C.F.  and  the  L.C.M.  of 


2x3+    a;2-4x-3 
2x8-3x2 


4x2 

-4x 

4x2 

-6x 

2x- 

-3 

2x- 

-3 

2x«  +  x2  -9 

2x«  +  x2-4x-3 

2;4x-6 

2x-3 


x2  +  2x  +  l 


.-.  the  H.C.F.  =2x-3. 

2x«  +  x2  -  4x  -  3  =  (2x  -  3)  (x^  +  2x  +  1) 

=  (2x-3)(x  +  l)2, 
2x«  +  X*  -  9  =  (2x  -  3)  (x2  4-  2x  +  3). 

.-.  the  L.C.M.  =  (2x  -  3)  («  + 1)2 (x*  +  2x  +  8). 


6.  Find  the  H.C.F.  and  the  L.C.M.  of 

n8  +  4n2  +  6n4-2;  n8  +  2n2-n-2. 


n8  +  4n2  +  5n4-2 
n»  +  3n2  +  2n 

n2-f  3n  +  2 
n2  4-3n  +  2 


n*  H-  2  n2  -  n  -  2 
n8  +  4n2  +  6nH-2 
2)-2n2-  6ii-  4 
n2  +  3  n  +  2 


n  +  1 
.-.  the  H.C.F.  =  n2  +  3  n  +  2  =  (n  +  1)  (m  +  2). 

n«  +  4n2  -f  5n  +  2  =  (n2  +  3n  +  2) (n  +  1) 

=  (n  +  l)2(n  +  2). 
n«  +  2n2  -  n  -  2  =  (n2  4-  3n  +  2)  (n  -  1) 

=  (n-l)(n  +  l)(n4-2). 

.-.  the  L.C.M.  =  (n  +  l)^(n  -  1)  (n  +  2). 


7.  Find  the  H.C.F.  and  the  L.C.M.  of 

6x8-13x2  +  19x-7;  9x8  -  27x2  +  41x  -  28. 


6x8-13x2-f-19x-7 
6x8 -10x2  + 14  X 

-  3x2+    5x-7 

-  3x2+   6x-7 


-5)-16x2  +  25x-36 
3x2-    5x+    7 

.-.  the  H.C.F.  =  3x2  -  6x  +  7. 


9x8-27x2  +  41x-28 

_2 

18x8  -  64x2 +  82x- 56 
18x8  -  39x2 +  57x- 21 


2x-l 
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6x»  -  13x2  -f  19x  -  7  =  (3x2  -  6x  +  7)  (2x 
9x8  -  27x2  -f-  41x  -  28  =  (3x2  -  5x  +  7)  (3x 

/.  the  L.C.M.  =  (2x  -  1)  (3x  -  4)  (3x2  _  5x  +  7). 


1). 
4). 


8.   Find  the  H.C.F.  and  the  L.C.M.  of 

2x8-9x2  +  llx-3;  4x« -4x2  -  6x  +  3. 


2x'- 

7 

9x2  + 

llx- 

3 

14x«- 
14x«- 

63x2  + 
27x2  + 

77x- 
9x 

21 

— 

36x2  + 

7 

68x- 

21 

— 

252x2 +476X - 
252x2  +  486x- 

147 
162 

-6)- 

10x  + 

15 

4x»-   4x2-    5x  +  3 
4x8- 18x2 +  22x  -6 


14x2- 
14x2- 

27  X 
21 X 

+  9 

• 

, 

6x 
6x 

+  9 
+  9 

x-18 
7x-8 


2x-      3 
theH.C.r.  =  2x-3. 

2x8  -  9x2  +  llx  -  3  =  (2x  -  3)  (x2  -  3x  +  1). 
4x8  -  4x2  -  5x  +  3  =  (2x  -  3)  (2x2  +  x  -  1) 

=  (2x-3)(x  +  l)(2x-l). 

the  L.C.M.  =  (X  +  1)  (2x  -  1)  (2x  -  3)  (x2  -  3x  +  1). 


9.   Find  the  H.C.F.  and  the  L.C.M.  of 

x8  -  3x?y  +  3xy2  -  2y8;  x8  +  3xy2  _  2x2y  -  6y». 


x8-3x2y  +  3xy2_    2?/ 

^ —  4xy2 

-3x2y  +  7xy2_    2y8 

-3x2y +12y8 

7y2)7xy2_i4y8 

X  —   2y 


x«-2x2y +  3xy2_6y8 
x8-3  x2y  +  3xy2_2y8 


y)aj*y 

—  4y8 

X2 
X2     - 

-2xy 

-4y2 

2xy 
2xy 

-4y2 
-4y2 

X-  3y 
x  +  2y 


.-.  theH.C.r.  =  x-2y. 

x«  -  3x2y  +  Szy^  -  2y8  =  (x  -  2y)(x2  -  xy  +,y2). 
x8  +  3xy2  -  2x2y  -  6y8  =  (x  -  2y)(x^  +  Sy^). 

/.  the  L.C.M.  =r  (X  -  2  y)  (x2  -  xy  +  y2)  (x2  +  3 y2). 
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10.  Find  the  H.C.F.  and  the  L.C.M.  of 

7a5*-10x8  +  3xa-4x  +  4;  8jc*  -  13«»  + 6x«  -  3x  +  3. 


7_10+   3-   4+   4 


7  -  21  +  14  + 

7- 

7 

11)11- 

11- 

11  +  11 

1- 
1- 

1- 

2  + 

1  + 
1 

1 

1- 
1- 

2  + 

2  + 

1 
1 

8-13  +  6-3  +  3 
7-10  +  3-4  +  4 


1- 
1- 

3+2+1-1 
1-1  +  1 

: 

2+3+0-1 
2+2+2-2 

1-2  +  1 


1 

7 
1 


1  +  1 


the  H.C.F.  =xa-2x  +  l  =  (x-  I)*. 


7x*  -  10x8  +  3x2  -  4x  +  4  =  (x2  -  2x  +  1) (7x2  +  4x  +  4) 

=  (x-l)«(7xa  +  4x  +  4). 

8x*  -  13x8  +  6x«  -  3x  +  3  =  (x2  -  2x  +  1) (Sx*  +  3x  +  3) 

=  (x  -  1)8(8x2 +  3x  + 3). 

the  L.C.M.  =  (X  -  1)8(7x2  +  4x  -  4) (8x2  +  3x  +  3). 


FcLctor  Method 


Kx 
and 

.-.  X  — 


1,     7x*  -  10x8  +  3x2  -  4x  +  4 
8x*-13x8  +  5x2-3x  +  3 

1  is  a  factor  of  each  expression. 

/.  7x*-10x8  +  3x2-4x  +  4 


7- 10 +  3-4  +  4  =  0, 
8- 13 +  6-3  +  3  =  0. 


and 


Ifx  =  l, 

and 


(x-l)(7x8-3x2-4), 
8x*  -  13x8  +  6x2  -  3x  +  3  =  (X  -  1)  (8x8  -  5x2  -  3). 

7x^-3x2-4  =  7-3-4  =  0, 
8x8  -  5x2  -  3  =  8  -  5  -  3  =  0. 


X  — 


and 


1  is  again  a  factor  of  each  expression. 

/.  7x8-3x2-4  =  (x-l)(7x2  +  4x  +  4), 
8x'  -  5x2  -  3  =  (X  -  1)  (8x2  +  3x  +  3). 


Now  7x2  +  4x  +  4  and  8x2  +  3x  +  3  cannot  be  resolved  into  rational 
mtegral  factors. 

.-.  theH.C.F.  =  (x-l)2, 
and  the  L.C.M.  =  (x -  1)2(7x2  +  4x  +  4)(8x2  +  3x  +  3). 
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11.  Find  the  H.C.F.  and  the  L.C.M.  of 

a^  —  x*y  —  x2y2  +  xy« ;  x*  —  x*y  —  xy*  +  j/*. 

X*  —  x'y  —  X2y2  4-  xy*  =  x  (x*  —  x^y  —  xy2  +  y«) 

=  X [x2(x  -  y)  -  y2(x  —  y)] 
=  x(x2-y2)(x-y) 

=  aj  (aj  +  y)  (X  -  y)*. 
X*  —  x*y  -  xy*  +  y*  =  X*  (x  —  y)  —  y*(x  —  y) 

=  (X*  -  y*)  (X  -  y) 
=  (x2  +  y^)(«2-y2)(x-y) 
=  (x^  4-  y2)  (X  +  y)  (x  -  y)2. 

.-.  the  H.C.F.  =  (x  +  y)  (x  -  y)2. 

.-.  the  L.C.M.  =  x(x  +  y)  (X  -  y)2  (x2  +  y2). 

12.  FindtheH.C.F.  andtheL.C.M.of  x4+2x2+9;  x4-4x»+8x-21. 


X* 

2 


+    2x2 


+    9 


2x* 

2x4  + 

+ 

X8- 

4x2 

4x2  +  i5x 

+  18 

— 

X8  + 

2 

8x2- 

15  X 

+  18 

— 

2x8  +  16x2- 

2X8-        X2  + 

30  X 
4x 

+  36 
-  15 

17  )• 

17x2- 

34  X 

+  51 

x*-4x8  +   8x-  21 

X* +  2x2 +    9 

-2)-4x8-2x2+  8X-30 
2x8+  x2-  4x+  15 
2x8-4x2+    6x 

5x2-10x+  15 
6x2-10x  +  15 


X  -1 

2x  +  5 


x2-    2x+    3 
.-.  the  H.C.F.  =  x2  -  2x  +  3. 

X*  +  2x2  +  9  =  (x2  -  2x  +  3) (x2  +  2x  +  3). 
X*  -  4x8  +  8x  -  21  =  (x2  -  2x  +  3)  (x2  -  2x  -  7). 

.-.  the  L.C.M.  =  (x2  -  2x  +  3)  (x2  +  2x  +  3) (x2  -  2x  -  7). 

18.   Find  the  H.C.F.  and  the  L.C.M.  of 

2x*  +  x8-9x2  +  8x-2;  2x*  -  7x8  +  11x2  -  8x +2. 

2-7  +  11-    8  +  2 
2+1-    9+    8-2 


1  +  3 
1-1 


2  +  1  -    9+    8- 
2-5+    4-    1 

-2 

6-13+    9- 
6  -  15  +  12  - 

-2 
-3 

2-3+1 


.-.  the  H.C.F.  =  2x2  -  3x  +  1  =  (X  -  1)  (2x  -  1). 


-4)- 

-  8  +  20  - 

16  +  4 

2- 
2- 

5  + 
3  + 

4- 

1 

-  1 

: 

2-  + 
2  + 

3- 
3- 

-  1 
-1 
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2x4  4-  x8  -  9x2  +  8x  -  2  =  (2x2  _  3^  -f  l)  (x^  +  2x  -  2) 

=  (X  -  l)(2x  -  1)  (x*  +  2x  -  2). 
2x*  -  7x3  +  11x2  -  8x  +  2  =  (2x2  -  3x  +  1)  (x2  -2x4-2) 

=  (X  -  1)  (2x  -  1)  (x2  -  2x  +  2). 

/.  the  L.C.M.  =  (X  -  1)  (2x  -  1)  (x2  +  2x  -  2)  (x2  -  2x  H-  2). 

14.   Find  the  H.C.r.  and  the  L.C.M.  of 

6x*  -  10x8  H-  x2  -  31x  -  21 ;  6x*  -  4x3  ^  33.2  _  68x  -  42. 


6-   4+    3 
6  -  10  +    1 


68-42 
31  -21 


6  + 

2- 

-37- 

-21 

6- 

12- 

-    9 

14- 

-28- 

-21 

14- 

-28- 

-21 

6  -  10  4-    1-31-21 

64.    2-37-21 

-  12  4-  38  -  10  -  21  64-    2-37-21    1-2 

_12-    44-744-42  6-12-9  34-7 

21)42-84-63 
2-    4-    3 

.-.  the  H.C.F.  =  2x2  -  4x  -  3. 

6x*  -  10x3  4-  x2  -  31x  -  21  =  (2x2  -  4x  -  3)  (3x2  4-  x  4-  7). 
6x*  -  4x8  4-  3x2  __  68x  -  42  =  (2x2  _  4x  -  3)  (3x2  4-4x4- 14). 

.-.  the  L.C.M.  =  (2x2  -  4x  -  3)  (3x2  4.  x  4-  7)  (3x2  4-  4x  4- 14). 

16.   Find  the  H.C.F.  and  the  L.C.M.  of 

6x«  -  7ax2  -  lla2x  4- 12 aS;  8x3  -  14ax2  -  7a2x  4-  ISa*. 


8x'^-14ax2-  7a2x4-15a3 

J 

24  x8-42  0x2-21  a2x  4-45  a» 

24x8-28  az2-44  a2x4-48  a^ 

-a)-14ax24-23a2x-  3a8 

14x2-23 ox  4-  3a2 

14x2-21  ox 

-  2  ox  4-  3a2 

-  2  ox  4-  3  o2 


3x4-10a 
7x  — a 


6x3-     7  0x2-  11023.4.  12  a3 

J 

42x3-  490x2-  77o2x4-  84o8 

42x3-  69 0x24-     9o2x 

20  0x2-  86o2x4-  84  08 

_7 

140  0x2  _  602  a2x  4-  688  o3 

140  0x2-230  o2x  4-  30  gs 

-186a2)-372o2x4-658a8 

2x-     3o 

.-.  the  H.C.r.  =  2x-3o. 

6x8  -  7ax2  -  llo2x  4-  12o8  =  (2x  -  3o)  (3x2  4-  ox  -  4o2) 

=  (2x-3o)(x-  a)(3x4-  4a). 
8x8  _  i4ax2  -  7a2x  4-  15o3  =  (2x  -  3a)  (4x2  -  ox  -  5a2) 

=  (2x-  3a)(x4-  a)(4x-5a). 
.\  the  L.C.M.  =  (x4-a)(x  -  o)(2x  -  3a)(3x  4- 4a)(4x  -  6a). 
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16.   Find  the  H.C.F.  and  the  L.C.M.  of 

42 X*  +  41x8  -  9x2  -  9x  - 1 ;  35x8  -f  47x2  +  13x  +  1. 


42  +    41  - 
5 

9- 

9- 

1 

210  +  206  - 
210  4-  282  + 

45- 

78  + 

45- 
6 

5 
5 

-    77- 
5 

123- 

61- 

-385- 
-386- 

615- 
617- 

255- 
143- 

25 
11 

-142- 

98- 

112- 

14 

1 

7  + 

8  + 

36  +  47  +  13  +  1 
35  +  40+    6 

7+    8  +  1 

7+    8  +  1 


6-11 

6  +  1 


/.  the  H.C.F.  =  7x2  +  8x  +  1  =  (x  +  1)  (7x  +  1). 

42 X*  +  41x«  -  9x2  -  9x  -  1  =  (X  +  1)  (7x  +  1)  (6x2  -  x  - 1) 

=  (x+l)(7x  +  l)(2x-l)(3x  +  l). 
35x8  +  47x2  +  13x  +  1  =  (X  +  1)  (7x  +  1)  (5x  +  1). 

.-.  the  L.C.M.  =  (X  +  1) (7x  +  1)  (2x  -  1)  (3x  +  1) (6x  +  1). 


17.   Find  the  H.C.F.  and  the  L.C.M.  of 

c6-2c*-6c8  +  4c2  +  13c  +  6;  c^  +  3c*  -  8c2  -  9c  -  3. 


1- 
6 


6  +     4+13+6 


5-10-30+    20+    66  +  30 
6+6-12-22-      9 
-2)- 16 -18+    42+    74  +  30 


1  +3+    0-    8-    9-3 
1-2-    6+    4+13  +  6 


8+    9 
5 


21-    37-15 


40  +  45  -  105  -  186  -  75 

40  4-  48  -    06-176-72 

-3)-  3- 


5  +    6-12-22 

6  +  16  +  15+    6 

-9 

-    9-27-27- 
_    9  _  27-27 - 

-9 
-9 

1+8 
6-9 


9-      9-    3 

1+     3+      3+    1 

.-.  the  H.C.F.  =  c«  +  3c2  +  3c  +  1  =  (c  +  1)8. 

c6_2c*-6c8  +  4c2  +  13c  +  6  =  (c  +  i)8(c2-6c  +  6) 

=  (c  +  l)8(c-2)(c-3). 
c6  4-  3c4  _  8c2  -  9c  -  3  =  (c  +  l)8(c2  -  3). 

.-.  the  L.C.M.  =  (c  +  1)8  (c  -  2)  (c  -  3)  (c2  -  3). 
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18.  Find  the  H.C.F.  and  the  L.C.M.  of 

x8  +  8x2  4-  I9x  +  12 ;  a^  +  Ox^  -|.  26x  +  24. 


1  +  8  +  19  +  12 

1+7  +  12 

1  +    7  +  12 
1+    7  +  12 


1  +  9  +  26  +  24 

1  +  8  +  19+12 

1+    7  +  12 


1  +  1 


.-.  the  H.C.F.  =  x2  +  7x  +  12  =  (x  +  3)  (x  +  4). 

x»  +  8x«  +  19x  +  12  =  (X  +  3)  (X  +  4)  (x  +  1). 
x8  +  9x«  +  26x  +  24  =  (X  +  3)  (x  +  4)  (x  +  2). 

.-.  the  L.C.M.  =  (x  +  1)  (x  +  2)  (x  +  3)  (x  +  4). 

19.  Find  the  H.C.F.  and  the  L.C.M.  of 

6x*  -  x8  -  x2  +  17x  -  6 ;  9x*  -  30x8  +  46x2  -  41x  +  10. 


6-   1-    1  +  17-6 

6-10  +  14-    4 

9-15  +  21-6 
9-16  +  21-6 


9  _  30  +  46  -   41  +  10 
J 

18  -  60  +  92  -    82  +  20 
18  _    3  -    3  +    61-18 


2  +  3 


-19)- 67 +  96 -133 +  38 
3-    6+     7-    2 

.-.  the  H.C.F.  =  3x»  -  6x2  +  7aj  -  2. 

6x*  -  x8  -  x2  +  17x  -  6  =  (3x»  -  6x2  +  7x  -  2)  (2x  +  3). 
9x*  -  30x8  +  46x-2  -  41x  +  10  =  (3x8  _  53.2  +  7x  -  2)  (3x  -  6). 

.-.  the  L.C.M.  =  (2x  +  3)  (3x  -  5)  (3x«  -  5x2  +  7x  -  2). 

20.   Find  the  H.C.F.  and  the  L.C.M.  of 

4x*  +  2x8  -  i8a;«  +  3x  -  6 ;  0x«  -  4x*  -  11x8  -  3x2  -  3x  -  1. 


4+    2-18  +  3-6 
4-    8+    2-2 

6-4-11-     3-3-1 
2 

10-20  +  6-5 
10-20  +  5-6 

12  -    8  -  22  -      6-6-2 
12+6-64+     9-16 

-14  +  32-    16+    9-    2 
2 

-  28  +  64  -    30  +  18  -    4 
_  28  -  14  +  126  -21+35 

the  H.C.F.  =  2x8-4 

39)78-15(*>  +  39-39 
2-     4+1-1 
x2  +  X  -  1. 

3-7 


2  +  5 
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4x*  +  2x8  -  18x2  +  3x  -  6  =  (2x8  -  4x2  +  X  -  i)  (2x  +  5). 
6x6  -  4x* -11x8  -  3x2  -  3x-l  =  (2x8- 4x2 +  X-1)  (3x2 +  4X+1) 

=  (2x3-4x2  +  x-l)(x+l)(3«+l). 

.-.  the  L.C.M.  =  (X  +  1)  (3x  +  1)  (2x  +  5)  (2x8  -  4x2  +  »  -  1). 


21.   Find  the  H.C.F.  and  the  L.C.M.  of 

2x*  +  3x8  4.  5x2  +  9x  -  3 ;  3x*  -  2x8  +  lOx^  -  6x  +  3. 


2x4  +  3x8  +  5x2  +  9x-3 
2x*  +6x2 


3x8- 
3x8 

x2  +  9x-3 

+  9x 

: 

x2           -3 
x2           -3 

3x*-  2x8  +  10x2-   6x+  3 

2 

6x*-  4x8  +  20x2-12x+  6 

6x*+  9x8  +  16x2+27x-  9 

-1)-I3x8+    6x2-39x  +  15 

13x8-    6x2  +  39x-15 

13x-6)  =  (x2  +  3)(13x-6) 

x2  +  3 


2x2+3x-l 


.-.  the  H.C.F.  =x2  +  3. 


2x*  +  3x8  ^  5x2  +  9x  -  3  =  (3.2  4.  3)  (2x2  +  3x  -  1). 
3x*  -  2x8  +  10x2  _  6x  +  3  =  (x2  +  3)  (3x2  -  2x  +  1). 

.-.  the  L.C.M.  =  (x2  +  3)  (2x2  +  3x  -  1)  (3x2  -  2x  +  1). 


22.   Find  the  H.C.F.  and  the  L.C.M.  of 

X*  -  6x8  +  13x2  _  12x  +  4 ;  x^  -  4x*  +  8x8  -  10^2  +  16x. 


X* 

2 


6x8  +  13x2-  12x+     4 


2x* 
2x* 

-12x8  +  26x2- 
-    5x8-    4x2  + 

24x  + 
12x 

8 

-  7x8  +  30x2- 
2 

36  x+ 

8 

-14x8  +  60x2- 
-14x8  +  35x2  + 

72  x  + 
28  X- 

16 

84 

25)25x2- 

100  x+ 100 

x2-     4x+     4 


x)x5-4x*+  8x8-16x2+16x 
x*-4x8+  8x2-16x  +16 
X* -6x8+ 13x2- 12  X  +  4 
2x8-  5a.2_  4x  +12 

2x8-  8x2+  8x 

3x2-12x  +12 
3x2-12x  +12 


x-7 
2x+3 


.-.  the  H.C.F.  =  x2  -  4x  +  4  =  (X  -  2)2. 
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jc*  -  6x8  +  13x2  -  12x  4-  4  =  (X  -  2)2(x2  -  2x  +  1) 

=  (X  -  2)2  (X  -  1)2. 

x6  _  4x*  +  8x8  -  16x2  +  I6x  =  x(x*  -  4x8  +  8x2  -  i6x  +  16) 

=  x(x-2)2(x2  +  4). 

•.  the  L.C.M.  =  X  (X  -  1)2  (x  -  2)2  (x2  +  4). 


28.  Find  the  H.C.F.  and  the  L.C.M.  of 

6x6  _  9aj4y  -I-  I9x8y2  __  I2x2y8  +  iQxy^  _  16y6. 
4x*  -  2x8y  -f  10x2y2  +  xys  +  16y*. 


4_2  +  10+    1  +  16 

6- 

-   9  +  19-12  +  19-16 

4  +  6-    8  +  30 

2 
12- 

-18  +  38-24  +  38-30 

-8  +  18-29  +  16 

3-3 

-8-12  +  16-60 

12- 

-    6  +  30+    3  +  46 

15)30-45  +  75 

- 

-  12  +    8  -  27  -    7-30 

2-    3+    5 

- 

-12+    6-80-    3-45 

2  +    3  -    4  +  16 

2-4 

2-3+5 

1  +  3 

6  -    9+16 

6-    9  +  15 

.-.  the  H.C.F.  =  2x2  -  3xy  +  5y2. 

6x6  _  gx^y  ^  19x8y2  _  12x2y8  4.  iQxy*  -  152^ 
=  (2x2  -  3xy  +  6i/2)  (3x8  4.  2xy2  -  3^8). 

4x*  -  2x8y  +  10x2y2  ^  xy^  +  15y* 

=  (2x2  -  3xy  +  61^2)  (2x2  +  2zy  +  3y2). 

the  L.C.M.  =  (2x2-3xy+5y2)(3x8+2xy2-3y8)(2x2+2xy+3y2). 
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Ezerciae  53.    Page  122 

1.   Find  the  H.C.F.  and  the  L.C.M.  of 

o«  +  a26-a62-68;  a»-3a62  +  26»;  o«  -  2o«6  -  afi^  +  26«. 

o«  +  a26  -  a63  -  6»  =  a^{a  +  6)  -  6«(a  +  h) 

=  (a2  -  62)  (a  +  6) 

=  (o  -  6)  (a  +  6)2. 

a«  _  3a63  +  268  =  (^8  _  aj2)  _  (206^  -  26») 

=  d{a  +  6)  (a  -  6)  -  262(a  -  6) 

=  (a-6)(a2  +  a6-262) 

=  (a -6) (a -6)  (a +  26) 

=  (a-6)2(a  +  26). 

a«  _  2a26  -  a62  +  26»  =  a2(a  -  26)  -  62(a  -  26) 

=  (a2-62)(o-26) 

=  (d  +  6)(a-6)(a-26). 
.-.  the  H.C.F.  =  0-6, 

and  the  L.C.M.  =  (o  +  6)2(a  -  6)2(0  +  26)  (a  -  26). 

8.   Find  the  H.C.F.  and  the  L.C.M.  of 

a2  +  3a6  +  262;  a2  +  4a6  +  362;  o2  +  5a6  +  66». 

a"  +  3a6  +  262  =  (a  +  6)(a  +  26). 
a2  +  4  06  +  362  =  (a  +  5)  (^  +  36). 
a2  +  606  +  662  =  (a  +  2  6)  (a  +  36). 
.-.  the  H.C.F.  =  1, 
and  the  L.CM.  =  (a  +  6)  (a  +  2  6)  (a  +  3 6). 

8.   Find  the  H.C.F.  and  the  L.C.M.  of 

o2  +  5a6  +  1062;  a«  +  3a26-206»;  o»  -  15a62  -  606». 

1 


^ 


1  +  3+   0- 
1  +  5  +  10 

-20 

-  2  -  10  - 

-  2  -  10  - 

-20 
-20 

1  +  0- 

1  +  3  + 

16- 
0- 

-60 
-20 

-3;-3- 

15- 

-30 

1  + 

6  +  10 

1-2 

.-.  the  H.C.F.  of  a»  +  3a26  -  2068  and  a^  -  15 062  -  60 6« 
=  a2+  606 +  1062. 

o2  +  606  +  1062  =  (a2  -h  606  +  1062). 
a«  +  3a26  -  206»  =  {a^  +  5a6  +  1062)  (o  -26). 
a»  -  16a62  -  6063  =  (a2  -h  606  +  1062) (a  -  56). 
.-.  the  H.C.F.  =  a2  +  6a6  +  1062, 
and  the  L.C.M.  =  (a  -  26) (a  -  56)(a2  +  6a6  +  1062). 
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4.    Find  the  H.C.F.  and  the  L.C.M.  of 

xa  +  2x-3;  ««  +  3«2  -  x  -  3;  ««  +  4x3  +  x -6. 

x2  +  2x  -  3  =  (X  -  1) (X  +  3). 

«»  +  3x3  -  X  -  3  =  x2(x  +  3)  -  (X  +  3) 

=  (x3-l)(x  +  3) 
=  (x  +  l)(x-l)(x  +  3). 

x»  +  4x«  +  x-6  =  (x-l)(x2  +  6x  +  6) 

=  (x-l)(x  +  2)(x  +  3). 

.-.  the  H.C.F.  =  (X  -  1)  (X  +  3), 
and  the  L.C.M.  =  (x  +  1)  (x  -  1)  (x  +  2)  (x  +  3). 

6.    Find  the  H.C.F.  and  the  L.C.M.  of 

6x2-13x  +  6;  6x2  +  5x-6;  0x3-4. 

6x3  _  I3x  +  6  =  (2x  -  3)  (3x  -  2). 

6x3  +  5x  -  6  =  (2x  +  3)  (3x  -  2). 

0x3-4  =  (3x  +  2)(3x-2). 

.-.the  H.C.F.  =  3x-2, 
and  the  L.C.M.  =  (3x  -  2)  (3x  +  2)  (2x  -  3)  (2x  +  3). 


6.   Find  the  H.C.F.  and  the  L.C.M.  of 

x»  -6x3  +  llx-6;  x«-0x3  +  26x-24;  x«  -  8x3  +  10x  -  12. 

1 


1 

1 

-6  +  11- 
-4+   3 

-6 

-2  + 
-2  + 

8- 
8- 

-6 
-6 

1- 
1- 

-  8  +  10  - 
-6  +  11  - 

12 
6 

-2)- 

-2+8- 

6 

1-    4  + 

3 

1-2 

.-.  the  H.C.F.  of  x'  -  6x3  +  11 X  -  6  and  x»  -  8x3  +  iq^  -  12 
=  x3  -  4x  +  3  =  (X  -  1)  (X  -  3). 

x«-6x3  +  llx-6  =  (x3-4x  +  3)(x-2) 

=  (X  -  1)  (X  -  3)  (X  -  2). 

x»  -  0x3  +  26x  -  24  =  (X  -  3)(x3  _  6x  +  8) 

=  (x-3)(x-2)(x-4). 

x«  -  8x3  +  l9x  -  12  =  (x3  -  4x  +  8)  (x  -  4) 

=  (X  -  1)  (X  -  3)  (X  -  4). 

.-.  theH.C.F.  =  x-3, 
and  the  L.C.M.  =  (x  -  1)  (x  -  2)  (x  -  3)  (x  -  4). 
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7.   Find  the  H.C.F.  and  the  L.C.M.  of 

'    3  a2  +  14  a  -  5  =  (a  +  5)  (3  a  -  1). 

6a2  +  39a  +  46  =  3(2a2  +  13a  +  16) 

=  3(a  +  6)(2a  +  3). 

6a«  4- 7a2  -  3a  =  a(6a2  +  7a  -  3) 

=  a(2a+  3)(3a-l). 
.-.  the  H.C.F.  =1, 

and  the  L.C.M.  =  3  a  (a  +  5)  (3  a  -  1)  (2  a  +  3). 


8.   Find  the  H.C.F.  and  the  L.C.M.  of 

14x2^  5xy— 2/2.  21x2_i7a;y +  22/2j  Qx^  -xy 

14x2  +  5x2/  -  2/2  =  (2x  +  y)  (7x  -  y). 
2lx^  -  n xy  +  2y^  =  (Sz  -  2 y)  (7x  -  y). 
6x2  -  X2/  -  2 2/2  =  (2x  +  2/) (3x  -2y). 

.'.  the  H.C.F.  =  1, 
and  the  L.C.M.  =  (2x-^  y)(Sz -2y) (7x  -  y). 


-2y\ 


9.    Find  the  H.C.F.  and  the  L.C.M.  of  x*  -  2x8  -  2x2  +  7x  -  10; 
X*  -  7x8  +  18x2  -  23x  +  15;  2x*  -  11  x^  +  24x2  -  28x  +  16. 


1-2-2+    7-10 

1  _4-l-6-    5 

2-8  +  12-10 
2-8  +  12-10 


1-7  +  18-23  +  15 

1_2-    2+    7-10 

-6)-  5  +  20-30  +  25 

1-4+6-5 


1  +  2 


.-.  theH.C.F.ofx*-2x8-2x2+7x-10andx*-7x8+18x2-23x+15 
=  x8-4x2  +  6x-5. 

l_4^.6-5   2-11  +  24-28  +  16    2-3 

2  -    8  +  12-10 

-  3  +  12-18  +  16 

-  3  +  12-18  +  16 

.-.  the  H.C.F.  =  x8  -  4x2  +  6x  -  5. 

x4  _  2x8  -  2x2  +  7x  -  10  =  (X  +  2)  (x^  -  4x2  +  6x  -  6). 
X*  -  7x8  +  18x2  _  23x  +  15  =  (X  -  3)  (x8  -  4x2  +  6x  -  6). 
2x*  -  11x8  +  24x2  -  28x  +  15  =  (2x  -  3)(x8  _  4x2  +  6x  -  6). 

.-.  the  L.C.M.  =  (X  +  2)  (X  -  3)  (2x  -  3)  (x*  -  4x2  +  6x  -  6). 
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10.    Find  the  H.C.F.  and  the  L.C.M.  of 

3a*  +  2x8y  -  15x2^2  _|_  13x^8  _  i5j^. 
3x*  -  19x32^  +  34x2y2  _  29x2/8  +  202^; 
Qx^-\-x^-  23x22/2  +  20x2/*  -  25 y*. 

3  +  2-15  +  13-16 
3-74.    6-    5 

9-21  +  18-15 
9-21+18-15 


3- 

3  + 

19  +  34  -  29  +  20 
2  -  15  +  13  -  15 

-7)- 

21  +  49  - 

42  +  35 

3-  7  + 

6-  6 

1  +  3 


the  H.C.F.  of  3x*+2x82/-  15x22/2+13x2/8-152/*  and  3x*-19x82/ 
+34x22/2-29x2/»+202/*  =  3x8-7x22/+6^y2_5y3. 

3>_7  +  6-5   6+1-23  +  20-25   2  +  5 

6-14  +  12-10 

16  _  36  +  30  -  25 
15  -  35  +  30  -  25 
.-.  the  H.C.F.  =  3x8  _  7352^  _j.  Qxy^  -  62/8. 

3x*  +  2x82/  -  15xV  +  13x2/8  -  I62/* 

=  (x  +  32/)  (3x3  _  7a;2y  ^  6x2/2  -  62/8). 
3x*  -  19x82/  +  34x22/2  -  29x2/8  +  20y* 

=  (X  -  42/)  (3x8  -  7x22/  +  6x2/2  -  62/8). 
6x*  +  X82/  -  23x22/2  +  20x2/8  -  25  2/* 

=  (2x  +  52/) (3x8  -  7x22/  +  0x2/2  -  52/8). 

.-.  the  L.C.M.  =  (x+32/)(x-42/)(2x+52/)(3x8-7x22/+6x2/2- 62/8). 

11.   Find  the  H.C.F.  and  the  L.C.M.  of 

20x*  -  31  x^2/  +  2  x2^2  4. 13x2/8  -  4  2/* ; 
4  X*  +  x8//  —  5  x22/2  —  xy8  +  2/* ; 
4x*- 11x82/  + 4x22/2  _|.  5x2/8-22/*. 

4+1-5-1+1 
4-3-2+1 


4-3-2+1 
4-3-2+1 


20- 

20  + 

31  + 
5- 

2  +  13-4 

25-  6  +  5 

-9)- 

36  +  27  +  18-9 

4- 

3-2  +  1 

1  +  1 


.-.  the  H.C.F.  of  20  X*  -  31x82/  +  2x^y^  +  13x2/8  -  4  2/*.  and 
4x*  +  X82/  -  5x22/2  _  xi/8  +  2/*  =  4x8  -  3x22/  -  2x2/2  +  2/8 

=  (X  -  2/)  (4x2  +  X2/  -  2/^). 
20x*-31x82/+2x22/2+13x2/8-42/*  =  (x  -  y)  (4x2  -\-xy-  2/2)  (5x  -42/). 

4x*  +  X82/  -  5x22/2  -  X2/8  +  2/*  =  (X  -  2/)  (4x2  +  X2/  -  2/^)  (x  +  y). 
4x*  -  11x82/  +  4x22/2  +  6x2/8  -  2  2/*  =  (X  -  2/)  (4x2  +  X2/  -  2/^)  (x  -  22/). 

.-.  the  H.C.F.  =  (x  -  2/)  (4  x2  +  X2/  -  2/^), 
and  the  L.C.M.  =  (x  -  2/)  («  +  2/)  (x  -  2  2/)  (6  x  -  4  2/)  (4  x^  +  xy-  2/2). 
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Ezerciae  54.    Page  124 

Reduce  to  lowest  terms : 

10a*fr»     2  X  6a*6»      2a 


1. 
8. 
8. 
4. 
5. 
6. 


8. 


11. 
12. 


15a»&*      3x6a«&*      36 
6ajV2*      2  X  ST^y^sfi        z^ 


12xV«*  22x3xey62*  2x2 
64a«68c  _  __2«flWc_  _  4^ 
48 a*6c6  ~  2*  X  3 a*6c6  ~   3c*  * 

S6x^y^sfi  _     2^  X  3gggy*z«     _  Syhi 
QOx^y^sfi  ~  22  X  3  X  5xV2^  ~  Sx^  * 
60  a76»c6(i*      22  X  3  X  6  a^ft^cSd*      3  62c 


80  a^b^c^df^         2*  x  5  a86*c*de         4  acP 
7 5a*xVz6  _  3  X  62a*xSy*zS  ^  3q2g2 
50o2xV2'^  ~  2  X  52tt2xV2'  ~  2x2y  ' 


a2-2a6_  a(a- 26)  _  a 
a6  -  2  62  ~  6^0^^^  ~  6 


10a2-2a6     2a(5a-6)     2a 


1606-362       3  6(5a-6)      36 

14a6  +  7a*6    _  7a*(2a  +  6)  _  7a 
10a*c  +  5a86c  ~  5a%(2o  +  6)  ""  6c  * 

12a*  +  27a86  _  3a»(4a  +  96)  _3a      > 
16a86  +  36a262  ""  4a26(4a  +  96)  ""  46* 
46 a8x8  -  105a5z2  _  15 08^2  (3 x  -  7  o2)  _  16 a^j2 
33a68x  -  77a868  "  lla68(3x  -  7a2)  ~  Tl6»  ' 
49  a762xg  -  81  a6^2x2  _  a6^2  (49  a«x*  -  81  lA^) 
66  a«6*x6  +  72  a»6»x«  ~  8  a86*x8  (7  aW  +  9  66) 

_  o62x2(7a8x2  +  966)  (7^83^2  ,956) 

8  a86*x8  (7  a8x2  +  9  66) 
_7a8x2-96s 

~      8  a262x 

18  x«  +  x2y       _x2(x-fy)_     x2 

x2  +  2xy  +  y2-   (x-fy)2   ~x  +  y* 

X8  +  2  X2      _  X2  (X  +  2)  _       X2 

x2  +  4  X  +  4  ~   (X  +  2)2  ~  X  +  2 ' 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


28. 


TEACHERS'  EDITION  187 

X*  -  y^         _  (gg  -I-  yg)  (x2  -  yg) 
X*  H-  2xV  +  y*  ~         (x2  +  y2)2 

^(g'  +  y^)(g  +  y)(x-y) 

_  (X  +  y)  (X  -  y) 
x^  +  y* 

7x«  +  3  _  7x^  +  3 

246»6  H-  210x8  +  46x  ~  5x(49x*  +  42x2  +  0) 

_       7x2  +  3 
""6x(7x2  +  3)2 
__  1 

""6x(7x2  +  3)' 

16a8-27a6        _3a(6a-96)_      3a 
25a2-90a6  +  8162~    (5a-96)2   ~6a-96* 

x-xy  +  z~zy    _  x(l  -  y)  +  z(l  -  y) 
l-3y  +  3y2-y»~  (1  -  y)» 

^(x  +  z)(l-y) 

(1  -  yr 

—   X  +  « 
"  (1  -  y)^' 

x«  +  y8   ^(x  +  y)(x2-xy  +  y2)^x2-xy  +  y2 
2(x  +  y)2  2(x  +  y)2  ~     2(x  +  y) 

xPy  -  x2y6g2  _  a2y  (j-e  _  ^4^2) 

x*y*  -  y*«        y*  (x^  -  y2z) 

_  x2y  (x3  +  y2z)  (x»  -  y2g) 
y*  (x8  —  y2z) 
x2(x8  +  y2«) 
y* 

x2  +  (a  +  6)  X  +  a6      (x  +  a)  (x  +  6)      x  +  6 
x2  +  (a  +  c)  X  +  oc      (x  +  a)  (x  +  c)      x  +  c 

4a2-7a6  +  362  _  (g  -  6)(4a-- 36)  _  4a-36 
5a2-3a6-262~(a-6)(5a  +  26)~5a  +  2  6* 

3x2-10xy  +  8y2  _  (x-2y)(3x-  4y)  _  3x-4y 
6x2-  13xy +  6y2~  (x  -2y)(5x-3y)  ~5x-3y* 
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2x«-f  5z2-12g_a(2a;2  4.5x-12)_x(g-f  4)(2a;-3)_  2g-3 
7x8+25x2-  12x  ~  x(7 x2+26aj-12)~  x (x  +  4)  (7x  -  3)  ~  7  »  -  3  ' 


25. 


28. 


^    -gg-g-H 
a*  -  2  a8  -  a2  -  2  a  +  r 

a*  +  a8  +    a2 

-  2  a8  -     a2  -     a  +  1 
-2a8-2a2-2a 


a*  -  2  a»  -  a2  -  2  a  +  1 
1*-    a*  -    a  +  1 


a' 


-  g)  -     gs  -  gg  - 


g 


g2  +  g  +1 


g2  +     g  +  1 
g2  +     g  +  1 

.-.  the  H.C.F.  =  g2  +  g  +  1. 

g*  -  g8  -  g  +  1         _  (a^  +  g  +  1)  (g2  -  2  g  +  1) 

■  *  g*  -  2a8  -  a2  -  2  a  +  1  ~  {g2  -f  g  +  1)  (g2  -  3g  +  1) 

(a2  +  g  +  1)  (g  -  1)2 


g2-2g-fl 


__       V«-  -t-  g  -t- 1;  yx  —  L)' 
~(g2  +  g  +  l)(g2_3g  +  l) 


a2-3g-fl 

26     (^  -^  <^)^  -  (^  +  ^)'^  ^  (^  +  « -^  ^  +  <^)  (^  +  «  -  ^  -  g)  _  a^  + 
(x  +  &)2 -  (a  +  c)2      (x  +  6  +  g  +  c)(x  +  6-g-c)~x- 

(x  +  2/)^  —  x^  —  y^ 

_  7xOy  +  21x5y2  +  35x4y3  4.  35x8y*  -f  21  x2y6  -}-  7x|^ 

~  6x*y  -f  lOxV  _f.  I0x2y»  +  bxy* 

_  7xy (x5  +  3x^y  +  SxV  4-  5a;2y8  ^  3j.y4  ^  y6) 

~  6xy{x8  +  2x2y  +  2xy2  4.  yS) 

_  7xy(x8  +  2x2y  +  2xy2  +  yS)(x2  +  xy  +  y2) 
~  5xy (x8  -f  2x2y  +  2xy2  +  yi) 

7  (x2  +  xy  +  y2) 

■       • 


x  +  g  — 6  —  c 


a  +  ft  —  c 


5 

g6  _  a45  _  fl&4  +  y    _  tt4(a  _  5)  _  54(a  _  5) 

g4  _  a85  _  ^252  4.  g&3  ~  a(a^  -  a^b  -  g62  +  ftS) 

(g*  -¥){a-  h) 

~g[g2(g-6)-62(a-6)] 
_  (a2  +  62)  (a2  -  62)  (a  _  5) 

g(g2-62)(a_5) 
g2  +  62 
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29. 


X*  -f  4g  -f  3  _      (x  +  1)  (g«  -  x2  +  g  +  3) 

x6  _  6x  -  4  ~  (X  +  1)  (a*  -  X*  +  x^  -  X  -  4) 
_      (x  +  l)-^(g^-2x  +  3) 

~  /-»•  _L  1  \2  //J.8  _  Q  /r2    I    JJ  /»  _  A\ 


30. 


{x  +  l)2(x8-2x2-f3x-4) 
__       xg-2x  +  3 

~x8-2x2  +  3x-4' 

(ag-y)(o-6) (a«  +  6») (g*  -  y) (g  -  5) 

(g5  -  6»)(g*  -  6*)      (g  -  b)  (a^  +  g6  +  62)(aa  +  ij^){cfi  -  b^) 

_(a  +  5)(g^~g5-f&^)(g-6)(g^-hg6+fe^)(g-6) 

_  g'  -  g6  +  &^ 

81    ^^(y  -  ^)  +  y^('g  -  g)  +  g^(a  -  y) 

x^z  -  xz2  +  xy2  -  x2y  +  2/«'^  -  y^ 

^x^(y-z)  +  y^{z-x)  +  z^{z-y)_     ^ 

X^(Z  -  2/)  +  2/2(x  -  ^)  +  z2  (y  _  X) 
X«~6x2y-2xy2  +  24y8 
x»  +  3x2y  -  10xy2  _  24  y«' 


88. 


1  _6_  2  +  24 
1-1-6 

-4  +  4  +  24 
_  4  +  4  +  24 


.-.  the  H.C.F.  =  x2  -  xy  -  6  y\ 


1+3-10-24 
1  -  6  -    2  +  24 
8)8-    8-48 
1-1-6 


1-4 


a^  -  6x2y  -  2xy2  ^  24?/8  _  (x2  -  xy  -  6y2)(x  -  4y)  __  x-4y 
x»+  3x2y  -  10xy2  -  24y3  ~  (x2  -  xy  -  62/2)  (x  +  4y)  ~  x  +  4y 
^       j^>jg<  -  3x»  -  47x2  -  46x  +  18 
'   aie*-13x«-45x2+94x-24" 

2  _  3  -  47  -  45  +  18 1         3  -  13  -    46  +    94  -    24 

-       "      —        "  2 


2-6-38  +  12 

3  _    9-67  +  18 
3  -,    9-57  +  18 


6  -  26  -    90  +  188  -    48 
6  -    9  -  141  -  136  +    64 
-17)- 17+    61  +  323-lt)2 
1-      3-19+      6 


2  +  3 


.-.  Jh0  H.C.F.  =  x«  -  3x2  -  19x  +  6. 
2x*-3x«-47g2-46x+  18 

* '  3x*  -  13x8  -  45a;2  ^.  94 x  -  24 

_  (x»  -  3x2  -  19x  +  6)  (2x  +  3)  _  2x  +  3 
""  (x8  -  3x2  -  19x  +  0)  (3a;  _  4)  ~  3x-4 
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Exercise  55.    Page  127 

Reduce  to  lowest  terms : 

a2  _  4a6  -^  4l^_{a  -2h)(a  -  2b) _(2h  -  a){2b  -  a) _2h  -a 


1. 


8. 


262  +  a6-a2       (2h  -  a)(b -\- a)       (2b-a)(b  +  a)      6  + a 
(4y-12)8  _  48(y-3)8 

48  {y  -  3)8 


3  2/2(3 +  y) (3 -y) 
64  (y  -  3)8 
32/2(y  +  3)(2/-3) 
64(y-3)2 


3. 


3y2(2/  +  3) 
6y^z  -  3xV  3y2(2«  -  a2) 


a*-4x22  +  4«2       (x2_S2)(x2_2z) 

_       3y2(2z-x2) 
~  (2z-x2)(2«-x2) 

3y2 
~22-a2' 

gg  -  g V (g^  +  xV)  (a^  -  g^^ 

16  x^y^  —  16  g2xy  16  xy  (xy  —  g2) 

_  (g*  +  x2y2)  (a2  ^  xy)  (g2  -  gy) 

15xy(xy  —  g2) 
(g^  +  x2y2)  (g2  +  xy)  (g2  -  xy) 

16xy{a^  —  xy) 
(g*  +  x2y2)  (a2  -I-  xy) 

15  xy 

(9  a2x2  -  15  gx8)8  _     38g8xg  (3  g  -  5  x)8 

676  g*x8  -  243  g«x^  ~  27  g^x^  (25x2  -  9  g2) 

27  g8x«  (3  g  -  5  x)8 


27g*x«(5x  +  3g)(6x-3g) 
__  27g8x6(5x-3g)8 

~  ~  27a*x6(6x  +  3g)  (6x  -  3g) 
(6x-3g)2 

g  (5  X  -I-  3  a) 


6. 


7. 
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6xg-3y-2x^  +  ggy  _  3(2xg  -  y)  -  gg(2xg  -  y) 

3y2  +  3X*  -  9X2  _  a;22/2  -  x2(3x2  -  y2)  _  3^3x2  _  y2) 

^(3-x2)(2xg-y) 
(x2-3)(3x2-y2) 
(xa-3)(2x2-y) 
(x2-3)(3x2-y2) 
_      2x2  ~y 
""      3x«-y2' 
100  a«6  -  64  a^ft  4  a^ft  (25  -  16  a*) 


48a*62  _  I20a262  +  7562      362(i6a*  -  40 a2  +  25) 

_4a86(6-f  4a2)(5-4a2) 

""  362(4o2-6)(4o2-6) 
_4a86(5  +  4a2)(5-4a2)' 

~  362(5_4a2)(5_4a2) 
_4a8(5  +  4a2) 

~  36(5-4a2)* 
2a2c2  -  3a262  -  262ca  +  3&*  _  2c2(a2  -  62)  _  352(^2  _  52) 

362c2  -  2a262  -  3a2c2  +  26*  ~  3c2(62  -  a^)  +  262(62  -  a^) 

_(2c2~362)(a2~62) 

~(3c2  +  262)(62-a2) 
_(362-2c2)(62-a2) 

~(3c2  +  2  62)(62-a2) 
362 -2c2 


9. 


262  +  3c2 
48  a*68x*  -  144  a^c^    _    48  a2x*  (a268  -  3  c2x) 


720  (i62c«x*  -  80  a^¥c^     80  a62c2x2  (9  c*x2  -  a*66) 

__  48  a2x*  (a268  -  3  c2x) 


80a62c2x2  (3  c2x  +  a268)(3c2x  -  a268) 
48a2x*(3c2x-a268) 

80a6^c2x2(3c2x+a268)(3c2x-a268) 
3ax2 


6  62c2(3c2x  +  a268) 
6a2c2  +  186c2  ~  2a*  -  6a26  _  6c2(a2  +  36)  -  2a2(a2  +  36) 
4a*  +  2a262  -  12a2c2 -  662c2  ~  2 a2(2 a2  +  62)  _  6 c2(2 a2  +  62) 

_  (6c2-2a2)(a2  +  36) 
-  (2  a2'-  6  c2)  (2  a2  +  62) 
_      (6c2-2a2)(a2  +  36) 
"      (6c2-2a2)(2a2  +  62) 

a2  +  36 
""      2a2  +  62' 
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Ezerciae  56.    Page  128 

Reduce  to  an  integral  or  a  mixed  expression  : 
,     12x2 -5y      „        5y  .    axy-\-4x  +  6y 

1.     -=:2X -.  O. 

6x  6x  x  +  y 

25x8-3a  +  6c    .  axy +  4x -\-by\x±y 

2.   — 4x  +  4y  4 

~*^*'  5x      '  .  axy  +  4x+5y_^    oxy+y 

9  ■'■        x  +  y  x+y  ' 


3.  ?i±l^±^  =  x  + 


x  +  3  x  +  3 


9. 


a2  +  2  a6  +  62 


^     x2  +  3y2  a -26 

^■^y  a2  +  2a6  +  62)a-26 

x2  +  3y-)x  +  y  a^-2db           0-^46 

x2  +  xy    x-y  4a6+    62 

-xy  +  3y2  4a6-862 

-  xy  -    y2  962 

^y^  a2  +  2a6  +  62 

x2  +  3y2  „  .     4 2/2  .-.  -— ^T 

.-. =  x  —  y-\ a  —  zo 

x  +  y                     x  +  y  .  .K  ,      ^^^ 

=  a  +  46  + 

a*  -  6*      (a2  +  62)  {a^  -  62) 
5.  


a -26 


a2  +  62  a'^  +  62  x* -3x2y  +  3xy2  -  ys 

—  /»2        7v2  10.     — 

—  a^  -  0  .  x2  —  y2 


^     a2  + 6a +  126 -562  x8  -  3x2y  +  3xy2  -    y3)x2-y2 

a-26  +  6  x^ -    xj/2  x-3y 

a2  +  6a  +126-562)0-26  +  6  -3x2y  +  4xy2-     yS 

a2_},6a   -   2a6  a +  26  -3x2y +3y« 

2a6+126-562  4xy2-4y3 

2a6+126-462  x^  -  3x2y  +  3xy2  -  y8 

a2  +  6a+  126-562  ^^^2  _  4yZ 


a-26  +  6  -x-3y  + 

62 
a_26  +  6'  =x-3y  + 


=  a  +  26 ^^-^-  _^_  ^,,  _L     4y2(x-y) 

(x  +  y)(x-y) 

„    4a6-262-a2     ^.         a2  ^      ^   4y2 

7. ; =26-- -•  =x  — 3y  + 


2  a  —  6  2a-6  x  +  y 
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Exercise  57.    Page  129 

Reduce  to  a  fraction : 


1.   a  — OH —  =  - — = =  — 


2a2 


2.     a-b 


a  +  6  a-{-b  a-{-b  a-\-b 

a  —  b  —  c  __  2(a  —  b)  —  (a  —  b  —  c) 
2        ~  2 

_2a-26-a  +  &  +  c 
_  _ 

a  —  b  +  c 


3.  a2— a»+a2 =  ^ L_.'-^ £ =  — : = 

a+x  a+x  a+x  a-|-x 

.     ^         ,      28 -5a      (3a  +  4)(2a-7)  +  28-5a 

4.  3a  +  4  + =  ^ ■ — '-^ — 

2a-7  2a-7 

_6a2-13a-28  +  28 -5a 
"  2a-7 

_6a2-18a 

2a-7 

.    a-76         .   .,      a-76-(a-46)(a  +  46)     a-76-a2  +  ir,62 

0. a-f*4o  = = 

a  +  46  a  +  46  a  +  46 

a  +  6  +  c            a  +  6  +  c  —  (a  +  c)     a  +  6  +  c— a  —  c         6 
o. 1  = = = • 

a  +  c  a  -\-  c  a  •{■  c  a  -\-c 

7.   g-  I  ox  I  a'  I    ^''^  _{a^  +  ax  +  x^)(a-x)  +  2x^ 
V  a  —  X  a  —  X 

a3-x8  +  2x8 


a  —  X 
a*  +  x^ 
a  —  X 


a2-2ax  +  x2_a2  +  x2-(a2-2ax  +  x2)         2ax 


a^  -h  x2  a2  -f  x2  a2  +  x^ 
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Exercise  58.    Page  131 

Express  with  lowest  common  denominator : 

1. 


2. 


3. 


4. 


6. 


X  y 


a  —  6*   a  -\-h 

The  L.C.D.  is  a^  -  62. 

The  respective  quotients  are  a  +  6 ;  a  —  b. 

The  respective  products  are  x  (a  +  6);  y(a  —  6). 

The  required  fractions  are  — ^ ;  — ^. 

4a-6     2x  +  7 
-3-'    ~4— 

The  L.C.D  is  12. 

The  respective  quotients  are  4 ;  3. 

The  respective  products  are  4  (4  x  —  6) ;  3  (2  «  +  7). 

The  required  fractions  are  — ;   — . 

^  12        '  12 

20-36     3a-46 


2x  3« 

TheL.C.D.  is6x. 

The  respective  quotients  are  3 ;  2. 

The  respective  products  are  3  (2  a  —  3  6) ;  2  (3  a  —  4  6). 

The  required  fractions  are  — ;   — ^• 

6x  6x 

4a-66     2a  +  36 

lac     '      6a2c2 

TheL.C.D.  is36a2c2. 

The  respective  quotients  are  6  oc ;  7. 

The  respective  products  are  5  ac  (4  a  —  5  6) ;  7  (2  a  +  3  6). 

.    ^*      ..  5ac(4a-56)     7(2a  +  36) 

The  required  fractions  are ) — — - — - ;      \^   „  »     ' 

^  36a2c2  36a2c2 

2  3 

x-2*    x-3' 

The  L.C.D.  is  (x  -  2)  (x  -  3)  =  x2  -  6x  +  6. 

The  respective  quotients  are  x  —  3 ;  x  —  2. 

The  respective  products  are  2  (x  —  3) ;  3  (x  —  2). 

.    ^r      *.  2(x-3)  3(x~2) 

The  required  fractions  are       ^         '    • 


x2-5x  +  6*   x2-6x  +  6 


6. 


7. 


8. 


9. 


10. 


11. 
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5a         3a 
x  +  4^*   x-2' 

The  L.C.D.  is  (x  +  4)(aj  -  2)  =  a;2  +  2x  -  8. 

The  respective  quotients  are  x  —  2 ;  x  +  4. 

The  respective  products  are  5  a(x  —  2) ;  3  a  (x  +  4). 

The  required  fractions  are — ;     - — —  • 

^  x2  +  2x-8     x2  +  2x-8 


l  +  2c*    l-4c2 

TheL.C.D.  isl-4c2. 

The  respective  quotients  are  1  —  2  c ;  1. 

The  respective  products  are  1  —  2  c ;  1. 

1  —  2  c  1 

The  required  fractions  are ;   -• 

^  l-4c2     l-4c2 


X-  2a'   X  —  3a 

The  L.C.D.  is  (x  -  2  a)  (x  -  3  a)  =  x2  -  5  ax  +  6  a^. 
The  respective  quotients  are  x  —  3a;  x  —  2a. 
The  respective  products  are  x  —  3a;  x  —  2a. 

The  required  fractions  are ;    — — -r 

^  xa-6ax  +  6a2'   x2-6ax  +  6a2 

1  2y 

;     . 

X  +  y     x2  —  y2 

The  L.C.D.  is  x^  -  y2. 

The  respective  quotients  are  x  —  y;  1. 

The  respective  products  are  x  —  y;  2y. 

The  required  fractions  are — ; — 

x2-y2»    x2-y2 

a  a2  a* 

a-h'   oTb*   a2-62* 
The  L.C.D.  is  a2  -  62. 

The  respective  quotients  are  a  +  6 ;  a  —  6 ;  1. 
The  respective  products  are  a(a  +  b);  a^(a  -  b);  a^. 

The  required  fractions  are  ?5^^i— ;    ^  /^  ~      ;    -^^• 

a^  —  or        a^  —  b*       a^  —  tr 

2  2  2 

•        •  

a  —  b     b  —  e     c  —  a 

The  L.C.D.  is  (a  -b){b-  c)  (c  —  a). 
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The  respective  quotients  are 

(6  -  c)  (c  -a) ;  (a-b)(c  —  a);  (a  -  6)  (6  —  c). 

The  respective  products  are 

2(6-c)(c-a);  2(a-6)(c-a);  2(a-6)(6-c).        " 

The  required  fractions  are 

2(6-c)(c-a)  2(a>-6)(c-a)  2(a~6)(e>-t) 


18. 


13. 


14. 


15. 


(a-6)(6-c)t«-a)'    (a- 6)(6- c)(c-a)  *   (a-b)(h-c)(c -a) 

7a  +  4     6a  +  2      4a-5 

a-3  '   3x-9'   4a;-12* 

TheL.C.D.  is  12  (x- 3). 

The  respective  quotients  are  12 ;  4 ;  3. 

The  respective  products  are  12  (7  a  +  4) ;  4  (5  a  +  2) ;  3(4«  —  6). 

.    ^/     ..  12(7a  +  4)     4(6a  +  2)     3(4a-5) 

The  required  fractions  are  — ^^ ;   — ^^ ; 

^  12(x-3)*    12(x-3)'    12(x-«) 

a  "*      .        ^^ 

a  +  l'    (a  +  1)2 '    (a +  1)8* 

TheL.C.D.  is  (a  +  I)*. 

The  respective  quotients  are  (a  +  1)^ ;  a  +  1 ;  1. 

The  respective  products  are  a  (a  +  1)^ ;  a^  (a  +  1) ;  a'. 

r^,.  .    ^  *     X.  a(a  +  l)2     a2(a  +  l)  a^ 

The  required  fractions  are  — ^ --^ ;   -— ^^ — — -^ ;   - — — -. 

(a  +  1)8       (a  + 1)8      (a  +  1)8 

4         3~a     3+a 
9-a2'   3  +  a'   3  -  a' 
The  L.C.D.  is  9  -  a^. 

The  respective  quotients  are  1 ;  3  —  rt ;  3  +  a. 
The  respective  products  are  4 ;  (3  —  a)^ ;  (3  +  a)^. 

The  required  fractions  are ; — ;   ^^ . 

9  -  a2 '     9  -  a2  *     9  -  a2 

1  1  1 


x2-6x  +  6'   x2-7x+12'   x2_6a.^_8 
1  1 


(x-2)(x-3)*    (x-3)(x-4)*    (x-2)(x-4) 

The  L.C.D.  is  (x  -  2)  (X  -  3)  (X  -  4). 
The  respective  quotients  are  x  —  4;x  —  2;x  —  3. 
The  respective  products  are  x  —  4;  x  —  2;  x  —  3. 
The  required  fractions  are 

X  —  4  X  —  2  X  —  3 

(x-2)(x-3)(x-4)*    («.^2)(x^3)(x-4)'    (x-2)(x-3)(x-4)' 


16. 
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7x  4x  3x 


8x2_.l0xy  +  3y2'    12x'-2  -  xy  -  Gy^'   6x2  +  xy-2y2 
7x  4x  3x 


(2x-y)(4x-3y)*    (4x-3y)(3x+22/)'    (3x+2y)(2x-y) 

The  L.C.D.  is  (2x  -  y)  (3x  +  2y)  (4x  -  3y). 

The  respective  quotients  axe  3x  +  2y;  2x  —  y;  4x  —  3y. 

The  respective  products  are 

7x(3x  +  2y);  4xt2x-y);  3x(4x-3y). 

mv  '    A*      .'  7x(3x  +  2y) 

The  required  fractions  are ^ — ; 

^  (2x  -  y)  (3x  +  2y)  (4x  -  Sy)  * 

4x(2x-y)  3x(4x-3y) 


17. 


(2x-y)(3x  +  2y)(4x-3y)'  (2x  -  y)(3x  +  2y)(4x  -  3y)* 

3a  +  26  2a-36  4a-f  6& 

6o2  + oft -35  62'  l2a2-25a6-762'  8a2  +  22a6  +  562 
3a  +  26  2a-36  4a  +  56 


(2a  +  6W(3a-76)     (3a  - 7 6) (4 a -|- 6)     (2a  + 66)(4a  + 6) 

The  L.  C.  D.  is  (2  o  +  5  6)  (3  a  -  7  6)  (4  o  +  6) . 
The  respective  quotients  are  4a  +  6;  2a  +  66;  3a  —  76. 
The  respective  products  are 
(3a  +  26)(4a  +  6);  (2a  -  36)(2a  +  56);  (4a  +  56)(3a  -  76). 

The  required  fractions  are , ,   ^^ — -^rrrTT^ — r:  5 

^  (2a  +  66) (3a  -  7 6)  (4 a  +  6) 

(2a-36)(2a  +  66)  (4a  +  56) (3a  -  7  6) 


(2 a +  56) (3a -7 6) (4a +  6)'  (2a  +  66) (3a -7  6) (4a  +  6) 

Ezerciae  59.     Page  132 

Find  the  algebraic  sum  of : 

,     4a-236     4a-266      196-3a 

1. -\- • 

4  6  12 

The  L.C.D.  is  12. 

The  respective  multipliers  are  3 ;  2 ;  1. 

3  (4  a  -  23  6)  =    12  a  -  69  6  =  1st  numerator. 

—  2(4a-256)  =  -8a  +  606  =  2d  numerator. 

1  (19 6  -  3 a)  =  -  3a  +  196  =  3d  numerator. 

a  =  the  sum  of  the  numerators. 

Hence,  the  sum  of  the  fractions  is  —  • 
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29a      3a-206      3a-106  +  6c      4a-26  +  3c 

••     "ZZ TZ 1" 


90  60  20  12 

The  L.C.D.  is  180. 

The  respective  multipliers  are  2 ;  3 ;  9 ;  15. 

2  (29  a)  =     58  a  =  1st  numerator. 

-3(3a-206)=-    9a +  606  =  2d  numerator. 

9(3a-106  +  5c)  =     27a -906  + 45c  =  3d  numerator. 

-  15 (4 a  -  2 6  +  3 c)  =  - 60a  +  306  -  45c  =  4th  numerator. 

16  a  =  the  sum  of  the 

numerators. 

Hence,  the  sum  of  the  fractions  is =  - — 

'  180       45 

_2 1       2a  +  3        1        3a-  26 

3a      26      ~Gcfi~     2^         6a6 

TheL.C.D.  is6a26xa. 

The  respective  multipliers  are  2  a6x2  ;*  3  a^^ .  ^2 .  SaV);  ax^. 

2  a6x*  (2)  =     4  abx^  '  =  1st  numerator. 

-  3  aW  (1)  =  -  3  a2x2  =  2d  numerator. 
-6x2(2a  +  3)  =  -2a6x2                -36x2  =  3d  numerator. 

-  3  a26  (1)  =  -  3  a26  =  4th  numerator. 

a»2  (3  a  -  2  6)  =  -  2  a6x2  +  3  a2x2 =  5th  numerator. 

-  3  6x2  -  3  ^25  -.  ii^Q  gum  of  i^he 

numerators. 
-36x2-3a26         x2  +  a2 


Hence,  the  sum  of  the  fractions  is 
4. 


6a26x2  2a2x2 

24 


2(x  +  l)      lO(x-l)      5(2x  +  3) 

The  L.C.D.  is  10  (x  +  1)  (x  -  1)  (2x  +  3). 
The  respective  multipliers  are 

5(x-l)(2x  +  3);  (x  +  l)(2x  +  3);  2(x  +  l)(x-l). 

5(x  -  1)  (2x  +  3)  (5)  =     50x2  +  25x  -  75  =  1st  numerator. 

-(x  +  l)(2x  +  3)=-    2x2-    5x-    3  =  2d  numerator. 

-  2  (X  +  1)  (x  -  1)  (24)  =  -48x2 +48  =  3d  numerator. 

20x  -  30  =  the  sum  of  the 

numerators. 
Hence,  the  sum  of  the  fractions  is 

20X-30 2x-3 

10 (X  +  1)  (X  -  1)  (2 X  +  3)  ~  (x"+l)(x-l)(2x  +  3)' 
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-         2-f  3g-5x« 2  a;  4-6 

2  +  .3x-6x2      2x  +  6  1 


(X  -  1)8  (X  -  1)*        X-1 

The  L. CD.  is  (x  -  1)8. 

The  respective  multipliers  are  1;  (x  —  1);  (x  —  l)a. 

(1) (2  +  3x  -  6x2)  =  2  +  3x  -  6x2  =  1st  numerator. 

-  (X  -  1)  (2x  +  6)  =  6  -  3x  -  2x2  =  2d  numerator. 

(x  -  1)2  (1)  =  1-2X+    x2  =  3d  numerator. 

8  —  2x  —  6x2  =  the  sum  of  the  numerators. 

Hence,  the  sum  of  the  fractions  is 

8-2x-6x2_  (8h-6x)(1-x)_      S  +  6x 
(x-l)8      ~         (X  - 1)8         ""      (x-l)2* 

I  o  o 

«.   -^^ — z —  + 


a2-7a  +  12      o2-4a  +  3      a2-6a  +  4 


1  2 

+ 


(o  -  3)  (a  -  4)      (a  -I)  (a-  3)      (a  - 1)  (a  -  4) 

The  L.C.D.  is  (a  -  1)  (a  -  3)  (a  -  4). 

The  respective  multipliers  are  a  —  1;  a  —  4;  a  —  3. 

(a  —  1)  (1)  =        a  —  1  =  1st  numerator. 

(a  —  4)  (2)  =      2a  —  8  =  2d  numerator. 

-  (o  -  3)  (3)  =  -3a  +9  =  3d  numerator. 

0  =  the  sum  of  the  numerators. 
Hence,  the  sum  of  the  fractions  is  0. 

^        x+1  x-1  9 


X2  +  X  +  1         X2-X  +  1         X*  +  X2  +  1 

The  L.C.D.  is  x*  +  x^  +  1. 

The  respective  multipliers  are  x2— x  +  1;  x2  +  x  +  l;  1. 

(x2  —  X  +  1)  (x  +  1)  =    x8  +  1  =  1st  numerator. 

(x2  +  X  +  1)  (x  - 1)  =    x8  -  1  =  2d  numerator. 

(1) (2)         =         +2  =  3d  numerator. 

2  x8  +  2  =  the  sum  of  the  numerators. 

Hence,  the  sum  of  the  fractions  is 

2x8  +  2     _     2(x  +  l)(x2-x  +  l)     _    2(x  +  l) 
X*  +  x2  + 1  ~  (x2  +  x  +  l)(x2^x  +  1)  ~  x2  +  X  +  1 
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x2  -I-  ox  +  a2      x^-  ax  +  a'^         1  1 


8. 


x^  —  a*  x^  -^  a^  X  —  a     x  -\-  a 

The  L.  CD.  \&x^-  a^. 

The  respective  multipliers  are  x  +  a ;  x  —  a. 

(x  +  a)  (1)  =     X  +   a  =  1st  numerator. 
~  (x  —  a)  (1)  =  —  X  -f   g  =  2d  numerator. 

2  a  =  the  sum  of  the  numerators. 

2a 


Hence,  the  sum  of  the  fractions  is 


x-*  -  a}' 


9 


x^-\-y^  _       x2  y2       _  x2  +  y2  x^  y^ 

xy         xy-^y^     x^ -\- xy         xy         y{x-^y)      x(x  +  y) 

.  The  L.C.D.  is  xy  (x  +  y). 
The  respective  multipliers  are  x  -^  y;  x;  y. 

(X  +  y)  (x^  +  y^)  =     x^  +  x^y  +  X2/2  +  y®  =  Ist  numerator. 

—  X  (x2)  =  —  x8  =  2d  numerator. 

—  y  (y2)  = —  y8  =  3d  numerator. 

x2y  +  xy2  =  the  sum  of  the  numerators. 

Hence,  the  sum  of  the  fractions  is  ^^  "^  ^^^  =  ^^^^"^^^  =  1. 

xy{x-\-y)      xy(x  +  y) 


,^    x2-2x  +  3  x-2 

10.    ! f- 


x3  +  l  a;2_a.^i      x  +  1 

The  L.C.D.  is  x*  +  1. 

The  respective  multipliers  are  1;  x  +  1;  x^  —  x  +  1. 

(1)  (x2  -  2  X  +  3)  =      x2  -  2  X  +  3  =  1st  numerator. 

(x  +  1)  (x  —  2)  =     x2  —    X  —  2  =  2d  numerator. 

-  (x2  -  X  +  1)  (1)  =  -  x2  +    X  -  1  =  3d  numerator. 

x2  —  2  X         =  the  sum  of  the  numerators. 

aj2  —  2x 
Hence,  the  sum  of  the  fractions  is 


x8  +  l 


11.    ^-^   +-y  +  ^y 


X2  —  xy  +  y2        X  +  y        X8  +  y8 

The  L. CD,  is  x*  +  y». 
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The  respective  multipliers  are  x  +  y;  x^  —  zy  -^  y^;  1. 

(x  +  y){z  —  y)  =   z^  —  y^  =  Ist  numerator. 

(z^  —  zy  +  y^)  {\)  =    aj2  _  xy  -f  y2  _  2d  numerator. 

(1)  (zy)  =        +  xy  =  3d  numerator. 

2  x^  =  the  sum  of  the  numerators. 

2x2 

Hence,  the  sum  of  the  fractions  is 

x8  -f-  y8 

-^        1               z  —  y  zy  —  2z^ 

13.   —1— +  — Z — I ^tl — t^, 

z  —  y      z'^  ■\- zy  -\- y^       x^  —  y* 
The  L. CD.  is  x*  -  y^. 

The  respective  multipliers  are  x*  +  xy  +  y2 ;  x  —  y ;  1. 
(x2  +  xy  +  y2)  (1)  =        x2  H-    xy  +    y^  =  1st  numerator. 
(^  —  y)(^  —  y)=        z^  —  2zy  -{-    y2  =  2d  numerator. 

(1)  (xy  —  2  x2)  =  —  2  x^  H-    xy =  3d  numerator. 

+  2  y'^  =  the  sum  of  the  numerators. 

2y2 

Hence,  the  sum  of  the  fractions  is . 

x'  —  y"* 

13        1  x-1  x2^x.,8 

*   x-3      x2  +  3x  +  9         x8-27    * 

The  L. CD.  is  x^  -  27. 

The  respective  multipliers  are  x2  +  3x  +  9;  x  —  8;  1. 

(x2  +  3  X  +  9)  (1)  =    x2  +  3  X  +  9  =  1st  numerator. 

(x  —  3)  (x  —  1)  =    x2  —  4  X  +  3  =  2d  numerator. 

(1)  (x2  +  X  -  3)  =    x^  +     X  -  3  =  3d  numerator. 

3  x^  +  9  =  the  sum  of  the  numerators. 

3x2  +  9 


Henf^e,  the  sum  of  the  fractions  is 

14.  ^^4 ,   '      +      ' 


x8-27 


a*-a2  +  l      a2-a  +  l      a^  +  a  +  l 

The  L.CD.  is  (a*  -a^  +  1)  (a*  +  a^  +  1)  =  a^  +  a*  + 1. 
The  respective  multipliers  are  a^+a^+l;  (a^—a^-\-l){a^-{-a-\-l); 
(a*-a2  +  l)(a2-a  +  l). 

{a*+a2+l)(2a)=        +2a6  +2a8  +2a      =  1st  numerator. 

--(a*-a2+l)(a2+a+l)(l)  =  -a«-    a^  +   a*-   a-l=2d  numerator. 

(a^-a2+l)(a2-a+l)(l)=     a^-    a^  +   a^  -   a+l=3d  numerator. 

4a^  =the  sum  of  the 

numerators. 

4  d^ 
Hence,  the  sum  of  the  fractions  is 

a8  +  a*  -I- 1 
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,r  2  1  2  1 

15.   + + 

(X  -  1)«         (X  -  1)2        X  -  1         X 

The  L. CD.  i8x(x-l)8. 

The  respective  multipliers  are  x ;  x(x  —  1);  x(x  —  1)*;  (x  —  1)*. 

(x)  (2)  =  +  2  X        =  1st  numerator. 

x(x  —  1)  (1)  =  4-    JC*  —    «        =  2d  numerator. 

X  (x  -  1)2(2)  =      2x»-4x2  +  2x        =3d  numerator. 
-  (X  -  1)8(1)  =-    x8  +  3x2-3x  H-1  =  4th  numerator. 

x^  +  1  =  the  sum  of  the  numerators. 

X*  + 1 
Hence,  the  sura  of  the  fractions  is 


16. 


x(x-l)« 
x-1  x+2  x-3 


x2-7x  +  10      x2-9xH-14      x2- 12x4-36 

x-1  x-1-2*  x-3 


(x-2)(x-6)      (x-2)(x-7)      (x-6)(x-7) 

The  L.C.D.  is  (x  -  2)  (x  -  6)  (x  -  7). 

The  respective  multipliers  are  x  —  7;  x  —  6;x—  2. 

(x  —  7)  (x  —  1)  =  x2  —  8  X  +  7  =  1st  numerator, 
-(x  -  6)  (x  H-  2)  =  -  x2  +  3x  +  10  =  2d  numerator. 
-  (x  —  2)  (x  -  3)  =  -x2  +  6x-   6  =  3d  numerator. 

—  x2  4- 11  =  the  sum  of  the  numerators. 

11  -x* 
Hence,  the  sum  of  the  fractions  is 


(X  -  2)  (X  -  5)  (X  -  7) 


--     2-f  X  3-x  1-2x2 


3  +  x2      9  +  6x  +  x2      (3  +  x)  (3  +  x2) 
24-{C        3-x  1-2x2 


3  +  x2      (3  +  x)2      (3  +  X)  (3  4-  x2) 

The  L.C.D.  is  (3  4-  «)2(3  4-  x2). 

The  respective  multipliers  are  (3  4-  x)2 ;  3  4-  x2 ;  3  4-  ». 

(3  +  x)2(2  +  x)=  18  +  21 X  +  8x2  4-  x^  =  Ist  numerator. 
-(3  4-5c2)(3-x)=-  9+  3x-3x24-  x^  =  2d  numerator. 
(3  +  x) (1  -  2 x2)  =       3+      X- 6x2 -2x8  _  3^  numerator. 

12  H-  26x  —    x2  =  the  sum  of  the  numer^ 

ators. 
12  +  25x-x2 


Hence,  the  sum  of  the  fractions  is 


(3  4-  x)2(3  4-  x2) 
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ig  cfl  —  hc  b^-ac  e^  -db 

(o  +  6)  (a  +  c)      (b  +  c)  (a  J-  6)      (o  +  c)(6  +  c)' 

The  L.C.D.  is  (a  +  6)  (6  +  c)  (a  -|-  c). 

The  respective  multipliers  are  6  +  c;  a  +  c;  a  +  6. 
(6  +  c)  (a2  -  6c)  =     a%  -  ft^c  +  a^c  -  6c2  =  1st  numerator. 

(a  +  c)(lf^-ac)=  +b^-a^c  +  oft^  -  ac^  =  2d  numerator. 

(a  4-  b)  (c2  -  a6)  =  -a^ +  fec^  -  oftg  +  oc^  =  3d  numerator, 

0  =  the  sum  of  the 

numerators. 
Hence,  the  sum  of  the  fractions  is  0. 

--         6x-2       ,      2x  +1  3x-l 


x^-Sx-4:      z^-x-12      X2  +  X-20 

6a-2  2x+l  3x-l 


(x  +  l)(x-4)      (x4-3)(x-4)      (x-4)(x  +  6)      "^ 

The  L.C.D.  is  (x  +  1)  (x  +  3)  (x  -  4)  (x  +  5). 
The  respective  multipliers  are 

(x  +  3)(x  +  5);  (x+l)(x  +  5);  (x  +  l)(x  +  3). 

(X  +  3)(x  +  6)(5 X  -  2)  =      5 x8  +  38 x2  +  59 X  -  30  =  1st  numerator. 

(x+l)(x  +  6)(2x+l)=     2x8  + 13x2 +  16X+    6  =  2d  numerator. 

- (X  +  l)(x  +  3)(3 X  -  1)  =  -3x8-  llx^-    6x+    3  =  3d  numerator. 

4x8  +  40x2  +  70x  -  22  =  the  sum  of  the 

numerators. 

XT«  «     ♦!,              **u    *      *•        •        4x8  +  40x2  +  70x-22 
Hence,  the  sum  of  the  fractions  is 

(x  +  l)(x  +  3)(x-4)(x  +  6) 


20. 


7  +  3x2         5-2x2         3-2x  +  x2 
4-x2       4H-4a;  +  x2      I  -4x  +  x2 

7  +  3x2  5-2x2      3-2x  +  x2 


(2  +  x)(2-x)      (2  +  x)2         (2-x)2 

The  L.C.D.  is  (2  +  x)2(2  -  x)2. 

The  respective  multipliers  are  (2+x)(2-x);  (2-x)2;  (2+x)2. 

(2+x)(2-x)(7+3x2)=     28  +5x2  -  3  x*= 1st  numerator. 

-(2-x)2(5-2x2)=-20+20x+3x2-  8x8+2x*=2d  numerator. 

-(2+x)2(3-2x+x2)=-12-  4x+   x2-  2x8-   x*=3d  numerator. 

-  4+16x+9x2-10x8-2x*=thesumofthe 

numerators. 

—  4  +  16x  +  9x2  _  10x8  _  2  X* 

Hence,  the  sum  of  the  fractions  is — — 

'  (2  +  x)2(2  -  x)2 
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o-5x  3a2-4ax  +  x2 


31. 


4aa  -  20aaj  +  25x2      24a8  -  ISOa^x  +  460ax2  -  376x» 
_     o  —  5  X         (a  —  x)  (3  a  —  x) 
~  (2a-  6x)2         3(2a  -  6x)8 

The  L.C.D.  is  3 (2  a  -  5x)8. 

The  respective  multipliers  are  3(2a  —  5x);  1. 

3 (2 a  -  6x)  (a  —  5x)  =     6 a^  -  46 ax  +  75x2  =  Ist  numerator. 
-  1  (3  a2  -  4  ax  +  x2)  =  -3a2+    4ax-      x2  =  2d  numerator. 

3a2  -  41  ax  +  74x2  =  the  g^m  of  the 

numerators. 
3a2-4lax+  74x2 


Hence,  the  sum  of  the  fractions  is 


3(2a-6x)8 


X  +  a  x  +  6  x  +  c 


x2  —  (6  +  c) X  +  6c     x2  —  (a  +  c)x-f  ac     x2  -  (a  +  6)x  +  aft 

x+a  x+6  x+c 

+  •: rz r  + 


(x  —  6)  (x  —  c)      (x  -  a)  (x  —  c)      (x  —  a)  (x  —  6) 

The  L.C.D.  is  (x  -  a)  (x  -  6)  (x  -  c). 

The  respective  multipliers  are  x  —  a;  x  —  6;  x  —  c. 

(x  —  a)  (x  +  a)  =  Jc2  —  a2  =  1st  numerator. 

(x  —  6)  (x  +  6)  =  x2  —  62  :=:  2d  numerator. 

(x  —  c)  (x  +  c)  =  x2 —  c^  =  3d  numerator. 

3x2  —  a2  —  52  _  c2  =  the  sum  of  the  numerators. 

3  x2  —  a2  —  62  —  c2 

Hence,  the  sum  of  the  fractions  is 

(x  —  a)  (x  —  6)  (x  —  c) 

28.   1 +^ +. ' +  !l±l 

a2  +  6a  +  6      a2  +  4a  +  3      a2H-3tt  +  2       a  +  3 

1  ,  2a  ,  1  . 2o+l 

+  ■: 7T~: — — ::?  + 


(a  +  2)(a  +  3)      (a+l)(a  +  3)      (a  +  l)(a  +  2)       a  +  3 

The  L.C.D.  is  (a  +  1)  (a  +  2)  (a  +  3). 

The  respective  multipliers  are  a  +  l;  a-|-2;  a+3;  (a+l)(a  +  2). 
(a+l)(l)=  +     a+l  =  1st  numerator, 

(a + 2)  (2  a)  =       +  2  a2  +  4  a      =  2d  numerator. 
(a+3)(l)=  +     a+ 3 =3d  numerator. 

(a+l)(a+2)(2a+l)=2a8+7a2+  7a+2=4th  numerator. 

2  a^ + 9  a2 + 1 3  a + 6 = the  sum  of  the  numerators. 
Hence,  the  sum  of  the  fractions  is 

2a8  +  9a2  +  13a +  6  _  (a  +  l)(a  +  2)(2a  +  3)  _  2a  +  3 
"(a  +  l)(a  +  2)(a  +  3)~  (a  +  l)(a  +  2)(a  +  3)  "  a  +  3  ' 
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«»  63  c8 

31. 1- 

(a  -  6)  (a  -  c)      (a  -  6)  (6  -  c)      fa  -  c)  (6  -  c) 

The  L.C.D.  is  (a  -  6)  (a  -  c)  (6  -  c). 

The  respective  multipliers  are  b  —  c;  a  —  c;  a  —  b. 

(p  —  c)  (a*)  =  a^b  —  a^c  =  Ist  numerator. 

—  (a  —  c)  (68)  =  _  a58  ^  ^c  _  2(1  numerator. 

(a  —  6)  (c^)  = 4-  ac^  —  bc^  =  3d  numerator. 

a^b  —  aH  —  a6'  +  bH  +  ac^  —  60^  =  the  sum  of  the 

,  .     ,  numerators.    • 

Hence,  the  sum  of  the  fractious  is 

a^b  —  a^c  —  06*  +  6V  +  dc^  —  bc^ 
(a  —  6)  (a  —  c)  (6  —  c) 

Now  a'6  —  aH  —  06^  4-  6*^0  +  oc^  —  6c* 

=  (a^b  -  a68)  -  (aH  -  tfic)  +  (axfi  -  bc^) 

-  db(a^  -  62)  -  c(a^  -  6*)  4  c8(a  -  6) 

=  ab{a  +  6)(a  -  6)-  c(a2  +  a6  +  62)(a  -  6)  +  c8(a  -  6) 

=  (a  -  6)  [ab{a  +  6)  -  c(a2  +  a6  +  62)  +  c*] 

=  (a  -  6)  (a26  +  062  -  a^c  -  abc  -  b'^c  +  c^) 

=  (a  -  6)  [(a26  -  abc)  +  (a62  -  62c)  -  (a^  -  c^)] 

=  (a  -  6)  [a6(a  -  c)  +  62(a  -  c)  -  c(a2  -  c2)] 

*=  (a  -  6)  [a6(a  -  c)  +  62(a  -  c)  -  c(a  +  c)  (a  -  c)] 

=  (a  -  6)  (a  -  c)  (06  +  62  -  ac  -  c2) 

=  (a  -  6)  (a  -  c)  [(a6  -  ac)  +  (62  -  c2)] 

=  (a  -  6)  (a  -  c)  [a(6  -  c)  +  (6  4-  c)  (6  -  c)] 

=  (a  -  6)  (a  -  c)  (6  -  c)  (a  +  6  +  c). 

Hence,  the  sum  of  the  fractions  is 

(a~6)(a-c)(6-c)(a  +  6  +  c)^^  ^  ^  ^  ^ 
(a  -  6)  (a  —  c)  (6  —  c) 

Exercise  60.    Page  135 

Find  the  algebraic  sum  of : 

1  2,1 


(«  -  2)  («  -  3)      (X  -  1)  (3  -  X)      (X  -  1)  (X  -  2) 

2      _^       1 


(X  -  2)  (X  -  3)      (X-  1)  (X  -  3)      (X  -  1)  (X  -  2) 
The  L.C.D.  is  (x  -  1)  (x  -  2)  (x  -  3). 
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The  respective  multipliers  are  x  —  1;  z  —  2;  x  —  3. 

(x  —  1)  (1)  =       X  —  1  =  1st  numerator. 
-(X  -  2)(2)  =-2x  +  4  =  2d  numerator, 
(x  —  3)  (1)  =       X  —  3  =  3d  numerator. 
0  =  the  sum  of  the  numerators. 

Hence,  the  sum  of  the  fractions  is  0. 


3.    -TT^ =r-:r^^ r4- 


xa(x2  +  J^)      2x«(y-x)      2x8(x  +  y) 


x2(aja  +  y2)      2x«(x~y)      2x»(x  +  y) 

The  L.C.D.  is  2x»(x  +  y)  (x  ~  y) (x^  +  y^)  =  2x»(x*  -  y*). 
The  respective  multipliers  are 

2x(xa  -  y2) ;  (x  +  y) (x»  4-  y^ ;  (x  -  y)(x?  +  y«). 

2  X  (x^  —  y2)  =  2  x'  '         —  2  xy*  =  Ist  numerator. 

(x  +  y)  (x^  4-  y*)  =    x*  +  x*y  +    xy2  +  y8  =  2d  numerator. 

(x  —  y)  (x^  +  y2)  =    x'  —  x^  +   xy^  —  y*  =  3d  numerator. 

4  x^  =  the  sum  of  the  numerators. 

4x»  2 

Hence,  the  sum  of  the  fractions  is 


2x»(x*-y*)      x*-y* 


8. — :  +  ,-; r  + 


a(a  —  6) (o  —  c)      6(6  —  c) (6  -  a)      c(c  —  a)(c  —  b) 
11  1 


a(a  —  b){a  —  c)      6  (6  —  c)  (a  —  6)      c  (a  —  c)  (6  —  c) 

The  L.C.D.  is  a6c  (a  -  6)  (a  -  c)  (6  -  c). 

The  respective  multipliers  are  6c  (6  —  c) ;  ac{a  —  c)'j  a6(a  —  6). 

be  (6  —  c)  =  6^  —  6c*  =  Ist  numerator. 

—ac(a  —  c)=  —  a^c  +  ac*  =  2d  numerator. 

a6  (a  —  6)  = +  a*6  —  06*  =  3d  numerator. 

62c  -  6c2  -  a^c  4-  oc*  +  a26  -  a63  =  the  sum  of  the  nu- 
merators. 
Hence,  the  sum  of  the  fractions  is 

62c  -  6c2  -  a^c  +  ad^  -\- a^b  -  abf^  _     (a  -  6)  (a  -  c)  (6  -  c)    _    1 

— — -" '  — ■ — —  ■—  ■  ■  ■-     -  -    2^  ■■■■■-  ^^        ■  ■    • 

a6c  (a  —  6)  (a  —  c)  (6  —  c)  a6c  (a  —  6)  (a—  c)  (6  —  c)      a6c 
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9. 


3 4 6 

(x-y)(y-z)      (y-x)(z-x)      (x-z){z-y) 
^  8  4 6 

"  (X  -  y)  (y  -  z)      (X  -y){z-  x)      (z  -x)(y-z)' 

The  L.C.D.  is  (x  -y)(y  -  z)  (z  -  x). 

The  respective  multipliers  are  z  —x;  y  —  z;  x  —  y. 

(«  —  x)  (3)  =  —  3  X  +  3  2  =  Ist  numerator, 

(y  —  2)  (4)  =  +    4  y  —  4  2  =  2d  numerator. 

—  (x  —  y) (6)  =  —  6x  +    6y =  3d  numerator. 

—  9x4- 10  y     — 2  =  the  sum  of  the  numerators. 

Hence,  the  sum  of  the  fractions  is 

(x~y)(y-2)(2~x) 


,^    7x-13.28-13x         28X  +  43 

10. -4--r + 


2x-l         3-2x        4x2-8x  +  3 

7X-13  ,  13X--28  ,  28X  +  43 

H — z -z — r 


2x-l         2x-3        (2x-l)(2x-3) 

The  L.C.D.  is  (2x  -  l)(2x  -  3). 

The  respective  multipliers  are  2x  —  3;  2x  —  1;  1. 

(2  X  -  3)  (7  X  -  13)  =  14  x2  -  47  X  +    39  =  1st  numerator. 

(2x  -  1)  (13x  -  28)  =  26x2  -  69x  +    28  =  2d  numerator. 

(1)  (28 X  +  43)  =  +28x+   43  =  3d  numerator. 

40x2  —  88  X  +  110  =  the  sum  of  the  numerators. 

XT          *K             **!,*♦••   40x2 -88x  + 110 
Hence,  the  sum  olthe  fractions  is . 

(2x-l)(2x-3) 


^^     ga  -  (5  -  c)2      62  _  (a  _  c)2      c2  -  (g  -  6)2 

(g  +  c)2  -  62      (g  +  6)2  -  c^     g2  -  (6  +  c)2 

_  g2  ^  (6  ^  c)2      62  -  (g  -  c)2      c2  -  (g  -  6)2 

"■  (o  +  c)2  -  62  "*"  (g  +  6)2  -  c2      (6  +  c)2  -  g2 
_  (g  +  6  —  c)  (g  —  6  +  c)     (6  +  a  —  c)  (6  —  g  +  c) 
~  (o  +  &  +  c)  (a  -  6  -f  c)     (g  +  &  +  c)  (g  +  6  -  c) 

{c  -{■  a  —  b){c  —  a-\-h) 
(6  +  c  +  g)  (6  +  c  -  g) 
g  +  6  —  c6  —  g  +  cc  +  o  —  6      a  +  64-c      ^ 
g  H- 6  4- c      g  4- 6  +  c      g  4- 6  4- c      g  4- 0  4- c 
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EzerciM  61.    Page  137 

Find  the  product  of : 

12 xg      lOxy  _  12  X  10g8y_  Sx^ 
6y2        9«2  ~   6  X  9y22a  "^  Syz^' 

^    a^      i^      c^      aV^d^     , 

2      X  X  = :=  1 

he     ac     aJb     a^b^^ 

8.  — X  —  X  = ^— = 

x2y      yH       dbc        aJbcx^z       j/^ 

Zed  ^10^^  1668  ""3  X  10  X  16 a268cd  ~  "s" 

5    ^'~y^  X    ^^    =  (^  +  y)  (g  -  y)  ^    ^a^    _  4x(x-y) 
*  x2  +  y^     X  +  y  ~       x2  +  y2  X  +  y  ~    x2  +  y2   * 

^    x2-y2^      3x2      ^(a;  +  y)(a;^y)  ^      3x2      ^3x2(x-y) 
'   x2  +  y2     4x  +  4y  x2  +  y^  4(x  +  y)       4(x2  +  y2) 

ab  +  ac      a6  —  ac_a(6  4-c)      a(6  —  c)_a2     * 
6(i-c(l      6d+cd""d(6-c)      d(6  +  c)  "^2* 
4x  +  4y       6x2-5y2_  4(x  +  y)        5 (x2  _  yg)  _  20  .^^^ 
3x2 -3y2       7x  +  7y  ~3(x2-y2)       7(x  +  y)   "21* 

^    3x2-x  2a  x(3x-l)  2a  3x-l      , 

9.   X — =  — ^x = ' 

a  2x2 -4x  a  2x(x-2)       x-2 

3x2         3x-6          3x2  3(x-2)        9 

10. X      .    .     =  — X     ^  '  - 


6X-10        4x8         6(x-2)  4x8  20x 

11    (g-y)^^      y      ^y{x-y) 
X  +  y      X  (X  -  y)     X  (x  +  y) 

12  X*  -  y*        ^   g  -  y  _  (g^  +  y^)  (X  +  y)  (X  -  y)  ^^    x-y 


x2  —  2xy  4-  y^      x2  +  xy  (x  —  y)(x  —  y)  x(x  +  y) 

x2+y2 
X 

x(a  -  x)  a(a  +  x)      _  x (a  -  x)      a(a-\-x) 

a2  +  2ax  +  x2     a2  -  2  ax  +  aj2  ~  (a  +  x)2       (a  -  x)2 

_  ax 

(a  H-x)(a  —  x) 
_     ax 
~a2-x2' 


15. 


216  ELEMENTARY  ALGEBRA 

o«-y  gg-f  ft»  a  +  6 

a*  +  2a263  +  &4      tfi  _  aft  ^_  ^a      a^  -  fts 

_  (g  4-  6)  (g  -  6)  (a^  -  a6  +  &')  (a^  +  oft  +  &^)  a^  +  6^ 

""  (g2  4-  63)*  ^  g2  -  g6  +  62 

g  +  6 
^  (g  -  6)  (g2  +  gfc  +  62) 
^  (g  -f  6)2 
ga  +  62 

_  gg  +  2  g6  +  &^ 
g2  4-62 

g»-6«      g  +  ft      /g2-g6H-62\2 

g«  +  63  ^  g-6  ^  \g24-g6  +  62/ 

_  (g  -  6)  (gg  +  fl6  +  62)  g4-6  (ga  -  a6  +  62)2 
~  (g  +  6) (g2  -  g6  +  6^)  ^  a-6  ^  (g*  +  g6  +  62)2 
_  g2  -  g6  +  62 

~g2  +  g6  +  62* 

,^     g8  +  3g«6  +  3g62  +  68  g -f  6 

16.   X 

g2  -  62  g2  4-  2  g6  +  62 

(g  H-6)«  g4-6 

~  (g4-  6)  (g  -  6)  ^  (g  +  6)2 

g  +  6 

g  —  6 

17    2g8  +  13g2a;  -  16gg2  -  126x»       2g»  +  10g2x  +  35gg2 
g2x  +  6 gx2  -  7x8  ^8  -  g2x  -  4ga;2-6x8 

_  (g-3x)(g  +  6a;)(2g  +  7a;)  g(g  +  7x)(2g  +  5x) 

""  x(g-x)(gH-7x)  (g  -  3x)(g2  +  2gx  +  2x») 

_  g(g  +  6x)(2 a  +  7x)(2gH-5x) 

~      x(g -x)(g2  +  2gxT2^) 

-,    g2-x2      g2-62      /     ,     gx    \ 
18.   —  X X  (  g  + I 

g  +  6       gxH-x2      \        g  —  x/ 

_  (gj-  x)  (g-x)      (g  -f  6)  (g  -  6)         g2 


g-f6  x(g-fx)  g  —  x 

g2(g-6) 

X 
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19.  c?_?+??_i^)c?_«_y+5) 

\a     X      b      y/\a     X      b     y/ 

_/x^-a^     y^-b^\/x'^-a^     y^-b^\ 
\     ax  by     /\     ax  by     J 

_  (gg  -  a2)2      (y2  -  62)g 
~      a2a;2  583,2 

JB*       2a2a;a       a*         y*     ,  2lfh/'i       54 
+  -r-^  —  TIT-::  + 


a%c2       a2x2       a2a^     52^2       52^2       52^2 

3.2  a2         2/2         ^         62 

a2         ^  a;2      62  y2 


_X2 

a2 

X2 

y2       62 
62      y2 

6 

+  — 
ac 

C 

Ob 

-!)(- 

2c 

a-  6  + 

i) 

a2 

+  62  _  c2  -  2  06 

a6c 

a  —  6  —  c 

X 

a-b  +  c 

_(a 

-6  + 

c){a-b- 

-  c)      a  ■ 

-b- 
-6  + 

c 

abc 

a  • 

c 

_(« 

-6- 

C)2 

dbc 

81-  (^,+^;-5-^+i)(?-?) 

\a2     x2      a     X        /\a     x/ 


X*  +  a*  -  ax3  -  gSg  +  a2x2      x2_aa 


a2x2  ax 

x*  —  ox^  +  a^x  —  a* 

0^8 


x2-f-2xy +  y^-422      (2x~y)2-4z2      (x-y)2-4z2 
4x2 -(y +  22)2  x2-(y-22)2        (xH-y)2_422 

_     (x  +  y  +  22)(x  +  y-2z)         (2x-y  +  22)(2x~y-2z) 
"■  (2x  +  y  +  22)  (2x  -  y  -2z)        (x  +  y  -  22)  (x  -  y  +  22) 
^  (x-y-f  22)(x-y-22) 
(x  +  y  +  22)(x  +  y-22) 
-  (2g-y  4-  22)(x-y-  22) 
"~(2x  +  y  +  22)(xH-y-22)' 
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„„    x2-8ax4-2a«     {B»  -  7 ox  +  12 a^     x«-llaa;  4- 30a« 
x2-2ax-3a2     x2-8ax  +  12a2       x2-6ax  +  4a2 

_  (X  -  g)  (X  -  2  g)      (x  —  3  g)  (x  —  4  g)      (x  —  6  g)  (x  -  6  g) 
(x  +  g)  (x  -  3  g)      (x  —  2  g)  (x  —  6  g)       (x  —  g)  (x  —  4  g) 
X  —  6g 
X  +  g 


_{x-\-  3y-f  z)(x  +  3y-z)      x-3y~z 


(x-\-Sy  -{-z)(x-3y-z)      x-\-Zy-z 
(x  +  2y)(x-2y) 

(x-2y)(x2  +  2xy4-4y2) 
x  +  2y 


X 


x2  +  2xy +  4y2 


26.   — -—  X X 


2  X  6g"»  +  25«  +  3cr  +  la;m-lyn-2 

4g2) 


c^xV 


jfX  — 25X  +  8(ja;-lx«  + 1  y»  +  22;n  — 3 

gV 


&V 


/.m-f»5i»-pcp-m        (jn-p^p-wcm-n       X^PfH^ 

x"~py^~"*2"*~"     xp~^y^~^z^~^      a™l/*cP 
a*» -p  6" — "•  c**  ~  *  x"y  Pz"* 

a"»6»cPx"  ~  ^  y  ""*«"*  ~  ' 
xy^z* 
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Exercise  62.    Page  140 

Find  the  quotient  of : 

-      18  xy       6mn       ISxy      35  xV      21x»y« 
25  uz      35  xV^      25  uz       6mn        6mnuz 


39x^2®       9a*&6«2       39xV2^      35x^2®      eSx^yV^ 
^     26o*65c6      30  a*6c8      26  a*6fic«      llxyH^       65¥y^ 

"•     : — 1~~:  "^  :rr z —  =  :: — ir^  X 


49x*2/6z«      77xy'22      49x^2*      30  a*6c8      42  cSx^z* 


3p-8g        9g-9j?    _3p~3g      lOg  +  lOp 
5p  +  5g  '  10q  +  lOp~  6p  +  6q        9g-9p 

_S(p-q)^    lO(p-\-q) 


6{p  +  q)       -9(p-g) 


«  x^  +  y^  .  3x2  +  3y  _x2  +  ya         x  +  y 


aj2_y2  aj4.y         x2-ya      3x2  +  3ya 

x2  +  y2  X  +  y 


(x  +  y)(x-y)      3(x2  +  y2) 
_        1 
~3(x-y)' 

6a6-662  262       _6o6-6?>^      a  (a^  -  b^) 

a(a  +  6)    '  a(aa- 62)  ~  a(a  +  6)    ^       262 

_66(a-6)      a{a  +  b){a-h) 
a(a  +  b)  262 

3  (o  -  6)2 


a2-4x2     a2-2ax      a2-4x2      ox +  4x2 

7. ; = X 

a2  4-4ax     ax  +  4x2      a2  +  4ax      a^  — 2ax 

_  (a  +  2x)(a  -  2x)      x(a  +  4x) 

a  (a  +  4  x)  o  (a  —  2  x) 

_x(a  +  2x) 
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So* 

m 

4a8               8a8         a2  +  oft  +  6« 
—                X 

a»-6« 

a2  +  a6  +  62      a^  -  68   '         4a8 

_                8a8                    a2  + 06  +  52 
~  (a  -  6)  (a2  +  06  +  62)  ^         4a8 

2 

a  —  b 


a2  +  y2-^2ay-22     x-{-y-\-z 
22_a;2_y2_|-2xy     y  +  z  —  X 

_a;2  +  y2.|.2gy-  z2      y +  2-0? 
~  22  _  3.2  _  y2  _^  2xy      x-\-y  -\-z 
_  (g  +  y  +  2) (g  +  y  -  2)  ^  y +  2  -X 
~  {z  -^x-y)(z-x-\-y)      x-\-y  -\-z 
x-\-y  —  z 
x  —  y-{-z 

a2-3a6  +  262       a2-2a6  +  62 

a2_6a6  +  962  '  a2-5a6  +  662 

__a2-3a6  +  262      a2  -  6a6  +  662 
~a2-6a6  +  962  ^    a^  _  2 oft  +  fta 

_  (a-6)(a-26)      (a-26)(a-36) 

(a -36)2       ^  (a -6)2 

(a-26)2 
~  (a -6) (a- 36) 
_a2-4a6  +  462 
~a2-4a6  +  362* 

g^  -  3a8x  +  3a2x2  -  gx^      g*  -  2a«x  +  a2x2 
g86-6*  ■     g262  +  g68  +  6* 

_  g*  -  3g8x  +  3g2x2  _  ggs       g262  +  gfts  -f  6* 
~  g86  -  6*  g*  -  2  g8x  +  g2x2 

~  6(g-6)(g2  +  g6  +  62)  g2(g  -  x)2 

6(g  —  x) 
g  (g  —  6) 


12. 
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64a»-96ag6  +  36a62  48a2ft-27&8 

36a26-7296«         *  8  a»  -  72  a^d  +  162  ofca 
_64a8~96ag6  +  36afeg      8  g^  -  72  0^6  4- 162  a68 
""        36a8&-7296«         ^         48a8&-27  68 
4a(4a-36)2  2a(2a~96)2 


96{2a  +  96)(2a-96)      36(4a  +  36)(4a  -  36) 
_  8a«(4a-  36)(2a-96) 
~2762(4a  +  36)(2a  +  96)' 


IS.   /iJLx_.l^x     r      (i  +  g^Xi-yn 
\l-x     1  +  y/      L       (l-±){l  +  y)J 


^  (l  +  z)(l  +  y)-(l-x)(l-y)  ^  (l-z)(l  +  y)  +  (l  +  a;)(l-y) 
(l-x)(l+y)  (l-x)(l  +  y) 

2(g  +  y)  2(1- ay) 

(l-x)(l  +  y)       (l-a;)(l  +  y) 
2(x  +  y)      ^  (l-z)(l  +  y) 
(l-xXl  +  y)         2(l-xy) 

1-xy 


*    \l-ab        /b      I         1-ab  J         l-ab  '  1-ab 

_a(l+a2)  l-gft 

~    l-a6  l  +  a2 
=  a. 


_x2+j^      x2  +  4y2      z*  +  6xV4-42^ 
~       X  y  .  sc^^ 

_x2-fj^     x2  +  42/«^,  x2y2 


y  x*  +  6x2y2^4y4 

x2  +  y«      x2-f  4y2  x  V 


X  y  (x2  +  y2)  (x2  +  4  y2) 

=  xy. 
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^3^^-_3gx  +  2g_«     x«-8gx  +  16gV     x^-6gx  +  6g^ 


19. 


x2-2gx-3g2     x2-8gx  +  12g2     x^  -  llgx  +  30g2 

x2-3gx  +  2g2  x2-8gx  +  16g2  x2-llgx  +  30g2 

x2-2gx-3g2  x2-8gx  +  12g2  x2-6gx  +  5g^ 

_  (x  —  g)  (x  —  2  g)  (x  —  3  g)  (x  —  5  g)  (x  —  6  g)  (x  —  6  g) 

(x  +  g)  (x  —  3  g)  (x  —  2g)  (x  —  6g)  (x  —  g)  (x  —  5g) 
X  —  5g 

X  +  g 


17.  (^ — ?-) .  r 

Vx  +  l     x  +  2/     L 


2(x  +  3) 
~  (X  +  1)  (X  +  2) 
_       2(x4-3) 

"  (X  +  1)  (x  +  2)      (X  -  1)  (X  +  3) 
2 


{x  +  ly 

'-4-1 

-2  J 
1)  (X  +  8) 

(X- 

l)(x  +  2) 
1)  (X  +  2) 

x  +  1 


jg    y^  +  (g  +  c)y  +  gc  ^  y^  -  a^  ^  y^  4- (g  +  c)y  +  gc      y^  -  6^ 
y2  4-  (6  4-  c)y  4-  6c  ,'  y^  -  b^  ~  y^  -\- (b -\-  c)y  4-  6c      y2  -  g2 

=  (y  +  «)(y  +  c)  X  (y  +  ^)(y-^) 

(y  +  6)  (y  +  c)     (y  4-  g)(y  -  g) 

_y  —  b 
y  —  g 


(X  4-  y)^  -  (g  4-  6)^  .  (X  -  g)2  -  (6  -  y)g 

(X  4- o)2  -  (y  +  6)2  ■   (x-y)2-(6-g)2 

^  (g  4-  y)^  -  (g  4-  6)'  ^  (X  -  y)g  -  (6  -  g)« 
(x  4-  g)2  -  (y  4-  6)2      (x  -  g)2  -  (6  -  y)2 
_  (x4-y4-g4-6)(x4-y-g-6)     (x-y4-6-g)(x-y-64-g) 
~  (x4-g4-y4-6)(x4-g-y-6)     (x-g4-6-y)(x-g-64-y) 

=  1. 
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Simplify : 

g-14-1 
g-l 

g4-l-l 
g  4- 1 

g 

a 

X 

g4-l 
g 

g-l 

g 
g4-l 

g  +  1 

1     ' 

g  4-  1 

a  — 

1 

g-l 

5. 
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J  1      y         x-y-^-y         X 

2. 

''x  —  y_     x-y     _sc-y_     x         x-\-y  _x-\-y 

-          y         x-^y-y         X         x-y         x         x-y 

x  +  y         x-\-y         x  +  y 

.     mn        m2  —  mn  +  mn        w* 

3. 

mn        m^ -\- mn  —  mn        m^        m  —  n^     m^        m  —  n 

jyj  .  ,                                                 

m-fn            m-^n            m  +  n 

x  +  y     X  —  y 

4. 

x—y     x+y 

x-y     x+y 

x+y     x—y 

Multiply  both  terms  by  (x  +y)  (x  —  y). 

x+^_Xj-y 

x  —  y     x  +  y     x2+2xy+y2— a;2+2xy-y2         4xy  2xy 


x-^      Xjfy      x2_2a;y+y2+x2+2a;y+y2     2x2+2ya     x«+y2 
x  +  y     x-y 

y  -  X 


x  + 


1  +  xy 


j_(y-x)x 


1  +  xy 
Multiply  both  terms  by  1  +  xy. 

,   y-x 

X  +  — 

1  +  xy    _  x  +  x^y  +  y-x  _x^  -\-y  _  y(x^  +  1)  _ 

_  (y-x)x  ""  1  +  xy  -  xy  +  x2  ~  1  +  x2  ~    1  +  x^    ""    ' 

1+xy 

2m  +  n 


6. 


TO  +  n 


-1 


1-      ^ 


m  -{-n 

Multiply  both  terms  by  m  +  n. 
2m  +  n 
TO  +  n  2to  +  n  —  TO  —  n  _  TO  _- 

—   ■"■"   —    At 


m  +  n 
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6 

a-l  H 

a-  6 
7.  ' 

a-2+     ^ 


a-6 

Multiply  both  terms  by  a  —  6. 
6 


a-  1  + 


a_6       a2-7a  +  6  +  6 


3  a'-i-Srt +  12-f  3 

a  —  2  H 

a-6 

_a2-7a4-12 
~a2-8a  +  15 
_  (a  -  .^)  (a-4) 
~  (a  -  3)  (a^^) 

a-4 

a  —  6 


1  + 


l  +  c  + 


2c 


9. 


1  3-a 

aH a-f 


11    '-"' 

'   l-c2  +  2c 

l_c2  +  2c 

l-c2-H2c  +  c- 

-C2 

l-c2  +  2c 

H-3c-2c2 

1  +  2  c  -  c2 

l  +  3c-2ca 

1                   4 

.  3-a      4aH-3- 

-a 

0+1  3-a+a+l 


a  a  a(^+  ae 


0  -\ 0  H - 
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a 

b                 a^-}^ 
11.    X 

11  a8  +  68 

b     a 

a3  4-  a62  _  a26      a2  -  62 

X 


12. 


13. 


a  —  b  a3  4-  6* 

-064- 62)  (g- 

a-b         ^  (a +  6)  (o^  -  a6  +  62) 


_a(a2-a6  4-62)  (a  4-  6)  (a  -  6) 


=  a. 


1 

a 

T 

+  64-C      /        62-fc2- 
1         V               2  6c 

-a2\ 

a 

64-  c 

_  6  4-  c  +  a  ^ 

2  6c  4-  62  4-  c2  -  a2 

64-  c  —  a 

2  6c 

6  4-  c  4-  a  ^ 
6  +  c  —  a 

(6  +  c 

4-  a)  (6  +  c  - 

a) 

26c 

(6  4-  c  4-  a)2 

^ 

26c 


a;8-y»     g2  _  ^2     /J_     2.\     /1_1\ 

x2  4-y2  ^  g8.|.y8  ^  Vy^2       yi)      \y       x) 

(x  4-  y)^  -  gy 
(a;  -  y)2  +  X2/ 

X8  _  wS        x2  —  1/2        X2  ^  2/2        X  —  y 
^_  ^  ^_  X  ' 

g2  4.y2     x8  4-y^        x2y2     '     xy 

""  g2  -}-  xy  4-  y2 

X2  _  xy  4-  y2 

_  «8  -  y»     x2  _  y2      x2  4-y2        xy        x^  -  xy -^  y2 
~  x2  4-y2      X84-2/*        «^2/^        «  -  y      x2  4-  xy  4-  y2 
_  (x  -  y)  (x2  +  xy  4-  y^)  ^       (x  +  y)  (x  -  y) 
~  x2  4-  y2  (X  +  y)  (x2  -  xy  +  1/2) 

x2  -f  y2        xy         x2  -  xy  4-  y^ 
x2y2        X  —  y      x2  H-  xy  +  y2 

_x-y 
~    xy    ' 
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1  +  x        4a;  8x        1  — x 

j^     1-x      l  +  gg      l-x*~l  +  g 


1-X2        l+X*         l-fx2 

/lH-x_l  — x\      /    4x  8x    \ 

_  Vl  -  X  ~  1  +  x/      \1  +  x2  "^  1  -  xV 

"~  /1  +  X2         1-X2\  4x2 

VI -X2         1  +  X2/         1  +  X* 

1-f  2x  +  x2-l  +  2x-x2      4x-4x8  +  8x 

_  1-X2  1-x* 

""        l  +  2x2  +  x*-l  +  2x2-x*        4x2 

l-x*  1  +  x* 

4  X         12  X  —  4  x' 


1-X2  1-x* 

4x2  4x2 


1-x*      1  +  X* 
4x4-  4x»  +  12x-4x» 
1-x* 

4x2-i-4x^  +  4x2-4x<^ 

1-X8      ^ 

16x 


1-x* 
8x2 

1-X8 

16x        l-x8 

X 


1-x*        8x2 
_2(l  +  x*) 

X 

1         1 


IK        l  +  x      .  1  +  x  .  1-x  1  1-x     ,     1  +  x 

J !_         X  X         1  +  x-l      x(l  +  x)      x(l-x) 


l+x      1-x      1+x 


^1  J     1-x  1  +  x 


X     x(l  +  x)      x(l  — x) 

l-x2          (i-a;)2  (l  +  x)2 

X{1  -  X2)         X(l  -  X2)         X(l  -  X2) 

1-X2            1-2X  +  X2  1  +  2X  +  X2 

x(l-x2)'*"  x(l-x2)  x(l-x») 
3  +  x2 

X(l-X2)* 
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+ 


+ 


+ 
+ 

I 

I 

+ 

+ 


CO 
I 

CO 

I 

so 

+ 


+ 

+ 


^ 


rO 

I 

-+ 

4- 


CO 

I 

CO 

+ 

00 

I 
CO 

+ 

CO 

I 


>i>  X 

CO     _.. 


CO 

1 

CO 

I 

+ 

Sk 

•§ 

CO 

+ 

CO 

+ 

eo 


+ 

I 

+ 


I 

e4 

1 

+ 

+ 


r- 

— 1 

-§ 

•2.  ^ 

Tji 

S" 

+ 

«.     -1 

^ 

•^ 


CI 


"e 


+ 


04 

CO 


X 


+ 


04 


04 


5k 


«0 


S> 


"e 


a, 

+ 


X 


+ 

+ 


04 


"e 


+ 

eo 


•§ 


I 

+ 


I 

+ 


+ 
I 

04 


+ 


09 


eo 


eo 


+ 

04 


04 

I 


A 
e 


+ 

•% 
I 

+ 
+ 


+ 
+ 

I 


et 

+ 


04 

I 


04 

+ 

I 

+ 


I 

+ 

C3 


04 


I 

+ 

+ 


04 
I 


Si 

+ 

04 


II 


11 


II 
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Ezercise  64.    Page  145 

,     „  ,      4x-l      3      x-4      3x  +  5 

1.    Solve = 1 — 

3  4         6  4 

Multiply  by  12,  i6x  -  4  -  9  =  2aj  -  8  +  9x  +  15. 

Transpose,  16«  -  2a;  -  9x  =  15  -  8  +  4  +  9. 

Combine,  5  x  =  20. 

.-.  X  =  4. 

«    ^,      4x  +  9      x  +  5      7x-l      x  +  3 
95.   Solve = . 

10  5  25  20 

Multiply  by  100, 

40x  +  90  -  20x  -  100  =  28x  -  4  -  5x  -  15. 
Transpose,  40x  -  20x  -  28x  +  5x  =  100  -  90  -  4  -  16. 
Combine,  —  3  x  =  —  9. 

.*.  X  ^  o. 

,     ^,      71      23 -x7        1 
8.   Solve  -  +  -  = 

X     3         3x         12      4x 

Multiply  by  12x,  84  +  4x  =  92  -  4x  +  7x  -  3. 

Transpose,  4x  +  4x  -  7x  =  92  -  3  -  84. 

Combine,  x  =  5. 

4.   Solve h 


xH-3      2(x  +  3)      2      2(x  +  3) 

Multiply  by  2  (x  +  3),  10  +  3  =  x  +  3  -  7. 

Transpose,  — x  =  3  —  7  —  10  —  3. 

Combine,  —  x  =  -  17. 

.-.  X  =  17. 

_     -,,      3x  —  5.5x  —  1.x— 4 

5.   Solve 1 h =  2. 

6x  —  5      7x  —  7      X  — 1 
Factor  denominators, 

3x  —  5    .    5x  —  1    .X  —4 

+  Z-. 77  + r  =  2. 


5(x-l)      7(x-l)      x-1 

Multiply  by  36  (x  -  1), 

21 X  -  35  +  25x  -  5  H-  35x  -  140  =  70x  -  70. 
Transpose,  21x4-  25x  4-  35x  -  70x  =  35  +  5  4- 140-70. 

Combine,  llx  =  110. 

.-.  X  =  10. 
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6.  Solve  ^^±-2  -  2-^-i  +  1^±1  ^  10. 
x-2       3x-6      5X-10 

Factor  denominators, 

8x4-2  _    2g~l         Sz  +  2   _ 

a;-2       8  (X  -  2)      6  (X  -  2) "" 

Multiplyby  16(x-2), 

120x  +  30  -  lOx  +  5  H-  9x  +  6  =  160x  -  300. 
Transpose,        120x  -  lOx  H-9x-150x  =  -300-30-6-6. 
Combine,  —  31  x  =  —  341. 

.'.  X  =  11. 


^     ^  ,      3x-l  ,  5x-7  ,    7x-f  1       -, 

7.   Solve =  11. 

2x-6      3x-9      4X-12 

Factor  denominators, 

3x-l    ,  ^x--7        Tx  +  l  _ 


2(x-3)      3(x-3)      4{x-3) 
Multiplyby  12(x-3), 

18x  -  6  +  20x  -  28  +  21 X  4-  3  =  132 X  -  396. 
Transpose,        18x-f20x  +  21x-132x  =  6  +  28-3-  396. 
Combine,  -  73  x  =  -  366. 

.*.  X  =  6. 

8.    Solve  ^^±i-f^^±i  =  28-i^I-^ 
3  4  7 

Multiply  by  84,       56x  -f  28  +  63x  +  21  =  2362  -  60x  +  24. 
Transpose,  66x  +  63x  +  60x  =  2352  +  24  -  28  -  21. 

Combine,  179x  =  2327. 

.-.  X  =  13. 

9.  Solve  ^^±^  +  5_lirl^  =  5x-2o-li^-?Lrl^. 

12  9  36  12  18 

Multiply  by  36, 

16x  +  46  +  20  -  11  +  3x  =  180x  -  720  -  39  +  3x  -  42  +  6x. 
Transpose, 

16x  +  3x  -  180x  -  3x  -  6x  =  11  -  46  -  20  -  720  -  39  -  42. 
Combine,  —  171x  =  —  866. 

.*.  X  =  6. 
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^^     o,      «-3      2x-6      41      3«-8      6x  +  6      ^ 

10.   Solve h =  0. 

4  6  60  5  16 

Multiply  by  60, 

16a;  -  45  -  20x  +  60  -  41  -  36x  4-  96  +  20x  +  24  =  0. 
Transpose,     16x  -  20x  -  36x  +  20x  =  46-60  +  41-96-24. 
CombiDe,  —  21  x  =  —  84. 

.*.  X  =  4. 


,,     „  ,      x  +  3      x-2      3x-6  ,  1 

11.   Solve = — 

2  3  12  4 

Multiply  by  12,         6x  +  18  -  4x  +  8  =  3x  -  5  -f  8. 
Transpose,  6x  -  4x  -  3x  =  3  -  6  -18  -  8. 

Combine,  —  x  =  —  28. 

.-.  X  =  28. 


-«     «  ,      4x       9       16X-81      2x-3      4x-9.    9 
12.   Solve--- ^^=—, ^  +  Jo- 

Multiply  by  120, 

32x  -  108  -  80x  +  405  =  16x  -  24  -  24x  +  64  4-  27. 
Ti-anspose,    32x  -  80x  -  16x  +  24x  =  108  -  405  -  24  +  64  -f  27. 
Combine,  -  40  x  =  -  240. 

.-.  X  =  6. 

^«     o  1      5X-16      6x-3 

18.   Solve —  = — . 

X  —  5         X  +  6 

Multiply  by  (x  -  6)  (x  4-  6),      6x2  +  9x  -  80  =  6x2  -  28x  +  15. 
Transpose,  6x2  -  5x2  +  9x  +  28x  =  15  +  80. 

Combine,  37  x  =  95. 

•*•  ^  =  jj' 

^A    a  1      3x+7      3x  +  6 

14.   Solve = -. 

4x  +  5      4x  +  3 

Multiply  by  (4  X  +  6)  (4  X  +  3), 

12x2  +  37x  +  21  =  12x2  +  36x  +  26. 
Transpose,  12x3  -  12 x2  +  37  x  -  36x  =  25  -  21. 

Combine,  2  x  =  4. 

.-.  X  =  2. 


16.   Solve 
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29~10x_6  +  36g 
9-6x    ""     18x 


Multiply  by  18x{9  -  5x),      622x  -  ISOx^  =  45  +  299x  -  ISOx". 
Transpose,    ISOx^  -  180x'^  +  522x  ~  290x  =  45. 
Combine,  223x  =  45. 

le.   solve  1I±«^  =  ^(»±M. 
ll  +  2x        8  +  2x 

Multiply  by  (11  +  2  x)  (3  +  2  x), 

141  + 112x  +  12x2  =  176  +  98x  +  12x2. 
Transpose,         12x2  -  12x2  +  112x  -  98x  =  176  -  141. 
Combine,  14  x  =  35. 

•  •*•  X  ^»  *■. 

«.»     «  ,      5-2x      2-7x      5x2  +  4 

17.  Solve —  =  — - — -  • 

x-1        x  +  1        x2-l 

Multiply  by  x2  -  1,     5  +  3x  -  2x2  +  7x2  -  9x  +  2  =  5x2  +  4. 
Transpose,  7x2  -  2x2  -  5x2  +  3x  -  9x  =  4  -  5 -2. 

Combine,  —  6  x  =  —  3. 

. .  X  ^^  «■• 

,.     o  1      2x  +  l  8  2x-l 

18.  Solve = 

2x-l      4x2-1      2x  +  l 

Multiply  by  4x2  - 1,        4x2  +  4x  +  1  -  8  =  4x2  -  4x  +  1. 
Transpose,  4x2 -4x2  + 4x  +  4x  =  1-1  +  8. 

Combine,  8  x  =  8. 

.*.  X  =  1. 

19.  solve  i±l^  -  »I-^  =  lliE^^li)!. 

5  +  7x       5-7x        25-49x2 

Multiply  by  25-49x2, 

5  +  8x  -  21  x2  -  45  -  8x  +  77  x2  =  56x2  -  168x  +  126. 
Transpose, 

77x2  -  21  x2 -  56x»  +  8x  -  8x  +  168x  =  126  -  5  +  45. 
Combine,  168x  =  166. 

.-.  X  =  fi. 
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•A     o,      llx-13      22X-76       13XH-7 

20.   Solve = 

14  28  2(3«  +  7) 

Multiply  by  28  (3  a;  +  7), 

66x2  +  76x  -  182  -  66x2  4.  71x  +  526  =  182x  +  98. 
Transpose,  66x2  -  66x2  +  76x  +  71x  -  182  x  =  98  +  182  -  525. 
Combiiie,  —  35  x  =  —  245. 

.-.  X  =  7. 


^,     ^,        4XH-3        llx-5      375x-86x2-35 

21.    Solve = 

15X-35      9X  +  21  10(9x2-49) 

Factor  deDominators, 

4x  +  3  llx-5        375x-86x2-36 


5(3x-7)      3(3x  +  7)      10{3x +  7)(3x -7) 

Multiply  by  30  (3  x  +  7)  (3  x  -  7), 

72x2  ^  222x  +  126  -  330x2  +  920x  -  350  =  1125x  -  258x2  -  105. 

Transpose, 

72x2-330x2+258x2+  222x  +  920x  -1125x  =  350  -  126  -  105. 
Combine,  17  x  =  119. 

.-.  X  =  7. 


22.   Solve       ^ 


x-14      x-13      x-9      x-U 

-3x  +  44  -3X  +  23 


Simplify  each  member, 

^    ^  x2-27x  +  182      X2-20X  +  99 

Clear  of  fractions, 

-  3x»  +  104x2  -  1177X  +  4356  =  -  3x8  +  104 x2  -  1167x  +  4186. 
Transpose, 

-  3x«  +  3x3  +  104x2  -  104x2  -  1177x  +  1167x  =  4186  -  4356. 
Combine,  -  10  x  =  -  170. 

.-.  x  =  17. 


Q  g 

28.   Solve 


x-51      x-15      x-81      x  +  81 

324  324 


Simplify  each  member, 


;j2  _  66  a;  4.  706      22_6561 


TEACHERS*  EDITION  283 

Since  the  numerators  are  equal,  the  denominators  are  equal. 

.♦.  x2  -  66  X  +  765  =  x2  -  6561. 
Transpose,       x^  -  x^  -  66  x  =  -  765  -  6561. 
Combine,  -  66  x  =  -  7326. 

.-.  x  =  lll. 


^M     CI      X-8.X-3X-9      X-1X-13.X-6 

24.    Solve h 1- = f- h 

x-3      X— 5      X— 7      X— 3      X— 5      x— 7 

^^  x-3      x-13      x-1      X-8.X-6      x-9 

Transpose, = 1 

X— 5       X— 5       X— 3      X— 3      X— 7      x— 7 

Combme,  = \- 


X  —  5      X  —  3      X  —  7 
Multiply  by  (x  -  5)  (x  -  3)  (x  -  7), 

10x2  _  loox  +  210  =  7x2  -  84x  +  245  +  3x2  -  24x  +  45. 
Transpose, 

10x2  -  7x2  -  3x2  +  84x  +  24x  -  lOOx  =  245  -f  45  -  210. 
Combine,  8  x  =  80. 

.-.  X  =  10. 


OR     CI      X4-2      X4-7     -x  +  l      x  +  9      x-3      x-1-4 

25.   Solve 1 1 = 1 1 

xH-7      x+5      x  +  3      X -f  7      x  +  5      x4-3 

„^                       x+7      x-3      x+9      X+2.X+4      x+l 
Transpose, = 1 

x+5  x+5  x+7   x+7   x+3  x+3 

^     I.-                                   10            7       ,      -3 
Combme,  = h 


x+5      x+7      x+3 

Simplify  the  right  member, 

10    _      lOx  +  42 
x  + 6~x2  +  10x  +  2r 

Multiply  by  (x  +  5)  (x2  +  lOx  +  21), 

10x2  +  lOOx  +  210  =  10x2  +  92x  +  210. 

Transpose, 

10x2  -  10x2  +  lOOx  -  92x  =  210  -  210. 
Combine,  8  x  =  0. 

.*.  X  =  0. 
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,     ^,      4x  +  3      8g  +  19  .  7X-29 

1.  Solve h rz  =  0. 

9  18  5X-12 

Multiply  by  18, 

o      o        .^      126X-522     ^ 

8x  +  6  -  8x  -  19  + -—  =  0. 

5x  — 12 

_  126x  -522      o        o      .  in      A 

Transpose,  — — -  =  8«  -  8aj  + 19  -  6. 

ox  —  12 

c      w  126X-622 

Combine,  — ——  =  lo. 

6X-12 

Multiply  by  5  X  - 12,  126  x  -  522  =  66  x  -  166. 

Transpose,  126  x  -  66  x  =  622  - 166. 

Combine,  61x  =  366. 

.'.  X  =  6. 

^    ^  ,      16X  +  7      2x  +  l  x-16 

2.  Solve -^j _  =  ___. 

Multiply  by  24,  16x  +  7  -  16x  -  8  =       ~       « 

o  X  —  59 

^     ..  ,      8X-128 

Combme,  _1  =  ___. 

Multiply  by  3x  -  69,  -  3x  +  69  =  8x  -  128. 

Transpose,  -  3x  -  8x  =  -  128  -  59. 

Combine,  —  11  x  =  —  187. 

.-.  X  =  17. 


.     „  ,      2x-3      - 

8.   Solve 7  -  6  = 

2x-4 

2x  4-  10 
Multiply  by  6,  ^  "^    ^  -  36  =  -  -  38. 

X  —  ^ 

Transpose,  "'^^'^  -  ^*"^  ^"^  =  36-33. 

x-2         x-2 

o      w  4X-19      - 

Combme,  =  3. 

x-2 

Multiply  by  X  -  2,  4x  -  19  =  3x  -  6.* 

Transpose,  4x  —  3x  =  19  —  6. 

Combine,  x  =  13. 


x  +  6 

11 

3x-6 

2 

6x 
X  - 

-9 
-2 

-36 

6x-9 

2x 

+  10 
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^     „,      2X-13      2(x-6)      7      2(5x-39) 

4.  Solve — 5^ =  -  H — ^^ • 

2X-16        x-8         8         3X-24 

AT  u-  1    V.    o^     24X-166  ,  48X-288      ^,    ,  80x-624 

Multiply  by  24,   -—  + r—  =  21  + — 

X  —  8  X  — 8  X  —  8 

Multiply  by  X  -  8,  24x  - 156  +  48x  -  288  =  21 X  -  168  +  80  X  -  624. 

Transpose,         24x  +  48x  -  21  x  -  80x  =  166  +  288  -  168  -  624. 

Combine,  -  29  x  =  -  348. 

.-.  X  =  12. 

5.  Solve     ^  +  ^    +-gJli-  =  -i. 

4(x  + 2)      5x4-13      20 

TiT  u-  1    V.    on  5x4-5  ,  20x4-80      . 

Multiply  by  20,  — -  4-  - — — -  =  9. 

X4-2        5x4-13 

Multiply  by  (x  4-  2)  (5x  4- 13), 

25x2  4-  90x  4-  65  4-  20x2  4-  120x  4-  160  =  45x2  4-  207x  4-  234. 

Transpose, 

25x2  4-  20x2  _  45x2  4-  90x  4-  120x  -  207x  =  234  -  65  -  160. 

Combine,  3  x  =  9. 

•*.  X  ^^  o. 

oai  «-2.       X-1  5 

6.  Solve h 


2x4-1      3(x-3)      6 

6x  —  12      2x  —  2 
Multiply  by  6,  ^— i^  +  ^^  =  6. 

2x4-1        X  —  3 
Multiply  by  (2  X  4- 1)  {x  -  3), 

6x2  -  30x  4-  36  4-  4x2  -  2x  -  2  =  10x2  _  25x  - 15. 
Transpose, 

6x2  4-  4 x?  -  10x2  -  30x  -  2x  4-  25x  =  2  -  36  - 15. 
Combine,  —  7  x  =  —  49. 

.-.  X  =  7. 

^     „,      10 -X      13  4- «      7x4-26      17  4- 4x 

7.   Solve h = 

.37  X4-21  21 

Multiply  by  21,  70  -  7x,4-  39  4-  3x  =  ^^  C^ ^  +  ^^)  _  17  _  43.. 

X  4-  21 

Transpose,  70  4-39  4-17- 7x4-3 x  4- 4x  =  ^^-^^^-^i^. 

Combine,  ,,,  ^  21  (' x  +  26) 

X4-21 
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Divide  by  21,  6  =  '^^'^^ . 

«  +  21 
Multiply  by  X  +  21,  6x  +  126  =  7 x  +  26. 

Transpose,  6x-7x  =  26- 126. 

Combine,  -  x  =  - 100. 

.-.  X  =  100. 

8.  Solve  I  +  Jg  =  ^^^-^-gZ  +  ^. 

3      6x  3x  20       X 

Multiply  by  60 X,  140 x  +  166  =  260 x  -  480  -  111  x  +  600. 

Transpose,  140x  -  260x  +  HI  x  =  600  -  480  -  166. 

Combine,  -9x  =  -36. 

.*.  X  =  4. 

9.  Solve  ^^-^^     ^-^     =g. 

35  6X-101      6 

Multiply  by  36,     7x  -  6  -  2^^^li^  =  7x. 

6X-101 


Transpose,  7x  -  7x  -  ^^^  ~  ^^^  =  6. 

6X-101 

Combine,  _36x-175^^ 

Ox- 101 
Multiply  by  6  X  -  101,       -  36  x  +  176  =  36  x  -  606. 
Transpose,  -  36  x  -  36  x  =  -  606  -  176. 

Combine,  -  71  x  =  -  781. 

.-.  X  =  11. 

10.   Solve  ?^±i  +  »^^  =  ?^^±LS^. 
14  6x  +  2  66  66 

Multiply  by  66, 

36x4-20  +  ^^^'' "^^  =  36x4- 15 +  41. 
3x+  1 

224  X  — 196 

Transpose,  -— =  36x  -  36x  +  15  +  41  -  20. 

3x  +  l 

Combine,  224x-196  ^  3^ 

3x  +  l 
Multiply  by  3  X  +  1,         224  x  -  196  =  108  x  +  36. 
Transpose,  224  x  -  108  x  =  196  +  36. 

Combine,  116x  =  232. 

.*.  X  ^^  ^. 
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,,     ^,      «-6aj       7-2x2       l  +  3a;      lOx-11.     1 
11.   Solve = — f- 


16  14  (X  -  1)  21  30  106 

Multiply  by  210, 

84  -  70x  -  ^^^""^^^'  =  10  +  30«  -  70«  +  77  +  2. 
X  —  1 

Transpose, 

84  -  10  -  77  -  2  -  70  X  -  30  X  +  70  X  =  ^^^  ~  ^^^^ . 

X  —  1 

106-30x2 


x-1 
21-6x2 


Combine,  —  6  —  30  x  = 

Divide  by  6,  —  1  —  6  x  = 

X  —  1 

Multiply  by  X  -  1,  1  +  6x  -  6x2  =  21  -  qx^. 

Transpose,  6x2  _  Qx^  +  6x  =  21  -  1. 

Combine,  6x  =  20. 

.-.  X  =  4. 


,„    ^,      18X-22      „         1  +  16X      63      101-64x 

12.   Solve h  2x  +  — ^ —  = 

39 -6x  24  12  24 

144  3»  _17fl 
Multiply  by  24,  +  48x  + 1  +  16x  =  106  -  101  +  64 x. 

lO  —  ji  X 

Transpose, 

^^^ — —  =  106  -  101  -  1  +  64x  -  48x  -  16x. 
13 -2x 

n      w  144X-176       . 

Combine,  =  4. 

13 -2x 

Multiply  by  13  -  2  x,  144  x  -  176  =  62  -  8  x. 

Transpose,  144  x  +  8  x  =  62  +  176. 

Combine,  162  x  =  228. 

•  .-.  x  =  li. 

lA    fi  1         ^              S               8             X      .    6 
18.   Solve = 

x-1      2x-2      3x-3      x-1      18 

iLT  u-  1    V.    iQ                         18a;         46          48         18x    ,  _ 
Multiply  by  18, = +  6. 

X  —  1      X  — 1      X  —  1      X  —  1 
Multiply  by  X  -  1,  18x  -  46  =  48  -  18 x  +  6  x  -  6. 

Transpose,  18x  +  18x  -  6x  =  48  +  46  -  6. 

Combine,  31  x  =  88. 

.'•  aj  =  If. 
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14.   Solve—  —  - -  = ^  +  -- 

8       4x  +  8      x  +  2      2 

10«  16     .  ^ 

Multiply  by  8,  13  _  —^  =  —^  +  4. 

,„      ,         16      .    lOx 
Transpose,  ^'^  "  ^  =  ^T2  "^  ^T2 

^      16  + 10a; 
Combine,  9  = — r—  • 

x  +  2 

Multiply  by  X  +  2,  9  x  +  18  =  16  +  10  x. 

Transpose,  9  x  —  10  x  =  16  —  18. 

Combine,  —  x  =  —  2. 

.-.  X  =  2. 
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1.   Solve a  = 1-  6. 

X  X 

Multiply  byx,  c  +  d-ax  =  c-d  +  6x. 

Transpose,  — ax  —  bx  =  c  —  d  —  c  —  d. 

Combine,  — ax-6x  =  —  2d. 

{a  +  6)x  =  2d. 

2d 
.*.  x  = 


a  +  b 


c  4-  d         m  —  X 
2.   Solve       ^ 


c  +  d  m  —  X 


a6  +  6x      an  +  nx 

Factor  denominators,  ,  ^         ^         .     .     v 

6(a  +  x)      n(a  +  x) 

Multiply  by  6n  (a +  x),  en -\- dn  =  hm  -  bx. 

Transpose,  6x  =  6m  -  c^  -  dn. 

hm  —  en  —  dn 


x  = 


«     _,      a  -\-bx     c  -{■  dx 

8.   Solve  --^ —  =  —^ 

a-\-b       c  +  d 


Multiply  by  (a  +  6)  (c  +  d), 

ac -^  ad -^  bex -\-  bdx  =  ac-\-bc-\-  adx  +  6dx. 
Transpose,  6cx  +  bdx  —  adx  —  bdx  =  ac-\-be  —  ac  —  ad,    . 

Combine,  bcx  —  adx  =  bc  —  ad. 

.'.  x  =  l. 


4.   Solve 
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6x-\-  a      3x  —  6 


4x  +  6      2x  —  a 

Multiply  by  (4  aj  +  6)  (2  X  -  a), 

•12x2  _  4ax*-^  a2  =  12x2  _  ^  -  62. 
Transpose,  12x2- 12x^  -  4ax  +  6x  =  a2  -62. 

Combine,  6x  —  4  ox  =  a2  —  62. 

_  a2  -  62 

b-4a 

5.  s^i,e3(x-a)_2(x-^^^ 

6  a 

Multiply  by  a6,   3ax  -  3a2  -  26x  +  262  =  a6. 

Transpose,  3ax  -  26x  =  3a2  +  a6  -  262. 

3a2  +  a6-262 

.-.  X  = — —  =  a  4-  6. 

3a--26 

A    ot       x  —  a,x  —  6      _ 

6.  Solve 1 =  2. 

X  —  m     X  —  n 

Multiply  by  (x  —  m)  (x  —  n), 

x2  —  ox  —  nx  +  an  +  x2  —  6x  —  mx  +  6m  =  2x2  —  2mx  —  2nx  +  2mn. 

Transpose, 
x2  +  x2  —  2x2  —  ox  —  nx  —  6x  —  mx  +  2mx  +  2nx  =  2 ^^ ^  an  —  hm. 

Combine,  mx  +  nx  —  ax  —  6x  =  2mn  —  an—  6m. 

2mn  —  an  —  6m 


x  = 


m  +  w  —  a  —  6 


-.    ^  ,      ox     ex     fx 
7.  Solve  _  -  —  +  :i:r  =  ^. 

h       d       § 


Multiply  by  hdg^        adgx 

-  6cgrx  4-  6d/x  =  bdgh. 

-     -,  ,      mx  +  n     a 

8.   Solve -i —  =  - . 

mx  —  n      6 

Multiply  by  6  (mx  —  n). 
Transpose, 
Change  signs. 
Factor, 

adg  -bcg^^bc^f 

hmx  +  6n  =  amx  —  an. 
—  amx  +  6;wx  =  —  an  —  6n. 
amx  —  bmx  =  an-\-  6n. 
m  (a  -  6)  X  =  n  (a  +  6). 

m  (a  —  6) 


240  ELEMENTARY  ALGEBRA 

9.    Solve 2  = 

3a  +  6  5a 

Multiply  by  5  a  (3  a  +  6), 

26 ax  -  30a2  -  lOaft  =  24a5  4-  862. 
Transpose,  25  ax  =  30  a'^  +  10  a6  +  24  06  +  8  62. 

Combine,  26  ax  =  30  a^  +  34  a6  +  8  62. 

30a2  +  34a6-f  862 


x  = 


25  a 


,«    o  1      ic-2a      „      2x2-13a2 

10.    Solve =  3 — — -— . 

x  +  3a  x2-9a2 

Multiply  by  x2  -  0a2,  x2  -  5ax  4-  Ga2  =  3x2  -  27rt2  _  2x2  _{_  13^12. 
Transpose,  x2  -  3  x2  +  2  x'-^  -  5  ox  =  13  a2  -  6  a2  -  27  a2. 

Combine,  —  6  ax  =  —  20  a2. 

.-.  X  =  4a. 


,,«,          m             n         m  -{-  n 
11.    Solve  + = 

X  +  m      X  +  n      X  -\-p 

Multiply  by  (x  -\-  m)(x  -\-  n)  (x  +  p), 

mx2  +  mnx  -\-  mpx  +  ff  np  4-  nx2  -f  mnx  -\-  npx  +  mnp 
=  mx'^  +  nx2  -f  m2x  +  n'^  +  2  mnx  +  m^n  4-  mn^. 

Transpose, 

mx2  4.  nx2  —  mx2  4-  nx2  4-  mnx  4-  mpx  4-  wnx  4-  npx  —  m%c  —  n2x  —  2  mnx 
=  m^n  4-  mn2  —  mnp  —  mnp. 
Combine,         mpx  +  npx  —  m^x  —  n^x  =  m^n  4-  mn2  —  2  mnp. 

mhi  4-  mn:^  —  2  mnp 


X  = 


mp  4-  np  —  m2  —  n^ 
mn(m  4-  n  —  2p) 


(m  +  n)p  —  m2  —  n2 

^«     o  1  3x       .      186x 

12.    Solve  4- =  1. 

a  4- 36      a2- 962 

Multiply  by  a2  -  962,      3ax  -  96x  4-  186x  =  a2  -  962. 

Combine,  3  ox  4-  9  6x  =  a2  -  9  62. 

a2_c)62      a -36 
.   /»•  — 

3a4-96  3 
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18.   Solve  -  H =  — 

a     X  -\-  a        ax 

Multiply  by  ox  («  +  a),  x^  +  ox  +  a^x  =  x2  _{.  2  ax  +  a^. 

Transpose,  x^  —  x^  -|-  ax  +  a^x  —  2ax  =  a\ 

Combine,  a^x  —  ax  =  a^. 

Divide  by  a,  ax  —  x  =  a. 

a 


X  = 


a-1 


,  -     o.  1      wix  —  a  —  b      mx  —  a  —  c 

14,  Solve = — . 

nx  —  c  —  d      nx  —  b  —  d 

Multiply  by  (nx  —  c  —  d)  (nx  —  b  —  d), 

mnx^  —  anx  —  bnx  -  bmx  -\-  ab  -\-  b^  —  dmx  -\-  ad  -\-  bd 

=  mnx^  —  anx  —  cnx  —  anx  -\-  ac  -\-  c^  —  dmx  -\-  ad  +  cd. 

Transpose, 

mnx^  —  mnx,^  —  anx  +  anx  —  bnx  +  cnx  —  bmx  +  cmx  —  dmx  +  dmx 
=  ac  —  ab  -\-  c^  —  b^  -\-  ad  -  ad  -\-  cd  —  bd. 

Combine, 

—  bnx  +  cnx  —  bmx  +  cmx  =  ac  —  ab  -\-  c^  —  b"^  -\-  dc  —  bd. 

Factor, 

n (c  —  6) X  +  m (c  —  6) X  =  a (c—  6)  +  (c  4-  6)  (c  —  6)  4-  d (c  --  6). 
Divide  bye  —  6,     nx4-wix  =  a  +  c  +  64-d. 

a  +  6  +  c  +  d 
m  +  n 

15.  Solve  —5^ ^4--^^ 7-  =  -' 

a  +  26         2a4-b       2 

Multiply  by  2  (a  +  2  6)  (2  a  +  &), 

4  a^x  -  4  a*  +  2  a6x  -  2  a26  +  2  a6x  -  2  06^  +  4  62x  _  4  68 
=  2  tt^x  +  6  ate  +  2  b^. 

Transpose, 

4a2x  -  2  a^x  +  2  a6x  +  2  abx  -  5 a6x  +  4 62x  _  2 b^ 
=  4a8  +  2a-b  +  2a62  +  468. 
Combine,     2  a^x  -  a6x  4-  2  62x  =  4  a^  +  2  a^ft  +  2  aft^  4-  4  68. 

4a8  4-2a26  4-2a62  4-468 


X  = 


2  a2  -  a6  4-  2  62 
2  (a  4-  6). 
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16.  Solve —  = -^-' 

ab  —  by     an  —  ny 

Multiply  by  6ii(a  —  y),  en  —  dn  =  6m  +  by. 

Transpose,  — 6y  =  —  cn  +  dn  +  6m. 

en  —  dn  —  hm 

...  y  = 

0 

17.  Solve =  abc. 

c  a 

Multiply  by  oc,  a^c  —  o6  —  6cx  —  c^  =  a?hc\ 

Transpose,  aH  —  hex  =  ab  -{■  c^  -{■  a^hc^. 

a6  +  c2  -f  a?hc^ 


z  = 


a^-bc 


18.   Solve  -^^  -  3 a  =  8x. 
a  —  6 

Multiply  by  a  —  6,  6ax  —  Sa^  +  Sab  =  Sax  —  Sbz, 

Transpose,  box —  Sax  +  Sbx  =  Sa^  —  Sab. 

Combine,  Sbz  —S  ax  =  S  a^  —  S  ab. 

Sa^-Sab 


z  = 


Sb-Sa 


«A    o  1      Sa  +  x       4x  —  b      ^ 

19.   Solve = -  1. 

5a-6      Sa  +  2b 

o-      IX    *u      .  u*          V.                   Sa  +  x      4x-3o-36 
Simplify  the  right  member, =  — ; — . 

Multiply  by  (5  a  -  6)  (3  a  +  2  6), 

9a2 -H  3ax  +  6a6  +  26x  =  20ax  -  15a2  -  46x  -  12a6  4- 368. 
Transpose, 

3ax-20ax  +  2te  +  46x  =  -9a2-16a2-6a6-12o6  +  36a. 
Combine,  66x  - 17  ox  =  362  _  I8a6  -  24a2. 

362-18a6-24a2 


X  = 


66-17a 


20.   Solve = 

X  —  m      X  — n      X  —  p 

Multiply  by  (x  —  m)  (x  —  n)  (x  —  p), 

mx*  —  mnx  —  mpx  +  mnp  —  nx^  +  mnx  +  npx  —  mnp 

=  mx^  —  m^x  —  nx2  +  m^n  +  n^x  —  mn^. 
Transpose, 

mx^  —  rufi  —  mx^  +  nx*  —  m?ix  +  mnx  —  mpx  +  npx  +  wi^x  —  n^ 

=  —  mnp  +  mnp  +  mhi  —  mn^. 
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Combine,  —  mpx  +  npx  -\-  vi^x  —  n^x  =  m^n  —  mn^. 

Factor,  (n  —  m)px  +  (m^  —  n^)x  =  mn  {m  —  n), 

or  (n-  —  m)px  +  (m  +  n)(m  —  n)x  =  mn  (m  —  n). 

Divide  by  m  —  n,  —  px  +  7?i«  +  nx  =  mn. 

mn 


21.  Solve 


m  i-  n  —  p 
x  —  c      X -\- c        2  ex 


c-d      c  +  d      c^-d^ 

Multiply  by  c^  -  d^, 

ex  —  c*  +  d»  —  cd  —  ex  —  c2  +  (ix  +  cd  =  2  ex. 
Transpose,  ex  —  ex  —  2  ex  +  dx  +  dx  =  c^  +  e^  +  cd  —  ctf. 

Combine,  2  dx  —  2  ex  =  2  e^. 

Divide  by  2,  dx  —  ex  =  e^. 

c2 

.*.  X  — • 

d  —  c 

X  1 

32.  Solve 1-  ahx  =  a  +  6  +  — . 

o  +  &  (M) 

Multiply  by  ab(a  +  &), 

oftx  +  a862x  +  a^bH  =  a^b  +  2a262  +  ofts  4.  a  +  &. 

aSft  +  2  a262  -^  ab^ -{- a -\- b 

ab-\-  a?l^  +  a^^ 
_  ob(a2  +  2 a6  +  &2)  4-  g  +  6 
.      ~         ab  (1  +  a26  +  ab^) 
_  (a26  +  ab2  +  1)  (g  +  b) 
~      a6(l  +  a26  +  a62) 
a-\-b 
ab 


Second  Method 


X  1 

Solve  — ■-—  +  a&x  =  a  +  &  +  -r 
a  +  0  ao 

Factor,  x( +  ab)  =  a  +  &  +  — 

\a  -\-b  /  ah 


X 


+  b  /  ab 

1  +  a26  +  a62\      a'^b  -^  ab^-hl 


V        a  +  6        / 


+  6        /  a6 

a-\-b 


.'.  X  = 


o^ 
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1  1  a-b 


28.  Solve 


X  —  a     X  —  h     x^  —  ab 


Simplify  the  left  member, 

a  —  b  a  —  b 


x^  —  ax  —  bx  -\-  ab     x^  —  ab 

Since  the  numerators  are  equal,  the  denominators  are  equal. 

.*.  x^  -  ab  =  x^  —  ax  —  bx  +  ab. 
Transpose,  x^  —  x^  +  ax  +  bx=r  db  +  ab. 

Combine,  ox  +  6x  =  2  a6. 

2ab 


X  — 


24.  Solve 


a  +  6 
7x         3  9n  +  14x 


9m2      2  m      18 /n*- 24  irm 

*lx         3  9n  +  14a; 


Factor  denominators, 

9m2      2m      6m(3m-4n) 

Multiply  by  18  m^  (3  m  -  4  n), 

42  mx  -  56  naj  -  81  m2  +  108  mn  =  27  mn  -\-  42  mx. 
Transpose,      42  t?ix  —  42  mx  —  56  nx  =  81  ?7i2  —  108  mn  +  27  mn. 
Combine,  —  56  nx  =  81  m^  —  81  mn, 

81  mn  -  81  m^ 
.-.  X  = 


56n 

81 

m{in.  —  m) 

66n 

a  — 

to_. 

«.    o  1       a(3-2x)  .  6(3x-2) 

25.  Solve  -^— ^  +  -^^ ^      ^  ^ 

6  a  2  (a  +  6) 

Multiply  by  2  a6  (a +  6), 

6a8  +  6a26-4a8x-4a26x  +  6o62x  +  6Wx-4a62-46«-a26  +  o62x 
=  4a26  +  4a62. 

Transpose, 

-  4a8x  -  4a2&x  +  ^aVh:.  +  aft^x  +  eft^x 

=  -  6a8  +  4a26  -  6a26  +  a26  +  406"  +  4a6a  +  46*. 
Combine, 

-  4a8x  -  4a26x  +  7aWx  +  668x  =  -  6a8  -  a26  +  8a62  +  46». 

-6a8-a26  + 80624.468 


.*.  x  = 


-4a8-4a26  +  7a62-|-668 
6a8  4- a26- 80^2 -458 

4a»  +  4a26-7a62-668 
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__(3a-f  2b)(2a2-a6-2&g) 

~  (2a  +  36) (2 a2  -  a6  -  262) 

_3a  -f  26 

~'2a  +  36* 

««    CI       (a  +  l)x      (6  +  l)x       2a6  ^      , 

26.  Solve  ^    ^   ^    +  ^         ^    + =  a  +  6  +  1. 

0  a  a  H-  6 

Multiply  by  a  4-  6, 

(a2  +  a  +  6  +  a6)aj      (a6  +  62  + a  +  6)aj      ^    ^       «     ^   ^     ^« 

^^ V -^^ — ^  +  ^ — -^ — —        '    +2a6  =  a2  +  2a6  +  6g  +  a-t-6. 

0  a 

Transpose  and  combine, 

(a2  +  g  +  6  +  a6)g  .  (a6  +  62  +  a  +  6)g      ^g  _^  .o  _^  ^  ^  . 

6  a 

Multiply  by  a6, 

(a3  4-  a^  +  a6  +  a26  +  a62  +  68  +  a6  +  62)x  =  a6 (a2  +  62  -f  a  +  6). 

Combine,  (a8  4-a26  +  a62+68+a2  +  2a6+62)x  =  a6{a2  +  62  +  a  4-  6). 

Factor  the  coefficient  of  a, 

[a2(a  4-  6)  4-  62(a  4-  6)  +  (a  +  6)  (a  4-  6)]x  =  a6(a2  4-  62  4-  a  4-  6), 

(a  +  6)  (a2  +  62  4-  a  +  6)x  =  a6(a2  4-  62  4-  a  +  6). 

.*.  X  — • 

a4-6 

a4-c     (3a-6c)x     (3a-26)(x-l)  _  (5c-26)x     g-c 

a-6        2a-36  a-b  ~   2a~36       a-h 

Separate  the  third  term  into  two  parts, 

a  +  c  _  (3a-5c)x      (3a-26)x  _  3a-26  _  (5c-26)x  _a-c 

a  —  b        2a  — 36  a  — 6  a  — 6  2a  — 36        a  — 6 

Transpose, 

(.*>  a  —  2  6)  X      3  a  -  2  6      a  -\-  c      a  —  c      (5  c  —  2  6)  x      (3  a  —  e5  c)  x 

a— 6  a  — 6        o  — 6      a  — 6        2a  — 36  2a  — 36 

^      ^.  (3a-26)x4-26- a      (3a-26)x 

Combine,  -^ ; =  —- — 

a-6  2a-36 

Multiply  by  (o  -  6)  (2  a  -  3  6), 

(6a2  _  l3o6  4-  662)x  4-  (26  -  a)(2a  -  36)  =  (3a2  -  6a6  4-  262)x. 

Transpose, 
(6o2  -  13o6  4- 662  -  3a2  4- 5a6  -  262)x  =  (a  -  26)  (2a  -  36). 

Combine,  (3a2  -  8a6  +  462)x  =  (a  -  26)(2a  -  36). 

Factor,  (a  -  2  6)  (3  a  -  2  6)  x  =  (a  -  2  6)  (2  a  -  3  6) . 

Divide  by  a  -  26,  (3a  -  26)x  =  2a  -  36. 

2a-36 
3a-26 
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Eacercise  67.    Page  150 

1.  The  sam  of  the  fourth  and  fifth  parts  of  a  certain  number  is 
one  less  than  twice  the  difference  between  the  third  and  tenth  parts. 
Find  the  number. 

Let  X  =  the  number. 

Then  -  +  -  =  the  sum  of  the  fourth  and  fifth  parts, 

4      6 

X         X 

=  the  difference  of  the  third  and  tenth  parts, 

(X       X  \ 
I  =  twice  the  difference  of  the  third  and  tenth 

3      10^         parts, 

and  2( )  —  (-  +  -)  =  the  given  excess. 

\3      10/      \4     6/  ^ 

But  1  =  the  given  excess. 

•■■Ki-B)-(M)-- 

Multiply  by  60,    40  x  -  12  x  -  15  x  -  12  x  =  60. 
Combine,  x  =  60. 

Therefore,  the  required  number  is  60. 

a  The  difference  between  the  seventh  and  ninth  parts  of  a  certain 
ber  is  4.    Find  the  number. 
Let  X  =  the  number. 

X        X 

Then =  the  difference  between  the  seventh  and  ninth  parts. 

7      9 

But  4  =  the  difference  between  the  seventh  and  ninth  parts. 

X      aj  _ 

7      9 
Multiply  by  63,  9  x  -  7  x  =  252. 

Combine,  2  x  =  252. 

.-.  X  =  126. 
Therefore,  the  required  number  is  126. 

8.  One  third  of  a  certain  number  is  4  less  than  the  sum  of  its 
fourth  and  sixth  parts.    Find  the  number. 
Let  X  =  the  number. 

X        X 

Then  -  +  -  =  the  sum  of  the  fourth  and  sixth  parts, 

4      6 

XXX 

and  -  H =  the  given  excess. 

4      6      3 
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But  4  =  the  given  excess. 

XX       X        . 

.'.  -  H =  4. 

4      6      3 

Multiply  by  12,  3«  +  2x  -  4x  =  48. 

Combine,  x  =  48. 

Therefore,  the  required  number  is  48. 


4.  The  sum  of  the  third  and  fourth  parts  of  a  certain  number 
exceeds  the  difference  between  the  fifth  and  sixth  parts  by  33.  Find 
the  number. 

Let  X  =  the  number. 

X        X 

Then  _  +  _  =  the  sum  of  the  third  and  fourth  parte, 

3      4 

X        X 

=  the  difference  between  the  fifth  and  sixth 

parts, 
X       X       / X       x\ 

and  -H ( )  =  the  given  excess. 

3      4      \5      6/ 

But  33  =  the  given  excess. 

.,?  +  ?_(?_5)  =  33. 
3      4      \5      6/ 

Multiply  by  60,  20x  +  15x  -  12x  +  lOx  =  1980. 

Combine,  33x  =  1980. 

.-.  X  =  60. 

Therefore,  the  required  number  is  60. 

/  %  There  are  two  consecutive  numbers,  x  and  x  + 1,  such  that  half 
ox  the  larger  number  exceeds  one  fifth  of  the  smaller  by  8.  Find  the 
numbers. 

Let  X  =  the  smaller  number. 

Then  x  +  1  =  the  larger  number, 

X  + 1 

=  half  of  the  larger  number, 

X 

-  =  one  fifth  of  the  smaller  number, 
5 

,  x  +  1      X      ^,       . 

and  =  the  given  excess. 

2         5^ 

But  8  =  the  given  excess. 
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—  o. 
2          5 

Multiply  by  10, 

5x  +  5-2x  =  80. 

Transpose, 

6x-2x  =  80-  6. 

Combine, 

3x=75. 

.-.  X  3  25. 

X  +  1  =  26. 

Therefore,  the  two  numbers  are  25  and  26. 

6.  The  sum  of  two  numbers  is  63,  and  if  the  greater  number  is 
divided  by  the  smaller  the  quotient  is  2  and  the  remainder  9.  Find 
the  numbers. 

Let  X  =  the  greater  number. 

Then  63  —  x  =  the  smaller  number. 

dividend  —  remainder 

Now  the  quotient  = — » 

divisor 

and  in  this  problem  the  dividend  is  x,  the  remainder  9,  the  divisor 
63  —  X,  and  the  quotient  2. 

.-.  ^:ii  =  2. 

63 -X 
Multiply  by  63  -  X,  x  -  9  =  126  -  2  x. 

Transpose,  x  -f  2  x  =  126  +  9. 

Combine,  3  x  =  135. 

.-.  X  =  45. 

63  -  X  =  18. 
Therefore,  the  two  numbers  are  46  and  18. 

7.  The  sum  of  two  numbers  is  75,  and  if  the  greater  number  is 
divided  by  the  smaller  the  quotient  is  3  and  the  remainder  7.  Find 
the  numbers. 

Let  X  =  the  greater  number. 

Then  76  —  x  =  the  smaller  number. 

•     ^-■^  -3 

•  .     —   O. 

75 -X 
Multiply  by  75  -  X,  x  -  7  =  225  -  3  x. 

Transpose,  x  +  3  x  =  225  +  7. 

Combine,  4  x  =  232. 

.-.  X  =  58. 

75  -  X  =  17. 
Therefore,  the  two  numbers  are  58  and  17. 


TEACHERS'  EDITION  249 

8.  The  sum  of  two  numbers  is  137,  and  if  the  greater  number  is 
divided  by  the  smaller  the  quotient  is  4  and  the  remainder  2.  Find 
the  numbers. 

XiCt  X  =  the  greater  number. 

Then  137  —  x  =  the  smaller  number. 

X  -2 

.-.  =  4. 

137  -  X 

Multiply  by  137  -  X,         x  -  2  =  648  -  4  x. 

Transpose,  x  +  4  x  =  548  +  2. 

Combine,  6  x  =  650. 

.-.  x  =  110. 

137  -  X  =  27. 

Therefore,  the  two  numbers  are  110  and  27. 

yy  The  difference  between  two  numbers  is  19,  and  if  the  greater 
number  is  divided  by  the  smaller  the  quotient  is  2  and  the  remainder 
8.     Find  the  numbers. 

Let  X  =  the  greater  number. 

Then  x  —  19  =  the  smaller  number. 

x-8 

.-.  =  2. 

x-19 

Multiply  by  X  -  19,  x  -  8  =  2  x  -  38. 

Transpose,  x  —  2  x  =  8  —  38. 

Combine  —  x  =  —  30. 

.-.  X  =  30. 

x-19  =  11. 

Therefore,  the  two  numbers  are  30  and  11. 

10.  The,  difference  between  two  numbers  is  63,  and  if  the  greater 
number  is  divided  by  the  smaller  the  quotient  is  2  and  the  remainder 
19.     Find  the  numbers. 

Let  X  =  the  greater  number. 

Then  x  —  63  =  the  smaller  number. 

...  ^I^  =  2. 
x-63 

Multiply  by  X  -  63,         x  -  19  =  2  x  -  126. 

Transpose,  x— .2x  =  19  —  126. 

Combine,  —  x  =  —  107. 

.-.  X  =  107. 

X  -  63  =  44. 

Therefore,  the  two  numbers  are  107  and  44. 


260  ELEMEKTARY  ALGEBRA 

if.  Divide  227  into  two  parts  such  that  the  smaller  part  is  contained 
in  the  larger  6  times  with  a  remainder  of  5. 


Let 

X  =  the  larger  part 

Then 

227  —  X  =  the  smaller  part. 

• 
•  • 

227 -X 

Multiply  by  227  -  x, 

X  -  5  =  1136  -  6x. 

Transpose, 

x  +  6x  =  1135  +  6. 

Combine, 

6x  =  1140. 

.-.  X  =  190. 
227  -  X  =  37. 

Therefore,  the  two  parts  are  190  and  37. 

1).   Divide  367  into  two  parts  such  that  the  smaller  part  is  contained 
in  the  larger  4  times  with  a  remainder  of  52. 


Let 
Then 

• 
•  • 

X  =  the  larger  part. 
367  —  X  =  the  smaller  part 
x-62_. 

367 -X 

Multiply  by  367  -  x. 

Transpose, 

Combine, 

x-62  =  1468-4x. 
x  +  4x  =  1468  +  52. 
6x  =  1520. 

.•   x  =  304. 
367  -  X  =  63. 

Therefore,  the  two  parts  are  304  and  63. 

1 3.   Divide  421  into  two  parts  such  that  the  smaller  part  is  contained 
in  the  larger  7  times  with  a  remainder  of  5. 


Let 

X  =  the  larger  part. 

Then 

421  —  X  =  the  smaller  part. 

• 
•  • 

x-6    ^ 
421  -  X 

Multiply  by  421  -  x. 

x-5  =  2947-7x. 

Transpose, 

X  +  7  X  =  2947  +  6. 

Combine, 

8x  =  2952. 

.-.  X  =  369. 
421  -  X  =  62. 

Therefore,  the  two  parts  are  369  and  62. 
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/  li«  Seven  years  ago  a  boy  was  half  as  old  as  he  will  he  1  year 
nence.     How  old  is  he  now  ? 

Let  X  =  the  number  of  years  old  he  is  now. 

Then    x  —  7  =  the  number  of  years  old  he  was  7  years  ago, 
and  X  4- 1  =  the  number  of  years  old  he  will  be  1  year  hence. 

^      x  +  1 
.-.  X  —  7  =  — ■ — 

2 
Multiply  by  2,  2x  - 14  =  x  + 1. 

Transpose,  2  x  —  x  =  1  + 14. 

Combine,  x  =  15. 

Therefore,  the  boy  is  15  years  old. 

f(k  A  son  is  two  fifths  as  old  as  his  father.    In  10  years  he  will  be 
^half  as  old  as  his  father.     Find  the  age  of  each. 

Let         X  =  the  number  of  years  in  the  age  of  the  father. 

2x 
Then   —  =  the  number  of  years  in  the  age  of  the  son, 

5 

X  + 10  =  the  number  of' years  in  the  age  of  the  father  in  10  years, 

2x 
and h  10  =  the  number  of  years  in  the  age  of  the  son  in  10  years. 

5  2 

Multiply  by  10,  4x  + 100  =  5x  +  50. 

Transpose,  4x  —  5x  =  50-  100. 

Combine,  —  x  =  —  50. 

.'.  X  =  50. 

2x 

—  =  20. 
5 

Therefore,  the  father  is  50  years  old  and  the  son  is  20  years  old. 

16.   A  is  one  third  as  old  as  B.    In  4  years  A  will  be  half  as  old 
as  B.     Find  the  age  of  each. 

Let  X  =  the  number  of  years  in  B's  age. 

Then  -  =  the  number  of  years  in  A's  age, 

o 
X 

-  4-  4  =  the  number  of  years  in  A's  age  in  4  years, 
and  X  +  4  =  the  number  of  years  in  B*s  age  in  4  years. 
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X  x  +  4 

.-.  -  +  4  = 

3  2 

Multiply  by  6,  2  x  -f  24  =  3  x  +  12. 

Transpose,  2  x  -  3  x  =  12  -  24. 

Combine,  —  x  =  —  12. 

.-.  X  =  12. 

?  =  4. 
3 

Therefore,  A  is  4  years  old  and  B  is  12  years  old. 

f^f/  The  sum  of  the  ages  of  A  and  B  is  70  years,  and  15  years  hence 
A*s  age  will  be  one  third  of  B^s.     Find  their  ages. 

Let  X  =  the  number  of  years  in  A's  age. 

Then  70  —  x  =  the  number  of  years  in  B's  age, 

X  +  15  =  the  number  of  years  in  A's  age  15  years  hence, 

and  70  —  X  +15  =  the  number  of  years  in  B's  age  15  years  hence. 

,^      70-X  +  15 
.-.  X  +  15  = 

o 

Multiply  by  3,  3  x  +  45  =  70  -  x  +  15. 

Transpose,  3x  +  x  =  70  +  15  —  45. 

Combine,  4  x  =  40. 

.-.  X  =  10. 
70  -  X  =  60. 

Therefore,  A  is  10  years  old  and  B  is  60  years  old. 

18.    A  is  50  years  old  and  B  is  half  as  old  as  A.     In  how  many 
years  will  B  be  two  thirds  as  old  as  A? 

Let  X  =  the  required  number  of  years. 

Then  50  +  x  =  the  number  of  years  in  A's  age  x  years  hence, 
and         25  +  X  =  the  number  of  years  in  B^s  age  x  years  hence. 

3 
Multiply  by  3,  75  +  3  x  =  100  +  2  x. 

Transpose,  3  x  -  2  x  =  100  -  75. 

Combine,  x  =  25. 

Therefore,  the  required  number  of  years  is  25. 

A  is  72  years  old  and  B  is  two  thirds  as  old  as  A.     How  many 
'a  ago  was  A  five  times  as  old  as  B  ? 
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Let  X  =  the  required  number  of  years. 

Then  72  —  as  =  the  number  of  years  in  A^s  age  x  yeara  ago, 
and         48  —  X  =  the  number  of  years  in  B*s  age  x  years  ago. 

.-.  72-x  =  5(48-x). 
Expand,  72-x  =  240-5x. 

Transpose,  6  x  —  x  =  240  —  72. 

Combine,  4  x  =  168. 

.-.  X  =  42. 
Therefore,  the  required  number  of  years  is  42. 

80.  The  sum  of  the  ages  of  a  father  and  son  is  80  years.  The  soi^s 
age  increased  by  10  years  is  one  half  of  the  father^s  age.  Find  their 
ages. 

Let  X  =  the  number  of  years  in  the  age  of  the  son. 

Then  80  —  x  =  the  number  of  years  in  the  age  of  the  father. 

.  iA      80-x 

.-.  X  +  10  = 

2 

Multiply  by  2,  2x  +  20  =  80  -  x. 

Transpose,  2x  +  x  =  80-20. 

Combine,  3  x  =  60. 

.-.  X  =  20. 
80  -  X  =  60. 

Therefore,  the  age  of  the  son  is  20  years  and  the  age  of  the  fathui* 
is  60  years. 

81.  B  is  one  half  as  old  as  A.  Seven  years  ago  B  was  two  fifths  ps 
old  as  A.     Find  their  ages. 

Let  X  =  the  number  of  years  in  A*s  age. 

X 

Thep  -  =  the  number  of  years  in  B's  age, 

X 

—  7  =  the  number  of  years  in  B's  age  7  years  ago, 

and  SB  —  7  =  the  number  of  years  in  A's  age  7  years  ago. 

.  X  2(x-7) 

.  . I    —  ■  ■  • 


. .  —  1  —         ■  ■ 
2                   5 

Multiply  by  10, 

5x-70  =  4x-28. 

Transpose, 

6x-4x  =  70-28. 

Combine, 

x  =  42. 

I- 

Therefore,  A  is  42  years  old  and  B  is  21  years  old. 
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j    ffjt.   B's  age  is  one  sixth  of  A's  age.     In  six  yean  B's  age  will  be  one 
(fpnrth  of  A*8  age.     Find  their  ages. 

Let  X  =  the  number  of  years  in  A's  age. 

X 

Then  -  =  the  number  of  years  in  B*s  age, 

6 

X 

-  -)-  6  =  the  number  of  years  in  B*s  age  6  years  hence, 
and  X  4-  6  =  the  number  of  years  in  A\  age  6  years  hence. 

Multiply  by  12,  2  x  +  72  =  3  x  +  18. 

Transpose,  2  x  -  3  x  =  18  -  72. 

Combine,  —  x  =  —  64. 

.-.  X  =  64. 

6 
Therefore,  A  is  64  years  old  and  B  is  9  years  old. 

23.  A*8  age  is  two  thirds  of  B^s  age.     Eight  years  ago  A^s  age  was 
three  fifths  of  B's  age.     Find  their  ages. 

Let  X  =  the  number  of  years  in  B's  age. 

2x 
Then         —  =  the  number  of  years  in  A's  age, 

•  3 

2x 

8  =  the  number  of  years  in  A's  age  8  years  ago, 

and  X  —  8  =  the  number  of  years  in  B's  age  8  years  ago. 

2x      .      3(x-8) 

3  6 

Multiply  by  16,         10  x  -  120  =  9  x  -  72. 

Transpose,  lOx  -  9x  =  120  -  72. 

Combine,  x  =  48. 

2x 

—  =  32. 

3 
Therefore,  A  is  32  years  old  and  B  is  48  years  old. 

24.  A  is  sixteen  years  older  than  B.     Sixteen  years  ago  A  was  three 
times  as  old  as  B.     Find  their  ages. 

Let  X  =  the  number  of  years  in  A's  age. 

Then  x  —  16  =  the  number  of  years  in  B's  age, 
X  —  16  —  16  =  the  number  of  years  in  B's  age  16  years  ago, 
and         X  —  16  =  the  number  of  years  in  A's  age  16  years  ago. 
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.-.  x-16  =  3(x-16-16). 
Expand,  x  -  16  =  3x  -  48  -  48. 

Transpoae,  x  -  3x  =  16  -  48  -  48. 

Combine,  —  2  x  =  —  80. 

.-.  X  =  40. 
X  -  16  =  24. 

Therefore,  A  is  40  years  old  and  B  is  24  years  old. 

26.  A  rectangle  has  its  length  14  feet  more  and  its  width  10  feet 
less  than  the  side  of  the  equivalent  square.  Find  the  dimensions  of 
the  rectangle. 

Let  X  =  the  number  of  feet  in  a  side  of  the  square. 

Then  x  +  14  =  the  number  of  feet  in  the  length  of  the  rectangle, 
and         X—  10  =  the  number  of  feet  in  the  width  of  the  rectangle. 

Since  the  number  of  square  units  in  the  area  of  a  rectangle  is  equal 
to  the  product  of  the  number  of  linear  units  in  the  length  multiplied  by 
the  number  of  linear  units  in  the  width  of  the  rectangle, 

(x  + 14)  (x  —  10)  =  the  number  of  square  feet  in  the  area  of  the 

rectangle, 
and  X  X  X  =  the  number  of  square  feet  in  the  area  of  the 

square. 
But  these  areas  are  equal. 

.-.  (X  +  14)  (X  -  10)  =  x«. 


Expand, 

x3  +  4 

lx-140  =  x». 

Transpose, 

X2- 

x»  +  4x  =  140. 

Combine, 

4x  =  140. 
.-.  X  =  36. 

Then 

X  +  14  =  49, 

and 

X  -  10  =  25. 

Therefore,  the  dimensions  of  the  rectangle  are  40  feet  and  26  feet. 

26.  A  rectangle  has  its  length  21  feet  more  and  its  width  12  feet 
less  than  the  side  of  the  equivalent  square.  Find  the  dimensions  of 
the  rectangle. 

Let  X  =  the  number  of  feet  in  a  side  of  the  square. 

Then  x  +  21  =  the  number  of  feet  in  the  length  of  the  rectangle, 
X  — 12  =  the  number  of  feet  in  the  width  of  the  rectangle, 
(X  +  21)  (x  — 12)  =  the  number  of  square  feet  in  the  area  of  the  rectangle, 
and  x^  =  the  number  of  square  feet  in  the  area  of  the  square. 

But  these  areas  are  equal. 
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.-.  (X  +  21)  (X  -  12)  =  x«. 
Expand,  x^  +  9  x  -  252  =  x\ 

Transpose,  x^  -  x^  +  9x  =  252. 

Combine,  9x  =  252. 

.-.  X  =  28. 
Then  x  +  21  =  49, 

and  X  -  12  =  16. 

Therefore,  the  dimensions  of  the  rectangle  are  49  feet  and  16  feet. 

27.   A  rectangle  has  its  length  9  feet  more  and  its  width  8  feet  less  than 
the  side  of  the  equivalent  square.    Find  the  dimensions  of  the  rectangle. 
Let  X  =  the  number  of  feet  in  a  side  of  the  square. 

Then    x  +  9  =  the  number  of  feet  in  the  length  of  the  rectangle, 
X  —  8  =  the  number  of  feet  in  the  width  of  the  rectangle, 
(x  +  9)  (x  —  8)  =  the  number  of  square  feet  in  the  area  of  the  rectangle, 
and  x^  =  the  number  of  square  feet  in  the  area  of  the  square. 

.-.  (X  +  9)  (X  -  8)  =  x2 
Expand,  x^  +  x  -  72  =  x\ 

Transpose,  x^  —  x^  +  x  =  72. 

Combine,  x  =  72. 

Then  x  +  9  =  81, 

and  X  —  8  =  64. 

Therefore,  the  dimensions  of  the  rectangle  are  81  feet  and  64  feet. 


The  length  of  a  floor  exceeds  the  width  by  7  feet.     If  each 
lension  were  3  feet  more,  the  area  would  be  102  square  feet  more. 
Find  the  dimensions. 

Let  X  =  the  number  of  feet  in  the  width  of  the  floor. 

Then    x  +  7  =  the  number  of  feet  in  the  length  of  the  floor, 

X  +  3  =  the  number  of  feet  in  the  width  increased  by  3  feet, 

X  +  10  =  the  number  of  feet  in  the  length  increased  by  3  feet, 

(x  +  3)  (x  H- 10)  =  the  number  of  square  feet  in  the  area  of  the  increased 

floor, 
and      X  (x  4-  7)  =  the  number  of  square  feet  in  the  area  of  the  floor. 
.-.  (X  +  3)  (x  +  10)  -  x(x  +  7)  =  102. 
Expand,  x^  +  13  x  -f  30  -  x^  -  7  x  =  102. 

Transpose,  x^  -  x2  +  13  x  -  7  x  =  102  -  30. 

Combine,  6  x  =  72. 

.-.  X  =  12. 
X  +  7  =  19. 
Therefore,  the  dimensions  of  the  floor  are  19  feet  and  12  feet. 
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29.  The  length  of  a  rectangle  exceeds  the  width  by  9  inches.  If 
the  length  were  diminished  by  5  inches  and  the  width  by  4  inches,  the 
area  would  be  diminished  by  205  square  inches.    Find  the  dimensions. 

Let  X  =  the  number  of  inches  in  the  width  of  the  rectangle. 

Then  x  -f  9  =  the  number  of  inches  in  the  length  of  the  rectangle, 
X  +  4  =  the  number  of  inches  in  the  length  diminished  by  f) 

inches, 
X  —  4  =  the  number  of  inches  in  the  width  diminished  by  4 
inches, 
(x  4-  4)  (x  —  4)  =  the  number  of  square  inches  in  the  area  of  the  dimin- 
ished rectangle, 
and    X  (x  -I-  9)  =  the  number  of  square  inches  in  the  area  of  the  rectangle . 
.-.  x(x  +  9)  -  (X  +  4)  (X  -  4)  =  205. 
Expand,  x^  +  9  x  -  x2  +  16  =  205. 

Transpose,  x^  -  x2  +  9  x  =  205  -  16. 

Combine,  9  x  =  189. 

.-.  X  =  21. 
X  +  9  =  30. 
Therefore,  the  dimensions  of  the  rectangle  are  30  inches  and  21  inches. 

80.   The  length  of  a  rectangular  field  exceeds  the  width  by  82  yards. 

If  the  length  were  diminished  by  60  yards  and  the  width  increased  by 

40  yards,  the  area  would  be  diminished  by  1480  square  yards.     Find 

the  dimensions. 

Let  X  =  the  number  of  yards  in  the  width  of  the  field. 

Then        x  +  82  =  the  number  of  yards  in  the  length  of  the  field, 

X  +  22  =  the  number  of  yards  in  the  length  diminished  by 

60  yards, 
X  +  40  =  the  number  of  yar^s  in  the  width  increased  by 
40  yards, 
(x  +  22)  (x  +  40)  =  the  number  of  square  yards  in  the  area  of  the 

diminished  field, 
and         X  (x  +  82)  =  the  number  of  square  yards  in  the  area  of  the  field. 
.-.  x(x  +  82)  -  (X  +  22)  (X  +  40)  =  1480. 
Expand,         x^  +  82  x  -  x2  -  62  x  -  880  =  1480. 
Transpose,  x^  -  x^  +  82  x  -  62  x  =  1480  +  880. 

Combine,  20  x  =  2360. 

.-.  X  t=  118. 
X  +  82  =  200. 

Therefore,  the  dimensions  of  the  field  are  200  yards  and  118  yards. 
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9$^  A  can  do  a  piece  of  work  in  3  days,  and  B  can  do  the  work  in 

4  days.     How  many  days  will  it  take  them  to  do  it  working  together  ? 

Let        X  =  the  number  of  days  it  will  take  them  working  tbgether. 

Then      -  =  the  part  both  together  can  do  in  one  day, 

X 

I  =  the  part  A  can  do  in  one  day, 
I  =  the  part  B  can  do  in  one  day, 
and     }  +  I  =  the  part  both  together  can  do  in  one  day. 

.*.  -  4-  -  =  -. 
3      4      z 

Multiply  by  12  X,  4  x  +  3  x  =  12. 

Combine,  7  x  =  12. 

/.  X  =  If. 

Therefore,  A  and  B  together  can  do  the  work  in  If  days. 

32.  A  can  do  a  piece  of  work  in  5  days,  B  in  6  days,  and  C  in  7 
days.     How  many  days  will  it  take  them  to  do  it  working  together  ? 

Let  X  =  the  number  of  days  it  will  take  them  working  together. 

Then         -  =  the  part  the  three  together  can  do  in  one  day, 

X 

I  =  the  part  A  can  do  in  one  day, 
^  =  the  part  B  can  do  in  one  day, 
}  =  the  part  C  can  do  in  one  day, 
and  ^  +  ^  +  ^  =  the  part  the  three  together  can  do  in  one  day. 

1111 

.-.  -  +  -4--  =  -. 

5      6      7      X 
Multiply  by  210  x,     42  x  +  35  x  +  30  x  =  210. 
Combme,  107x  =  210. 

Therefore,  A,  B,  and  C  together  can  do  the  work  in  Ijjf  days. 

33.  A  can  do  a  piece  of  work  in  9  days,  B  in  8  days,  and  C  in  7^ 
days.     How  many  days  will  it  take  them  to  do  it  working  together  ? 

Let  X  =  the  number  of  days  it  will  take  them  working 

together. 

Then  -  =  the  part  the  three  together  can  do  in  one  day, 

^  =  the  part  A  can  do  in  one  day, 
\  =  the  part  B  can  do  in  one  day, 
^  =  the  part  C  can  do  in  one  day, 
and       i  +  i  + 1^  =  ^^^  P^*^  ^^  three  together  can  do  in  one  day. 
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•  1  +  i  +  A-l 

9      8      16      X 


Multiply  by  860«,        40«  +  45x  +  48x  =  360. 
Combine,  133  x  =  360. 

.     /.  _  O  94 
.  .   X  —  ^i3j. 

Therefore,  A,  B,  and  C  together  can  do  the  work  in  2^^  days. 

84.  A  can  do  a  piece  of  work  in  3^  days,  B  in  4}  days,  and  C  in  6^ 
days.     How  many  days  will  it  take  them  to  do  it  working  together  ? 

Let  X  =  the  number  of  days  it  will  take  them  working  together. 

Then  -  =  the  part  the  three  together  can  do  in  one  day, 

X 

^  =  the  part  A  can  do  in  one  day, 
^  =  the  part  B  can  do  in  one  day, 
^  =  the  part  C  can  do  in  one  day, 
and  ^+ A+sV  =  the  part  the  three  together  can  do  in  oue  day. 

2       3        4       1 

.-.  -4- !-  —  =  -• 

7      14      21      X 

Multiply  by  42x,  12x  +  9x  +  8x  =  42. 

Combine,  29  x  =  42. 

.-.  X  =  lif • 
Therefore,  A,  B,  and  C  together  can  do  the  work  in  l^f  days. 

85.  A  and  B  together  can  mow  a  field  in  8  hours,  A  and  C  in  10 
hours,  and  A  alone  in  15  hours.  In  how  many  hours  can  B  and  C 
together  mow  the  field  ? 

Let  X  =  the  number  of  hours  it  will  take  B  and  C  together. 

Then  -  =  the  part  B  and  C  together  can  mow  in  one  hour, 

X 

^  =  the  part  A  can  mow  in  one  hour, 

^  =  the  part  A  and  B  together  can  mow  in  one  hour, 
^^  =  the  part  A  and  C  together  can  mow  in  one  hour, 
J  —  T^  =  the  part  B  can  mow  in  one  hour, 
^  —  ^  =  the  part  C  can  mow  in  one  hour, 
and  i— iV+iV~tV  =  the  part  B  and  C  together  can  mow  in  one  hour. 

'*'  8      15      10      16  ""x* 
Multiply  by  120 X,   15x-8x  +  12x -8x  =  120. 
Combine,  llx  =  120. 

.-.  X  =  10}f 
Therefore,  B  and  C  together  can  mow  the  field  in  lOff  hours. 
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36.   A  can  do  a  piece  of  work  in  2  a  days,  A  and  B  together  in  b 

days,  and  A  and  C  together  in  a  +  7  days.     In  how  many  days  can 
the  three  do  the  work  together  ? 
Let  X  =  the  number  of  days  it  will  take  them  working 

together. 

Then  -  =  the  part  the  three  together  can  do  in  one  day, 

—  =  the  part  A  can  do  in  one  day, 
2a 

-  =  the  part  A  and  B  together  can  do  in  one  day, 
0 

1  2 

= =  the  part  A  and  C  together  can  do  in  one  day, 

0      2a  +  0 

2  1 

=  the  part  C  can  do  in  one  day. 


2a-\-b     2a 

12  1 

and  -  H =  the  part  the  three  together  can  do  in  one  day. 

b     2a  +  6     2a  *^  ^  ^ 

1  2  1^1 

b      2a-\-b      2a     x 
Multiply  by  2a5x  (2  a  4-  6), 

4  a^x  +  2  ate  -f  4  a6x  -  2  06a;  -  62a;  =  2  06(2  a  +  6). 
Combine,  4  a^x  +  4  ate  -  ft^x  =  2  a6(2  a  -f  &). 

2a6(2a  +  &) 

.'.  X  =  -  — 


4a2  +  4a6-62 

Therefore,  A,  B,  and  C  working  together  can  do  the  work  in 
2a6(2a  +  6) 


days. 


4  a2  +  4  06  -  62 

87.  A  and  B  together  can. dig  a  ditch  in  40  days,  B  and  C  together  in 
48  days,  and  A  and  C  together  in  36  days.  How  many  days  will  it  take 
each  alone  to  dig  the  ditch,  and  how  many  days  if  they  all  work  together  ? 

(i)  Let  X  =  the  number  of  days  it  will  take  the  three  together. 

Then  -  =  the  part  the  three  together  can  dig  in  one  day, 

X 

2 

-  =  the  part  the  three  together  can  dig  in  two  days, 

X 

-^j^  =r  the  part  A  and  B  together  can  dig  in  one  day, 
:^j  =  the  part  B  and  C  together  can  dig  in  one  day, 
^j^  =  the  part  A  and  C  together  can  dig  in  one  day, 
and   A  +  A  +  tV  =  ^^6  P*rt  the  three  together  can  dig  in  two  days. 
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1112 

.-. h  —  +  — =  -• 

40      48      36      X 

Multiply  by  720  x,    18  x  +  16  x  +  20  x  =  1440. 

Combine,  63x  =  1440. 

Therefore,  the  three  together  can  dig  the  ditch  in  27/^  days. 

(ii)  Let  X  =  the  number  of  days  it  will  take  A  to  dig  the  ditch. 

Then  -  =  the  part  A  can  dig  in  one  day, 

X 

■^  —  the  part  B  and  C  together  can  dig  in  one  day, 
y||^  =  the  part  the  three  together  can  dig  in  one  day, 

63        1       1 
'■  1440      48  ~x* 
Multiply  by  1440  x,       53  x  -  30  x  =  1440. 
Combine,  23x  =  1440. 

.-.  X  =  62if. 

Therefore,  A  can  dig  the  ditch  in  62 ^|  days. 

(iii)  Let  x  =  the  number  of  days  it  will  take  B  to  dig  the  ditch. 

Then  -  =  the  part  B  can  do  in  one  day, 

X 

^  =  the  part  A  and  C  together  can  dig  in  one  day, 
y|J^  =  the  part  the  three  together  can  dig  in  one  day, 
and        yllif  —  -^^  =  the  part  B  can  dig  in  one  day. 

53         1       1 

"  1440      36  "x* 
Multiply  by  1440  x,       53  x  -  40  x  =  1440. 
Combine,  13x  =  1440. 

.-.  x  =  1101J. 

Therefore,  B  can  dig  the  ditch  in  110} J  days. 

(iv)  Let  X  =  the  number  of  days  it  will  take  C  to  dig  the  ditch 

Then  -  =  the  part  C  can  dig  in  one  day, 

X 

^  =  the  part  A  and  B  together  can  dig  in  one  day, 
y{}^  =  the  part  the  three  together  can  dig  in  one  day, 
*°^        jih  ~  10  =  *^6  P^-rt  C  can  dig  in  one  day. 
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68        1  _1 
*  1440      40  ~x' 
Multiply  by  1440  x,       ^  x  -  36  x  =  1440. 
Combine,  17  x  =  1440. 

.-.  X  =  84Jf 
Therefore,  C  can  dig  the  ditch  in  84|^  days. 

9'  A  cistern  can  be  filled  by  two  pipes  in  3  and  4  hours,  respec- 
tively, and  can  be  emptied  by  a  waste  pipe  in  6  hours.  In  how 
many  hours  will  it  be  filled  if  all  the  pipes  together  are  open  ? 

Let  X  =  the  number  of  hours  if  all  the  pipes  are  open. 

Then  -  =  the  part  filled  in  one  hour  if  all  the  pipes  are  open, 

X 

}  =  the  part  filled  in  one  hour  by  the  first  pipe, 
^  =  the  part  filled  in  one  hour  by  the  second  pipe, 
i  =  the  part  emptied  in  one  hour  by  the  waste  pipe, 
and    }  +  ^  —  I  =  the  part  filled  in  one  hour  if  all  the  pipes  are  open. 

1111 

.-.  -  + =  -• 

3      4      6      X 

Multiply  by  12x,  4x  +  3x  -  2x  =  12. 

Combine,  5  x  =  12. 

.-.  X  =  2 J. 

Therefore,  if  all  the  pipes  are  open,  the  cistern  will  be  filled  in  2J 

hours. 

89.  A  cistern  can  be  filled  by  three  pipes  in  6, 1 0,  and  1 5  hours,  respec- 
tively.   In  how  many  hours  will  it  be  filled  by  all  the  pipes  together  ? 

Let  X  =  the  number  of  hours  required  to  fill  the  cistern. 

Then  -  =  the  part  filled  in  one  hour  by  the  three  pipes  together, 

X 

^  =  the  part  filled  in  one  hour  by  the  first  pipe, 
rfjj  =  the  part  filled  in  one  hour  by  the  second  pipe, 
j^3  =  the  part  filled  in  one  hour  by  the  third  pipe, 
and  i  + 1^  +  iV  =  ^®  P^^*^  filled  in  one  hour  by  the  three  pipes  together. 

11.1       1 

.-.  -  + h  —  =  -• 

6      10      15      X 

Multiply  by  80x,  6x  +  3x  +  2x  =  30. 

Combine,  10  x  =  30. 

.-.  X  =  3. 

Therefore,  the  three  pipes  together  will  fill  the  cistern  in  3  hours. 
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40.  A  cistern  can  be  filled  by  three  pipes  in  3  hours  90  minutes, 
2  hours  48  minutes,  and  2  hours  20  minutes,  respectively.  In  what 
time  will  the  cistern  be  filled  if  all  the  pipes  are  running  together  ? 

3  hours  SO  minutes  =  3^  hours ;  2  hours  48  minutes  =  2f  hours ; 
2  hours  20  minutes  =  2^  hours. 

Let  X  =  the  number  of  hours  required  to  fill  the  cistern. 

Then  -  =  the  part  filled  in  one  hour  by  the  three  pipes 

*         together, 

f  =  the  part  filled  in  one  hour  by  the  first  pipe, 
^  =  the  part  filled  in  one  hour  by  the  second  pipe, 
f  =  the  part  filled  in  one  hour  by  the  third  pipe, 
and       ?  +  A  +  f  =  the  part  filled  in  one  hour  by  the  three  pipes 

together. 

2^  6  ^3      1 

•••  7  +  14  +  7  =i- 
Multiply  by  14x,  4x  +  5x  +  6x  =  14. 

Combine,  15x  =  14. 

•*•  *  =  It- 
Therefore,  the  three  pipes  together  will  fill  the  cistern  in  ||  of  an 
hour,  or  66  minutes. 


41.  A  cistern  can  be  filled  by  two  pipes  in  3}  and  3}  hours,  respec- 
tively, and  can  be  emptied  by  a  waste  pipe  in  2^  hours.  In  how 
many  hours  will  it  be  filled  if  all  the  pipes  together  are  open  ? 

Let  X  =  the  number  of  hours  if  all  the  pipes  are  open. 

Then  -  =  the  part  filled  in  one  hour  if  all  the  pipes  are  open, 

X 

^Q  =  the  part  filled  in  one  hour  by  the  first  pipe, 
^  =  the  part  filled  in  one  hour  by  the  second  pipe, 
f  =  the  part  emptied  in  one  hour  by  the  waste  pipe, 
and     ^•\-^  —  i  =  the  part  filled  in  one  hour  if  all  the  pipes  are  open. 

"  10  +  15      6""x* 
Multiply  by  30x,         9x  +  8x  -  12x  =  30. 
Combine,  5x  =  30. 

.-.  X  =  6. 

Therefore,  if  all  the  pipes  are  open,  the  cistern  will  be  filled  in 
6  hours. 
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48.  A  cistern  has  three  pipes.  The  first  pipe  will  fill  it  in  6^  hours, 
the  second  in  7|  hours,  and  the  three  pipes  together  will  fill  it  in 
If  hours.  In  how  many  hours  will  the  third  pipe  alone  fill  the 
cistern  ? 

Let  X  =  the  number  of  hours  required  for  the  third  pipe. 

Then  -  =  the  part  filled  in  one  hour  by  the  third  pipe, 

X 

■fi  —  the  part  filled  in  one  hour  by  the  first  pipe, 
^'j  =  the  part  filled  in  one  hour  by  the  second  pipe, 
fj  =  tlie  part  filled  in  one  hour  by  the  three  pipes 
together, 
and  ^j  —  (i^j-  +  2^2)  =  the  part  filled  in  one  hour  by  the  third  pipe. 

"  lT~  \ri"*'22/      X* 
Multiply  by  22  X,  12  x  -  4  x  -  3  x  =  22. 

Combine,  5  x  =  22. 

.-.  x  =  4|. 

Therefore,  the  third  pipe  will  fill  the  cistern  in  4|  hours. 


43.  A  cistern  can  be  filled  by  three  pipes  in  4^,  5|,  and  3|  hours, 
respectively.  In  how  many  hours  will  it  be  filled  by  the  three  pipes 
together  ? 

Let  X  =  the  number  of  hours  required  by  the  three  pipes 

together. 

Then  -  =  the  part  filled  in  one  hour  by  the  three  pipes 

together, 
■j^  =  the  part  filled  in  one  hour  by  the  first  pipe, 
^j  =  the  part  filled  in  one  hour  by  the  second  pipe, 
■^j  =  the  part  filled  in  one  hour  by  the  third  pipe, 
and    tV  +  tV  +  W  =  ^^®  P^r**  filled  in  one  hour  by  the  three  pipes 

together. 

4  ^  3  ^  5       1 
17      17      17      X 


Multiply  by  17  x. 

4x  +  3x  +  5x  =  17. 

Combine, 

12x  =  17. 

.-.    X  =  ly\. 

Therefore,  if  all  the  pipes  are  open,  the  cistern  will  be  filled  in  1^^ 
hours. 
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44.  An  accommodation  train  which  goes  32  miles  an  hour  is 
followed,  after  2  hours,  by  an  express  train  which  goes  48  miles 
an  hour.  In  how  many  hours  will  the  express  train  overtake  the 
accommodation  train  ? 

Let  X  =  the  number  of  hours  the  express  train  goes. 

Then      x  +  2  =  the  number  of  hours  the  accommodation  train  goes, 
48  X  =  the  number  of  miles  the  express  train  goes, 
and      32  (x  +  2)  =  the  number  of  miles  the  accommodation  train  goes. 
But  these  distances  are  equal. 

.-.  48x  =  32(x  +  2). 
Expand,  48  x  =  32  x  +  64. 

Transpose,  48  x  —  32  x  =  64. 

Combine,  16  x  =  64. 

.-.  X  =  4. 
Therefore,  the  express  train  will  overtake  the  accommodation  train 
in  4  hours. 

45 .  A  starts  from  Boston  and  travels  at  the  rate  of  8  miles  an  hour. 
Four  hours  afterwards  B  starts  from  the  same  place  and  follows  A  at 
the  rate  of  10  miles  an  hour.  How  many  miles  from  Boston  will  B 
overtake  A? 

Let  X  =  the  number  of  hours  B  travels. 

Then  x  +  4  =  the  number  of  hours  A  travels, 

8  (x  +  4)  =  the  number  of  miles  A  travels, 
and  10  X  =  the  number  of  miles  B  travels. 

But  these  distances  are  equal. 

.-.  10x  =  8(x  +  4). 
Expand,  10x  =  8x  +  32. 

Transpose,  10  x  —  8  x  =  32. 

Combine,  2  x  =  32. 

.-.  X  =  16. 

10x  =  160. 
Therefore,  B  will  overtake  A  160  miles  from  Boston. 

46.  A  can  run  10  yards  a  second  and  B  can  run  9  yards  a  second.  If 
A  gives  B  a  start  of  2  seconds,  in  how  many  seconds  will  A  overtake  B  ? 

Let  X  =  the  number  of  seconds  A  runs. 

Then  x  4-  2  =  the  number  of  seconds  B  runs, 

9  (x  +  2)  =  the  number  of  yards  B  runs, 
ai.d  10  X  =  the  number  of  yards  A  runs. 
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But  these  distances  are  equal. 

.-.  10x  =  9(«  +  2). 
Expand,  10x  =  9x  +  18. 

Transpose,  10  «  —  9  «  =  18. 

Combine,  x  =  18. 

Therefore,  A  will  overtake  B  in  18  seconds. 

0,  A  freight  train  which  goes  18  miles  an  hour  is  followed  after  4 
hours  by  a  passenger  train  which  goes  24  miles  an  hour.  In  how  many 
hours  will  the  passenger  train  overtake  the  freight  train  ? 

Let  X  =  the  number  of  hours  the  passenger  train  goes. 

Then  x  +  4  =  the  number  of  hours  the  freight  train  goes, 

18  (x  +  4)  =  the  number  of  miles  the  freight  train  goes, 
and  24  X  =  the  number  of  miles  the  passenger  train  goes. 

But  these  distances  are  equal. 

.-.  24x  =  18(x  +  4). 
Expand,  24  x  =  18  x  +  72. 

Transpose,  24  x  —  18  x  =  72. 

Combine,  6x  =  72. 

.-.  X  =  12. 

Therefore,  the  passenger  train  will  overtake  the  freight  train  in  12 
hours. 

48.  In  going  a  certain  distance  a  train  that  makes  42  miles  an  hour 
takes  2  hours  less  than  a  train  that  makes  36  miles  an  hour.  Find 
the  distance. 

Let  X  =  the  number  of  hours  the  first  train  goes. 

Then         x  +  2  =  the  number  of  hours  the  second  train  goes, 
36  (x  +  2)  =  the  number  of  miles  the  second  train  goes, 
and  42  X  =  the  number  of  miles  the  first  train  goes. 

But  these  distances  are  equal. 

.-.  42x  =  35(x  +  2). 
Expand,  42  x  =  35  x  +  70. 

Transpose,  42  x  —  36  x  =  70. 

Combine,  7  x  =  70. 

.-.  X  =  10. 
42  X  =  420. 

Therefore,  the  required  distance  is  420  miles. 
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49.  In  traveling  a  certain  distance  a  horse  that  goes  12  miles  an 
hour  takes  1  hour  less  than  a  horse  that  goes  10  miles  an  hour.  Find 
the  distance. 

Let  z  =  the  number  of  hours  the  faster  horse  travels. 

Then  x  +  1  =  the  number  of  hours  the  slower  horse  travels, 

10  (x  + 1)  =  the  number  of  miles  the  slower  horse  travels, 
and  12  X  =  the  number  of  miles  the  faster  horse  travels. 

But  these  distances  are  equal. 

.-.  12x  =  10(x  +  l). 
Expand,  12  x  =  10  x  + 10. 

Transpose,  12  x  —  10  x  =  10. 

Combine,  2  x  =  10, 

.*.  X  =  6. 
12x  =  00. 

Therefore,  the  required  distance  is  60  miles. 

$f.''  In  traveling  a  certain  distance  an  automobilist  who  travels  28 
mues  an  hour  takes  5^  hours  less  than  a  bicyclist  who  travels  16  miles 
an  hour.     Find  the  distance. 

Let  X  =  the  number  of  hours  the  automobilist  travels. 

Then        x  +  6J  =  the  number  of  hours  the  bicyclist  travels, 
16  (x  +  6^)  =  the  number  of  miles  the  bicyclist  travels, 
and  28  X  =  the  number  of  miles  the  automobilist  travels. 

But  these  distances  are  equal. 

.-.  28x  =  16(x  +  6J). 
Expand,  28  x  =  16  x  +  84. 

Transpose,  28x-16x  =  84. 

Combine,  12  x  =  84. 

.-.  X  =  7. 
28x  =  196. 

Therefore,  the  required  distance  is  196  miles. 

51.  Find  the  time  between  3  and  4  o'clock  when  the  hands  of  a 
clock  are  together. 

At  3  o'clock  the  hour-hand  is  15  minute-spaces  ahead  of  the  minute- 
hand. 

Let  X  =  the  number  of  spaces  the  minute-hand  moves  over. 

Then        x  — 16  =  the  number  of  spaces  the  hour-hand  moves  over. 

Now,  as  the  minute-hand  moves  twelve  times  as  fast  as  the  hour-hand, 

12  (X  —  16)  =  the  number  of  spaces  the  minute-hand  moves  over. 
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;•.  12(x-15)  =  x. 
Expand,  12  x  -  180  =  x. 

Transpose,  12  x  —  x  =  180. 

Combine,  11  x  =  180. 

Therefore,  the  required  time  is  16^^  minutes  past  3  o'clock. 


52.  Find  the  time  between  6  and  7  o'clock  when  the  hands  of  a 
clock  are  together. 

At  6  o'clock  the  hour-hand  is  30  minute-spaces  ahead  of  the  minute- 
hand. 

Let  X  =  the  number  of  spaces  the  minute-hand  moves  over. 

Then        x  —  30  =  the  number  of  spaces  the  hour-hand  moves  over. 

Now,  as  the  minute-hand  moves  twelve  times  as  fast  as  the  hour-hand, 

12  (x  —  30)  ,=  the  number  of  spaces  the  minute-hand  moves  over. 

.-.  12(x-30)  =  x. 
Expand,  12x-360  =  x. 

Transpose,  12  x  —  x  =  360. 

Combine,  11  x  =  360. 

.-.  X  =  32yV 

Therefore,  the  required  time  is  32y\  minutes  past  6  o'clock. 


63.  Find  the  time  between  9  and  10  o'clock  when  the  hands  of  a 
clock  are  at  right  angles  to  each  other. 

At  9  o'clock  the  minute-hand  is  45  minute-spaces  behind  the  hour- 
hand,  and  must  be  15  minute-spaces  behind  to  be  at  right  angles. 

Let  X  =  the  number  of  spaces  the  minute-hand  moves  over. 

Then  x— 45  +  15  =  the  number  of  spaces  the  hour-hand  moves  over. 

Now,  as  the  minute-hand  moves  twelve  times  as  fast  as  the  hour-hand, 

12  (x  —  45  +  15)  =  the  number  of  spaces  the  minute-hand  moves  over. 

.-.  12(x-45  +  15)  =  x. 
Expand,  12  x  -  360  =  x. 

Transpose,  12  x  —  x  =  360. 

Combine,  11  x  =  360. 

Therefore,  the  required  time  is  32y\  minutes  past  9  o'clock. 
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54.  Find  the  time  between  4  and  6  o'clock  when  the  hands  of  a 
clock  point  in  opposite  directions. 

At  4  o'clock  the  minute-hand  is  20  minute-spaces  behind  the  hour- 
hand,  and  must  be  30  minute-spaces  ahead  that  the  hands  may  point 
in  opposite  directions. 

Let  X  =  the  number  of  spaces  the  minute-hand  moves 

over. 
Then  (jc  —  20  —  30)  =  the  number  of  spaces  the  hour-hand  moves  over. 
Now,  as  the  minute-hand  moves  twelve  times  as  fast  as  the  hour-hand, 
12  (jc  —  20  —  30)  =  the  number  of  spaces  the  minute-hand  moves 

over. 
.-.  12(a;-20-30)  =  x. 
Expand,  12x-600  =  x. 

Transpose,  12  x  —  x  =  600. 

Combine,  llx  =  600. 

.*.  X  =  54f\. 

Therefore,  the  required  time  is  54y\  minutes  past  4  o'clock. 


65.  Find  the  times  between  5  and  6  o'clock  when  the  hands  of  a 
clock  make  right  angles  with  each  other. 

At  5  o'clock  the  minute-hand  is  25  minute-spaces  behind  the  hour- 
hand,  and  must  be  15  minute-spaces  behind  or  15  minute-spaces  ahead 
to  be  at  right  angles. 

Let  x  =  the  number  of  spaces  the  minute- 

hand  moves  over. 

Then  x  —  25 + 15  or  x — 25 — 15  =  the  number  of  spaces  the  hour-hand 

moves  over. 

Now,  as  the  minute-hand  moves  twelve  times  as  fast  as  the  hour-hand, 
12  (x  — 25+15)  or  12(x  — 25— 15)  =  the  number  of  spaces  the  minute- 
hand  moves  over, 

.-.  12(x  -  25  +  15)  =  X.  .-.  12 (X  -  25  -  15)  =  x. 
Expand,      12  x  -  120  =  x.  12  x  -  480  =  x. 

Transpose,      12  x  -  x  =  120.  12  x  -  x  =  480. 

Combine,  11  x  =  120.  11  x  =  480. 

.-.  x  =  10}f  .-.  x  =  43j7^. 

Therefore,  the  required  times  are  10^$  minutes  past  5  o'clock  and 
43j7j  minutes  past  5  o'clock. 
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[  i6v'  Find  the  time  between  4  and  6  o*  clock  when  the  hands  of  a 
cieck  are  together. 

At  4  o^ clock  the  minute-hand  is  20  minute-spaces  behind  the  hour- 
hand. 

Let  X  =  the  number  of  spaces  the  minute-hand  moves  over. 

Then        x  —  20  =  the  number  of  spaces  the  hour-hand  moves  over. 

Now,  as  the  minute-hand  moves  twelve  times  as  fast  as  the  hour-hand, 

12  (x  —  20)  =  the  number  of  spaces  the  minute-hand  moves  over. 

•.  12  (x  -  20)  =  X. 
Expand,  12  x  -  240  =  x. 

Transpose,  12  x  —  x  =  240. 

Combine,  11  x  =  240. 

.-.  X  =  21^^. 

Therefore,  the  required  time  is  21^  minutes  past  4  o'clock. 

57.  Find  the  time  between  11  and  12  o'clock  when  the  hands  of  a 
clock  point  in  opposite  directions. 

At  11  o'clock  the  minute-hand  is  55  minute-spaces  behind  the  hour- 
hand,  and  must  be  30  minute-spaces  behind  that  the  hands  may  point 
in  opposite  directions. 

Let  X  =  the  number  of  spaces  the  minute-hand  moves  over. 

Then  x— 65  +  30  =  the  number  of  spaces  the  hour-hand  moves  over. 

Now,  as  the  minute-hand  moves  twelve  times  as  fast  as  the  hour-hand, 

12  (x  —  55  +  30)  =  the  dumber  of  spaces  the  minute-hand  moves  over. 

.-.  12(x-55+30)  =  x. 
Expand,  12  x  -  300  =  x. 

Transpose,  12  x  —  x  =  300. 

Combine,  11  x  =  300. 

.-.  X  =  27^^. 

I 

Therefore,  the  required  time  is  27^  minutes  past  11  o'clock. 

58.  Find  the  times  between  7  and  8  o'clock  when  the  hands  of  a 
clock  make  right  angles  with  each  other. 

At  7  o'clock  the  minute-hand  is  35  minute-spaces  behind  the  hour- 
hand,  and  must  be  15  minute-spaces  behind  or  15  minute-spaces  ahead 
that  the  hands  may  make  right  angles  with  each  other. 

Let  x  =  the  number  of  spaces  the  minute- 

hand  moves  over. 
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Then  x— 35+ 15  or  x— 35 —15  =  the  number  of  spaces  the  hour-hand 

moves  over. 

Now,  as  the  minute-hand  moves  twelve  times  as  fast  as  the  hour-hand, 

12(x  — 35  +  15)or  12(x  — 35  — 15)=  the  number  of  spaces  the  minute- 
hand  moves  over. 

.-.  12(x  -  35  +  15)  =  X.  .-.  12(x  -  35  -  15)  =  x. 
Expand,      12x  -  240  =  x.  12x  -  600  =  x. 

Transpose,     12  x  -  x  =  240.  12  x  -  x  =  600. 

Combine,  1 1  x  =  240.  1 1  x  =  600. 

.-.  X  =  21,\.  .-.  X  =  54jV 

Therefore,  the  required  times  are  21^  minutes  past  7  o'clock  and 
64^  minutes  past  7  o'clock. 

,^.  Find  the  time  between  1  and  2  o'clock  when  the  hands  of  a 
watch  point  in  opposite  directions. 

At  1  o'clock  the  minute-hand  is  5  minute-spaces  behind  the  hour- 
hand,  and  must  be  30  minute-spaces  ahead  that  the  hands  may  point 
in  opposite  directions. 

Let  X  =  the  number  of  spaces  the  minute-hand  moves  over. 

Then  x  —  6  —  30  =  the  number  of  spaces  the  hour-hand  moves  over. 

Now,  as  the  minute-hand  moves  twelve  times  as  fast  as  the  hour-hand, 

12  (x  —  5  —  30)  =  the  number  of  spaces  the  minute-hand  moves  over. 

.-.  12(x-5-30)  =  x. 
Expand,  12  x  -  420  =  x. 

Transpose,  12x  — x  =  420. 

t.  Combine,  11  x  =  420. 

.-.  X  =  38^. 

Therefore,  the  required  time  is  38^  minutes  past  1  o'clock. 


60.  A  hound  takes  2  leaps^while  a  rabbit  takes  3 ;  but  3  of  the 
hound's  leaps  are  equivalent  to  5  of  the  rabbit's.  The  rabbit  has  a 
start  of  70  of  her  own  leaps.  How  many  leaps  must  the  hound  take 
to  catch  the  rabbit  ? 

Let  2  X  =  the  number  of  leaps  taken  by  the  hound. 

Then  3  x  =  the  number  of  leaps  of  the  rabbit  in  the  same  time. 

Also  let  a  =  the  number  of  feet  in  one  leap  of  the  rabbit. 
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Then  —  =  the  number  of  feet  in  one  leap  of  the  hound, 

3 

and  2  a;  X  —  = =  the  number  of  feet  the  hound  runs. 

3  3 

As  the  rabbit  has  a  start  of  70  leaps,  and  takes  Sx  leaps  more  before 
being  caught,  and  as  each  leap  is  a  feet, 

(70  +  3  x)  a  =  the  number  of  feet  the  hound  runs. 

.-.  l^  =  (70  +  3x)a. 
3         ^  ' 

Multiply  by  3,  10  ox  =  (210  +  9  x)  a. 

Divide  by  a,  10  x  =  210  +  9  x. 

Transpose,  10  x  -  9  x  =  210. 

Combine,  x  =  210. 

2  X  =  420. 

Therefore,  the  hound  must  take  420  leaps. 


61.  A  hare  takes  5  leaps  to  3  of  a  hound ;  and  3  of  the  hound's 
leaps  are  equivalent  to  7  of  the  hare's.  The  hare  has  a  start  of 
60  of  her  own  leaps.  How  many  leaps  must  the  hound  take  to  catch 
the  hare  ? 

Let  3  X  =  the  number  of  leaps  taken  by  the  hound. 

Then  5x  =  the  number  of  leaps  of  the  hare  in  the  same  time. 

Also  let  a  =  the  number  of  feet  in  one  leap  of  the  hare. 

7  n 

Then  —  =  the  number  of  feet  in  one  leap  of  the  hound, 

3 

7/T 

and  3x  X  —  =  7ax  =  the  number  of  feet  the  hound  runs.  » 

3 

As  tlie  hare  has  a  start  of  60  leaps,  and  takes  6  x  leaps  more  before 
being  caught,  and  as  each  leap  is  a  feet, 

(60  +  5  x)  a  =  the  number  of  feet  the  hound  runs. 

.-.  7ax  =  (60  +  5x)a. 
Divide  by  a,  7  x  =  00  +  5  x. 

Transpose,  7  x  —  5  x  =  60. 

Combine,  2  x  =  60. 

.-.  X  =  30. 
3x  =  90. 

Therefore,  the  hound  must  take  90  leaps. 
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62.  A  hound  takes  4  leaps  while  a  h^-re  takes  6 ;  but  5  of  the 
hound's  leaps  are  equivalent  to  8  of  the  hare's.  The  hare  has  a  start 
of  84  of  her  own  leaps.  How  many  leaps  will  the  hare  take  before 
she  is  caught  ? 

Let  4  X  =  the  number  of  leaps  taken  by  the  hound. 

Then  5  x  =  the  number  of  leaps  of  the  hare  in  the  same  time. 

•  Also  let  a  =  the  number  of  feet  in  one  leap  of  the  hare. 

Then  —  =  the  number  of  feet  in  one  leap  of  the  hound, 

and  4  X  X  —  = =  the  number  of  feet  the  hound  runs. 

5  5 

As  the  hare  has  a  start  of  84  leaps,  and  takes  5x  leaps  more  before 

being  caught,  and  as  each  leap  is  a  feet,  * 

(84  +  6x)  a  =  the  number  of  feet  the  hound  runs. 

32  ox      ,QA   ,  K  \ 
.'.  =  (84  +  6x)a. 

5 
Multiply  by  5,  32  ox  =  420  a  +  25  ox. 

Divide  by  a,  32  x  =  420  +  25  x. 

Transpose,  32  x  -  25  x  =  420. 

Combine,        '  7x  =  420. 

.-.  X  =  60. 

5x  =  300. 

Therefore,  the  hare  will  take  300  leaps  before  she  is  caught. 

63.  A  hound  takes  3  leaps  while  a  hare  takes  4 ;  but  5  of  the 
hound's  leaps  are  equivalent  to  9  of  the  hare's.  The  hare  has  a  start 
of  189  of  the  hound's  leaps.  How  many  leaps  will  each  take  before 
the  hare  is  caught  ? 

Let  3  X  =  the  number  of  leaps  taken  by  the  hound. 

Then  4  x  =  the  number  of  leaps  of  the  hare  in  the  same  time. 

Also  let  a  =  the  number  of  feet  in  one  leap  of  the  hound. 

Then  —  =  the  number  of  feet  in  one  leap  of  the  hare, 

9  . 

and  3  ox  =  the  number  of  feet  the  hound  runs. 

As  the  hare  has  a  start  of  189  of  the  hound's  leaps,  and  each  of  these 
leaps  is  a  feet,  she  has  a  start  of  189  a  feet. 

As  the  hare  takes  4  x  leaps  of  —  feet  each,  she  must  run  4  x  x  — 

20  ox 
feet,  or feet. 

^                   20ax         ' 
Therefore,  189  a  H =  the  number  of  feet  the  hound  runs. 

'  9 
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20  ox 


.-.  3  ox  =  189  a  + 
Divide  by  a,  3  x  =  189  + 


9 
20  X 


9 

Multiply  by  9,  27  x  =  1701  +  20  x. 

Transpose,  27  x  -  20  x  =  1701. 

Combine,  7  x  =  1701. 

.-.  X  =  243. 
3x  =  729. 
4x  =  972, 

Therefore,  the  hound  will  take  729  leaps  and  the  hare  972  leaps 
before  the  hare  is  caught. 

64.  A  merchant  adds  &ach  year  to  his  capital  one  fifth  of  it,  and 
deducts,  at  the  end  of  each  year,  $1000  for  expenses.  In  four  years, 
after  deducting  the  last  $1000,  he  has  $3160  less  than  twice  his  origi- 
nal capital.     £[ow  much  had  he  at  first  ? 

Let  X  =  the  number  of  dollars  the  merchant  had  at  first. 

on,        6«       lAAA  6X-6000. 

Then 1000,  or 

5  6 

=  the  number  of  dollars  he  had  at  the  end  of  the  first  year, 
6/6x-6000\      _^^        36x- 65000 


( 1  —  1000-  or 

V         6         / 


5\         6         /  '  25 

=  the  number  of  dollars  he  had  at  the  end  of  the  second  year, 

6/36x-65000\      ,^^        216x- 465000 

- 1  1  —  1000,  or 

6\  25  /  125 

=  the  number  of  dollars  he  had  at  the  end  of  the  third  year, 

,  6  /  2 16  X  -  455000  \      ,  ,^        1296  x  -  3355000 
and  -  ( )  —  1000,  or 

6\      ,     125  /  '  '        625 

=  the  number  of  dollars  he  had  at  the  end  of  the  fourth  year. 

But  2x  -  3160  =  the  number  of  dollars  he  had  at  the  end  of  the 

fourth  year. 

1296X- 3355000      ^         „,^^ 

.-.  =  2x-3160. 

625 

Multiply  by  625,     1296  x  -  3355000  =  1250  x  -  1975000. 
Transpose,  1296  x  -  1250  x  =  3355000  -  1975000. 

Combine,  46  x  =  1380000. 

.-.  X  =  30000. 
Therefore,  the  merchant  had  $30,000  at  first. 
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65.  A  merchant  adds  each  year  to  his  capital  one  fourth  of  it,  but 
takes  from  it,  at  the  end  of  each  year,  $1200  for  expenses.  At  the 
end  of  the  third  year,  after  deducting  the  last  $1200,  he  has  $950  less 
than  1|  times  his  original  capital.     How  much  had  he  at  first  ? 

Let  X  =  the  number  of  dollars  the  merchant  had  at  first. 

r«u       6x      ,^^^        6X-4800 

Then 1200,  or 

4  '  4 

=  the  number  of  dollars  he  had  at  the  end  of  the  first  year, 

6/6x--4800\      ,^^        25x- 43200 

-( J  —  1200,  or 

4\         4         /  '  16 

=  the  number  of  dollars  he  had  at  the  end  of  the  second  year, 

^  6 /26x  -  43200\      ,„^^        126x  -  292800 

and  -  ( I  —  1200,  or 

4V  16  /  '  64 

=  the  number  of  dollars  he  had  at  the  end  of  the  third  year. 

3x 
But 950  =  the  number  of  dollars  he  had  at  the  end  of  the  third 

2 

year. 

125x- 292800      3x      ^^^ 

.-.  = 960. 

64  2 

Multiply  by  64,  125x  -  292800  =  96x  -  60800. 

Transpose,  125  x  -  96  x  =  292800  -  60800. 

Combine,  29  x  =  232000. 

.-.  X  =  8000. 

Therefore,  the  merchant  had  $8000  at  first. 

66.  A  trader  maintained  himself  for  3  years  at  an  expense  of  $2000 
a  year,  and  each  year  increased  that  part  of  his  stock  that  was  not  so 
expended  by  one  third  of  it.  At  the  end  of  three  years  his  original 
stock  was  doubled.     How  much  did  he  have  at  first  ? 

Let  X  =  the  number  of  dollars  the  trader  had  at  first. 

^      4,        ^^^^,        4X-8000 
Then  -(x  -  2000),  or 

o  u 

=  the  number  of  dollars  he  had  at  the  end  of  the  first  year, 

4/4X-8000      „^^\        16x- 66000 

-I 2000  I,  or 

3\         3  /  9 

=  the  number  of  dollars  he  had  at  the  end  of  the  second  year, 

^4/16x- 56000      „^^\        64x- 296000 
and  - 1 2000  i,  or 


(15^:^-2000) 


3\  9  /  27 

•         =  the  number  of  dollars  he  had  at  the  end  of  the  third  year. 

But  2  X  =  the  number  of  dollars  he  had  at  the  end  of  the  third  year. 
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6401-296000      „ 

.*.  =2x, 

27 

Multiply  by  27,    64  x  -  296000  =  54  x. 

Transpose,  64  x  -  54  a;  =  296000. 

Combine,  10  x  =  296000. 

.-.  X  =  29600. 

Therefore,  the  trader  had  ,$29,600  at  first. 

67.  A  merchant  adds  each  year  to  his  capital  one  third  of  it,  but 
takes  from  it,  at  the  end  of  each  year,  •$  1250  for  expenses.  At  the 
end  of  the  third  year,  after  he  has  deducted  the  last  $1250,  he  finds 
that  he  has  twice  his  original  capital.    What  was  his  original  capital  ? 

Let     X  =  the  number  of  dollars  the  merchant  had  at  first. 

4  X  4  X  —  8760 

Then  —  -  1260,  or  — — ^^^ 
3  '  3 

=  the  number  of  dollars  he  had  at  the  end  of  the  first  year, 

4  /  4  X  -  3750  \      ,  ,,^        16  X  -  26260 

-( )  —  1250,  or  -. 

3\         3         /  '  9 

=  the  number  of  dollars  he  had  at  the  end  of  the  second  year, 
4/16x-26250\      ,^,^        64 x  -  138750 


and  - 1 I  —  1250,  or 

3\  9  / 


27 

=  the  number  of  doUara  he  had  at  the  end  of  the  third  year. 

But  2  X  =  the  number  of  dollars  he  had  at  the  end  of  the  third  year. 

64  X  -  138750      „ 
.-.  =  2x. 

27 

Multiply  by  27,    64  x  -  138750  =  54  x. 
Transpose,  64  x  -  54  x  =  138750. 

Combine,  10  x  =  138750. 

.-.  X  =  13875. 

Therefore,  the  merchant's  original  capital  was  $13,875. 

68ii  The  sum  of  the  ages  of  three  brothers  is  24  years,  and  there  is 
a  difference  of  two  years  between  their  successive  ages.  Find  the  age 
of  each. 

Let  X  =  the  number  of  years  in  the  age  of  the  youngest. 

Then  x  +  2  =  the  number  of  years  in  the  age  of  the  second,  . 
X  +  2  +  2  =  the  number  of  years  in  the  age  of  the  eldest, 
and  x  +  x  +  2  +  x  +  24-2  =  3x  +  6 

=  the  number  of  years  in  the  sum  of  their  ages.       • 
But  24  =  the  number  of  years  in  the  sum  of  their  ages. 
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.-.  3x  +  6  =  24. 
Transpose,  3aj  =  24  — 6. 

Combine,  3  x  =  18. 

.-.  X  =  6. 
X  +  2  =  8. 
X  +  2  +  2  =  10. 

Therefore,  the  ages  of  the  three  brothers  are  10  years,  8  years,  and 
6  years, 

69.  An  uncle  is  10  years  older  than  his  nephew,  and  15  years  ago 
the  uncle^s  age  was  twice  that  of  the  nephew.     Find  the  age  of  each. 

Let  X  =  the  number  of  years  in  the  age  of  the  nephew. 

Then  x  + 10  =  the  number  of  years  in  the  age  of  the  uncle, 
X  +  10  — 15  =  the  number  of  years  in  the  age  of  the  uncle  15  years 

ago, 
and       X  —  15  =  the  number  of  years  in  the  age  of  the  nephew  15  years 

ago. 

.-.  x  +  10-15  =  2(x-15). 
Expand,  x  +  10  -  15  =  2  x  -  30. 

Transpose,  x  -  2x  =  15  -  10  -  30. 

Combine,  —  x  =  —  25. 

.-.  X  =  25. 
X  +  10  =  35. 

Therefore,  the  uncle  is  35  years  old,  and  the  nephew  25  years  old. 

70.  In  an  election  1240  votes  were  cast  for  two  candidates.  Of  these 
votes  47  were  defective  and  were  thrown  out.  The  successful  candi- 
date received  153  votes  more  than  his  opponent.  How  many  votes  did 
each  candidate  receive  ? 

Let  X  =  the  number  of  votes  the  defeated  candidate  received . 

Then    x  + 153  =  the  number  ol  votes  the  successful  candidate 

received, 
and  X  +  X  +  153  =  the  number  of  votes  the  two  candidates  received. 
But  1240  —  47  =  the  number  of  votes  the  two  candidates  received. 

.-.  X  +  X  +  153  =  1240  -  47. 
Transpose,  x  +  x  =  1240  -  47  - 153. 

Combine,  2x=1040. 

.-.  X  =  520. 
X  +  163  =  673. 

Therefore,  the  two  candidates  received  673  and  520  votes  respectively. 
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^.  A  man  and  a  woman  together  can  do  a  piece  of  work  in  12 
hours  and  the  woman  alone  can  do  it  in  30  hours.  How  long  will  it 
take  the  man  alone  ? 

Let  X  =  the  number  of  hours  it  will  take  the  man  alone. 

Then  -  =  the  part  the  man  can  do  in  one  hour, 

X 

-^^  =  the  part  the  woman  can  do  in  one  hour, 

and  -  H =  the  part  they  can  do  in  one  hour  working  together. 

X      30 

But  j^j  =  the  part  they  can  do  in  one  hour  working  together. 

1       1       1 

.-.  —  =  -  +  — 

12      X      30 
Multiply  by  60  6  x  =  60  +  2  x. 

Transpose,  6  x  —  2  x  =  60. 

Combine,  3  x  =  60. 

.-.  X  =  20. 

Therefore,  the  man  can  do  the  work  in  20  hours. 

72.  A  can  do  a  piece  of  work  in  50  days,  B  in  60  days,  and  C  in 
75  days.     How  long  will  it  take  the  three  working  together  ? 

Let  X  =  the  number  of  days  it  will  take  the  three  working 

together. 

Then  -  =  the  part  the  three  working  together  can  do  in  one 

day, 
■j^j  =  the  part  A  can  do  in  one  day, 
■^^  =  the  part  B  can  do  in  one  day, 
^ij  =  the  part  C  can  do  in  one  day, 
and    -^jj  +  ^0  +  73  =  the  part  the  three  working  together  can  do  in  one 

day. 

1111 

.-. 1 [-  —  =  -• 

50      60      75      X 

Multiply  by  300  X,  6x  +  5x  +  4x  =  300. 

Combine,  15x  =  300. 

.-.  X  =  20. 

Therefore,  the  three  together  can  do  the  work  in  20  days. 

73.  A  can  dig  a  ditch  in  half  the  time  it  takes  B,  and  B  can  dig  it 
in  two  thirds  the  time  it  takes  C.  If  the  three  work  together  they  can 
dig  the  ditch  in  6  days.     How  long  will  it  take  each  alone  ? 
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Let  X  =  the  number  of  days  it  will  take  C  to  dig  the  ditch. 

2x 
Then  —  =  the  number  of  days  it  will  take  B  to  dig  the  ditch, 

o 

X 

-  =  the  number  of  days  it  will  take  A  to  dig  the  ditch, 

-  =  the  part  C  can  dig  in  one  day, 

—  =  the  part  B  can  dig  in  one  day, 
^  X 

-  =  the  part  A  can  dig  in  one  day, 

13       3 

-  H h  -  =  the  part  the  three  working  together  can  dig  in  one  ^ 

X      2x      X  j„„ 

day, 

and  -  =  the  part  the  three  working  together  can  dig  in  one 

^         day. 

113       3 

.-.  -  =  -  + f-  -• 

6      X      2x      X 

Multiply  by  6  X, 

Combine, 


X  = 

6  +  9  +  18. 

x  = 

33. 

2x 
3 

22. 

x__ 
3~ 

11. 

Therefore,  A  can  dig  the  ditch  in  11  days,  B  in  22  days,  and  C  in 
33  days. 

74.   Divide  451  into  two  parts  such  that  if  14  is  added  to  the  first 
part  and  the  second  part  is  divided  by  14  the  results  are  the  same. 

Let  X  =  one  part. 

Then  451  —  x  =  the  other  part. 

.  ^A      451 -X 
.-.  X  +  14  =  — — 

14 
Multiply  by  14,         14  x  +  196  =  451  -  x. 
Transpose,  14  x  +  x  =  451  -  196. 

Combine,  16x  =  255. 

.-.  X  =  17. 
451  -  X  =  434. 

Therefore,  the  parts  required  are  17  and  434. 
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75.  A  farmer  agreed  to  give  a  farm  hand  in  payment  for  a  yearns 
work  $200  in  money  and  a  cow.  The  farm  hand  was  obliged  to  leave 
after  working  10  months  and  received  $160  in  money  and  the  cow. 
At  what  price  was  the  value  of  the  cow  estimated  ? 

Let  X  =  the  number  of  dollars  in  the  value  of  the  cow. 

Then      200  +  x  =  the  number  of  dollars  the  farm  hand  was  to 

receive  for  12  months'  work, 
and  160  +  x  =  the  number  of  dollars  the  farm  hand  did  receive 

for  10  months'  work. 

Since  10  months  is  J  of  a  year,  the  farm  hand  should  receive  f  of- 

his  year's  wages. 

.-.  160  +  a;  =  J  (200  +  x). 

Multiply  by  6,  960  +  6  x  =  1000  +  5  x. 

Transpose,  6  x  -  6  x  =  1000  -  960. 

Combine,  x  =  40. 

Therefore,  the  value  of  the  cow  was  estimated  at  $40. 

76.  If  three  times  the  difference  between  a  third  and  a  fourth  of  a 
certain  number  is  subtracted  from  three  fourths  of  the  number,  the 
remainder  is  equal  to  6  more  than  one  fifth  of  the  number.  Find  the 
number. 

Let  X  :^  the  number. 

From  the  conditions  of  the  problem. 


^  \3      4/      6 


Multiply  by  20,     15  x  -  20  x  +  16  x  =  4  x  +  120. 
Transpose,  16x-20x  +  16x-4x  =  120. 
Combine,  6x  =  120. 

.-.  X  =  20. 
Therefore,  the  required  number  is  20. 

77.  The  denominator  of  a  certain  fraction  is  6  greater  than  the 
numerator.  If  8  is  added  to  each  term,  the  resulting  fraction  is  equal 
to  J.    Find  the  fraction. 

Let  X  =  the  numerator. 

Then  x  +  6  =  the  denominator, 

and  =  the  fraction. 

x  +  6 
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x  +  8       3 

x+  13      4 

Multiply  by  4  (X -1-13), 

4x-}- 32  =  3x4-39. 

Transpose, 

4x-3x  =  39-32. 

Combine, 

x  =  7. 

X  +  6  =  12. 

X           7 

x  +  6      12 

Therefore,  the  required  fraction  is  ^^. 

78.  A  number  is  composed  of  two  digits  whose  difference  is  5.  If 
the  digits  are  interchanged,  the  resulting  number  is  three  eighths  of 
the  original  number.     Find  the  original  number. 

Let  X  =  the  first  digit. 

Then  x  —  5  =  the  second  digit, 

10  X  +  X  —  6  =  the  number, 
and  10  (x  —  5)  +  X  =  the  number  with  digits  re- 

versed. 
.-.  10(x- 5)  +  x  =  1  (lOx  +  x-6). 
Multiply  by  8,  80x  -  400  +  8x  =  30x  +  3x  -  16. 

Transpose,      80x  +  8x  -  30x  -  3x  =  400  -  16. 
Combine,  65  x  =  386. 

.-.  X  =  7. 
X  -  6  =  2. 
10x  +  x-6  =  72. 

Therefore,  the  required  number  is  72. 

79.  A  does  ^  of  a  piece  of  work  in  5  hours,  B  does  j\  of  the 
remainder  in  2}  hours,  and  C  completes  the  work  in  8  hours.  How 
many  hours  would  it  take  the  three  working  together  to  do  the  work  ? 

Let  X  =  the  number  of  hours  it  "would  take  the  three 

together. 

Then  -  =  the  part  the  three  together  can  do  in  one 

hour, 
J  of  ^  =  .y J^  =  the  part  A  can  do  in  one  hour, 
/y.of  f  J  =  f  J  =  the  part  B  does  in  2 J  hours, 
f  of  II  =  ^jj  =  the  part  B  can  do  in  one  hour, 
1  —  (^  +  JJ)  =  }|  J  =  the  part  C  does  in  8  hours, 

J  of  JIJ  =  ^Yff  =  ^^^  P*^*  ^  ^*^  ^^^ '"  ^"®  hour, 
and    y  Jiy  +  /^5  +  ^Vj  =  the  part  the  three  together  can  do  in  one  bout 
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7         23        253       1 


150      240      3840      x 
Multiply  by  19200  x,    896  x  +  1840  x  +  1265  x  =  19200. 
Combine,  4001  x  =  19200. 

.-.  X  =  4H§}. 
Therefore,  the  three  working  together  can  do  the  work  in  4}^f  hours. 

80.  If  a  certain  number  is  divided  by  4  and  by  9  and  the  two 
quotients  multiplied  together,  the  product  is  equal  to  the  product 
obtained  by  multiplying  the  number  by  the  difference  between  the 
number  and  35.     What  is  the  number? 

Let  X  =  the  number. 

X      X      x^ 
Then  -  x  -  =  —  =  the  product  of  the  quotients  obtained  by  dividing 

the  number  by  4  and  by  9, 

and  X  (x  —  35)  =  the  product  obtained  by  multiplying  the  number 

by  the  difference  between  the  number  and  35. 

.-.  X  (x  —  35)  =  — 
^  '      36 

Multiply  by  36,       36  x2  -  36  x  35  x  =  x2. 

Transpose,  36  x^  -  x2  =  36  x  35  x. 

Combine,  35x2  =  36  x  35  x. 

Divide  by  35  X,  x  =  36. 

Therefore,  the  required  number  is  36. 

81.  The  length  of  a  rectangular  garden  exceeds  the  breadth  by  4 
yards.  If  each  dimension  is  increased  by  1  yard,  the  area  is  increased 
by  27  square  yards.    Find  the  dimensions. 

Let  X  =  the  number  of  yards  in  the  breadth  of  the  garden. 

Then       x  +  4  =  the  number  of  yards  in  the  length  of  the  garden, 
X  (x  +  4)  =  the  number  of  square  yards  in  the  area  of  the  garden , 
X  +  1  =  the  number  of  yards  in  the  breadth  increased  by 

1  yard, 
X  +  6  =  the  number  of  yards  in  the  length  increased  by  1 
yard, 
and  (x+l)(x-f5)  =  the  number  of  square  yards  in  the  area  of  the 

increased  garden. 
.-.  (x  +  1) (x  +  6)  =  «(«  4-  4)  +  27. 
Expand,  x^  +  6x  +  6  =  x2  +  4x  +  27. 

Transpose,  x^  -  x2  +  6x  -  4x  =  27  -  5. 

.  Combine,  2  x  =  22. 
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.-.  X  =  11. 
X  +  4  =  16. 

Therefore,  the  length  of  the  garden  is  15  yards  and  the  width  of  the 
garden  is  11  yards. 

82.  A  and  B  have  the  same  income.  A  saves  6  per  cent  of  his 
income,  while  B,  who  spends  each  year  $175  more  than  A,  finds  at 
the  end  of  4  years  that  he  is  $200  in  debt.  What  income  does  each 
receive  ? 

Let  X  =  the  number  of  dollars  in  the  income  of  each. 

Since  A  saves  5  per  cent,  or  ^j^,  of  his  income,  he  must  spend  |^  of 
his  income ;  and  since  in  4  years  B  gets  $200  in  debt,  in  one  year  B 
spends  ^  of  $200,  or  $50,  more  than  his  Income. 

Therefore,  x+50=the  number  of  dollars  B  spends  in  one  year, 

19  X 

=  the  number  of  dollars  A  spends  in  one  year, 

19  X 

and h  175  =  the  number  of  dollars  B  spends  in  one  year. 

20 

.-.  x  +  50  =  -   -  +  175. 
20 

Multiply  by  20,        20  x  +  1000  =  19  x  +  3500. 

Transpose,  20  x  -  19  x  =  3500  -  1000. 

Combine,  x  =  2500. 

Therefore,  each  receives  an  income  of  $2500. 

83.  Find  three  numbers  whose  sum  is  70  such  that  the  second  num- 
ber divided  by  the  first  gives  2  for  a  quotient  and  1  for  a  remainder, 
while  the  third  number  divided  by  the  second  gives  3  for  a  quotient 
and  3  for  a  remainder. 

Let  X  =  the  first  number. 

Then  2  x  +  1  =  the  second  number, 

and    70  —  (x  +  2x  +  1)  =  69  —  3x  =  the  third  number. 

69- 3x      „   ,        3 

—  o  + 


2x  +  l  2x  +  l 

Multiply  by  2x  +  1,     69  -  3x  =  6x  +  3  +  3. 
Transpose,  -3x-6x=-69-t-3  +  3. 

Combine,  —  9  x  =  —  63. 

.-.  X  =  7. 
2x  +  l  =  15. 
69-8x  =  48. 
Therefore,  the  three  numbers  required  are  7,  15,  and  48. 
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84.  A  railway  train  which  travels  at  the  rate  of  32  miles  an  hour 
is  45  minutes  in  advance  of  a  train  which  travels  at  the  rate  of  42  miles 
an  hour.     In  how  long  a  time  will  the  second  train  overtake  the  first  ? 

Let  X  =  the  number  of  hours  in  which  the  second  train 

will  overtake  the  first. 
Then  x  +  |  =  the  number  of  hours  the  first  train  takes  to  make 

the  distance, 
32  (x  +  I)  =  the  number  of  miles  the  first  train  travels, 
and  42  X  =  th^  number  of  miles  the  second  train  travels. 

But  these  distances  are  equal. 

.-.  42x  =  32(x  +  i). 
Expand,  42  x  =  32  x  +  24. 

Transpose,  42  x  —  32  x  =  24. 

Combine,  10  x  =  24. 

.-.  X  =  2f . 

Therefore,  the  second  train  will  overtake  the  first  in  2|  hours,  or 
2  hours  24  minutes. 

85.  At  12  o'clock  the  hands  of  a  watch  point  in  the  same  direction. 
At  what  time  do  the  hands  next  point  in  the  same  direction  ? 

The  hands  next  point  in  the  same  direction  between  1  and  2  o'clock. 
At  1  o'clock  the  hour-hand  is  5  minute-spaces  ahead  of  the  minute- 
hand. 

Let  X  =  the  number  of  spaces  the  m  inute-hand  moves  over. 

Then  x  —  6  =  the  number  of  spaces  the  hour-hand  motes  over. 

Now,  as  the  minute-hand  moves  12  times  as  fast  as  the  hour-hand, 
12  (x  —  5)  =  the  numberof  spaces  the  minute-hand  moves  over. 
.-.  12  (X  -  5)  =  X. 
Expand,  12  x  —  60  =  x. 

Transpose,  12  x  —  x  =  60. 

Combine,  11  x  =  60. 

Therefore,  the  hands  of  the  watch  next  point  in  the  same  direction 
at  5f\  minutes  past  1  o'clock. 

86.  An  express  train  which  makes  42  miles  an  hour  starts  50  minutes 
after  an  accommodation  train,  and  overtakes  it  in  2  hours  5  minutes. 
How  many  miles  an  hour  does  the  accommodation  train  make? 

The  express  train  is  traveling  2  hours  5  minutes,  or  2  jJ.j  hours ;  and 
the  accommodation  train  2  hours  55  minutes,  or  2f  ^  hours. 
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Let  X  =  the  number  of  miles  the  accommodation  train  goes 

in  one  hour. 
Then   2|^x  =  the  number  of  miles  the  accommodation  train  goes, 
and  2^2  ^  42  =  87^  =  the  number  of  miles  the  express  train  goes. 
But  these  distances  are  equal. 

.-.  2Hx  =  87J. 
Multiply  by  12,  35  x  =  1050. 

.-.  X  =  30. 

Therefore,  the  accommodation  train  goes  30  miles  an  hour. 

87.  A  starts  on  a  trip,  making  4  miles  an  hour,  and  15  minutes 
afterwards  B  sets  out  from  the  same  place  at  the  rate  of  4|  miles  per 
hour.  How  many  miles  will  B  walk  to  overtake  A  and  how  long  will 
it  take  him? 

Let  z  =  the  number  of  hours  B  walks. 

Then  x  +  J  =  the  number  of  hours  A  walks, 

4}  X  =  the  number  of  miles  B  walks, 

and  4{x  -\-  \)  =  the  number  of  miles  A  walks. 

But  these  distances  are  equal. 

.-.  4}x  =  4(x  +  }). 

Expand,  =  4  x  +  1. 

Multiply  by  4,  19  x  =  16  x  4-  4. 

Transpose,  19x  —  16x  =  4. 

Combine,  3  x  =  4. 

^x=^. 

Therefore,  to  overtake  A,  B  walks  6^  miles,  and  requires  1|  hours, 
or  1  hour  20  minutes. 

88.  Three  men.  A,  B,  and  C,  set  out  from  the  same  place  and  travel 
over  the  same  route  at  the  rates  of  4,  5,  and  6  miles  respectively  per 
hour.-  B  st&rts  two  hours  after  A.  How  long  after  B  should  C  start 
that  B  and  C  may  overtake  A  at  the  same  moment  ? 

Let  X  =  the  number  of  hours  A  travels. 

Then  x  —  2  =  the  number  of  hours  B  travels, 

4  X  =  the  number  of  miles  A  travels, 
and  5  (x  —  2)  =  the  number  of  miles  B  travels. 

But  these  distances  are  equal. 
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.*.  6  (x  —  2)  =  4  jc. 
Expand,  5  x  —  10  =  4  x. 

Transpose,  5  x  —  4  x  =  10. 

Combine,  x  =  10. 

4x  =  40. 

Hence,  each  man  travels  40  miles ;  and  since  C  travels  6  miles  per 
hour,  he  requires  6|  hours  to  travel  the  distance.  Since  A  travels  10 
hours,  B  travels  2  hours  less,  or  8  houi*s. 

Therefore,  C  should  start  8  hours  —  6|  hours,  or  1}  hours,  after  B. 

89.  At  what  times  between  6  and  7  o^clock  do  the  hands  of  a  watch 
make  right  angles  with  each  other  ? 

At  6  o'clock  the  hour-hand  is  30  minute-spaces  ahead  of  the  minute- 
hand,  and  must  be  15  minute-spaces  ahead  or  15  minute-spaces  behind 
to  be  at  right  angles  with  the  minute-hand. 

Let  X  =  the  number  of  spaces  the  minute- 

hand  moves  over. 

Then  x  —  30  +  15  or  x  —  30  —  15  =  the  number  of  spaces  the  hour- 
hand  moves  over. 

As  the  minute-hand  moves  12  times  as  fast  as  the  hour-hand, 
12  (x  —  30  +  15)  or  12  (x  —  30  —  16)  =  the  number  of  spaces  the  minute- 
hand  moves  over. 

.-.  12(x  -  30  -f  15)  =  X.         .-.  12(x  -  30  -  15)  =  x. 
Expand,    12x  -  360  +  180  =  x.  12x  -  360  -  180  =  x. 

Transpose,  12  x  -  x  =  360  -  180.  12  x  -  x  =  360  + 180. 

Combme,  llx  =  180.  llx  =  540. 

.*.  X  =  16^.  .•.  X  =  49^. 

Therefore,  the  required  times  are  16^^  minutes  past  6  o'clocl^  and 
49j^  minutes  past  6  o'clock. 

90.  At  what  time  between  3  and  4  o'clock  do  the  hands  of  a  watch 
point  in  opposite  directions  ? 

At  3  o'clock  the  hour-hand  is  15  minute-spaces  ahead  ofHhe  minute- 
hand,  and  must  be  30  minute-spaces  behind  that  the  hands  may  point 
in  opposite  directions. 

Let  X  =  the  number  of  spaces  the  minute-hand  moves  over. 

Then  x— 15— 30  =  the  number  of  spaces  the  hour-hand  moves  over. 
As  the  minute-hand  moves  12  times  as  fast  as  the  hour-hand, 
12  (x  —  15  —  30)  =  the  number  of  spaces  the  minute-hand  moves  over. 
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.-.  12(«-15~30)  =  x.  '■.. 

Expand,  12  x  - 180  -  360  =  x.  ^nnt 

Transpose,  12  x  -  a;  =  180  +  360.  ._  - 

Combine,  11  x  =  640. 

.'.  X  =  49^V 
Therefore,  the  required  time  is  49^^j  minutes  past  3  o'clock. 

91.  A  man  is  565  of  his  own  steps  ahead  of  a  horse.  If  4  of  the 
man's  steps  are  equal  to  3  of  the  horse's,  and  the  man  takes  5  steps 
while  the  horse  takes  4,  how  many  steps  must  the  horse  take  to  over- 
take the  man  ? 

Let  4  X  =  the  number  of  steps  taken  by  the  horse. 

Then  6  x  =  the  number  of  steps  taken  by  the  man. 

Also  let  a  =  the  number  of  feet  in  one  step  of  the  man. 

4a 
Then  —  =  the  number  of  feet  in  one  step  of  the  horse, 

3 

and  4x  X  —  = =  the  number  of  feet  the  horse  goes. 

3  3  ® 

As  the  man  has  a  start  of  565  steps,  and  takes  5  x  steps  more  before 

being  overtaken,  and  as  each  step  is  a  feet, 

(565  +  5  x)  a  =  the  number  of  feet  the  horse  goes. 

16 ax     ,_-_  ,  -   . 
.*.  =  (665  +  5x)a. 

Multiply  by  3, .  16  ax  =  1696  a  +  15  ox. 

Transpose,  16  ax  —  16  ox  =  1696  a. 

Combine,  ax  =  1695  a. 

.-.  X  =  1695. 
4  X  =  6780. 
Therefore,  the  horse  must  take  6780  steps  to  overtake  the  man. 

92.  A  father  50  years  old  has  two  sons  whose  ages  respectively  are 
14  years  and  11  years.  In  how  many  years  will  the  sum  of  the  ages 
of  the  sons  equal  the  age  of  the  father  ? 

Let  X  =  the  required  number  of  years. 

Then        50  +  x  =  the  number  of  years  in  the  age  of  the  father  x 

years  hence, 
14  +  X  =  the  number  of  years  in  the  age  of  the  elder  son 
X  years  hence, 
and  11  +  X  =  the  number  of  years  in  the  age  of  the  younger 

son  X  years  hence. 
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•  *  /.  14  +  x  +  11  +  X  =  50  -}-  X. 

^Ilmigpofie,  X  +  X  —  X  =  60  —  14  — 11. 

Combine^  x  =  25. 

Therefore,  the  required  number  of  years  is  25. 

93.  Four  workmen  do  a  piece  of  work  together.  A  could  do  the 
work  in  8  days,  B  in  10  days,  C  in  12  days,  and  D  in  15  days.  In  how 
many  days  do  they  finish  the  work  ? 

Let  X  =  the  number  of  days  it  will  take  the  four 

working  together. 

Then  -  =  the  part  the  four  together  can  do  in  one  day, 

X 

I  =  the  part  A  can  do  in  one  day, 
^5  =  the  part  B  can  do  in  one  day, 
y^j  =  the  part  C  can  do  in  one  day, 
^3  =  the  part  D  can  do  in  one  day, 

and    1  +  i^r  +  1^7  +  T 7  =  ^^^  P^^^  ^^^  ^^^^  together  can  do  in  one  day. 

11111 

.'.  -  +  —  +  —  +  —  =  -• 
8      10      12      15      X 

Multiply  by  120x,   15x  +  12x  +  lOx  +  8x  =  120. 

Combine,  •  46x  =  120. 

.-.  X  =  2f . 

Therefore,  the  four  working  together  can  do  the  work  in  2}  days. 

94.  A  messenger  starts  to  carry  a  despatch;  4}  hours  after  his 
departure  a  second  messenger  is  sent,  who  ought  to  bvertake  the  first 
in  9  hours,  and  to  do  this  he  is  obliged  to  travel  3  more  miles  per  hour. 
How  many  miles  per  hour  does  the  first  messenger  travel  ? 

Let  X  =  the  number  of  miles  the  first  messenger  travels 

in  one  hour. 
Then  x  +  3  =  the  number  of  miles  the  second  messenger  travels 

in  one  hour, 
9  (x  +  3)  =  the  number  of  miles  the  second  messenger  travels, 
and  13J  X  =  the  number  of  miles  the  first  messenger  travels. 

But  these  distances  are  equal. 

.-.  13Jx  =  0(x  +  3). 
Multiply  by  2,  27  x  =  18  x  +  54. 

Transpose,  27  x  —  18  x  =  54. 

Combine,  9  x  =  54. 

.*.  X  =  6. 

Therefore,  the  first  messenger  travels  6  miles  per  hour. 
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95.  A,  B,  and  C  have  together  $1000.  A  has  $70  less  than  a  third 
more  than  B,  and  C  has  $20  more  than  three  sevenths  of  the  amoimt 
A  and  B  together  have.     Hov\r  many  dollars  has  each  ? 

Let  z  =  the  number  of  dollars  B  has. 

Then  — —  70  =  the  number  of  dollars  A  has, 

and   -  f  X  +  -—  —  70  j  +  20  =  the  number  of  dollars  C  has. 

.-.  X  +  —  -  70  +  -  fx  +  —  -  70^  +  20  =  1000. 
3  7\3  / 

Expand,  x  +  -^-70  +  x-30  +  20  =  1000. 

Multiply  by  3,  3x  +  4x  -  210  +  3x  -  90  +  60  =  3000. 
Transpose,         3x-f4x  +  3x  =  3000  +  210  +  90  -  60. 
Combine,  10x  =  3240. 

.-.  X  =  324. 


—  -  70  =  362. 
3 


3/     .  4x 


y(«  +  Y-70)  +  20  =  314. 
Therefore,  A  has  $362 ;  B,  $324 ;  and  C,  $314. 


96.  A  man  has  9  hours  at  his  disposal.  How  far  into  the  country 
may  he  ride  in  an  automobile  at  22  J  miles  an  hour  that  he  may  return 
in  time,  driving  a  horse  at  the  rate  of  6^  miles  an  hour  ? 

Let  X  =  the  number  of  hours  he  may  rid e  in  the  automobile. 

Then  9  —  x  =  the  number  of  hours  he  may  drive  the  horse, 

22^  X  =  the  number  of  miles  he  rides  in  the  automobile, 
and         6^  (9  —  x)  =  the  number  of  miles  he  drives  the  horse. 
But  these  distances  are  equal. 

.-.  22Jx  =  6i(9~x). 
Multiply  by  2,  45  x  =  117  -  13  x. 

Transpose,  45x  +  13x  =  117. 

Combme,  58  x  =  11 7 . 

22ix  =  453-V5. 
Therefore,  the  mm  may  ride  into  the  country  45^ -miles. 
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97.  In  going  from  New  York  to  Buffalo,  a  fast  express  train  at  55 
miles  an  hour  takes  3  hours  less  than  a  passenger  train  at  40  miles  an 
hour.     Find  the  distance  from  New  York  to  Buffalo. 

Let  z  =  the  number  of  hours  it  takes  the  express  trun. 

Then  x  +  3  =  the  number  of  hours  it  takes  the  passenger  train, 

55  X  =  the  number  of  miles  the  express  train  runs, 
and         40  (x  +  3)  =  the  number  of  miles  the  passenger  train  runs. 
But  these  distances  are  equal. 

.-.  55x  =  40(x  +  3). 
Expand,  65x  =  40x  +  120. 

Transpose,  55  x  —  40  x  =  120. 

Combine,  15x  =  120. 

.-.  X  =  8. 
55x  =  440. 
Therefore,  the  distance  from  New  York  to  Buffalo  is  440  miles. 

98.  A  boy  buys  apples  at  the  rate  of  5  for  2  cents.  He  sells  half  of 
them  2  for  a  cent  and  the  other  half  3  for  a  cent,  and  gains  10  cents 
by  the  transaction.     How  many  apples  does  he  buy  ? 

Five  apples  for  2  cents  is  f  of  a  cent  each ;  2  apples  for  a  cent  is  ^ 
of  a  cent  each ;  3  apples  for  a  cent  is  }  of  a  cent  each. 

Let  X  =  the  number  of  apples  the  boy  buys. 

X 

Then  -  =  the  number  of  apples  he  sells  2  for  a  cent, 

X 

-  =  the  number  of  apples  he  sells  3  for  a  cent, 

2x 

—  =  the  number  of  cents  he  pays  for  the  apples, 

5 

-  =  the  number  of  cents  he  receives  for  the  apples 

he  sells  2  for  a  cent, 

X 

-  =  the  number  of  cents  he  receives  for  the  apples 

he  sells  3  for  a  cent, 

X        X 

^'^^  7  +  ^  ==  *^®  number  of  cents  he  receives  for  the  apples. 

4      6 

X  .  X      2x     ^^ 

•■•4  +  6^T  +  ^''- 
Multiply  by  60,         15  x  +  10  x  =  24  x  +  600. 
Transpose,     15  x  +  10  x  -  24  x  =  600. 
Combine,  x  =  600. 

Therefore,  the  boy  buys  600  apples. 
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99.  When  a  body  of  troops  is  formed  into  a  solid  square,  there 
are  54  men  over ;  but  when  formed  in  a  column  with  5  men  more  in 
front  and  4  men  fewer  in  depth,  there  are  lacking  4  men  to  complete  it. 
How  many  men  are  there  ? 

Let  z  =  the  number  of  men  on  a  side  of  the  solid 

square. 
Then  jc^  +  64  =  the  whole  number  of  men, 

X  +  5  =  the  number  of  men  on  the  front  of  the  column, 
X  —  4  =  thenumberof  menon  the  depth  of  the  column, 
and  (x  +  5)  (x  —  4)  —  4  =  the  whole  number  of  men. 
.-.  (X  +  5)(x  -  4)  -  4  =  x2  +  64. 
Expand,  x^  +  x  -  20  -  4  =  x^  +  64. 

Transpose,  x^  -  x^  ^  a-  _.  54  4.  20  +  4. 

Combine,  x  =  78. 

x2  +  64  =  6138. 

Therefore,  there  are  6138  men. 


100.   Divide  the  number  628  into  two  parts  such  that  the  stnaller 
part  is  contained  in  the  larger  part  twice,  with  a  remainder  of  7. 


Let 

X 

=  the*  larger  part. 

Then 

628 

—  X 

=  the  smaller  part. 

• 
•  • 

X  - 
628 

-7 

-X 

=  2. 

Multiply  by 

628  -  X, 

X 

-7: 

=  1266-2x. 

Transpose, 

x  +  2x 

=  1256  +  7. 

Combine, 

3x 

=  1263. 

• 

*.   X 

=  421. 

628 

—  X 

=  207. 

Therefore,  the  parts  required  are  421  and  207. 


101.  The  difference  between  two  numbers  is  154,  and  if  the  greater 
number  is  divided  by  the  less  the  quotient  is  3  and  the  remainder  10. 
Find  the  numbers. 

Let  X  =  the  greater  number. 

Then  x  — 154  =  the  smaller  number. 
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•  •    —  O. 

x-154 
Multiply  by  x  ~  164,       a;  -  10  =  3  a;  -  462. 
Transpose,  a;  -  3  x  =  10  -  462. 

Combine,  —  2  x  =  —  452. 

.-.  X  =  226. 

X  -  154  =  72. 

Therefore,  the  numbers  required  are  226  and  72. 


102.  The  width  of  a  room  is  two  thirds  the  length.  If  the  width 
was  4  feet  more  and  the  length  4  feet  less,  the  room  would  be  square. 
Find  the  dimensions. 

Let  3x  =  the  number  of  feet  in  the  length  of  the  room. 

Then  2  x  =  the  number  of  feet  in  the  width  of  the  rbom. 

.-.  3x-4  =2x-}-4. 
Transpose,  3x  —  2x  =  4  +  4. 

Combine,  x  =  8. 

3x  =  24. 
2x  =  16. 

Therefore,  the  length  of  the  room  is  24  feet,  and  the  width  16  feet. 


103.  A  walks  to  the  top  of  a  mountain  at  the  rate  of  If  miles  an 
hour,  and  back  again  at  the  rate  of  2^  miles  an  hour,  and  is  out  7 
hours.     How  far  is  it  to  the  top  of  the  mountain  ? 

Let  X  =  the  number  of  miles  to  the  top  of  the  mountain. 

X       4  X 
Then     —  =  —  =  the  number  of  hours  A  is  ascending  the  mountain, 

IJ       7 

X      3x 
and  —  =  —  =  the  number  of  hours  A  is  descending  the  mountain. 

2\       7 

4x      3x     ^ 

7        7 
Multiply  by  7,  4  x  +  3  x  =  49. 

Combine,  7  x  =  49. 

.-.  x  =  7. 

Therefore,  it  is  7  miles  to  the  top  of  the  mountain. 
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ZSzerciae  68.    Page  165 

1.   A  and  B  together  can  do  a  piece  of  work  in  m  days,  A  and  C 

together  in  n  days,  and  B  and  C  together  in  p  days.     How  many 

days  will  it  take  each  alone  to  do  the  work,  and  how  many  days  If 

the  three  work  together  ? 

Let  X  =  the  number  of  days  required  for  the  three  together 

to  do  the  work. 
^Then  -  =  the  part  the  three  together  can  do  in  one  day, 

2 

-  =  the  part  the  three  together  can  do  in  two  days, 

z 

—  =  the  part  A  and  B  together  can  do  in  one  day, 

—  =  the  part  A  and  C  together  can  do  in  one  day, 
n 

—  =  the  part  B  and  C  together  can  do  in  one  day, 
P 

and    — I 1-  —  =  the  part  the  three  together  can  do  in  two  days. 

''^      ^^     ^  1112 

.-.  -  +  -  +  -  =  -• 
m      n      p     z 

Multiply  by  mnpz,       npx  +  mpz  +  mnz  =  2  mnp. 

Factor,  (np  +  mp  -\-  mn)  z  =  2  mnp. 

2  mnp 


z  = 


mn  -\-  mp  ■{■  np 

Again, =  the  part  C  can  do  in  one  day, 

X     m 

=  the  part  B  can  do  in  one  day, 

X     n 

=  the  part  A  can  do  in  one  day. 

•C       p 

mn-^mp-j-np      1  _  win+wip+np— 2np  _  mn+mp— np 

2  mnp  m~~  2  mnp  "~        2  mnp 

mn+mp-^np      1  _  mn-^mp-^np  —  2mp  _  mn—mpi-np 

2  mnp  n~  2  mnp  ~"        2  mnp 

1       1  __  mn+wp-f-np      l_^mn'\-mp-^np—2mn__mp-j-np—mn 
z      p ""        2  mnp  p~  2  mnp  ""        2  mnp 

Q  vn/nn 

Therefore,  the  three  together  can  do  the  work  in days ; 

mn-\-mp-\-np 

A    1        •  2  mnp  ,  _  .  2  mnp  , 

A  alone  m ; days ;       B  m ; days : 

mp  +  np  —  mn  mn  -{-  np  —  mp 

^  .  2  mnp^         , 

Cm- ^ days. 

mn  +  mp  —  np 


and 

1 

1 

z 

m 

1 

1 

X 

n 
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2.  Three  partners,  A,  B,  and  C,  are  to  divide  a  profit  of  d  dollars 
made  in  a  partnership.  A  furnished  a  dollars  for  m  months ;  B,  b 
dollars  for  n  months ;  and  C,  c  dollars  for  p  months.  What  will  be 
the  share  of  each  ? 

Let  X  =  the  number  of  dollars  in  A^s  share, 

y  =  the  number  of  dollars  in  B^s  share, 

and  z  =  the  number  of  dollars  in  C^s  share. 

The  share  of  each  is  proportional  to  the  product  of  the  number  of 
dbllars  furnished  by  the  number  of  months.  A  furnished  a  dollars 
for  m  months ;  B,  b  dollars  for  n  months ;  and  C,  c  dollars  for  p  months. 

am  ,   _  amd 

.*.  X  = of  d  = 


am  +  bn  +  cp  am  +  6n  +  cp 

bn  -  -  bnd 

y  — of  d  = 


am  ■\-bn-\-cp  am  -\-bn-\-cp 

-                                   cp  .   .  cpd 

and  z  = f of  d  = 


am  -\-bn  -\-  cp  am  -\-bn  +  cp 

Therefore,  A's  share  is dollars ;  B's  share, 


am-\-bn-\-cp  am+bn-\-cp 

dollars ;  and  C's  share, ~ dollars. 

am  -\-  bn  -\-  cp 

3.  The  population  of  a  city  increases  each  year  t  per  cent  of  that  of 
the  preceding  year.  The  population  is  a  inhabitants.  What  was  the 
population  n  years  ago  ? 

Let  X  =  the  population  n  years  ago. 

Then        ( )^  ~  ^^^  population  n  —  1  years  ago, 

I )^~  ^^  population  n  —  2  years  ago, 

( \  x  =  the  population  n  —  3  years  ago, 

and  ( J  X  =  the  population  n  —  n  years  ago ;  that  is,  the 

population  now. 
But  a  =  the  population  now. 

•■•  (-Too-)  '  =  «• 
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Multiply  by  100»,     (100  +  t)»x  =  100»a. 

100»a 


x  = 


(100  -f- 1)^ 
Therefore,  the  population  of  the  city  n  years  ago  was 


(100  +  <)» 

4.   A  number  is  diyided  by  d,  and  the  sum  of  the  quotient,  dividend, 
and  divisor  is  b.     What  is  the  number  ? 
Let  z  =  the  number. 

X 

Then  -  =  the  quotient, 

d 

X  •=■  the  dividend, 
d  =  the  divisor, 

X 

and         -  -f-  X  +  (2  =  the  sum  of  the  quotient,  dividend,  and  divisor. 
d 

But  h  =  the  sum  of  the  quotient,  dividend,  and  divisor. 

.•.-  +  «  +  d  =  6. 
d 

Multiply  by  d,        x  +  dx  +  d«  =  M. 
Transpose,  dx -\-  x  =  hd  —  d^. 

Factor,  x (d  +  1)  =  d(6  -  d). 

.   ^_d(h-d) 

d-f-1 
d{b-d) 


Therefore,  the  required  number  is 

d  + 1 

5.  A  traveler  wishes  to  accomplish  a  journey  of  k  miles  in  n  days. 
At  the  end  of  d  days  he  receives  news  which  obliges  him  to  reach  the 
end  of  his  journey  a  days  sooner.  How  many  more  miles  must  he 
travel  each  day  ? 

Let  X  =  the  number  of  extra  miles  he  must  travel  per  day. 

k 
Then  -  =  the  number  of  miles  per  day  he  travels  at  first, 

71 

dk 

—  =  the  number  of  miles  he  travels  at  the  first  rate, 
n 

dk 

k =  the  number  of  miles  he  then  has  to  travel, 

n 

n  —  d  —  a  =  the  number  of  days  in  which  he  is  to  finish  bib 

journey, 

,      dk 
k 

and        -— ^^—  =  the  number  of  miles  per  day  he  must  travel. 
n  —  d  —  a 

k 
But  -  +  X  =  the  number  of  miles  per  day  he  must  travel. 

71 
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k-  — 
k  ,  n 

+  x  = 


n  n  —  d  —  a 

Multiply  by  n(»i  —  d  —  a), 
nifc  —  (Wc  —  afc-f-(n  —  d  —  a)nx=nik  —  (Wc. 
Transpose,  (n  —  d  —  a)nL  =  nk  ^  dk  —  nk  -{-  dk  -{-  ok. 

Combine,  (n  —  d  —  a)  nx  =  oA;. 

n  (n  —  d  —  a) 

Therefore,  the  traveler  must  gravel more  miles  each  day. 

n(n  —  d  —  a) 

6.  The  circumference  of  a  fore  wheel  of  a  carriage  is  a  feet,  and  that 
of  a  hind  wheel  is  h  feet.  Find  the  distance  the  carriage  has  traveled 
when  the  fore  wheel  has  made  n  revolutions  more  than  the  hind  wheel. 

Let  X  =  the  number  of  feet  the  carriage  has  then  traveled. 

Then  -  =  the  number  of  revolutions  the  fore  wheel  has  made, 

a 

X 

and  -  =  the  number  of  revolutions  the  hind  wheel  has  made. 

0 


X       X 

.-. =  n. 

a      b 

Multiply  by  oft. 

bx  —  ax  =  aJbn, 

aJbn 

X  = 


b  —  a 

Therefore,  the  required  distance  is feet. 

b  —  a 

7.  A  boatman,  rowing  with  the  tide,  makes  n  miles  in  t  hours.  In 
returning  he  rows  against  a  tide  m  times  as  strong  as  the  first  and 
makes  th^  distance  in  t^  hours.     Find  the  velocity  of  the  second  tide. 

Let  X  =  the  number  of  miles  per  hour  the  first  tide  flows. 

Then  mx  =  the  number  of  miles  per  hour  the  second  tide  flows, 

n 

—  =  the  number  of  miles  per  hour  he  makes  with  the 

first  tide, 

X  =  the  number  of  miles  per  hour  he  actually  rows, 

z 

71 

-  =  the  number  of  miles  per  hour  he  makes  against 

the  second  tide, 

71 

and  --{.mx  =  the  number  of  miles  per  hour  he  actually  rows, 
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n  n 

.*.  —  -f-  mx  = X. 

tf  t 

Multiply  by  ft',  nt -{■  mttfx  =  nf-ttx. 

Transpose,  mft'x  +  tt'x  =  nt—  nt. 

Factor,  tr{m  -{■l)x  =  n(1f- ty 

:^^  ny^Q 

W(m  + 1) 

mniV—  t\ 

mx  = ^ ~* 

U\m  + 1) 

Therefore,  the  velocity  of  the  second  tide  is ^ miles  per  hour. 

U\m  + 1) 


Ezercise  69.     Page  167 

1.   Find  the  interest  on  $1100  for  3  years  4  months  at  6  per  cent. 

By  Formula  1,  i  =  prt. 

Here  p  =  1100,  r  =  yj^,  t  =  3J. 

.-.  i  =  1100xTj^x  V-  =  183}. 

Therefore,  the  required  interest  is  $183.33. 

8.   Find  the  interest  on  $1275  for  3  years  2  months  16  days  at  8  per 
cent. 

By  Formula  1,  i  =  prt. 

Here  p  =  1276,  r  =  ^J^,  t  =  3/;^ . 

.-.  i  =  1276  X  jU  X  H  =  327J. 
Therefore,  the  required  interest  is  $327.25. 

8.   Find  the  amount  of  $6460  for  1  year  10  months  22  days  at  4^ 
per  cent. 

By  Formula  1,  a=  p  +  prt. 

Here  p  =  6460,  r  =jiihiy  t  =  HU- 

.-.  a  =  6460+6460  x  y^^J^  x  fiJ  =  6460  +  620.12  =  6980.12. 

Therefore,  the  required  amount  is  $6980.12. 

4.   Find  the  amount  of  $1260  for  3  months  16  days  at  6  per  cent. 

By  Formula  1,  a  =  p  +  prt. 

Here  p  =  1260,  r  =  ^J^,  t  =  /,%• 

.-.  a  =  1260  +  1250  x  j^j^  x  j\%  =  1260  +  18.40  =  1268.40. 

Therefore,  the  required  amount  is  $1268.40. 
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5.   Find  the  rate  per  cent  when  the  interest  on  f997.76  is  $199.55 
for  5  years  4  months. 

By  Formula  6,  r  = —  • 

pt 

Here  a-p  =  i  =  199.66,  p  =  997.75rt  =  5}. 

_      199.56      _  199.56  x  3  _  3 
997.75  X  Y  "  ^^7.75  x  16  ""  80* 
jS,  of  100  =  3}. 

Therefore,  the  required  rate  is  Sf  per  cent. 


6.   Find  the  rate  per  cent  when  $350  amounts  to  $406.70  in  3  years 
7  months  6  days. 

By  Formula  5,  r  =     ^     • 

pt 

Here  a  =  406.70,  p  =  350,  t  =  3|. 

406.70  -  350      66.70  x  6        9 


-350  X  Si  350  X  18       200 

^f^  of  100  =  4i. 

Therefore,  the  required  rate  is  4  J  per  cent. 

7.  Find  the  time  in  which  the  interest  on  $487.50  will  amount  to 

^9  at  4  per  cent. 

a  —  p 

By  Formula  4,  t  = • 

pr 

Here        a  -  p  =  i  =  39,  p  =  487.50,  r  =  j^. 

^  _  39  _   39  X  100 

~  487.50  X  yj^  -  487.50  x  4  ~    " 

Therefore,  the  required  time  is  2  years. 

8.  Find  the  time  in  which  the  sum  of  $1587.75  will  amount  to 

$1611.68  at  5^  per  cent. 

a  —  p 

By  Formula  4,  t= 

pr 

Here  a  =  1611.68,  p  =  1587.75,  r  =  yJJ^. 

_  1611.68  -  1587.75  _  23.93  x  1000  _  19144 

*'*     ~     1587.75  X  tJJ^    ~  1587.75  x  55  ~  69861 ' 

IJJI^  years  =  3  months  9  days. 

Therefore,  the  required  time  is  3  months  9  days. 
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9.   Find  the  principal  that  will  produce  $1746.60  interest  in  3  years 

6  months  at  6  per  cent. 

I 
By  Formula  2,  p  =  — 

rt 

Here        i  =  1746.60,  r  =  yj^,  t  =  3^,. 

1746.60       1746.60  x  100  x  12      „^^^ 
.-.  p  = = =  8520. 

T»TF  X  f  i  6  X  41 

Therefore,  the  required  principal  is  $8520. 

10.  Find  the  principal  that  will  produce  $1339.28  interest  in  2  years 

7  months  24  days  at  6  per  cent. 

% 
By  Formula  2,  p  =  — 

rt 

Here        i  =  1339.28,  r  =  yj^,  t  =  2JJ. 

1339.28       1839.28  x  100  x  20      ^,„^  , , 
.'.  p  = = =  8423.14. 

TSryXf*  6x63 

Therefore,  the  required  principal  is  $8423. 14. 

11.  Find  the  principal  that  will  amount  to  $6378.75  in  1  year 
1  month  at  5  per  cent. 

By  Formula  3,  p  = 

Here       a  =  6378.75,  r  =  jj^,  t  =  1^. 

6378.76          6378.75      6878.75      6378.75x240      ^^^^  ^^ 
.-.  p  = = =  — = =  6050.99. 

l  +  T«irXH      l+2¥ff  Hi  253 

Therefore,  the  required  principal  is  $6050.99. 

18.   Find  the  principal  that  will  amount  to  $21,047.95  in  1  year 
7  months  21  days  at  4}  per  cent. 

By  Formula  3,  p  = 

l  +  rt 

Here      a  =  21047.95,  r  =  tHtt*  « =  VA- 

21047.95          21047.96     21047.95     21047.96x8000      ,^^^ 
.-.  p  = = = = =  19600. 

l+Ti^TrXHJ      l  +  iVffV         mh  8591 

Therefore,  the  required  principal  is  $19,600. 

18.   If  A  can  do  a  piece  of  work  in  3^  days,  and  B  can  do  the  same 
work  in  4 J  days,  in  how  many  days  can  both  together  do  the  work  ? 

fTlTl 

By  Problem  2,  page  164,   x  = 

Here  m  =  3J,  n  =  4J. 

3J+4i       8       32        ^^ 
Therefore,  the  required  time  is  IJJ  days. 
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14.  A  and  B  together  can  do  a  piece  of  work  in  12  days,  A  and  C 
together  in  15  days,  and  B  and  C  together  in  16  days.  How  many 
days  will  it  take  each  alone  to  do  the  work,  and  how  many  days  if 
the  three  work  together  ? 

By  Problem  1,  Exercise  68,  page  165, 

_         2mnp  .  _         2mnp 


mn  +  mp  -f-  np '  mp  -\-  np  —  mn ' 

_              2mnp  ^  2mnp 

B= :     C  = 


mn  -f-  np  —  mp  mn  -f-  mp  —  np 

Here  m  =  12,  n  =  15,  p  =  16. 

2  X  12  X  15  X  16               2  X  12  X  15  X  16      160      ^  ^ 
«^-^,o..  ,.  ■  ......  .  ..  ..,.  = ^^ "17  =  ^^' 

A  =  ..  ,.---;;....  =  ---- -^  =  ^=22,; 


12 

X  15  +  12 
2  xl2 

X  16  + 15 
X  15  X  16 

X 

16 

12 

X  16  +  12 
2  xl2 

X  le- 
xis X 

-15 
16 

X 

15 

12 

X  15  +  16 
2x12 

xie- 

X  15  X 

-12 
16 

X 

16 

612 

2 

X 

12  xl6 

X 

16 

252 

2 

X 

12x16 

X 

16 

228 

2 

X 

12  X  15 

X 

16 

12  X  15  +  12  X  16  -  15  X  16  132  11  "' 

Therefore,  A  will  do  the  work  in  22 f  days;  B  in  25/^  days;  C  in 
43j7y  days  ;  and  the  three  together  in  9/y  days. 


16.  Three  graziers.  A,  B,  and  C,  hire  a  pasture  for  which  they  pay 
$132.50.  A  puts  in  10  oxen  for  3  months ;  B,  12  oxen  for  4  months ; 
and  C,  14  oxen  for  2  months.     How  much  rent  ought  each  to  pay  ? 

By  Problem  2,  Exercise  68,  page  165, 

amd                          bnd  cpd 

X  — ; ;y  = ; ;z  = 


am  +  hn  +  cp  am  +  bn  -{-  cp  am  -\-bn  -{-  cp 

Here  a  -  10,  6  =  12,  c  =  14,  d  =  132.50,  m  =  3,  n  =  4,  p  =  2. 

10  X  3  X  132.50 

.-.  X  = =  37.60 ; 

10  X  8  + 12  X  4  +  14  X  2 

12  X  4  X  132.60  „  ^ 

y  = =  60.00 ; 


10 

X8  +  12 
12  X  4 

X  4  +  14  X 
X  132.60 

2 

10 

X3  +  12 
14x2 

X  4  +  14  X 
X  132.50 

2 

z  = — =  35.00. 

10  X  3  +  12  X  4  + 14  X  2 

Therefore,  A  should  pay  $37.50;  B,  $60.00;  and  C,  $35.00. 
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16.  A  traveler  wishes  to  accomplish  a  journey  of  240  miles  in 
8  days.  At  the  end  of  3  days  he  receives  news  which  obliges  him 
to  reach  the  end  of  his  journey  2  days  sooner.    How  many  more  miles 

must  he  travel  each  day  ? 

ak 
By  Problem  5,  Exercise  68,  page  166,  x  = . 

n(n  —  d  —  a) 
Here  a  =  2,  *  =  240,  n  =  8,  d  =  3. 

2  X  240  2  X  240      ^^ 

.-.  X  = = =  20. 

8(8-3-2)        8x3  * 

Therefore,  the  traveler  must  travel  20  miles  more  each  day. 

17.  The  circumference  of  a  fore  wheel  of  a  carriage  is  11  feet 
3  inches  and  that  of  a  hind  wheel  is  12  feet  2  inches.  Find  the 
distance  the  carriage  has  traveled  when  the  fore  wheel  has  made 
150  more  revolutions  than  the  hind  wheel. 

By  Problem  6,  Exercise  68,  page  166,  x  = 

b  —  a 

Here  a  =  llj,  b  =  12i,  n  =  150. 

V  X  V  X  150      45  X  73  X  160  5<'12      „„  ^^^  . 
/.  X  =  ^- 5 = =  22,.397W. 

12i  -  llj  4  X  6  X  11  ^^ 

Therefore,  the  requii^ed  distance  is  22,397^^  feet. 

18.  A  boatman  rowing  with  the  tide  makes  27  miles  in  4  hours. 
In  returning  he  rows  against  a  tide  twice  as  strong  as  the  first  and 
makes  the  distance  in  9  hours.     Find  the  velocity  of  the  second  tide. 

By  Problem  7,  Exercise  68,  page  166,  x  =  ^^^    ~     » 

ttf{m  -f- 1) 
Here  m  =  2,  n  =  27,  t'  =  9,  t  =  4. 

2x27(9-4)      2x27x5      „, 

.-.  X  = ^ = =  2i. 

9x4(2  +  1)        9x4x3         ^ 

Therefore,  the  velocity  of  the  second  tide  is  2^  miles  an  hour. 

19.  The  population  of  a  city  increases  each  year  2  per  cent  of  that 
of  the  preceding  year.     The  population  now  is  54,121  inhabitants. 

What  was  the  population  4  years  ago  ? 

100*  a 
By  Problem  3,  Exercise  68,  page  166,  x  =  — — —  • 

Here  n  =  4,  a  =  54121,  t  =  2. 

100*  X  54121      _.  ... 

.-.  X  = =  50,000. 

(100  +  2)* 

Therefore,  the  population  4  years  ago  was  50,000. 
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80.  A  number  is  divided  by  16,  and  the  sum  of  the  quotient, 
dividend,  and  divisor  is  60.     What  is  the  number? 

By  Problem  4,  Exercise  68,  page  166,  x  =    ^   "    '- 

d  + 1 
Here  d  =  16,  6  =  50. 

.   ^^16(50-16)^16x34^gg 

16  +  1  17 

Therefore,  the  required  number  is  32. 

81.  Find  the  time  required  for  the  interest  at  4  per  cent  on  a  sum 
of  money  to  be  equal  to  the  principal. 

By  Formula  4,  t  = • 

pr 

Here  a  -  p  =  p,  p  =  p,  r  =  yj^. 

.-.  t  =  — ? —  -  25. 

Therefore,  the  required  time  is  25  years. 

88.  The  sum  of  two  numbers  is  325  and  the  difference  between 
them  is  93.     Find  the  numbers. 

By  Problem  1,  page  164,  the  Required  numbers  are and 

Here  s  =  325,  d  =  93. 

.   ^+j^326  +  93^  ^^^  a^  ^  326  -  93  ^  ^^^ 

2  2  2  2 

Therefore,  the  required  numbers  are  209  and  116. 

88.  Three  partners  in  a  restaurant  furnish  respectively  .$600  for 
7  months,  $600  for  8  months,  and  $900  for  9*  months.  If  they  lose 
$410,  what  is  each  one's  share  of  the  loss? 

By  Problem  2,  Exercise  68,  page  165, 
A's  share  = »  B's  = ,  C's  = 


am  -\-bn-\-  cp  am  -f-  6n  +  cp  am  ■^bn-\-cp 

Here  d  =  410,  a  =  600,  b  =  600,  c  =  900,  m  =  7,  n  =  8,  p  =  9. 

amd  500  X  7  X  410 

.-.  ; = =  87.50, 

am-\-bn-\-  cp      500x7+600x8  +  900x9 

bnd  ^  600x8x410  ^  ^,^  ^ 

am  +  bn  +  cp      600  x  7  +  600  x  8  +  900  x  9  *     ' 

A  cpd  900  X  9  X  410 

and f =  — =  202.50. 

am  -^bn-\-  cp      500  x  7  +  600  x  8  +  900  x  9 

Therefore,  A's  share  of  the  loss  is  $87.50 ;  B's,  $120.00 ;  C's,  $202.50. 
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24.   Find  the  time  in  which  the  interest  on  $8620  will  amoont  to 
$1746.60  at  6  per  cent. 

By  Formula  4,  t  = ^. 

pr 

Here     a-p  =  1746.60,  p  =  8620,  r  =  yj^. 

^^     1746.60     _  1746.60 

*  *     "  8620  X  tJ^  "■   611.20  "■  ^^* 

^A  years  =  3  years  6  months. 

Therefore,  the  required  time  is  3  years  6  months. 

85.   Find  the  principal  that  will  produce  $1312.66  interest  in  2  years 
3  months  at  6  per  cent. 

« 

i 
By  Formula  2,       p  =  —  . 

ft 

Here  i  =  1312.66,  r  =  yj^,     t  =  2^. 

1312.66      1312.66      1312.66  x  200      ^^^„, 
.•.  p  = = = =  9723k 

Therefore,  the  principal  required  is  $9723.33. 


86.   Find  the  time  required  for  $4000  to  amount  to  $4626  at  6^  per 
cent. 

By  Formula  4,        *  = • 

''  •  pr 

Here    a  =  4626,    p  =  4000,  r  =  yJJ^. 

_  4625  -  4000  _  626  _ 
~  4000  X  yj^  "  220  "    **' 
2}|  years  =  2  years  10  months.  3  days. 

Therefore,  the  required  time  is  2  years  10  months  3  days. 


87.   Find  the  time  required  for  $3904.92  to  amount  to  $4668.76  at 
6  per  cent. 

By  Formula  4,        *  = — . 

•^  pr 

Here  a  =  4668.76,  p  =  3904.92,  r  =  yj^. 

_  4668.76  -  3904.92  _  663.84  _ 

3904.92  X  tS^     ~  195.246  ""    ^^' 

S^f/^j  years  =  3  years  4  months  24  days. 

Therefore,  the  required  time  is  3  years  4  months  24  days. 


304  ELEMENTARY  ALGEBRA 

28.  A  and  B  go  into  partnership.  A  furnishes  $5000  for  13  months 
and  B  furnishes  $7000  for  9  months.  Their  profits  are  $1700.  What 
is  the  share  of  each  ? 

By  Problem  2,  Exercise  68,  page  166, 

A's  share  = ^  and  B's  share  = 


am  +  bn  am  +  bn 

Here       a  =  6000,  b  =  7000,  m  =  13,  n  =  9,  d  =  1700. 
amd  5000  x  13  x  1700 


am  +  bn      6000  x  13  +  7000  x  9 


=  863.28, 


,  bnd  7000x9x1700  .__  ^„ 

and = =  836.72. 

am  +  bn      5000  x  13  -f-  7000  x  9 

Therefore,  A's  share  is  $863.28,  and  B's  share  is  $836.72. 


EzerciBe  70.    Page  172 

Eliminate  by  addition  or  subtraction. 

1.  Solve  4x  +  9y  =  3l  (1) 

3x  +  7y  =  2j  (2) 

Multiply  (1)  by  3,  12  x  +  27  y  =  9.  ,  (3) 

Multiply  (2)  by  4,  12  x  +  28  y  =  8.  '  (4) 

Subtract  (3)  from  (4),  y  =  -l. 

Substitute  the  value  of  y  in  (2),     3  x  -  7  =  2. 
Transpose  and  combine,  3  x  =  9. 

.*.  X  ^  o. 
Therefore,  x  =  3,  and  y  =  —  1. 

2.  Solve  8x  +  3y=    381  (1) 

2x-7y  =  -6j  (2) 

Multiply  (2)  by  4,  8  x  -  28  y  =  -  24.  (3) 

Subtract  (3)  from  (1),  31  y  =  62. 

.*.  y  =  2. 
Substitute  the  value  of  y  in  (2),  2x  -  14  =  -  6. 
Transpose  and  combine,  2  x  =  8. 

.-.  X  =  4. 

Therefore,  x  =  4,  and  y  =  2. 
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8.  Solve 

x-f-4y  =  311 

(1) 

4x  +  y  =  19j 

(2) 

Add  (1)  and  (2), 

6  X  +  5  y  =  60. 

(3) 

Divide  (8)  by  6, 

X  +  y  =  10. 

W 

Subtract  (4)  Ironi  (1), 

3y  =  21. 
.-.  y  =  7. 

Subtract  (4)  from  (2), 

3x  =  9. 

.'.  X  =  3. 

Therefore,  x  =  3,  and  y  = 

7. 

4.  Solve 

5x-3y  =  201 
3x-4y=    Ij 

0) 

(2) 

Multiply  (1)  by  4, 

20x-12y  =  80. 

(3) 

Multiply  (2)  by  3, 

9x-12y  =  3. 

W 

Subtract  (4)  from  (3), 

llx  =  77. 

Substitute  the  value  of  x  in  (1),  35  -  3  y  =  20. 

Transpose  and  combine, 

-3y  =  -15. 

Therefore,  x  =  7,  and  y  = 

.'.  y  =  0. 
5. 

5.  Solve 

8x-f-4y=100\ 
9x-5y=     8/ 

(1) 

(2) 

Divide  (1)  by  4, 

2x  +  y  =  26. 

(3) 

Multiply  (3)  by  6, 

10x  +  6y  =  126. 

(4) 

Add  (2)  and  (4), 

19x  =  133. 
.'.  X  =  7. 
n  (3),     14  +  y  =  26. 

Substitute  the  value  of  x  i 

Transpose  and  combine, 

y  =  ll. 

Therefore,  x  =  7,  and  y  = 

11. 

6.  Solve 

6x-2y  =  23^ 
13x-3y  =  6l/ 

0) 

(2) 

Multiply  (1)  by  3, 

16x-6y  =  69. 

(3) 

Multiply  (2)  by  2, 

26x-6y  =  102. 

(4) 

Subtract  (3)  from  (4), 

llx  =  33. 
.*.  X  =  3. 

Substitute  the  value  of  x  in  (1),  16  -  2  y  =  23. 

Transpose  and  combine. 

-2y  =  8.. 
.*.  y  =  —  4. 

Therefore,  x  =  3,  and  y  — 

-4. 
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7.  Solve  6x  +  ly  =  Sl^  (i) 

3x  +  2y=    5  J  (2) 

Multiply  (2)  by  2,  6  x  +  4  y  =  10.  (3) 

Subtract  (8)  from  (1),  3  y  =  21. 

.-.  y  =  7. 

Substitute  the  value  of  y  in  (2),  3»  +  14  =  5. 

Transpose  and  combine,  3  x  =  —  9. 

.-.  X  =  —  3. 
Therefore,  x  =  —  3,  and  y  =  7. 


«.  Solve  llx-12y  =  31\  (1) 

lOx-f-    7y  =  64j  (2) 

Multiply  (1)  by  7,  77  x  -  84  y  =  217.  (3) 

Multiply  (2)  by  12,  120  x  +  84  y  =  768.  (4) 

Add  (3)  and  (4),  197  x  =  986. 

.-.  X  =  6. 

Substitute  the  value  of  x  in  (2),  60  -f  7y  =  64. 

Transpose  and  combine,  7  y  =  14. 

.*.  y  =  2. 
Therefore,  x  =  6,  and  y  =  2. 


9.  Solve  4x-8y  =  29l  (1) 

2x-f-    y  =  47J  (2) 

Multiply  (2)  by  3,  6  x  +  3  y  =  141.  (3) 

Add  (1)  and  (3),  10x  =  170. 

.-.  X  =  17. 
Substitute  the  value  of  x  in  (2),  34  +  y  =  47. 
Transpose  and  combine,  y  =  13. 

Therefore,  x  =  17,  and  y  =  13. 


10.  Solve 

2x-lly  =  671 

(1) 

6x-    6y  =  60J 

(2) 

Multiply  (1)  by  6, 

10x-65y  =  336. 

(3) 

Multiply  (2)  by  2, 

10x-12y  =  120. 

•     (4) 

Subtract  (3)  from  (4), 

43  y  =  -  216. 
.-.  y  =  —  6. 

Substitute  the  value  of  y  in  (1),  2  x  +  66  =  67. 
Transpose  and  combine,  2  x  =  12. 

/.  X  =  6. 
Therefore,  x  =  6,  and  y  =  —  6. 
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11.  Solve 

7x-3y  =  22  ^ 

(1) 

3x+5y  =  66/ 

(2) 

Multiply  (1)  by  6, 

35x-16y  =  110. 

(8) 

Multiply  (2)  by  3, 

9x-f-16y=198. 

W 

Add  (3)  and  (4), 

44x  =  308. 
.*.  X  =  7. 
in  (2),  21  +  6y  =  66. 

Substitute  the  value  of  x  : 

Transpose  and  combine, 

6  y  =  46. 
.-.  y  =  9. 

Therefore,  x  =  7,  and  y  = 

:9. 

18.  Solve 

2x-3y=     3^1 
6x  +  7y  =  109J 

(1) 

(2) 

Multiply  (1)  by  6, 

10x-16y  =  16. 

(3) 

Multiply  (2)  by  2, 

10x  +  14y  =  218. 

(4) 

Subtract  (3)  from  (4), 

29  y  =  203. 
.*.  y  =  7. 

in(l),  2x-21=3. 

Substitute  the  value  of  y 

Transpose  and  combine, 

2x  =  24. 
.*.  X  =  12. 

Therefore,  x  =  12,  and  y 

=  7. 

18.  Solve 

10x+7y  =  76l 
12x-6y=23J 

(1) 

(2) 

Multiply  (1)  by  6, 

50x  +  35y  =  376. 

(3) 

Multiply  (2)  by  7, 

84x-36y  =  161. 

(4) 

Add  (3)  and  (4), 

134  x=  636. 
/.  X  =  4. 

Substitute  the  value  of  x  in  (1),  40  +  7  y  =  76. 

Transpose  and  combine, 

7y  =  35. 
v.  y  =  5.      • 

Therefore,  x  —  4,  and  y  = 

=  6. 

14.  Solve 

7x-   6y=   l^ 
9x-10y  =  12/ 

(1) 

(2) 

Multiply  (1)  by  2, 

14x-10y  =  2. 

(8) 

Subtract  (2)  from  (3), 

6x  =  -10. 

• »  w  —  —  •». 
Substitute  the  value  of  x  in  (1),  — 14  —  5  y  =  1. 

Transpose  and  combine. 

-6y  =  16. 
.-.  y  =  -  3. 

Therefore,  x  =  —  2,  and  ; 

y=-3. 
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Eliminate  by  substitution. 

x  +  5y  =  26|  (1) 

7»  +  3y  =  47j  (2) 

Transpose  (1),  x  =  25  —  by,  (3) 

Substitute  the  value  of  z  in  (2),  175  -  35  y  -f  3  y  =  47. 
Transpose  and  combine,  —  32  ^  =  — 128. 

.•.  y  =  4. 
Substitute  the  value  of  2^  in  (3),  x  =  25  —  20. 


1.  Solve 


.-.  X  =  5. 


Therefore,  x  =  5,  and  y  =  4. 


2.  Solve  3x- 2^  =  151  (1) 

6x-9y=    8  J  (2) 

Transpose  (1),  3  x  =  15  -f-  2  y.  (3) 

Divide  (3)  by  3,  z=  li±^.  (4) 

75  4- 10 1/ 
Substitute  the  value  of  x  in  (2),  — - — ^  -  9y  =  8. 

o 

Multiply  by  3,  75  +  10  y  -  27  y  =  24. 

Transpose  and  combine,  —  17  y  =  —  51. 

.*.  y  =  3. 

15+6 


Substitute  the  value  of  y  in  (4),  x  = 

.-.  X  =  7. 
Therefore,  x  =  7,  and  y  =  3. 


•> 


X-   3y  =  116l  (1) 

x-lt)y=  53/  (2) 


8.  Solve  10  X- 

3 
Transpose  (2),  3  x  =  53  + 10  y.         (3) 

Divide  (3)  by  3,  x  =  55±1^ .        (4) 

Substitute thevalue of  X in (1),  ^^"^^^^  -  3y  =  116. 

Multiply  by  3,  530  +  100  y  -  9  y  =  348. 

Transpose  and  combine,  91  y  =  — 182. 

.-.  y  =  -  2. 

Substitute  the  value  of  y  iu  (4),  x  =  -^— - —  • 

o 

.-.  X  =  11. 

Therefore,  x  =  11,  and  y  =  —  2. 
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4,  Solve  2x+    y  =  U\  (1) 

4x-9y  =  99j  (2) 

Transpoae  (1),  y  =  11  -  2  x.  (3) 

Substitute  the  value  of  y  in  (2),  4x  -  99  +  18a;  =  99. 
Transpose  and  combine,  22  x  —  198. 

Substitute  the  value  of  x  in  (3),  y  =  11  — 18. 

Therefore,  x  =  9,  and  y  =  —  7. 

^  Solve  3x-      y=      16 1  (1) 

5x-12y  =  -26j  (2) 

Transpose  (1),  y  =  3x-16.  (3) 

Substitute  the  value  of  y  in  (2),  6  x  -  36  x  +  192  =  -  26. 
Transpose  and  combine,  —  31  x  =  —  217. 

.-.  x  =  7. 
Substitute  the  value  of  x  in  (3),  y  =  21  -  16. 


Therefore,  x  =  7,  and  y  =  6. 


.«.  y  =  5. 


6^  Solve  7x^2y=   91 1  (1) 

2x  +  6y  =  143j  (2) 

Transpose  (1),  2y  =  7x-91.      '     (3) 

7x  —  91 
Divide  (3)  by  2,  y  =  — (4) 

3,5  a.  _  455 
Substitute  the  value  of  y  in  (2),  2  x  + =  143. 

Multiply  by  2,  4  x  +  36  x  -  456  =  286. 

Transpose  and  combine,  39  x  =  741. 

.-.  X  =  19. 

133  —  91 
Substitute  the  value  of  x  in  (4),  y  = 

*.  v  =  21. 
Therefore,  x  =  19,  and  y  =  21. 

7.  Solve  2x  +  17y  =  6l1  (1) 

8x-      y  =  37j  (2) 

Transpose  (1),  2  x  =  61  - 17  y.        (3) 

Divide  (3)  by  2,  x  = -— ^  •        (4) 

Substitute  the  value  of  x  in  (2),  244  -  68  y  -  y  =  37. 

Transpose  and  combine,  —  69  y  =  —  207. 

.'.  y  =  3. 

.     .     ..V                                  61-61 
Substitute  the  value  of  y  m  (4),  x  =  — 

,*.  X  =  6. 
Therefore,  x  =  6,  and  y  =  3. 
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8.  Solve  9x- 

llxH 
Transpose  (1), 

Divide  (8)  by  9, 

Substitute  the  value  of  x  in  (2),  ^^+^^y  +  12  y  =  1 19. 

Multiply  by  9,  164  +  164  y  +  108  y  =  1071. 

Transpose  and  combine)  262  y  =  917. 

.-.  y  =  8J. 

Substitute  the  value  of  y  in  (4),  x  =  11_±J? 


4y=   14 

(1) 

2y  =  119J 

(2) 

9x  =  14+14y. 

(3) 

^      14  +  14y 

X  = -' 

9 

(4) 

Therefore,  x  =  7,  and  y  =  8 J. 


.*.  X  =  7. 


»•  Solve  8x  +  3y  =  118l  (l) 

4x  +  7y=   29J  (2) 

Transpose  (2),  4  x  =  29  -  7  y.  (3) 

Divide  (8)  by  4,  x  =  ?^Jz2l .  (4) 

4 
Substitute  the  value  of  x  in  (1),  68  -  14y  +  3y  =  113. 

Transpose  and  combine,  — 11  y  =  66. 

.*.  y  =  —  6. 

Substitute  the  value  of  y  in  (4),  x  =  ?L±_?5 . 

4 
.-.  X  =  16. 
Therefore,  x  =  16,  and  y  =  —  6. 

10.  Solve  2x-9y=   Ol  (1) 

6x  +  4y  =  68j  (2) 

Transpose  (1),  2  x  =  6  +  9  y.  (3) 


Divide  (3)  by  2,  x  =  ^All 

Substitute  the  value  of  x  in  (2),  ^^"^^^^  +  4 y  =  68. 

Multiply  by  2,  30  +  46  y  +  8  y  =  136. 

Transpose  and  combine,  63  y  =  106. 

.-.  y  =  2. 

ft  _i     1Q 

Substitute  the  value  of  y  in  (4),  x  =  — ^ 

.'.  X  =  12. 
Therefore,  x  =  12,  and  y  =  2. 


(4) 
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11.  Solve                                               3y-2x  =  80'l  (1) 

2y-6x  =  42j  (2) 

Transpose  (2),                                                   2  y  =  42  +  6  x.  (3) 

Divide  (3)  by  2,                                                 ^^42-f  5x^  ^^^ 

126  + 15  X 

Substitute  the  value  of  y  in  (1), 2  x  =  30. 

J* 

Multiply  by  2,  126  +  15  x  -  4  x  =  60. 

Transpose  and  combine,  11  x  =  —  66. 

.-.  x  =  — 6. 

Substitute  the  value  of  x  in  (4),  y  =  — 

.-.  y  =  6. 
Therefore,  x  =  —  6,  and  y  =  6. 


13.  Solve  5x  +  7y  =  125l  (1) 

7x-    y=    13J  (2) 

Transpose  (2),  y  =  7  x  - 13.  (3) 

Substitute  the  value  of  y  in  (1),  5x  +  49x  -  91  =  126. 
Transpose  and  combine,  54  x  =  216. 

.-.  X  =  4. 
Substitute  the  value  of  x  in  (3),  |^  =  28  - 13. 


Therefore,  x  =  4,  and  ^  =  15. 


.-.  y  =  15. 


18.  Solve  Sx-{-Sy  =  n\  (1) 

2x  +  3y  =  3l/  (2) 

Transpose  (2),  2  x  =  31  -  3  y.  (3) 

Divide  (3)  by  2,  x  =  ^Llll .  (4) 

iS 

93  —  9i/ 
Substitute  the  value  of  x  in  (1), +  8  y  =  71. 

Multiply  by  2,  93  -  9  y  +  16  y  =  142. 

Transpose  and  combine,  7  y  =  49. 

.-.  y  =  7. 

31  —  21 
Substitute  the  value  of  y  in  (4),  x  =  — - —  • 

.'.  X  =  5. 
Therefore,  x  =  5,  and  y  =  7. 
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14.  Solve  5x-8y  =  271  (1) 

7y-3x  =  16J  (2) 

Transpose  (1),  5  x  =  27  +  3  y.  (3) 

Divide  (3)  by  5,  ^^27  +  3y  ^^^ 

o 

81  +  9i/ 

Substitute  the  value  of  x  in  (2),    7  y —  =16. 

6 

Multiply  by  6,  35y  -  81  -  9y  =  76. 

Transpose  and  combine,  26^  =  156. 

.-.  y  =  6. 

27  +  18 
Substitute  the  value  of  y  in  (4),  x  = 


Therefore,  x  =  9,  and  y  =  6. 


5 
•*•  X  ^  ». 


16.  Solve  7x-4y=    261  (1) 

12x+7y  =  197J  (2) 

Transpose  (1),  4y=7x-26.  (3) 

Divide  (3)  by  4,  y  =  — (4) 

49  X  — 182 

Substitute  the  value  of  y  in  (2),  12  x  + =  197. 

4 

Multiply  by  4,  48  x  +  49  x  - 182  =  788. 

Transpose  and  combine,  97  x  =  970. 

.-.  X  =  10. 

70  -  26 

Substitute  the  value  of  x  in  (4),  y  =  — 

4 

.-.  y  =  11. 

Therefore,  x  =  10,  and  y  =  11. 

16.  Solve  19x-    5y=    36|  (1) 

12x  +  25y  =  248j  (2) 

Transpose  (1),  5  y  =  19  x  -  36.  .       (3) 

19X-36 
Divide  (3)  by  5,  y  = r (4) 

Substitute  the  value  of  y  in  (2),  12  x  +  95x  -  180  =  248. 

Transpose  and  combine,  107  x  =  428. 

.-.  X  =  4. 

76-36 
Substitute  the  value  of  x  in  (4),  y  =  — - — 

o 

.-.  y  =  8. 
Therefore,  x  =  4,  and  y  =  8. 
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Eliminate  by  comparison. 

;  l^olve  2x  -6y  =   8l 

-^  3x-7y=13J 


(1) 
(2) 
Transpose  (1),  2x  =  8  +  5y.  (8) 

Transpose  (2),  3 x  =  13  +  7  y.  (4) 

Divide  (3)  by  2,  a  =  ?-±J^ .  (5) 

Divide  (4)  by  3,  x  =  l^±Zj? .  (6) 


Equate  the  values  of  x, 


8  +  6y      13  +  7y 


2  3 

Multiply  by  6,  24  +  15  y  =  26  +  14  y. 

Transpose  and  combine,  y  =  2. 

Substitute  the  value  of  y  in  (5),  x  = 

•'.  X  ^^  If. 

Therefore,  x  =  9,  and  y  =  2. 


3.  Solve 
/ 


9x-2y  =  69'l  (1) 

7x-3y  =  32j  (2) 

Transpose  (1),  2  y  =  9  x  -  69.  (3) 

Transpose  (2),  3  y  =  7  x  -  32.  (4) 

9x  —  69 

Divide  (3)  by  2,  y  = (6) 

Divide  (4)  by  3,  y  =  - — — ^  •  (6) 


Equate  the  values  of  y, 


3 
9x-69      7x-32 


2  3 

Multiply  by  6,  27  x  -  207  =  14  x  -  64. 

Transpose  and  combine,  13  x  =  143. 

.*.  X  =  11. 

99  —  69 
Substitute  the  value  of  x  in  (5),  y  = . 

.*.  y  ^  15. 
Therefore,  x  =  11,  and  y  =  15. 

8.  Solve  5x  +  7y  =  70l  (1) 

3x  +  8y  =  61J  (2) 

Transpose  (1),  5x=:70-7y.  (3) 
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Transpose  (2), 

3x  =  61  -8y. 

W 

Divide  (3)  by  5, 

' 

70 -7y 
^=       5       • 

(•^) 

Divide  (4)  by  3, 

61 -8y 
^=       3       • 

(0) 

Equate  the  values  of  x, 

70 

-7y      61-8y 
5                 3 

Multiply  by  16, 

210- 

-21y  =  305-40y. 

Transpose  and  combine, 

19y  =  95. 
/.  y  =  5. 

Substitute  the  value  of  y 

in  (5), 

70-35 

x  = 

5 

.-.  x  =  7. 

Therefore,  x  =  7,  and  y  - 

=  5. 

4.  Solve 

4x- 

-lly  =  -32]^ 
h    9y=     60/ 

(1) 

8xH 

(2) 

Transpose  (1), 

4x  =  lly-32. 

(3) 

Transpose  (2), 

8x  =  60-9y. 

(4) 

Divide  (3)  by  4, 

lly-32 

(6> 

Divide  (4)  by  8, 

60 -9y 

^=        8       • 

(6) 

Equate  the  values  of  x, 

11  y 

-32      60 -9y 
4                  8 

Multiply  by  8, 

22  y 

-64  =  60-9y. 

Transpose  and  combine, 

31  y  =  124. 
.-.  y  =  4. 

Substitute  the  value  of  y 

in  (5), 

44-32 
.-.  X  =  3. 

Therefore,  x  =  3,  and  y  - 

=  4. 

5.  Solve 

15x 

+  4y=   Z\ 
-7y  =  3lJ 

(1) 

10  X 

(2) 

Transpose  (1), 

15x  =  3-4y. 

(3) 

Transpose  (2), 

10x  =  31  +  7y. 

(4) 

Divide  (3)  by  15, 

rr      3-4y 

X  = • 

16 

(5) 

Divide  (4)  by  10, 

81  +  7» 

(«) 
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31  +  7y      3-4y 


10 

15 

93  +  21y  = 

6-8y. 

292/  = 

-87. 

.-.  y  = 

-3. 

rr  = 

31-21 

Equate  the  values  of  x, 

Multiply  by  30, 
Transpose  and  combine, 


Substitute  the  value  of  y  in  (6), 

.*.  a  =  1 . 
Therefore,  x  =  1,  and  y  =  —  3. 

6.  Solve  6x  +  72/  =  -80l  (1) 

9x-6y=       4  J  (2) 

Transpose  (1),  6  x  =  -  80  -  7  y.  (3) 

Transpose  (2),  9  x  =  5  y  +  4.  (4) 

Divide  (3)  by  6,  x  =  "^^""^^ •  (5) 

Divide  (4)  by  9,  x  =  ^l^±i .  (6) 


Equate  the  values  of  x, 


5y  +  4       -80-7y 


9  6 

Multiply  by  18,  10  y  +  8  =  -  240  -  21  y. 

Transpose  and  combine,  31  y  =  —  248. 

.-.  y  =  —  8. 

-40  +  4 
Substitute  the  value  of  y  in  (6),  x  = 

.'.  X  =  —  4. 
Therefore,  x  =  —  4,  and  y  =  —  8. 

7.  Solve  17x-6y  =  43]^  (1) 

13x-9y=    2  J  (2) 

Transpose  (1),  6  y  =  17  x  -  43.  (3) 

Transpose  (2),  9  y  =  13  x  -  2.  (4) 

17  J*  — 43 
Divide  (3)  by  6,  y  =  —^ (5) 


6 

13 

X  - 

2 

9 

13 

X  — 

2 

Divide  (4)  by  9,  V  =  ^i W 

^       .    .^        ,         ^                   17X-43 
Equate  the  values  of  y, 

Multiply  by  18,  61  x  -  129  =  26  x  -  4. 

Transpose  and  combine,  25  x  =  125. 

.'.  X  =  5. 


316  ELEMENTARY  ALGEBRA 

65  —  2 
Substitute  the  value  of  x  in  (6),  y  =  — - — 

v 

.-.  y  =  7. 
Therefore,  x  =  6,  and  y  =  7. 


8.  Solve 


llx  +  4y=56|  (1) 

6x-6y=    2  J  (2) 


Ti-anspoae  (1),  4  y  =  56  - 1 1  x.  (3) 

Transpose  (2),  6  y  =  5  x  -  2.  (4) 

Divide  (3)  by  4,  y  =  ^~/^^ .  (6) 

4 

Divide  (4)  by  6,  y  =  ^^"^ .  (6) 


6 
5x-2      56-llx 


6 

4 

10 

x-4 

=  168-33x 

43  X 

=  172. 

.-.  X 

=  4. 

y 
••  y 

20-2 

6 
=  3. 

Equate  the  values  of  y, 

Multiply  by  12, 
Transpose  and  combine, 


Substitute  the  value  of  x  in  (6), 
Therefore,  x  =  4,  and  y  =  3. 

9.  Solve  14x-17y  =  38]^  (1) 

21x-19y  =  96j  (2) 

Transpose  (1),  14  x  =  17  y  -f  38.  (3) 

Transpose  (2),  21  x  =  19  y  +  96.  (4) 

Divide  (3)  by  14,  x  =  —^ (6) 

14 

Divide  (4)  by  21,  x=^^^J"^.  (6) 


Equate  the  values  of  x, 


17y  +  38      19y  +  96 


14  21 

Multiply  by  42,  51  y  +  1 14  =  38  y  +  192. 

Transpose  and  combine,  13  y  =  78. 

.-.  y  =  6. 

102  +  38 

Substitute  the  value  of  y  in  (5),  x  =  — — 

14 

.-.  X  =  10. 

Therefore,  x  =  10,  and  y  =  6. 
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10.  Solve  9x-15y=    30|  (1) 

14x  +  25y  =  385j  (2) 

Transpose  (1),  15  y  =  9  x  -  30.  (3) 

Transpose  (2),  25  y  =  386  - 14  x.  (4) 

o /» in 

Divide  (3)  by  15,  y  =  — — — .  (5) 

5 

•»^.      .J         ,Ay.    1  r^f  385   14X  .^v 

Divide  (4)  by  25,  y  = — (6) 

25 

_       ^    ^,         ,  .  3X-10      385 -14x 

Equate  the  values  of  y,  = 

^  *  5  25 

Multiply  by  25,  15  x  -  50  =  385  -  14  x. 

Trstnspose  and  combine,  29  x  =  435. 

.-.  X  =  15. 

Substitute  the  value  of  x  in  (5),  y  = 

5 

.-.  y  =  7. 
Therefore,  x  =  15,  and  y  =  7. 

11.  Solve  12x-   7y  =  59l  (1) 

9x-13y  =  83j  (2) 

TranJBpose  (1),  12  x  =  59  +  7  y.  (3) 

Transpose  (2),  9x  =  83  + 13 y .  (4) 

59  4-71/ 
Divide  (3)  by  12,  x  =  — ^—^  •  (5) 

Divide  (4)  by  9,  x  =  ^^  "^^^  ^ .  (6) 


Equate  the  values  of  x. 


83  +  13y      59  +  7y 


9  12 

Multiply  by  36,  332  +  52  y  =  177  +  21  y. 

Transpose  and  combine,  31  y  =  —  155. 

.'.  y  =  —  5. 

Substitute  the  value  of  y  in  (6),  x  =  — 

.-.  X  =  2. 
Therefore,  x  =  2,  and  y  =  —  5. 

13.     Solve  4x  +  9y  =  56|     ,  (1) 

6x  +  5y  =  50j  (2) 

Transpose  (1),  4  x  =  56  -  9  y.  (3) 

Transpose  (2),  6  x  =  50  -  5  y.  (4) 
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Divide  (3)  by  4,  x  =        ^  ^ .  '  (6) 

4 

Divide  (4)  by  6,  x  =  ^~^^  •  (6) 

6 


Equate  the  values  of  x, 


60 -5y      60 -9y 


6  4 

Multiply  by  12,  100  -  10  y  =  168  -  2V  y. 

Transpose  and  combine,  17 1^  =  68. 

/.  y  =  4. 

56  —  36 

Substitute  the  value  of  y  in  (6),  x  =  - — 

4 

.-.  X  =  6. 
Therefore,  x  =  6,  and  y  =  4. 

13.  Solve  18x  +  13y=    74|  (1) 

12x-   7y  =  112;  (2) 

Transpose  (1),  18  x  =  74  - 13  y.  (3) 

Transpose  (2),  12  x  =:  1 1 2  -F  7  y.  (4) 

Divide  (3)  by  18,  x  =  ^-^-~ J  ^  ^^  •  (5) 

112  4-7 V 
Divide  (4)  by  12,  x  =  -    ;-  ^ .  (6) 


Equate  the  values  of  x. 


112 +7  y     74-13jy 


12  18 

Multiply  by  36,  336  +  21  y  =  148  -  26  y. 

Transpose  and  combine,  47  y  =  —  188. 

.-.  y  =  —  4. 

IJ2 28 

Substitute  the  value  of  y  in  (6),  x  =  — 

.   x  =  7. 
Therefore,  x  =  7,  and  y  =  —  4. 

14.  Solve  16x-5y=    401  (1) 

12x  +  7y  =  116j  (2) 

Transpose  (1),  16  x  =  40  +  6  y.  (3) 

Transpose  (2),  12  x  =  1 16  -  7  y.  (4) 

40  +  6y 
Divide  (3)  by  16,  x  =  — ^—-^ .  (5) 

16 

Divide  (4)  by  12,  x  =  -^-lill,  (6) 

La 


Equate  the  values  of  x. 


40  +  6y  _116-7y 
"16       ~        12 
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Multiply  by  48,  120  +  I6y  =  46i  -  2Sy. 

Transpose  and  combine,  43  y  =  344. 

.-.  y  =  8. 

Substitute  the  value  of  y  in  (6)"  x  =  H^-H^. 

12 

Therefore,  x  =  6,  and  y  =  8.  '*  *  "^  ^* 


16.  Solve  3x-fl4y  =  126l  (1) 

19x-21y=   24/    '  (2) 

Transpose  (1),  •  14  y  =  126  -  3  x.  (3) 

Transpose  (2),  21y  =  19x-24.  (4) 

Divide  (3)  by  14,  .  y  =  ^^^-^^ . 

14 


Divide  (4)  by  21,  y  =  ^^^-^^ 

21 


Equate  the  values  of  y, 


19X-24      125 -3x 


Transpose  (1),  33  y  =  42  -  41  x. 

Transpose  (2),  22  y  =  17  -  31  x. 


Divide  (3)  by  33, 


(6) 
(6) 


21  14 

Multiply  by  42,  38  x  -  48  =  375  -  9  x. 

Transpose  and  combine,  47  x  =  423, 

.*.  X  ^  y. 

Substitute  the  value  of  x  in  (5),  y  =  '^^^-^'^ . 

14 

Therefore,  x  =  9,  and  y  =  7.  •*•  ^  =  7. 

16.  Solve  41x  +  33y  =  42l 

31x  +  22y=17J  (2) 

(3) 


(1) 


(4) 


42-41X 


'Divide  (4)  by  22,  ^^17-31x  ^^^ 

Equate  the  values  of  y,  ^^-^^x  ^  17-31x 

33  22       * 

Multiply  by  66,  84  -  82  x  =  61  -  93  x. 

Transpose  and  combine,  11  x  =  —  33. 

•*•   X  i^  —  o. 

Substitute  the  value  of  x  in  (6),  y  =  ^^  "^  ^^ . 

22 

Therefore,  x  =  -  3,  and  y  =  5.  '*  ^  "^  ^' 
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ExarclBe  73.    Page  176 


y.  Solve 


Multiply  (1)  by  12, 
Multiply  (2)  by.  24, 
Multiply  (3)  by  3, 
Multiply  (4)  by  2, 
Add  (5)  and  (0), 

Substitute  the  value  of  x  in  (3), 
Transpose  and  combine, 

Therefore,  x  =  6,  and  y  =  12. 

Solve 


X     y 

4      6 

x_y 

3      8 

Sx  +  2y 

Sx-Sy 

9x  +  6y 

lQx-6y 

25  X 

.-.  X 

18  +  23/ 

2y 

•••  y 


X      V 
4      4 


^7 

""2 
1 

~2 
=  42. 
=  12. 
=  1.26. 
=  24. 
=  160. 
=  6. 
=  42. 
=  24. 
=  12. 

=  14 


X 

3 


y_ 

G 


Multiply  (1)  by  4, 
Multiply  (2)  by  6, 
Add  (3)  and  (4), 

Substitute  the  value  of  x  in  (3), 
Transpose  and  combine. 
Therefore,  x  =  21,  and  y  =  36. 

3.  Solve 


x  +  2/ 

2x  -  2/ 

3x 

.-.  X 

21 +y 

y 

x-4 
x-3 

x-f  5 


7 

66. 

7. 

63. 

21. 

56. 

35. 


y  +  41 
y +  7 


r 


^y-1 

Multiply  (1)  by  (a;  -  3)  (y  +  7), 

xy  +  7a6  —  4y  —  28  =  a;i/  +  4x  —  3y 
Multiply  (2)  by  (a;  +  2)  (y  -  2), 

xy  —  2x+  6y  —  10 
Simplify  (3),  3x-j/ 

Simplify  (4),  i  —  3y 

Subtract  (6)  from  (5),  2  x  +  2  y 

Divide  (7)  by  2,  x  +  y 

Add  (5)  and  (8),  4x 


(1) 
(2) 

(3) 
(4) 
(5) 

(6) 


(1) 
(2) 

(3) 
(4) 


xy  -x  +  2y — 

16. 

-8. 

24. 

12. 

28. 


(1) 
(2) 

-12.   (3) 
2. 


(4) 
(6) 
(6) 
(7) 
(8) 
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.-.  X  =  7. 
Subtract  (6)  from  (8),  4  y  =  20. 

r^^      ^  ^        ■.         ^  .-.  y  =  6. 

Therefore,  x  =  7,  and  y  =  6. 

A    c  1  2(5 -llx)  ,  11 -7y      A 

4.  Solve  — ^ H ~  =  5  (1) 

ll(x-l)         S-y  .  ^  ^ 

7-h2x      125-144y^^r 

3  -  X         36  (y  +  5)         J 
Multiply  (1)  by  11  (X  -  1)  (3  -  y), 

30  -  66x  -  lOy  +  22xy  +  121  x  -  77x3/  -  121  +  77  y 

=  166  X  -  165  -  55  xy  +  55  y.  (3) 

Multiply  (2)  by  36  (3  -  x)  (y  +  5), 
252y  +  72 xy  +  1260  +  360x  -  375  -f  432y  +  125x  -  144 xy 

=  216y  +  1080-72xy-360x.  (1) 

Simplify  (3),  .  55  x  -  6  y  =  37.  (5) 

Simplify  (4),  66  x  +  36  y  =  15.  (6) 

Multiply  (5)  by  6,  330  x  -  36  y  =  222.  (7) 

Add  (6)  and  (7),  395  x  =  237. 

.     3.  _   2  3  7  —  3 

•  •  *  —  sot  —  3* 
Substitute  the  value  of  x  in  (6),   33  -  6  y  =  37. 

Transpose  and  combine,  6  y  =  —  4. 


Therefore,  x  =  |,  and  y  =  —  |. 


y  =  -i' 


0) 
(2) 


K    c  1                                                2y-x      „^      2x-  69 
6.  Solve  X =  20H 

23  -  X  2 

y_iLzl  =  30-!ill^ 
x-18  3 

Transpose  (1),  x  -  20  -  ^^~^^  =  ^^~^..  (3) 

Transpose  (2),  y  _  30  +  ^^^  =  |5^.  (4) 

Simplify  (3),  ?  =  ||5|-  (^) 

Simplify  (4),  _1^  =  |^.  (6) 

Multiply  (5)  by  2 (23  -  x),  437  -  19 x  =  4  y  -  2  x.  (7) 

Multiply  (6)  by  3  (X  -  18),  -  1 7  x  +  306  =  3  y  -  9.  (8) 

Simplify  (7),  17  x  +  4  y  =  437.  (9) 

Simplify  (8),  17  x  +  3  y  =  315.  (10) 
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Subtract  (10)  from  (9),                             y  =  122. 

Substitute  the  value  of  y  in  (10), 

17x4-366  =  315. 

Transpose  and  combine,                       17  x  —  —  51. 

.-.  X  =  -  3. 

Therefore,  x  =  -  3,  and  y  =  122. 

fl     OT                                            7-6x        4-3x 

6.   Solve                                     = 

lOy-19      5y-ll 

^ 

(1) 

6x-10y-17      4x-14y 

-5 

(2) 

3x-5i/  +  2       2x-7y-4 

-12  J 

Multiply  (1)  by  (10 y  -  19)  (5y  -  11), 

35y  -  77  -  30 xy  +  66x  =  iOy  -  76  -  30 xy  4-  57 x. 
Multiply  (2)  by  (3x  -  5y  4-  2) (2x  -  7 y  4- 12), 

12x2  -  62 xy  4-  38x  4-  70 y^  -  y  -  204 

=  12x2  -  62 xy  -  7x  4-  70y2  -  3y  -  10. 

Simplify  (3),  9x-5y  =  l. 

Simplify  (4),  45x  4-  2  y  =  194. 

Multiply  (6)  by  6,  45  x  -  25  y  =  5. 

Subtract  (7)  from  (6),  27  y  =  189. 

.-.  y  =  7. 

Substitute  the  value  of  y  in  (5),  9x  —  35  =  1. 

Transpose  and  combine,  9  x  =  36. 

.-.  X  =  4. 
Therefore,  x  =  4,  and  y  =  7. 


(3) 


(4) 
(S) 
(6) 
(7) 


7.   Solve 

^  +  ^  +  X=:15l 

3 

X  —  y 

__5^  +  y=    6 

5                        J 

Multiply  (1)  by  3, 

X  4-  y  4-  3  X  =  45. 

Multiply  (2)  by  5, 

x-y  4-  5y  =  30. 

Simplify  (3), 

4  X  4-  y  =  45. 

Simplify  (4), 

X  4-  4  y  =  30. 

Add  (5)  and  (6), 

5x  4-  5y  =  75. 

Divide  (7)  by  5, 

x  +  y  =  15. 

Subtract  (8)  from 

(6). 

3x  =  30. 
.-.  X  =  10. 

Subtract  (8)  from 

(6), 

3y  =  15. 

• 

.'.  y  =  5. 

0) 

(2) 

<3) 
(4) 
(6) 
(6) 

(7) 
(8) 


Therefore,  x  =  10,  and  y  =  5. 
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8.   Solve 


x  +  2y 

7 


3x-2 
Multiply (1) by (x+2y)(2a;+2/),  lOx  +  Sy 
Multiply  (2)  by  (Sx  -  2)  (6  -  y),  42 -7y 
Simplify  (3),  x 

Simplify  (4),  lbx  +  7y 

Substitute  in  (6)  the  value  of  x  from  (5), 

45y +  7y 
Combine,  52  y 

.-.  y 

Substitute  the  value  of  y  in  (6),  x 

Therefore,  x  =  3,  and  y  =  1. 


2x-|-  2^ 

6 
Q-y 
7x  +  14  y. 
15  X  - 10. 
3y. 
62. 

52. 
52. 
1. 
3. 


9.   Solve 


8x-2_  3y-f7  ^ 

5x-  1  ~  5y  +  16 
3x-l      6y-5 


x-l-  5       2y +  3 
Multiply  (1)  by  (5x  -  1)  (5y  +  16), 

15xy  -  lOy  -|-  48x  -  32  =  15xy  +  36x  -  3y  -  7. 
Multiply  (2)  by  (x  -f  5)  (2  y  +  3), 

6x3/  +  9x-2y-3  =  6zy  +  SOy  -  5x  -  25. 


(1) 

(2) 

(3) 
(4) 

(S) 
(6) 


Simplify  (3), 
Simplify  (4), 
Multiply  (6)  by  7, 
Multiply  (6)  by  13, 
Subtract  (8)  from  (7), 


13x-7y  =  25; 
7x-16y  =  -ll. 
91x-49y  =  175. 
91x- 2083/  = -143. 
1593/ =  318. 


(1) 
(2) 

(3) 

(4) 
(6) 
(6) 
(7) 
(8) 


.-.  y  =  2. 
Substitute  the  value  of  3/  in  (6),  7  x  -  32  =  -  11. 
Transpose  and  combine,  7  x  =  21. 

.*.  X  ^  o. 

Therefore,  x  =  3,  and  y  =  2. 


10.   Solve 


x-\-y      x-y 


8 
x  +  y 


6 
x-y 


4  3 

Multiply  (1)  by  24,    Zx -\- Sy  +  4x  -  4y 
Multiply  (2)  by  12,   Sx  +  Sy  -  4x -\-4y 


=  10 


120. 
120. 


(1) 

(2) 

(3) 
(4) 
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Simplify  (3),  7  x  -  y  =  120.                               (6) 

Simplify  (4),  7  y  -  ar  =  120.                              (6) 

Add  (6)  and  (6),  6 x  +  6  y  =  240.                              (7) 

Divide  (7)  by  6,  x  +  y  =  40.                               (8) 

Add  (6)  and  (8),  8x  =  100. 

.-.  X  =  20. 

Add  (6)  and  (8),  8  y  =  100. 

.-.  y  =  20. 
Therefore,  x  =  20,  and  y  =  20. 


-i-i     o  1                                 x  +  3y  +  13 
11.   Solve  ^^— ^ =  3 


4  X  +  5  y  —  25 
8x  +  y  +  6 


=  5 


(1) 


5x  +  3y-23 

Multiply  (1) by  4 X  +  6y  -  26,  x  +  3y  +  13  =  12x  +  16y  -  75.  (3) 
Multiply(2)by5x  +  3y-23,  8x  +  y-f  6  =  25x  +  15y  -  115.  (4) 
Simplify  (3),  11  x  +  12  y  =  88.  (6) 

Simplify  (4),  17  x  +  14  y  =  121.  (6) 

Multiply  (5)  by  7,  77  x  +  84  y  =  616.  (7) 

Multiply  (6)  by  6,  102  x  +  84y  =  726.  (8) 

Subtract  (7)  from  (8),  25  x  =  110. 

.-.  X  =  4|. 
Substitute  the  value  of  x  in  (5),  ^f^  +  12  y.=  88. 
Multiply  by  5,  242  +  60  y  =  440. 

Transpose  and  combine,  60  y  =  198. 

.-.  y  =  3^. 
Therefore,  x  =  4|,  and  y  =  Sj'^j. 


12.   Solve  9x-7y-f73    ^^ 

13x-15y+17 
12x-2y +  89 


3 


(1) 
(2) 


13x-15y+  17 
Multiply  (1)  by  13x  -  15y  +  17, 

9x  -  7y  +  73  =  26x  -  30y  +  34.        (3) 
Multiply  (2)  by  13  X  -  15  y  +  17, 

12x  -  2y  +  89  =  39x  -  45y  +  51.        (4) 
Simplify  (3),  17  x  -  23  y  =  39.  (5) 

Simplify  (4),  27  x  -  43  y  =  38.  (6) 

Multiply  (5)  by  27,  459  x  -  621  y  =  1053.  (7) 

Multiply  (6)  by  17,  459  x  -  731  y  =  646.  (8) 

Subtract  (8)  from  (7),  110  y  =  407. 
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.-.  y  =  3jV 
Substitute  the  value  of  y  in  (5),  17  x  -  W  =  39. 
MulUplybylO,  170»  -  861  =  390. 

Transpose  and  combine,  170  x  =  1241. 

Therefore,  x  =  7f^,  and  y  =  3^^. 

18.    Solve  2-f  ^^~^^  =  4y-3x  1  (1) 

12  +  !^  =  2j,  +  ^^j  (2) 

Multiply  (1)  by  13,  26  +  5  x  -  6  y  =  62  y  -  39  x.  (3) 

Multiply  (2)  by  12,         144  +  10  x  -  12  y  =  24  y  +  9  x  -  6  y.         (4) 
Simplify  (3),  22  x  -  29  y  =  -  13.  (6) 

Simplify  (4),  x  -  30  y  =  -  144.  (6) 

Multiply  (6)  by  22,  22  x  -  660  y  =  -  3168.  (7) 

Subtract  (7)  from  (6),  631  y  =  3166. 

.-.  y  =  5. 
Substitute  the  value  of  y  in  (6),    x  —  150  =  —  144. 
Transpose  and  combine,  x  =  6. 

Therefore,  x  =  6,  and  y  =  6. 

14.   Solve    3X-4I/  +  2      7x-2y  +  7^3l 

3  6  I  ^ 

6g  +  y-7  ,  6x  +  3y-}-4         f 

11 -^ 13 =  'J  <') 

Multiply  (1)  by  15, 

16x  -  20y  H- 10  H-  21 X  -  6y  H-  21  =  45.  (3) 

Multiply  (2)  by  143, 

78x  +  13y  -  91  +  55x  4-  33y  +  44  =  715.  (4) 

Simplify  (3),  18  x  -  13  y  =  7.  (5) 

Simplify  (4),  133  x  +  46  y  =  762.  (6) 

Multiply  (5)  by  46,  828  x  -  598  y  =  322.  (7) 

Multiply  (6)  by  13,  1729  x  +  598  y  =  9906.  (8) 

Add  (7)  and  (8),  2667  x  =  10228. 

.-.  X  =  4. 
Substitute  the  value  of  x  in  (6),  72  — 13  y  =  7. 
Transpose  and  combine,  13  y  =  65. 

.-.  y  =  6. 
Therefore,  x  =  4,  and  y  =  6. 
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15.   Solve 


6y  +  5_4x-5y  +  5_9y-4 
8  4x-2y     ~      12 

8X  +  3      x-9y^2x-2 


(1) 
(2) 


4  S-x 

Multiply  (1)  by  24, 

18y  +  15-'^«'-^'^  +  «"  =  18y-8.  (3) 

2z-y 

Multiply  (2)  by  4,      8 «  +  3  -  ^^^~^^^  =  8 x  -  8.  (4) 

3  —  X 

c-      T*    /Qx                                              oQ      48x-60yH-60  ^_,, 

Simplify  (3),  23  = (5)^ 

2  X  —  y 
Simplify  (4),  ii  =  l^p^y.  (6) 

O  —  X 

Multiply  (6)  by  2x  -  y,  46x  -  23y  =  48x  -  60y  +  60.         (7) 

Multiply  (6)  by  3  -  X,  33  -  llx  =  4x  -  36y.  (8) 

Simplify  (7),  2  x  -  37  y  =  -  60.  (9) 

Simplify  (8),  5  x  -  12  y  =  11.  (10) 

Multiply  (9)  by  6,  10  x  -  185  y  =  -  300.  (11) 

Multiply  (10)  by  2,  10  x  -  24  y  =  22.  (12) 

Subtract  (11)  from  (12),  161  y  =  322. 

.-.  y  =  2. 

Substitute  the  value  of  y  in  (9),  2  x  -  74  =  -  60. 

Transpose  and  combine,  2  x  =  14. 

.-.  X  =  7. 
Therefore,  x  =  7,  and  y  =  2. 

le.   Solve  4(4.fl6y)^16xy^l07  ^ 

3x-l  2x  +  5  I     ^  ' 

o  ,  «      .  n        27y2-12x2  +  38  [     ,^, 
2  +  6x  +  9y  =  — ^ ^ —       (2) 

3y~2x  +  l     J 

rw,  /.v  o         16xy-107      4(4  +  15y) 

Transpose  (1),  8y  - -^J^^= -^—J^.  (3) 

8implifytheleftmemberof(3),^^i^+H=i<i±2iJ?).  (4) 

^X-j-O  o  X  —  1 

Multiply  (4)  by  (2x  +  6)  (3x  -  1), 

120xy  +  321x  -  40y  -  107  =  32x  +  120xy  +  80  +  300y.       (5) 
Multiply  (2)  by  3y  -  2x  H- 1, 

2  +  2x  -f  15y  -  12x2  +  27 y2  =  27 y2  -  12x2  +  38.      (6) 

Simplify  (5),                             1 7  x  -  20  y  =  11.  (7) 

Simplify  (6),                                2  x  +  15  y  =  36.  (8) 

Multiply  (7)  by  3,                     61  x  -  60  y  =  33.  (9) 

Multiply  (8)  by  4,                       8  x  -f  60  y  =  144.  (10) 
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Add  (9)  and  (10),  59  a;  =  177. 

Substitute  the  value  of  x  in  (8),   6  +  15  y  =  36. 

Transpose  and  combine,  15  ^  =  30. 

.*   V  —  2- 
Therefore,  x  =  3,  and  y  =  2. 

--     oi                   2xy        15x  +  4y      5x2  +  4^2  4.106 
17.    Solve      X ^—  = + 


(1) 
(2) 

(3) 


2y-f  5       6y-2x       (x-3y)(2y  +  5)  ^ 

3  _  "^^  +  22^  ^  g  _  5y-f  9 

5x  3x 

Simplify  each  member  of  (1), 

2  xy  -}-  6x  -  2xy  _  lOx^  +  8yg  +  210  -  30xy  ~  8yg  -  75x  -  20y 

2y  +  5         "■  2(x-32/)(2yH-5) 

o.      ,.,    ,^.       5x  10x2 -30xy--75x-20yH- 210  ,,, 

Simplify  (3), = (4) 

•'^"22/ +  6  2(x-3y){2y  +  5)  ^' 

Multiply  (4)  by  2  (X  -  3  y)  (2  y  +  5), 

10x2  -  30xy  =  10x2  -  30xy  -  75x  -  20y  +  210.  (5) 

Simplify  (5),  15  x  +  4  y  =  42.  (6) 

Multiply  (2)  by  15  X,       45  x  -  21  x  -  6  y  =  75  x  -  25  y  -  45.        (7) 

Simplify  (7),  51  x  -  19  y  =  45.  (8) 

Multiply  (6)  by  19,  285  x  +  76  y  =  798.  (9) 

Multiply  (8)  by  4,  204  x  -  76  y  =  180.  (10) 

Add  (9)  and  (10),  489 x  =  978. 

.*.  X  ^  A. 

Substitute  the  value  of  x  in  (6),  30  +  4  y  =  42. 

Transpose  and  combine,  4  y  =  12.  « 

Therefore,  x  =  2,  and  y  =  3. 
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x-\-y  =  m'\ 
X  —  y  =  n  j 


1.   Solve  x  +  y  =  m\  (1) 

(2) 
Add  (1)  and  (2),  2  x  =  m  +  n. 

m  -\-  n 


.*.  x  = 

2 

Subtract  (2)  from  (1),  2  y  =  m  —  n. 

m  —  n 

Therefore,  x  = ,  and  y  = 
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+  y  =  5a-46|  (1) 

-y  =  4a-66J  (2) 


2.   Solve  X 

X 

Add  (1)  and  (2),  2x  =  9a  -  96. 

9a-96 

.-.  X  = 

2 

Subtract  (2)  from  (1),  2  y  =  a  +  6. 

a-\-b 

.■.y  =  -^- 

Therefore,  x  = »  and  y  = 

2  2 


8.   Solve  ox  -  6y  =  c  ^  (1) 

a'xH-6'y  =  c'J  (2) 

Multiply  (1)  by  a\  aa'x  —  a'by  =  a'c.  (3) 

Multiply  (2)  by  a,  aa'x  +  aft'y  =  ac'.  (4) 

Subtract  (3)  from  (4),  aJb'y  +  a'by  =  ac'—  a^c. 

Divide  by  a6'+ a'6,  y  =  -7z w 

dl/-\-  a'b 

Multiply  (1)  by  6',  ab'x  -  Wy  =  6'c.  (6) 

Multiply  (2)  by  6,  a'bx  +  Wy  =  6c'.  (6) 

Add  (6)  and  (6),  a6''x  +  a'6x  =  6c'H-6'c. 

6c'H-6'c 
Divide  by  ab'-\-  a'b,  x  = 


„,       ,  6c' +6^0         ,  ac^—ac 

Therefore,  x  = ;-»  and  y  =  —- - 

a6'+a'6  a6'+ a'6 


a6'H-  a'6 


+  6y  =  2a6      1  (1) 

-  6x  =  a3  -  62/  (2) 


4.   Solve    *  ax 

ay-bx  =  a^-I^)  (2) 

Multiply  (1)  by  6,  abx-\-b^  =  2  al^.  (3) 

Multiply  (2)  by  a,  ^  a6x  +  a^y  =  a«  -  a63.  (4) 

Add  (3)  and  (4),  a^y  +  62y  =  a^  +  a6a. 

Divide  by  a^  +  62,  y  =  a. 

Substitute  the  value  of  y  in  (1),    ax  +  a6  =  2  a6. 
Transpose  and  combine,  ox  =  a6. 

.-.  X  =  6. 
Therefore,  x  =  6,  and  y  =  a. 

6.    Solve  6x  +  ay  =  2  a6      ^  (1) 

a2x+62y  =  a8H-68/  (2) 

Multiply  (1)  by  a2,  a26x  +  a^y  =  2  a86.  (3) 

Multiply  (2)  by  6,  a26x  +  68y  =  a86  +  6*.  (4) 
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Subtract  (4)  from  (3),  a«y  -  6»y  =  a«b-b^,  (6) 

Divide  (6)  by  a^  -  68,  y  =  h. 

Substitute  the  value  of  y  in  (1),    bz-\-ab  =  2ab. 
Transpose  and  combine,  hx,  =  ab. 

.'.  X  =  a. 
Therefore,  x  =  a,  and  y  =  b. 

6.   Solve  b{x-c)  =  a(y  -c)^  (1) 

x-y=a-h      J  (2) 

Simplify  (1),  bx-ay  =  hc-  ac.  (3) 

Multiply  (2)  by  a,  ax  -  ay  =  a^  -  ab.  (4) 

Subtract  (3)  from  (4),  ax  —  bx  =  a^  -  ab —  be -^  ac.      (6) 

Divide  (6)  by  a  -  6,  x  =  a-\-  c. 

Substitute  the  value  of  x  in  (2),  a  +  c-y=a  —  b. 
Transpose  and  combine,  y  =  b-h  c. 

Therefore,  x  =  a  +  c,  and  y  =  6  +  c. 


7.   Solve  ax  +  by-4a  +  b^  (1) 

bx-hay  =  ^a-bj  (2) 

Multiply  (1)  by  6,  abx -^  b^  =  ^  ab -{■  62.  (3) 

Multiply  (2)  by  a,  abx -{■  a^  =  4  a^  -  ab.  (4) 

Subtract  (3)  from  (4),  a^  -  b^  =  4a^  -  bab  -  6^.  (5) 

4  a2  -  6  a6  -  62 

Divide  (5)  by  a^  -  62,  y  = — 

a2  —  62 

Multiply  (1)  by  a,  a^  +  a6y  =  4  a^  +  ab.  (6) 

Multiply  (2)  by  6,  62x  +  a6y  =  4  a6  -  62.  (7) 

Subtract  (7)  from  (6),  a2«  -  62x  =  4  a2  -  3  a6  +  62.  (8) 

4  a2  -  3  a6  +  62 
Divide  (8)  by  a2  -  62,  x  = — -^ — 

fl*  —  62 

^,      ^  4a2-3a6  +  62        ^  4a2-5a6-62 

Therefore,  x  = — — ■- »  and  y  = — .- 

a2-62  *^  a2-62 


8.   Solve 


ox  +  6y  =  a6c    1  (1) 

a'x  +  6'y  =  a'6rj  (2) 


Multiply  (1)  by  a%  aa'x -\-  a'by  =  aa'bc.  (3) 

Multiply  (2)  by  a,  aa'x  +  ab'y  =  aa'b'^.  (4) 

Subtract  (3)  from  (4),  oh'y  —  a*by  =  aa'b'cf—  aa'bc.  (5) 

Divide  (6)  by  al/  -  a%  y  =  --^^'^'~  ^^ . 

^  '    "^  a6'-  a'6 
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Multiply  (1)  by  b\  af/x  +  bt/y  =  aWc.  (6) 

Multiply  (2)  by  6,  oThx  -f  Wy  =  a'Wc\  (7) 

Subtract  (7)  from  (6),  dl/x  -  alxc  =  abb'c  -  a'Waf,  (8) 

Divide  (8)  by  oft'  -  a'ft,  x  =  ^(^  -  ^'^') . 

Therefore,  x  =  — ^^ ,  and  y  =  — ^ . 

ab'-a'b  (0/ -  a'h 

9.   Solve  (a  +  6)x-f  (a-&)y  =  2{a2  +  62)\  (1) 

(a  -  6)x  +  (a  +  6)y  =  2(a2  -  62)  J  (2) 

Add  (1)  and  (2),  2  ox  +  2  ay  =  4  a^.  (3) 

Divide  (3)  by  2  a,  x  +  y  =  2  a.  (4) 

Subtract  (2)  from  (1),  2  6x  -  2  6y  =  4  62.  (6) 

Divide  (5)  by  2  6,  x  -  y  =  2  6.  (6) 

Add  (4)  and  (6),  2x  =  2a  +  26. 

.-.  X  =  a  +  6. 
Subtract  (6)  from  (4),  2  y  =  2  a  -  2  6. 

.-.  y  =  a  —  6. 
Therefore,  x  =  a  +  6,  and  y  =  a  —  6. 


,«    c  ,  2(a2H-62) 

10.   Solve  X  +  2/  =  -^^ — ^-7T^ 

a2  -  62 

4a6 
x  —  y  — 


Add  (1)  and  (2),    2  x  = 


a2-62 

2(a2  +  2a6  +  62)_2(a  +  6) 

o2  -  62  ~    a  -  6 

a  +  6 
.-.  X  = 


Subtract  (2)  from  (1),      2y  = 


a  —  6 

2(a2-2a6  4-62)  _2(a-6) 

a2  -  62  ~    tt-f  6 

a  —  6 
.-.  y  = 


Therefore,  x  = -^  and  y 


a  +  6 


a  —  6  a  +  6 


11.   Solve  -^  =  a 


x  —  y  —  1 
x  +  y  +  1 


(1) 

(2) 

Multiply  (1)  by  X  -  3/  -  1,         x  -  y  +  1  =  ox  -  ay  -  a.  (3) 

Multiply  (2)  by  X  H-  y  -  1,         x  +  y  +  1  =  6x  +  6y  -  6.  (4) 


=  6 


(1) 
(2) 
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Simplify  (3),  (a -l)x  -  (a -l)y  =  a +  1.  (5) 

Simplify  (4),  (6  - 1)  x  +  {*  -  1)  2/  =  6  +  1.  (6) 

Multiply  (5)  by  6-1, 

(a  -  1){&  -  l)x  -  (a  -  1){6  -l)y  =  ab  +  b-a-l.  (7) 

Multiply  (6)  by  a  -  1, 

(a  -  1)  (6  -  l)x  +  (a  -  1)  (6  -  1)2/  =  a6  -  6  +  a  -  1.  (8) 

Subtract  (7)  from  (8),     2  (a  -  1)  (6  -  1)  y  =  2  (a  -  6). 

a  —  b 
.'.  y  = . 

(a-l)(6-l) 
Add  (7)  and  (8),  2 (a  -  1)  (6  -  l)x  =  2  a6  -  2. 

ab-1 


X  = 


(a-l)(6-l) 


r«^i.                     ab-1  ,  a  —  b 

Therefore,  x  = — - — — »  and  y  = 


12.   Solve 


(a-l)(6-l)  (a-l)(6-l) 

X  —  a-}-  c  _b 
y  —  a-\-b     c 

X  4-  c      a4-  6 


(1) 

(2) 
y  +  6      a  +  cJ 

Multiply  (1)  by  2/  -  a  +  6,     ex  -  ac -\- c^  =  by  -  ab -^  bf^.  (3) 

Multiply  (2)  by  (y  +  6)  (a  -f  c), 

ax  -\-  ex  +  ac  -\-  c^  =  ay  -\-  by  -\-  ab  -{-  b^.     (4) 

Simplify  (3),  ex -by  =  - ab +  b^  +  ac  -  c^.   (5) 

Simplify  (4),  ax  +  ex  —  ay  -  by  =  ab -\-b^  -  ac  -  e\      (6) 

Subtract  (6)  from  (6),  ax  -  ay  =  2ab  -  2a^.  (7) 

Divide  (7)  by  a,  x-y  =  2b-2c.  (8) 

Multiply  (8)  by  c,  cx-cyz=2bc-2 c^.  (9) 

Subtract  (5)  from  (9),       {b  -  e)y  =  ab -b^ -\-2be  -  ac  -  c^.      (10) 

Divide  (10)  by  B  -  c,  y  =  a  -  b  +  c. 

Substitute  the  vajue  of  y  in  (8), 

X  —  a-\-b  —  c  =  2b  —  2  c. 

Transpose  and  combine, '  x  =  a  H-  6  —  c. 

Therefore,  x  =  a  +  b  —  c,  and  y=:a  —  b-\-c. 

x  +  1      a  +  b  -\-  c 


18.   Solve 


y  -\-l      a  —  6  +  c 
X  —  1*   a  +  &  —  c 


(1) 

(2) 


y  —  1      a  —  6  —  c 
Multiply  (1)  by  (y  + 1)  (a  -  6  +  c), 

(a  -  6  4-  c)x  +  a  -  6  +  c  =  (a  +  6  +  c)2/  +  a  +  B  +  c.  (3) 

Multiply  (2)  by  (2/  -  1)  (a  -  6  -  c), 

(a  -  6  -  c)x  -  a  +  B  +  c  ==  (a  +  &  -  c)2/  -  a  -  &  +  c.  (4) 
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Simplify  (3),   (a  -  6  +  c)x  -  (a  +  &  +  c) y  =  2 6.  (5) 

Simplify  (4),   {a-b -c)z-{a-}-b-c)y  =  ~  2b.  (6) 

Subtract  (6)  from  (5),  2cx-2cy  =  4b.  (7) 

Divide  (7)  by  2  c,  a>  -  y  =  — .  (8) 

Transpose,  x  ±=  y  H (9) 

Substitute  the  value  of  x  in  (5), 

(a  -  6  +  c)y  -f  2&(«-&  +  c)  _  ^^  _^  J,  _j.  ^jj^  ^  2^ 

c 

r-      I.-  2b{a-b-\-c)      _.         _. 

Combme,  — ^ —  2by  =  2b. 

c 

Divide  by  2  6, y  =  1. 

Transpose,  y  = 1. 


y  = 


c 
a  —  6 


c 


Substitute  the  value  of  y  in  (9),  x  = 1 

c  c 

a  +  6 


X  = 


Therefore,  x  = »  and  y  = 


14.   Solve  -^—  +  -^  =  a  +  6 


a  +  6      a  —  6 


X      y      ^ 
-+^=2a 

a      6 


(1) 
(2) 


Multiply  (1)  by  (a  +  &)  (a  -  6), 

ttx  —  &x  +  ay  +  6y  =  a^  -I-  a26  —  a62  —  6*.  p) 

Multiply  (2)  by  a6,         bx  +  ay  =  2  a^b.  '  '  (4) 

Transpose  (3),  ax  —  bx  =  a^-\-  a^b  —  aJt^^lfi —  ay  —  by.  (i>) 

Transpose  (4),  6x  =  2  a^b  —  ay.  (0) 

^.  ..    ,.,  ,  ,  a8  +  a26-a62_6«-ay-6y      ^^^ 

Divide  (6)  by  a  —  6,  x  = -*     (7) 

a  —  b 

Divide  (6)  by  6,  x  =  ^'^^''''^ .  (g) 

Equate  the  values  of  x, 
a^  +  a26  —  a62  —  5^  —  ay  —  6y  _  2  a^ft  —  ay 
~a-b  ~  6 
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Multiply  by  6  (a  —  6), 
a^b  -^a^b^-db^-^b^-aby-b^  =  2a^b  -  2  a^b^  -  a^ -\-  aJby. 
Transpose  and  combine, 

a2y  -  2  aby  -  b^  =  a^b  -  S  a%^  +  aft*  +  6*. 
a^b  ~  3  a262  ^.  a63  +  6* 

a?  —  2ab  —  b^  ^         ' 

Substitute  the  value  of  y  in  (8), 

«  = r =  a^  ^.  a6  =  a  (a  H-  6). 

0 

Therefore,  x-a(a-^b),  and  y  =  6(a  -  6). 


(1) 
(2) 


iKoi  ar  +  c      1/4-6 

16.    Solve  -—^ — I-  ^—L—  —  2 

a-\-b     a-\-  c 

a  —  c     a  —  b 
Multiply  (1)  by  (a  +  ft)  (a  +  c), 

ax  +  ex  +  ay  H-  6y  =  2a2-f  a6  +  ac  +  26c  -  6^-  c2.    (3) 
Multiply  (2)  by  (a  -  6)  (a  -  c), 

ox  -  6x  4-  ay  -  cy  =  2a2--  a6  —  ac  +  26c  -  6^-  c^.   (4) 
Subtract  (4)  from  (3), 

6x  4-  ex  +  6y  +  cy  =  2  a6  +  2  ac.  (5) 

Divide  (5)  by  6  4-  c,  x  4-  y  =  2  a. 

Transpose,  y  =  2  a  -  x.  (6) 

Substitute  the  value  of  y  in  (3), 

ax  +  cxH-2a2-ax  +  2a6-6x  =  2a2H-a64-ac4-2  6c-62-c2. 
Transpose  and  combine,  ex  —  6x  =  ac  —  a6  +  2  6c  —  6^  —  c^. 
Divide  by  c  -  6,  x  =  a  4  6  -  c. 

Substitute  the  value  of  x  in  (6),  y  =  2  a  —  a  -  6  -f  c. 
Combine,  y  =  a~b  +  c. 

Therefore,  x  =  a  4-  6  —  c,  and  y  =  a  —  6  -|-  c. 


16.    Solve  — ?L_=a2_b2 

.      62-1      a2-l 

*      4-  -r^  =  a2  +  62  -  2 


a2  H- 1      62  +  1 


(1) 
(2) 


Multiply  (1)  by —i— , ^ K^^^L^L^,  i^) 

"^"""'a^-^l  (a2  +  l)(62-l)      a*-l      a2  + 1  ^^ 

Multiply  (2)  by  -i- ,  ^^ +  -JL_  =  ?i±^^ .  (4) 

^'^^^    ^62-l'  (a24-l)(62-l)^64-l.        62-1  ^' 
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Subtract  (3)  from  (4),       -J^ -k -J^  =  «' +  ^  -  ^  ,  gJH^ 

Simplify,  (a^^^-2)y  ^     g^  +  6*  -  2 

(a*-l)(6*-l)      (a^  +  l)(63-l) 

Divide  by  a*  +  6*  -  2,     ?^ = 

^  (a*-l)(6*-l)      (a2  +  l)(62-l) 

Multiply  by  (a*  -  1)  (6*  -  1),  y  =  (a^  -  1)  (6a  +  1). 

Substitute  the  value  of  y  in  (2), 

z 


a«  +  l 


+  a«  -  1  =  a2  +  62  -  2. 


Transpose  and  combine,  =  62  —  1. 

a2  + 1 

Multiply  by  a2  +  1,  a;  =  (a2  +  1)  (62  - 1). 

Therefore,  x  =  (a2  +  1)  (62  -  1),  and  y  =  (a2  -  1)  (62  +  1). 

17.  Solve  ax  +  6y  =  a«  +  2a26  +  6«\  (1) 

6a;  +  ay  =  a8  +  2  062  +  6«  J  (2) 

Add (1) and (2),    (a  +  6)x  +  (a  +  6)y  =  2a«+2a26+2a62  +  26«.    (3) 
Divide  (3)  by  a  +  6,  x  +  y  =  2a2  +  262.  (4) 

Subtract  (2)  from  (1), 

(a  -  6)x-  (a  -  6)y  =  2 a«6  -  2 a62.  (5) 

Divide  (5)  by  a  -  6,  x  -  y  =  2  a6.  (6) 

Add  (4)  and  (6),  2x  =  2a2  +  2a6  +  262. 

.-.  X  =  a2  +  a6  +  62. 
Subtract  (6)  from  (4),  2y  =  2a2-2a6-f262. 

.-.  y  =  a2  -  a6  +  62. 
Therefore,  x  =  a2  +  a6  +  62,  and  y  =  a2  -  a6  +  62. 


18.  Solve                   (a  +  c)x-(a-c)y  =  2a6l  (1) 

(a  +  6)y-(a-6)x  =  2acj  ^      (2) 

Add  (1)  and  (2),         (6  +  c)x  +  (6  +  c)y  =  2 a6  +  2ac.  '      (3) 

Divide  (3)  by  6  +  c,                         x  +  y  =  2  a.  (4) 

.-.  y  =  2  a  -  X.  (6) 

Substitute  the  value  of  y  in  (1), 

ox  +  cx  —  2a2  4-2ac  +  ax  —  cx  =  2a6. 
Transpose  and  combine,  2  ox  =  2  a2  -f  2  a6  —  2  oc. 

.'.  X  =  a  +  6  —  c. 
Substitute  the  value  of  x  in  (5),  y  =  2a-a-6  +  c. 

.«.  y  =  a  —  6  +  c. 
Therefore,  x  =  a  -f  6  —  c,  andy  =  a  —  6  -I-  c. 
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19.  Solve      (a  +  6  —  c)x  —  (a  -  6  +  c)y  =  4 a(&  —  c) 

X      a  +  6  —  c 


80.    Solve  *  +  ''        " 


x  —  y     6  —  € 
x  +  c      a-\-h 


(1) 
(2) 


y      a  —  6  +  c  ^ 

Multiply(fi)byy(a-6  +  c),  (a-6  +  c)x  =  (a  +  6-c)y.  (3) 

Transpose  (3),     (a — 6 + c)  x  —  (a + 6 — c)  y  =  0.  (4) 

Add  (1)  and  (4),  2  ax  ~  2  ay  =  4  a  (6  -  c).  (6) 

Subtract  (4)  from  (1), 

(2  6  -  2  c)  X  +  (2  6  -  2  c)  y  =  4  a  (6  -  c).  (G) 

Divide  (5)  by  2  a,  x  -  y  =  26  -  2  c.  (7) 

Divide  (6)  by  2 6  -  2 c,  x  +  y  =  2a.  (8) 

Add  (7)  and  (8),  2x  =  2a  +  26  -  2c. 

.'.  X  =  a  +  6  —  c. 
Subtract  (7)  from  (8),  2y  =  2a-26  +  2c. 

.'.  y  =  a  —  6  -f-  c. 

Therefore,  x  =  a  +  6  —  c,  and  y  =  a  —  6  +  c. 


(1) 
(2) 


y+6     a  +  cj 
Multiply  (2)  by  (y  +  6)  (a  +  c), 

(a  +  c)x  +  ac  +  c2  =  (a  +  6)y  +  a6  H-  62.     (3) 

Transpose  (3),  (a  +  c)x  -  (a  +  6)y  =  a6  + 62  -  oc  -  c*.       (4) 

Multiply  (1)  by  (x  -  y)  (6  -  c), 

(6  —  c)x  +  (6  —  c)y  =  ax  —  ay.  {'>) 

Transpose  (5),  (a  —  6  -f  c)x  =  (a  +  6  —  c)y. 

,^^(a^-h-c)y 

a~6  +  c 
Substitute  the  value  of  x  in  (4), 

(a  +  o)(a  +  6_c)y_      ^^     ^^^^_^_^^ 
a  ~  6  +  c 
Simplify  the  left  member  of  (7), 

(a  +  e)(a  +  6-c)-(«  +  6)(a-6  +  c)y^^^^_^_^, 

a  —  6  +  c 

(a6-ca  +  62-ac)y        ^      ^^ 
a  —  6  +  c 

Divide  by  a6  -  c«  +  6*  -  oc, =  1. 

a  —  6  +  c 

.-.  y  =  a  —  6  +  c. 
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,  .i  ^  4  —  ^)  («  _  (  ^  e> 
«  —  ft-r  tf 
.-.  X  =  «  —  ^  —  c. 
TWrftfriTit,  X  =  4  -^  ^  —  r.  and  jr  =  «  —  6  ^  e. 


(2> 


ir-4i      4i-r*     ^ 

x_g»-y  I 

Mnltipiy  (I)  hy  i]f  —  a)ia^  bu 

Mnltiplf  (2>  by  y /«» -f  fi^u       i'^  -  6^x  =  (a»  -  ft^y.  (4) 

TmruifiKMe  and  combine  (3>, 

(a  4-  ft)  X  —  ^a  -  fe)  y  =  2  oft.  <5) 

Traft»po«  (4),       (a«  -r  ft=*^^  x  -  (a*  -  b^)  y  =  0.  (6) 

Multiply  (5)  by  cfi-  ah-^^A, 

(a*  -u  ft*;x  -  («»  -  2<i^  -:-  2af^  -  V')y  -  2ab(a^-ab  -h  6^.     (7) 
Habtrai;!  i^)  frrun  i7),         (2 «i«^  -  2 ai^j y  =  2al»<a2  -ab-^l^. 
I>ivide  by  2  oJ^,  ia  —  6)  y  =  a*  —  a5  +  ftf*. 

<,«  _  a6  +  «» 

a  —  b 
Multiply  (5)  by  a«  +  fl*  +  b^, 

(a'  +  2a«6  +  2aft*  +  6*)x  -  (a»  -  6*>y  =  2abia^  +  a6  +  ft*).      (8) 
Subtract  (6)  from  (8),       (2  rt^ft  -(_  2  o/^)  x  =  2  a*  (a«  +  a6  +  6*). 
Divide  by  2a6,  (o  +  b)z  =  a*  +  aft  +  6^. 

a*  +  aft  +  ft* 


.--  X  = 


a  +  ft 


,^      ^  o^  +  oft  +  ft*        ,         a«-aft  +  6» 

Therefore,  x  = ,- — .  and  y  = 

a  +  ft  a  —  ft 


„.  solve  1+x^?^      (0-6)^-2^ 

2  2  a2  -  62 


(3 an- 6) aft        aft        ,     .  .. 
fty  _  ox  =  ^     _^  /-     +  — -r  -  (a  +  6) 
0*  —  ft*         a  +  ft 


0) 
(2) 


Multiply  (1)  by  2  (a^  -  62), 

a2_62+(tf2-62)x  =  (a2-6a)y-a2+62+2a2-4a6-26a.  (3) 

Multiply  (2)  by  a^  -  ft^, 

6(a«-  6^y-a(a2-ft2)x=3a?»6+a62+a26-a62-a«+a62-a26+6«.  (4) 
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Simplify  (3),         (a^  -.l^)X'- {a^ -lf^)y  =  -  4,ab.  (6) 

Simplify  (4),     -  a(a^-b^)x-\-b(a^-b^)y  =  -a«+3a26+a6a+68.  (O) 
Multiply  (6)  by  a,  a(a^ - b^)x - a(a2 -b^)y  =  ^ia^b.  (7) 

Add  (6)  and  (7),  (6  -  a){a^ -l^)y  =  -a^  -  aV)  +  db^ -^  68. 

Divide  by  6  -  a,  (a^  -  b^)y  =  a^  +  2a6  +  6^. 

Divide  by  a  +  6,  (a  —  b)y  =  a-{-b. 

a  +  6 

a  —  b 
Substitute  the  value  of  y  in  (5), 

a  —  6 
Simplify,       (a^  -  bf^x  -  (a2  +  2 a6  +  62)=  _  4  a6. 
Transpose  and  combine,  (a^  —  62)x  =  (a  —  6)2. 

-  (<»  -  ^)'  _  «-ft 
~  a2-63  ~a  +  6 

rwii-x  a  —  6         ,         a4-6 

Therefore,  x  = j  and  y  = • 

a  +  6  a  —  0 


Exercise  75.    Page  180 


1.  Solve 

6         2        ^1 

+          =7 
Sx       by 

6x      lOy        J 

Multiply  (2)  by  4, 

14       2 

=  12, 
3x      52^ 

Add  (1)  and  (3), 

3x 

.-.  3x  =  l. 

•••  35  =  J. 

(1) 

(2) 
(3) 


Substitute  the  value  of  x  in  (1),    5  H =7. 

2 
Transpose  and  combine,  —  =  2. 

.-.  5y  =  1. 

•••  y  =  \' 
Therefore,  x  =  j,  and  y  =  J. 
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S.  Solve  =^J"*^  ^^ 


•  +  6 
SoliCiiet  CQ  from  (1),  -  =  •-&. 

8 


ll.enda«,x  =  -^,«dy  = 


-6 


a-f  6  a  — 6 


P) 


Add  a)  nd  (S),  |  =  *~^^  (^^ 

.-.  (•  +  6)x  =  2. 


S.  8<^VB  ?Z+ *-=io  (1) 

X        y  ■ 

^  +  ?=7|  (2) 

X       y  ■ 

Dhride  (1)  by  2,  2?  +  ?  =  5.  (3) 

X       2f 

99  |Q 

Multiply  (2)  by  2,  —  +  —  =  14.  (4) 

z       y 

Oft  IQ 

Multiply  (3)  by  3,  —  +  _  =  15.  (5) 

X        y 

Subtract  (4)  from  (5),  -  =  1. 

.-.  X  =  4. 
9 
Sabttitate  the  value  of  x  iu  (2),      4  +  -  =  7. 

3y  =  9. 

.-.  y  =  3. 
Therefore,  x  =  4,  and  y  =  3. 

4.  SolTe  f£  +  iZ  =  7  (1) 

^-?^  =  l  (2) 

X      y       J  ' 

7fi       42 

Multiply  (1)  by  3,  —  +  —  =  21.  (3) 

X       y 
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40      42 
Multiply  (2)  by  2,  _  ^  _  =  2.  (4) 

Add  (3)  and  (4),  ^  =  23. 

Divide  by  23,  -  =  1. 

.*.  X  =  5. 

14 

Substitate  the  value  of  x  in  (1);     6  H =  7. 

y 

14 
Transpose  and  combine,  —  =  2. 

y 

2y  =  14. 

.-.  y  =  7. 
Therefore,  x  =  5,  and  y  =  7. 

6.   SoWe  5?_12  =  i]  (1) 

X       y 

'-^  +  ^  =  9  (2) 

X        V         J 

Multiply  (1)  by  4,  IJ  _  ^  =  4.  (3) 

-ion         QA 

MulUply  (2)  by  3,  ^  +  ^  =  27.  (4) 

X         y 

138 
Subtract  (3)  from  (4),  —  =  23. 

Divide  by  23,  .  ?  =  1. 

J     t  y 

.',  y  =  6. 

33 
Substitute  the  value  of  y  in  (1), 2  =  1. 

X 

33 
Transpose  and  combine,  —  =  3. 

X 

Divide  by  3,  —  =  1. 


Therefore,  x  =  11,  and  y  =  6. 


X 
/.   X  =  11. 


«   «  ,  1111 


4x      3]^      120J 


(1) 
(2) 
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Multiply  (1)  by  \ ,  -  -  +  J-  =  1.  «) 

^  3  15x      12y      36  ^  ' 

MulUply  (2)  by  ^ ,  -  ^  -  +  -L  =  ii.  (4) 

4  ICx      12y      480  ^  ' 

1  7 


Subtract  (4)  from  (3), 

240 X      1440 
Multiply  by  14402,  6  =  7  x. 

>v  —   6 
•  •    *  —   #. 

Substitute  the  value  of  x  in  (1),  -^-  +  —  =  .1. 

^       30      4y      12 

--  =  -  — 
4y~      20* 

Multiply  by  20  y ,  5  =  _  3  y. 


Transpose  and  combine, 


Therefore,  x  =  f ,  and  y  =  -  ». 


.-.  y  =  -  f . 


7.  Solve  .^   4.  A  =  17 

3x^4y      ^^* 

3         2 
4x      6y 

Multiply  (2)  by  I,  ^  +  /.^   =tt  (3) 

3x      45y      46 


Subtract  (3)  from  (1), 


71__  101 

i80y~  180* 
Multiply  by  180  y,  71  =  101  y. 

•*•  y  =  tVt- 

Substitute  the  value  of  y  in  (2), 1 =  — 

^        4x      356      20 

Multiply  by  1420  x,  1066  +  808  x  =  1633  x. 

Transpose  and  combine,  825  x  =  1066. 

Divide  by  16,  66x  =  71. 


Therefore,  x  =  JJ,  and  y  =  ^q\. 


•*•  *  —  iz- 


8.  Solve  -^-  =  c 


■s 


(1) 

(2) 


(1) 
(2) 


X      y 

X      y 

Multiply  (1)  by  o,  h  —  =  ac.  (8) 

X       y 

Multiply  (2)  by  6,  -  +  --  =  M.  (4) 

X       y 
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Subtract  (4)  from  (3), 


Multiply  (1)  by  6, 
Multiply  (2)  by  a, 
Subtract  (5)  from  (6), 


=  ac  —  bd. 

X 

"^-ac-^bd'' 

—  =  6c. 

X       y 

(6) 

ab      a^        . 

—  =  ad. 

X       y 

(6) 

=ad  —  bc. 

y 

ad  — be 


mu     *  a2-62        ^         a2-62 

Therefore,  »  = — ,  and  y  = 

ac  —  bd  ad  — be 


9.  Solve  ^  +  A  =  c 


&x      ay 

b  a  ^ 
-  +  -=d 
ax     oy 


Subtract  (4)  from  (3), 


a*  —  6*      ac     bd 


a^b^x        b       a 

Multiply  by  a^^,  a*-b^  =  ab  (a^c  -  IM)  x. 

a* -6* 
.-.  X  = 


ab{a^c-b^ 


Subtract  (5)  from  (6), 


a*  —  6*      ad     be 


a^b^        b       a 

Multiply  by  a^b^,  a*  -  &*  =  a6  (a'd  -  b^c)  y. 

a* -6* 
.-.  y  = 


ab{a'^d-b^c) 


a*  —  &*  a*  —  6* 

Therefore,  x  = 1  and  y  = 


ab  {a^c  -  b'^d)  ah  (aH  -  b'^c) 


(1) 
(2) 


Multiply  (1)  by  ?,  ^ +  !  =  ?£.  (3) 

b  b^x     y       b 

Multiply  (2)  by  ^,  ^+1  =  ^.  (4) 

«  a^     y      a 


Multiply  (1)  by  ^  l  +  ^  =  ?£.  (5) 

a  X      a^y      a 

»r  ix-  1    /A\  1-    <*  1  .    a^       ad 

Multiply  (2)  by -,  _+        =  (6) 

6  x     b^       b 
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10.  SolTe  -  +  -  =  - 

z     y     a 

111 

z     y~b 

Add  (1)  and  (2),  ?  =  l  +  ^  =  ^^.   . 

z     a     0        ab 

Multiply  by  ato,  2  ^6  =  (&  +  a)  x. 

2ab 


Subtract  (2)  from  (1), 


6  +  a 
2      11      h-a 


yah        ab 
Multiply  by  ofty,  2ab  =  (b  —  a)y, 

2ajb 

.'.  y  = 


0) 

(2) 


b-a 

Therefore,  z  = »  and  y  = 

b  +  a  6  —  a 

11^ 

11.  SolTe  __!-_  =  a  (1) 

3x     4y  ^' 

h^ry='\  <^> 

Multiply  (1)  by  J,  o^  +  lf,  =  i-      ^  (3) 

Multiply  (2)  by  i,  ifc  +  lf,  =  r  W 

Subtract  (4)  from  (3),         -^  =  ?  -  -  =  IfLZli^ . 
^  '  ^  ''  144x      3      4  12 

Multiply  by  144  X,  7  =  1 2  (4  a  -  3  6)  x. 

7       - 

"  *  "12(40 -36)* 

Multiply  (1)  by  J,  lh^I^  =  i-  (^) 

Multiply  (2)  by  i,  lf,  +  ^  =  8'-  <«> 

Subtract  (5)  from  (6),         -^  =  -  -  ?  =  l^jzl^. 
^  '  ^  '  144y      3      4  12 

Multiply  by  144  y,  7  =  12  (4  6  -  3  a)  y. 

7 

"  ^"12(4  6 -3a)* 

7                                    7 
Therefore,  x  = ,  and  y  = 

12(4a-36)  "^      12(46 -3a) 
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13.  Solve 


Multiply  (1)  by  7, 
Multiply  (2)  by  9, 
Subtract  (4)  from  (3), 

Multiply  (1)  by  9, 
Multiply  (2)  by  7, 
Subtract  (6)  from  (5), 


Z       V 

X     y         J 

(1) 

(2) 

X  y 

(3) 

«8   «1  =  36. 
X  y 

(4) 

^2  =  10. 

y 

.-.  y  =  V- 

81   63   405 
X       y        7 

(6) 

49   63   245 
X       y        9 

(6) 

32   1930 

X    63 

—  • 

32  X  63   1008 

1930         965 


Therefore,  x  =  V^V^i  *^<^  V  =  ¥• 


18.  Solve  ^  +  —  =  a  +6 

ox     ay 

^  +  ?  =  a»  +  6» 
X     y 

Multiply  (2)  by  J,  ^  +  g  =  |  +  a.  (3) 

Subtract  (3)  from  (1),  =  ft  _  (4) 

ay      try  tr 


Simplify  (4), 


58  _  a8      68  _  ^8 


a62y  62 

62  ay 


6*-o8  1 

Divide  by  — — — »  —  =  1. 


1 
.-.  y  =  -. 

a 
Substitute  the  value  of  y  in  (2),      -  +  a*  =  a2  +  62. 

X 

Transpose  and  combine,  -  =  62. 

X 


(1) 

(2) 
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Divide  by  6.  1  =  6. 

X 

1 

.*.  X  =  -. 
h 

Therefore,  x  = -,  and  y  =    . 

h  a 


14.  Solve 

ox      by 

28        10        2 

5x      3y      225. 

(1) 

(2) 

Multiply  (1)  by  A, 

50        1       19 

27x'^y~27* 

(3) 

Multiply  (2)  by  1, 

42       1         1 
25  X      y      375 

(4) 

Add  (3)  and  (4), 

2384      2384 
675 X      3376 

• 

Divide  by  2384, 

1      _     1 
675  X      3375 

• 

Multiply  by  675, 

• 

11 

x~6' 
.-.  X  =  5. 

Substitute  the  value  of  x  in  (1), 

20      18  _  38 
15      by      15 

Transpose  and  combine, 

18      18 
by      16 

Multiply  by— , 

1       1 

y~Z 

.'.  y  =  S. 

Therefore,  x  =  6,  and  y  =  3. 


15.  Solye  ^*  +  ^H^  =  «.  +  j,]  (j) 

X  y 

a  —  h      a  +  6        „      ,„[ 

+  — ^  =  a2  -  62  (2) 

X  y  J  ^  ' 

Add  (1)  and  (2),  ^ a  ^  2a  ^  ^ a2.  (3) 

ir 

Subtract  (2)  from  (1),  ?_^  _  ^  =  2  62.  (4) 

X        y 
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Divide  (3)  by  2  a,  z'^y^  ^'  ^^^ 

Divide  (4)  by  2 6,  x'y"^  **  ^^^ 

2 
Add  (6)  and  (6),  -=a  +  6. 

2 
.-.  X  = 


Subtract  (6)  from  (5), 


2 
Therefore,  z  = r  >  and  2/  = 


a  +  6 

2  , 

-  =  a  —  6. 

2 
•.  y  = =-. 

^      a~h 


a  +  b  a  —  b 


16.  Solve  -z —  =  c  -  d  (1) 


X  y 


a  —  b     a  -\-b 


=  c-\-d 


J  (2) 


X  y 

Multiply  (1)  by  a  -  6, 

z ! —  =  ac  —  aa  —  6c  +  6a.     (3) 

X  •  y 

Multiply  (2)  by  a  +  6, 

giz^,^^  +  ^^  +  ^^  =  ac  +  a(i  +  6c  +  M.     (4) 
X  y 

Subtract  (4)  from  (3),  -A.  =  -2ad-2  6c. 

2a6 
.-.  y  =  - 


ad  +  6c 
Multiply  (1)  by  a  +  &, 

t±l^^^^t^  =  ac-ad^bc-bd.     (5) 
X  y 

Multiply  (2)  by  a  -  6, 

a2-2a6  +  62      a^  -  6^ 

z — =  ac  +  oa  —  6c  —  6a.     (o) 

X  y 

Subtract  (6)  from  (5),  —  =  2  6c  -  2  ad. 

2a6 
.'.  X  = 


6c  —  ad 

r^^      ^  2a&  ,  2a6 

Therefore,  x  =  - — —- 1  and  y  =  -  z-- — ;;  • 

6c  -  ad  6c  +  ad 
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Substitute  the  value  of  y  in  (6), 


X  = 


(a  +  6  -  c)  (a  -  6  +  c) 


a  —  6  +  c 
Therefore,  xz:^a-\-h  —  c^  and  y  —  d  —  h-Vc. 


21.  Solve 


X 

—  a 

a-6 

y 

—  a 

X 

a  +  6 

y      o»  +  6» , 


(1) 

f 

(2) 


Multiply  (1)  by  (y  -  a)  (a  +  6), 

(a  4-  6)  X  —  a^  —  a6 
Multiply  (2)  by  y  (a^  +  68),  (a^  4-  ft^)  a 
Transpose  and  combine  (3), 

(a  -f  6)  X  —  (a  -  6)  2/ 
Transpose  (4),  (a^  +  6«)  x  -  (a^  -  b^)  y 
Multiply  (5)  by  a2  -  a6  +  62^ 

(a3  +  68)a;  _  (a8  _  2a26  +  2a62  -  \)^)y 
Subtract  (6)  from  (7),  (2  a^ft  -  2  a62)  y 
Divide  by  2  a6,  (a-b)y 


(a-h)y-a^  +  ab.    (3) 
(a8-68)y.  (4) 


/.  y  = 


=  2a6. 
=  0. 

=  2ab  (a2  -  a&  +  62). 
=  2a6(a2-a6  +  62). 
=  a2  -  a6  +  62. 
a2  _  tt6  +  63 


a  —  b 


Multiply  (5)  by  a^  +  ab  +  62, 

(a3  +  2  a26  +  2  a62  +  68)x  -  (a^  -  68)2/ 
Subtract  (6)  from  (8),  (2  a26  +  2  a62)  x 
Divide  by  2  06,  (a  +  6)x 


Therefore,  x  = 


gg  +  aft  +  &' 

a  +  6 


»  and  y  = 


=  2a6(a2  +  a6  +  62). 
=:2a6(a2  +  a6  +  62). 

=  a2  +  a6  +  62. 
a2  +  06  +  62 

a  +  6 
a2  --  a6  +  62 


.-.  x  = 


a 


-6 


(5) 
(6) 

(7) 


(8) 


22.  Solve 


l  +  x_y-l      (g- 6)2 -262 

2     ~     2  g2-62 

(8  g  +  6)  a6  ,     06        /^  ,  i,v 

by  —  ttx  = ■ — h r  —  (a  +  6) 

^"*         a2-62a  +  6^ 


(1) 
(2) 


Multiply  (1)  by  2  (g2- 62), 

a2_524.(a2_52)x  =  (a2-62)y-g2+62+2g2-4a6-2  62.  (3) 

Multiply  (2)  by  g2  -  62, 
6(g2-62)y-g(a2~62)x=3g26+g62+g26-g62-g8+g62-g26+68.  (4) 
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Simplify  (3),         (a^  ~y^)x -(a^ -W)y  =z-  ^ab.  (5) 

Simplify  (4),      -  a(a2- 62) x+ 6 (a2_t2)y  ^^a^^Sa^h-^alf^-^bii.  (6) 
Multiply  (6)  by  o,  a(a^  -  h^)x  -  a(a^  -  62)  y  =  _  4  a26.  *  (7) 

Add  (6)  and  (7),  (6  -  a)(a^ -l^)y  = -a^  -  a?h  +  062  +  68. 

Divide  by  6  -  a,  (a^  -b^)y  =  a^  +  2 a6  +  62. 

Divide  by  a  +  6,  (a  —  6)  y  =  a  +  6. 

a  +  6 

•'•  2^  = 1' 

a  —  o 

Substitute  the  value  of  y  in  (6), 

a  —  6 
Simplify,       (a^  -  62)x  -  (a2  +  2 a6  +  62)=  -  4  ab. 
Transpose  and  combine,  (a^  —  62)  x  =  (a  —  6)2. 

(a -  6)2     a-b 
a2  -  62      a  +  6 

Therefore,  x  = »  and  y  = • 

a  +  6  a  —  6 


Zizercise  75.    Page  180 


1.  Solve  A  +  J_  =  7 


3x       5y 
7  1 


3 


<1) 
(2) 


6x      lOy 

Multiply  (2)  by  4,  11  _  A  =  12.  (3) 

ox      02^ 

19 
Add  (1)  and  (3),  ^  =  19. 

3x 

.-.  3x  =  l. 

.*.  X  =  ^. 

2 

Substitute  the  value  of  x  in  (1),    6  -\ =7. 

6y 

Transpose  and  combine,  —  =  2. 

52/ 

.-.  5y  =  1. 

.-.  y  =  i. 
Therefore,  x  =  ^,  and  y  =  J. 
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Exercifle  76.    Page  183^ 

1.  Solve  4x  +  3y  +  2z  =  161  (1) 

3x  +  6y  +  3z  =  22l-  (2) 

2x  +  4y  +  5«  =  26j  (3) 

Multiply  (1)  by  3,  12  x  +  9  y  +  6  z  =  48.  (4) 

Multiply  (2)  by  2,  6  x  +  10  y  +  6  2  =  44.  (5) 

Subtract  (6)  from  (4),  6  x  -  y  =  4.  (6) 

Multiply  (1)  by  5,  20  x  +  16  y  +  10  z  =  80.  (7) 

Multiply  (3)  by  2,  4  x  +  8  y  +  10  z  =  60.  (8) 

Subtract  (8)  from  (7),  16  x  +  7  y  =  30.  (9) 

Multiply  (6)  by  7,  42  x  -  7  y  =  28.  (10) 

Add  (9)  and  (10),  68x  =  68. 

.'.  X  =  1. 

Substitute  the  value  of  x  in  (6),  6  —  y  =  4. 

Transpose  and  combine,  y  =  2. 

Substitute  the  values  of  x  and  y  in  (1), 

4  +  6  +  2z  =  16. 

Transpose  and  combine,  2  2=6. 

.-.  2  =  3. 
Therefore,  x  =  1,  y  =  2,  and  2  =  3. 


J 


Solve  x+    y -f    z=    6^ 


8.  Solve  7x-lly+   6z=    6' 

6x-   7  y  4-112  =  21 
llx-   5y+   72  =  43. 


(1) 


2x  +  6y-f  62  =  39  [•  (2) 

3x  +  4y  +  62  =  28j  (3) 

Multiply  (1)  by  2,  2  x  +  2  y  +  2  2  =  10.  (4) 

Subtract  (4)  from  (2),  3  y  +  4  2  =  29.  (5) 

Multiply  (1)  by  3,  3  x  +  3  y  +  3  2  =  16.  (6) 

Subtract  (6)  from  (3),  y  +  2  2  =  13.  (7) 

Multiply  (7)  by  2,  2  y  +  4  2  =  26.  (8) 

Subtract  (8)  from  (6),  y  =  3. 

Substitute  the  value  of  y  in  (7),  3  +  2  2  =  13. 

Transpose  and  combine,  2  2  =  10. 

.'.  2  =  6. 
Substitute  the  values  of  y  and  2  in  (1),  x  +  3  +  6  =  6. 
Transpose  and  combine,  x  =  —  3. 

Therefore,  x  =  —  3,  y  =  3,  and  2  =  5. 


(1) 

(2) 
(3) 
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Multiply  (1)  by  6, 

35  X 

--56y +  25z  =  26. 

(4) 

Multiply  (2)  by  7, 

36x 

-49y  +  77«  =  147. 

(5) 

Subtract  (4)  from  (5), 

6y  +  62z  =  122. 

(8) 

Divide  (6)  by  2, 

3y +  262  =  61. 

U) 

Multiply  (2)  by  11, 

65x- 

-77y+121z  =  231. 

(8) 

Multiply  (3)  by  6, 

66x 

-26y  +  36z  =  215. 

(9) 

Subtract  (8)  from  (9), 

62y-86z  =  ~16. 

(10) 

Divide  (10)  by  2, 

26y-43z=-8. 

(11) 

MulUply  (7)  by  26, 

78y  +  676z  =  1586. 

(12) 

Multiply  (11)  by  3, 

78y-129z  =  -24. 

(13) 

Subtract  (13)  from  (12), 

806  z  =  1610. 
.'.  z  =  2. 
3y +  62  =  61. 

Substitute  the  value  of  z  in  (7), 

Transpose  and  combine, 

3y  =  9. 
/.  y  =  3. 

(1), 

Substitute  the  values  of  y  and  z  in 

7x-33  +  10=.6. 

Transpose  and  combine, 

7z  =  28. 

.•.  X  =  4. 
i. 

Therefore,  x  =  4,  y  =  3, 

and  z  =  i 

4.  Solve  6x-6y  +  9z  =  27]  (1) 

6x  +  8y-3z=    7  X  (2) 

7x-3y  +  6z  =  32j  (3). 

Multiply  (2)  by  3,  16  x  +  24  y  -  9  z  =  21.  (4) 

Add  (1)  and  (4),  21  x  +  19  y  =  48.  (6) 

Multiply  (2)  by  2,  10  x  +  16  y  -  6  z  =  14.  (6) 

Add  (3)  and  (6),  17  x  +  13  y  =  46.  (7) 

Multiply  (6)  by  1 7,  357  x  +  323  y  =  816.  (8) 

Multiply  (7)  by  21,  357  x  +  273  y  =  966.  (9) 

Subtract  (9)  from  (8),  60  y  =  -  150. 

.-.  y  =  —  3. 
Substitute  the  value  of  y  in  (7),  17  x  -  39  =  46. 

Transpose  and  combine,  17  x  =  86. 

.-.  X  =  5. 
Substitute  the  values  of  z  and  y  in  (2), 

25-24-3z  =  7. 
Transpose  and  combine,  —  3  z  =  6. 

.-.  z  =  -  2. 
Therefore,  x  =  5,  y  =  —  3,  and  z  =  —  2. 
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6.  Solve  12«-    5y  +  8«=       2]  (1) 

6x+10y-5«=      13  X  (2) 

9x- 15y +  4«  =  -8oJ  (3) 

Multiply  (1)  by  2,  24 «  -  10  y  +  16  z  =  4.  (4) 

Add  (2)  and  (4),  30  x  +  11  z  =  17.  (5) 

Multiply  (1)  by  3,         36  x  -  16  y  +  24  2  =  6.  (6) 

Subtract  (3)  from  (6),  27  x  +  20 « =  86.  (7) 

Multiply  (6)  by  9,  270  x  +  99  z  =  153.  (8) 

Multiply  (7)  by  10,  270x  +  200z  =  860.  (9) 

Subtract  (8)  from  (9),  101  z  =  707. 

.-.  z  =  7. 
Substitute  the  value  of  z  in  (6),    30  x  +  77  =  17. 
Transpose  and  combine,  30x  =  — 60. 

.-.  X  =  -  2. 
Substitute  the  values  of  x  and  z  in  (1), 

-24  -  5y +  66  =  2. 
Transpose  and  combine,  —  6  y  =  —  30. 

.-.  y  =  6. 
Therefore,  x  =  —  2,  y  =  6,  and  z  =  7. 


6.  Solve  3x- 6y-2z=-37l 

2x  +  3y+    z=      63 


7.  Solve  lOx-    y  +  3z  =  103 


(1) 
(2) 
(3) 


3x  +  6y  +  2z=    116 
Multiply  (2)  by  2,  4  x  +  6  y  +  2  z  =  126.  (4) 

Add  (1)  and  (4),  7  x  +  y  =  89.  (6) 

Add  (1)  and  (3),  6  x  +  y  =  78.  (6) 

Subtract  (6)  from  (6),  x  =  11. 

Substitute  the  value  of  x  in  (6),     66  +  y  =  78. 
Transpose  and  combine,  y  =  12. 

Substitute  the  values  of  x  and  y  in  (2), 

22  +  36  +  z  =  63. 
Transpose  and  combine,  z  =  6. 

Therefore,  x  =  11,  y  =  12,  and  z  =  5. 


(1) 


3x-f  3y-2z=-6  [■  (2) 

4x  +  5y  +  4z=    94J  (3) 

Multiply  (1)  by  3,  30  x  -  3  y  +  9  z  =  309.  (4) 

Add  (2)  and  (4),  33  x  +  7  z  =  303.  (6) 

Multiply  (1)  by  5,  60  x  -  6  y  +  15  z  =  516.  (6) 
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Add  (3)  and  (6), 
Multiply  (5)  by  19, 
Multiply  (7)  by  7, 
Subtract  (9)  from  (8), 


54X  +  192; 

627X  +  1332; 

378x  +  133z 

249  X 


•  •   X 

Substitute  the  value  of  x  in  (5),   198  +  .7  z 
Transpose  and  combine,  7  z 

.\  z 
Substitute  the  values  of  x  and  z  in  (1), 

60  -  y  +  45 
Transpose  and  combine,  y 

Therefore,  x  =  6,  y  =  2,  and  z  =  15. 


609. 

5757. 

4263. 

1494. 

6. 

303. 

105. 

15. 

103. 
2. 


(7) 
(8) 
(9) 


8.  Solve 


Multiply  (3)  by  2, 
Add  (1)  and  (4), 
Multiply  (3)  by  3, 
Subtract  (2)  from  (6), 
Divide  (7)  by  7, 
Multiply  (8)  by  15, 
Subtract  (9)  from  (5), 


7x+   8y-4z 

5x~12y +  6« 

4x—   4y  —  5z 

8x-8y-ldz 

15X-14Z 

12x-12y  -15z 

7x-21z 

X  —  3z 

15x  -  45« 

31  z 


.-.  z 
Substitute  the  value  of  z  in  (8),  x  +  9 
Transpose  and  combine,  x 

Substitute  the  values  of  x  and  z  in  (1), 

35  +  8y  +  12 
Transpose  and  combine,  8  y 

•••  y 

Therefore,  x  =  5,  y  =  —  4,  and  z  =  —  3. 


9.  Solve 


Multiply  (1)  by  2, 
Subtract  (2)  from  (4), 
Multiply  (2)  by  2, 
Subtract  (3)  from  (6), 
Multiply  (5)  by  4, 


3x  +  2y-f  3z 

5x  +  4y  4-  5z 

7xH-8y +  6z 

6x  +  4y +  6z 

X  +  z 

10x  +  8y +  10z 

3x  +  4z 

4x  +  4z 


151 

55 

51 

102. 

117. 

153. 

.98. 

14. 

210. 

-93. 

-3. 

14. 

5. 

15. 

-32. 

-4. 


99' 
171 
247, 
198. 
27. 
342. 
95. 
108. 


(1) 
(2) 
(3) 
(4) 

(&) 
(6) 
(7) 
(8) 


(1) 
(2) 
(3) 
W 
(6) 
(6) 
(7) 
(8) 
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Subtract  (7)  from  (8),  x 

Substitute  the  value  of  x  in  (6),      13  +  2 
Transpose  and  combine,  z 

Substitute  the  values  of  x  and  z  in  (1), 

39  +  2y  +  42 

Transpose  and  combine,  2  y 

.'.  y 
Therefore,  «  =  13,  y  =  9,  and  z  =  14. 


=  13. 

=  27. 
=  14. 

=  99. 
=  18. 
=  9. 


10.  Solve 


6a5  ~4y  +  3«  ; 
7aj  +  6y-62: 
9x-8y-9« 
10x-8y +  6« 
17x-2y 
15x-12y  +  9z 
24x-20y 
6x  —  by 
86x-10y 
12x-102^ 
73  X 


Multiply  (1)  by  2, 
Add  (2)  and  (4), 
Multiply  (1)  by  3, 
Add  (3)  and  (6), 
Divide  (7)  by  4, 
Multiply  (5)  by  5, 
Multiply  (8)  by  2, 
Subtract  (10)  from  (9), 

.'.   X 

Substitute  the  value  of  x  in  (8),  60  -  5  y 
Transpose  and  combine,  —  5  y 

.'.  V 
Substitute  the  values  of  x  and  y  in  (1), 

50-8  +  3Z 

Transpose  and  combine,  3  z 

.*.  z 
Therefore,  x  =  10,  y  =  2,  and  z  =  3. 


11.   Solve 


Subtract  (3)  from  (1), 
Multiply  (3)  by  4, 
Add  (2)  and  (5), 
Divide  (6)  by  9, 
Multiply  (7)  by  2, 
Add  (4)  and  (8), 


x  +  12y+    2z 

6y  —  4x  —   4z 

X  +  y  + 10  z 

lly-8z 

4x  +  4y4-40z 

9y +  36z 

y  +  4z 

2y +  8z 

13  y 

.••  y 


61 

64 

47  J 

102. 

166. 

153. 

200. 

50. 

830. 

100. 

730. 

10. 

50. 

-10. 

:2. 

:51. 

:9. 

:3. 


86' 
-43 
103- 
-17. 
412. 
369. 
41. 
82. 
65. 
5. 


(1) 
(2) 
(3) 
(4) 

(6) 

(6) 

(7) 

(8) 

(9) 
(10) 


(1) 
(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
(8) 
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Snbstitnte  the  value  of  y  in  (7),     5  +  4  z  =  41. 
Transpose  and  combine,  4  2  =  36. 

.-.  «  =  9. 
Substitute  the  values  of  y  and  z  in  (1), 

X  +  60  +  18  =  86. 
Transpose  and  combine,  x  =  8. 

Therefore,  x  =  8,  y  =  5,  and  z  =  9. 

12.   Solve  6x  +  2y-    7z=     15^  (1) 

7x-7y-llz  =  -    4  ^  (2) 

3x  +  9y+    8z=     36  J  (3) 

Multiply  (1)  by  7,         42  x  + 14  y  -  49  z  =  106.  (4) 

Multiply  (2)  by  2,  14  x  -  14  y  -  22  z  =  -  8.  (6) 

Add  (4)  and  (6),  66  x  -  71  z  =  97.  (6) 

Multiply  (1)  by  9,  64  x  +  18  y  -  63  z  =  136.  (7) 

Multiply  (3)  by  2,  6  x  +  18  y  +  16  z  =  70.  (8) 

•  8ub<iract  (8)  from  (7),  48  x  -  79  z  =  66.  (9) 

Multiply  (6)  by  6,  336  x  -  426  z  =  582.  (10) 

Multiply  (9)  by  7,  336  x  -  553  z  =  456.  (11) 

Subtract  (11)  from  (10),  127  z  =  127. 

.-.  z  =  1. 
Substitute  the  value  of  z  in  (6),  56  x  -  71  =  97. 
Transpose  and  combine,  66  x  =  168. 

.*.  X  =  3. 
Substitute  the  values  of  x  and  z  in  (1), 

18  +  2y-7  =  16. 
Transpose  and  combine,  2  y  =  4. 

*  .-.  y  =  2. 
Therefore,  x  =  3,  y  =  2,  and  z  =  1. 


18.   Solve  16x-18y+   8z=     161  (1) 

26x  +  16y+16z=     91^  (2) 

20x--21y-12z=  -27  J  (3) 

Multiply  (1)  by  2,  30  x  -  36  y  +  16  z  =  30.  (4) 

Subtract  (2)  from  (4),  6  x  -  61  y  =  -  61.  (6) 

Mttltiply  (1)  by  3,         45  x  -  54  y  +  24  z  =  45.  (6) 

Multiply  (3)  by  2,         40x  -  42y -24z  =- 64.  (7) 

Add  (6)  and  (7),  85  x  -  96  y  =  -  9.  (8) 

Multiply  (6)  by  17,  86  x  -  867  y  =  -  1037.  (9) 

Sutitract  (9)  from  (8),  771  y  =  1028. 

•••  y  =  ii. 


(1) 

(2) 
(3) 
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Substitute  the  value  of  y  in  (5),  5  «  —  68  =  —  61. 
Transpose  and  combine,  5  x  =  7. 

.-.  X  =  1|. 
Substitute  the  values  of  x  and  y  in  (1), 

21-24  +  8z  =  15. 
Transpose  and  combine,  8  2  ==  18. 

.-.  z  =  2J. 
Therefore,  x  =  1§,  y  =  1  J,  and  z  =  2 J. 

14.  Solve  ax  +  6y  —  cz  =  2  a6 

6y+c«— ax  =  2&c 
C2  -f  ax  —  by  =  2  ac 
Add  (1)  and  (2),  26y  =  2a6  +  26c. 

.-.  y  =.  a  -{■  c. 
Add  (2)  and  (3),  2cz  =  2ac -\- 2bc. 

.'.  z  =  a  -\-b. 
Add  (1)  and  (3),  2  ox  =  2  oft  +  2  ac. 

.-.  X  =  6  +  c. 
Therefore,  x  =  b-\-Cyy  =  a-{-Cj  and  z  =  a  +  1, 

16.  Solve                       X  -f  ay  +  a^z  +  a8  =  0^  (1) 

X  +  6y  +  622  _{.  &8  =  0  ►  (2) 

x  + cy  +  c2z  +  c8  =  oJ  (3) 

Subtract  (2)  from  (1),  (a  -  6)y  +  (a^-  62) z  =  -  (a*  -  68).  (4) 

Divide  (4)  by  a  -  6,              y  +  (a  +  6)z  =  -  a^  -  a6  -  6^.  (5) 

Subtract  (3)  from  (2),  (6 - c)y  +  (62  -  c2)z  =  -  (68  -  c«).  (6) 

Divide  (6)  by  6  -  c,                y  +  (6  +  c)z  =  -  62  -  6c  -  c^.  (7) 

Subtract  (7)  from  (5),  '    (a  —  c)  z  =  6c  +  c2  —  a2  —  a6. 

6c  +  c2  -  a2  -  a6  .     ,  ,   ,    . 

.-.  z  =  — =  —  (o  +  6  +  c). 

a  —  c 

Substitute  the  value  of  z  in  (5), 

y  -  (a  +  6)  (a  +  6  +  c)  =  -  a2  -  a6  -  62. 

Transpose,  y  =  (a  +  6)  (a  +  6  -f  c)  —  a2  —  a6  —  62. 

Expand  and  combine,  y  =  a6  +  ac  +  6c. 

Substitute  the  values  of  y  and  z  in  (1), 

X  +  a(a6  -f  ac  +  6c)  -  a2(a  +  6  4-  c)  +  a^  =  0. 

Expand,  x  +  a26  +  a2c  +  a6c  —  a'  —  a26  —  oC^c  +  a^  =  0. 

Combine,  x  +  abc  =  0. 

Transpose,  x  =  —  a6c. 

Therefore,  x  =  —  a6c,  y  =  a6  4-  ac  +  6c,  z  =  —  (a  +  6  4-  c). 
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16.   Solve  X+    y  +    z  =  a-^h'\-cy  (1) 

hx  +  cy  -V.az  =  a^  +  6^  +  c^  I  (2) 

ex  +  ay  +  62  =  a2  +  62  _|.  q%]  (3) 

Multiply  (1)  by  6,  6x  +  6y  +  6z  =  06  +  ^^  +  6c.  (4) 

Subtract  (2)  from  (4),  (6  -  c)  y  +  (6  -  a) «  =  a6  -  a^  +  6c  -.  c^.      (5) 
Multiply  (1)  by  c,  ex  +  cy  +  c«  =  ac  +  6c  +  c^.  (6) 

Subtract  (6)  from  (3),   (a  -  c)  y  +  (6  -  c) «  =  a^  +  62  -  ac  -  6c.       (7) 
Multiply  (6)  by  a  —  c, 

(a  -  c)(6  -  c)y  +  (6  -  d){(ji.-  c)z  =  {a  -  c){ab  -  a^ +  bc  -  c^).    (8) 
Multiply  (7)  by  6  -  e, 

(a  -  e) (6  -  e)y  +  (6  -  c)^z  =  (6  -  c)  (a^  +  62  - .ac  -,6c).    (9) 
Subtract  (8)  from  (9), 

[(6-e)2  +  (a-6)(a-c)]2 

=  (6  -  c)  (a2-|-  62-  ac  -  6c)  -  (a  -  c)  (06  -  a2  +  6c  -  c2). 
Simplify,  • 

(62  +  c2  +  a2  -  06  -  ac  -  6e)« 

=  68  -  e8  +  a8  -  a6c  -  262c  -  2a2c  +  2ac2  +  26c2. 

68  -  c3+ 08- a6c  -  262e  -  2a2c  +  2ae2+ 26c2 

•••  2  = -^—^ ^ li ; -^ =  a  +  6  -  c. 

62  +  c2-|-a2-a6-ac-6c 

Substitute  the  value  of  z  in  (5), 

(6  -  c)y  -f  (6  -  a) (a  +  6  -  c)  =  06  -  a2  +  6c  -  e2. 

Transpose,  (6  —  c)  y  =  (a  —  6)  (a  +  &  —  c)  H-  a6  —  a2  -}-  6e  —  c^. 

Expand  and  combine,  (6  —  c)y  =  a6  —  ac  .-^62  -|-  2  6c  —  c2. 

Factor,       (6  -  c)y  =  a(6  -  c)  -  (6  -  e)2  =  (6  -  c)  (a  -  6  +  c). 

.-.  y  =  a  — 6  +  c. 

Substitute  the  values  of  y  and  2  in  (1), 

xH-a- 6H-e  +  a  +  6  —  c  =  a  +  6  +  c. 

Transpose  and  combine,  x  =  6  +  c  —  a. 

Therefore,  x  =  6  +  c  —  a,  y  =  a  +  c  —  6,  and  2  =  a  +  6  —  c. 


17.    Solve  (aH-6)x  +  (a-6)2  =  2  6c 


(1) 


{h  ■\- c)y  +  (p -c)x  =  2ac>  (2) 

(c +  a)2 +(c -a)y  =  2a6J  (3) 

Multiply  (1)  by  (6  -  c), 

(a  +  6) (6  -  c)x  +  (a  -  6) (6  -  c)z  =  26c(6  -  c).  (4) 

Multiply  (2)by  (d  +  6), 

(a  H-  6)  (6  -  c)x  +  (a  +  6)  (6  H-  c)y  =  2 ac{a  +  6).  -  (6) 

Subtract  (4)  from  (5), 

(a  +  6)(6  +  c)y  -  (a  -  6)(6  -  c)z  =  2ac(a  +  b)  -  26c (6  -  c).  (6) 
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Multiply  (6)  by  c  —  a, 
(a  +  6) (6  +  c) (c  -  a)y  -  (a  -  b)  {b  -c){c-a)z 

=  2  ac(a  +  6)  (c  -  a)  -  2  6c  (6  -  c)  (c  -  a).  (7) 

Multiply  (3)  by  (a  +  6)  (6  H-  c), 
(a  +  6)  (6  4-  c)  (c  -  a)y  +  (a  +  6) (6  +  c)  (c  +  a)« 

=  2o6(aH-6)(6  +  c).  (8) 

Subtract  (7)  from  (8), 
[(a  +  6)  (6  +  c)  (c  +  a)  +  (a  -  6)  {b  -c)(c-  a)]  2 

=  2  [o6(a  +  6)  (6  +  c)  -  oc  (a  +  6)  (c  -  a)  +  6c(6  -  c)  (c  -  a)]. 

Expand, 

(a^b  +  a6>  +  a^  +  2  a6c  +  6^  +  ac2  4-  6c2  -  a26  +  ofta  +  a^c  -  6«c 

-ac2  +  6c2)2 

=  2(a2&2  +  068+  a26c  +  ab^  +  a'c  +  a^bc  - a^c^  -  oftc^  +  &^* 

-  6c8  -  a62c  +  dbd^. 

Combine, 

2(a62  -I-  a^c  +  a6c  +  6c2)2 

=  2  (a262  _^.  a68  4-  2  a^ftc  +  a^c  -  a^c^  -\-bfk^-  6c«). 

a262  4.  068  4-  2  a26c  4-  a^c  -  a^c^  +  ftScS  _  ftc8 

.-.  z  = ! ■ =  a-\-b  —  c. 

dbf^  4  a^c  4-  a6c  4-  6c2 

Substitute  the  value  of  z  in  (3),  < 

(c  4-  a)  (a  4-  6  —  c)  4-  (c  —  a)y  =  2 06. 
Transpose,  (c  —  a)  y  =  2  a6  —  (c  +  a)  (a  4-  6  —  c). 

Expand  and  combine,  (c  —  a)  y  =  06  —  a^  —  6c  +  c^. 

06  -  a2  -  6c  4-  c2 

.'.  y  = =  a  —  6  4-  c. 

c  —  a 

Substitute  the  value  of  z  in  (1), 

(a  4-  6)a  +  (a  -  6)(a  4-  6  -  c)  =  26c. 

Transpose,  (a  4-  6)x  =  2 6c  —  (a  —  6)  (a  4-  6  —  c). 

Expand  and  combine,  (a  4-  6)  x  =  6c  —  a^  4-  ac  4-  6^. 

6c  -  a2  4-  ac  4-  62      ^ 

.*.  z  = ; =  6  +  c  —  a. 

04-6 

Therefore,  x  =  64-c  —  a,  y  =  a4-c--6,  and  «  =  a  4-  6  —  c. 


18.   Solve  a;4-y4-  «=a4-6  -\-  c  '] 

aaJ  +  6y4-C2  =  a64-6c4-ac 
(6  —  c)  X  +  (c  —  a)  y  =  (6  —  a) « 


0) 

(3) 


Multiply  (1)  by  0,  o«  +  oy  +  a«  =  a*  +  c*  +  oc.  (4) 


dBH 
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Subtract  (2)  from  (4),  (a  -  6)  y  +  (a  -  c) «  =  a^  -  6c.  (5) 

Multiply  (1)  by  6  -  c, 

(6  -  c)a;  +  (6  -  c)y  +  (&  -  c)«  =  a6  +  63  -  oc  -  c\      (6) 

Transpose  (3), 

(6  -  c)x  +  (c  -  a)y  +  (a  -  b)z  =  0.  (7) 

Subtract  (7)  from  (6), 

(a  +  6  -  2c)y  -  (a  +  c  -  26)«  =  a6  +  6*  -  oc  -  c*       (8) 
Multiply  (5)  by  a  +  6  -  2  c, 

(a  —  6)  (a  +  6  -  2  c)  y  +  (a  -  c)  (a  +  6  -  2  c)2; 

=  (aa-6c)(a  +  6-2c).  (9) 

Multiply  (8)  by  a  -  6, 

(a  -  6)  (a  +  6  -  2 c)y  -  (a  -  6)  (a  +  c  -  2 6)« 

=  (a  -  6)  (a6  +  62  -  ac  -  c^).  (10) 

Subtract  (10)  from  (9), 

[(a  -  c)(a  +  6  -  2c)  +  (a  -  6)  (a  4-  c  -  26)]« 

=  (a*  -  6c)  (a  +  6  -  2  c)  -  (a  -  6)(a6  -H  62  -  oc  -  c2). 
Simplify,  2(a^  -a6--ac-6c  +  62  +  c2)2 

=  a*  -  2  a6c  -  62c  -  a^c  +  6c2  +  ac2  +  &*. 

a»  -  2  o6c  -  62c  -  a2c  +  6c2  +  oc2  +  68      a  +  6 

2(a2-o6-ac-6c  +  62  +  c2)  2 

Substitute  the  value  of  z  in  (5), 

/        vx      ,  (a  -  c)  (a  +  6)        -      , 
(a  —  6)  y  +  ^ — =  a2  —  6c. 

Multiply  by  2,  2  (a  -  6)  y  +  (a  -  c)  (a  +  6)  =  2  a2  -  2  6c. 
Transpose,       2(a  -  6)y  =  2 a2  -  2  6c  -  (a  -  c)  (a  +  6). 
Expand  and  combine,  2  (a  —  6)  y  =  a2  —  6c  —  a6  +  oc. 

Factor,  2  (a  —  6)  y  =  (a  +  c)  (a  —  6). 

••• «' = ^- 

Substitute  the  values  of  y  and  z  in  (1), 

X  4-  — T—  +  — r—  =  a  +  6  +  c. 
2  2 

Multiply  by  2,  2x  +  a  +  c  +  o  +  6  =  2a  +  26  +  2c. 

Transpose  and  combine,  2  x  =  6  +  c. 

6H-C 


.'.  a  = 


2 


-,,       -  6  +  c  a-k-c         ,         a  +  6 

Therefore,  »  =  — ■ — ,  y  = »  and  z  =  — - — 

2  2  2 
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19.  Solve  ?  +  ?^  +  ?  =  1 

a     b      c 

X       V       z 

-+-+-=1 
a     c      0 

X       V       z 

0      a     c 


ah  +  ac  +bc 
abc 


Substitute  the  value  of  «  in  (10),  y  =  — 

ab  +  ac  -j- he 

Substitute  the  values  of  y  and  z  in  (1), 

X  ac  •   ^^  _  1 

a     ab  -\-  ac  +  bc      ab-j-  ac  -{-  be 

Multiply  by  a(ab  -\-  a^  +  be), 

{ab  +  ae-\-bc)x  +  a'^c  -\-  a^b  =  a^b  +  aH  f  abc.- 

Transpose  and  combine,  (ab  -\-  ac  -\- be)  x  =  abe. 

abc 


(1) 

(2) 
(3) 


Subtract  (1)  from  (2),    iLiI?!  +  <£_^  =  o.  (4) 

be  be 

Multiply  (1)  by  J,  i  +  |  +  J  =  g-  (6) 

Multiply  (3)  by  1,  ^,  +  J,  +  ^  =  ^-  («) 

Subtract(«)fro.(5),   ^^''.<-^^=--^^  (T) 

Multiply  (4)  by ,  y-z  =  0,  (8) 

b  —  c 

Multiply  (7)  by  ^,  <^±i)y  +  £  =  i.  (9) 

a  —  b  ab       .   e 

Transpose  (8),  .  y.=  zti  (10) 

Substitute  the  value  of  y  in  (9), 

(a  +  b)z     2_^  ..     ^ 

ab  e 

Multiply  by  abc,  {ac +  be)z  -\-  abz  =  abc. 

Factor,  {ab  -\-  ac  -^^  be)  z  =  abc. 

abc 

.'.  z  = 


X  = 


ab  -^  ac  -^bc 


_,       .  abc  abc  ,  abc 

Therefore,  x  — —  »  y  ^ — »  and  z  =  — ^  ■ 

ab-^ac-^-bc  ab-\'ac-\-bc  ab-\-ajc-\-bc 
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857 


20.  Solve 


Add  (1)  and  (2), 


Add  (1)  and  (3),     , 


Add  (2)  and  (3), 


Therefore,  x  = 


2a 


a  b  c 

-  -] =  m 

X  y  z 

a  b  c 

z  y  z 

a  b  c 

X  y  z     ^ 


m  -i-  n 


,y  = 


2b 


-m  -\-p 


2a 

X 
.'.  X 

2b 

y 

.-.  y 

2c 
z 

,'.  z  = 

)  and  z  = 


w  +  n. 

2o 
m  -\-n' 

m  -\-  p. 
26 


m  -\-  p 
n  +p. 

2c 
n+p' 

2c 
n+p' 


(1) 


(3) 


Jl.  Solve 


Multiply  (1)  by  5, 
Multiply  (2)  by  3, 
Subtract  (5)  from  (4), 
Divide  (6)  by  7, 
Multiply  (1)  by  2, 
Multiply  (3)  by  3, 
Add  (8)  and  (9), 
Multiply  (7)  by  31, 
Multiply  (10)  by  3, 
Subtract  (12)  from  (11), 
Multiply  by  2, 
Divide  by  301, 


21x  +  15y  +  16« 
14x+  25y-13« 
17x-10y-192 
105x  +  76y +  80« 
42x  +  76y-39« 
63X  +  1192 
9X  +  172 
42x+  30y-|-32z 
blx-SOy-  67z 
93x-25« 
279x  +  627« 
279X-752 
602  z 
1204  z 
4z 
.*.  z 


=  -13 
=  15xV 

=:-66. 

=  46J. 
=  ~110J. 
=  - 153. 
=  -26. 
=  13J. 
=  -12}. 
=  -  488}. 
=  -  36|. 
=  -  461i. 
=  -903. 
=  -3. 


(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 
(10) 

(11) 
(12) 
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Substitute  the  Talue  of  z  in  (7), 

9x-12| 
'^[^raiispose  and  combine,  9  x 

.-.  X 
Substitute  the  values  of  x  and  z  in  (1), 

-7  +  16y-12 
Transpose  and  combine,  15  y 

•••  y 

Therefore,  x  =  -  J,  y  =  J,  and  z  =  —  f . 


-16|. 
-3. 

-18. 

6. 


w 


22.  Solve 


X  V  z 


m  +  n     n— p     m  +  p 


X 


*'     + =  2m 


m— n     n— p     p  —  m 

X y «_ 

m  —  n     n  —  p     mH-p 

2p2 


Subtract  (3)  from  (2), 
Divide  by  2p, 

Substitute  the  value  of  z  in  (1), 


=  2m  -2p 
=  2p. 
=  1. 


p3  -m2 
z 


m  +71      n  —  p 

Substitute  the  value  of  z  in  (2), 

X  y 


X  y 

+  :— ^  +p-m  =  2p. 


m  —  n      n  — p 

X  2/ 

Transpose  and  combine  (4) , 


Transpose  and  combine  (6), 
Add  (6)  and  (7), 
Divide  by  2  m, 


m+' 

n    n  —  p 

X 

y 

m  — 

n    n—p 

2mx 

m2-n2 

X 

m^-n" 


(1) 
(2) 
(3) 


W 


=  2iii. 

(6) 

=m  +p. 

(6) 

=  m—p. 

(7) 

=  2m. 

=  1. 

.-.  X  =  m3  —  n*. 
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Substitute  the  values  of  x  and  z  in  (1), 

y 


m  —  n-\- 


n  —p 


Transpose  and  combine, 
Multiply  by  n  —  p, 


+  p  —  m  =  2p. 


=  n  +  p. 


n  —  p 

y  =  n^-.  pi. 

Therefore,  x  =  m*  -  n*,  y  =  n^  -  p3,  and  z=p^-  m^. 


28.  Solye 


X 


y 


n-\-p     p  +  m 

X  z 

+ 


n  +p      w  H-  n 


Subtract  (2)  from  (1), 
Add  (3)  and  (4), 
Subtract  (4)  from  (3), 
Multiply  (5)  by  ?^, 

Multiply  (6)  by  ^?-t^, 
Substitute  the  value  of  y  in  (1), 

X 


p  -\-  m      m  +  n 

y «_ 

p  -j-  m      m  +  n 
2y 

P  +  m 
2z 


=  w  —  wi 
=  m  —p 

=  p  —  n 
=  n  —  2  m  4-  p. 
=  2p-2m. 
=  2  m  —  2  n. 


n  +  p 


y  =pi  —  m^, 
z  =  m2  -  n\ 

-l-p  —  m  =  n  —  m. 


Transpose  and  combine, 


X 


=  n  — p. 


n  +  p 
.-.  X  =  n"  —  p2. 
Therefore,  x  =  n"  —  p*,  y  =  p2  —  m^,  and  z  =  m^  —  n^. 


24.  Solve 


Subtract  (2)  from  (1), 


X      2/      z 

X     y      2; 

9  .12      10      , 

-H =  4 

X      y       « 

?-i  =  o. 

X      y 

.*.  4  X  =  3  y. 
3y 
4 


(1) 

(2) 

(3) 
(4) 
(5) 
(8) 


0) 
(2) 
(3) 


(4) 
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A  ft  fi 

Substitute  the  value  of  x  in  (2),  -  +  -  H-  -  =  4.  (6) 

^  '  y     y     z 

12      12      10 

Substitute  the  value  of  x  in  (3), \- =  4.  (6) 

^  ^  '        y       y       z 

Combine  (5),  —  +  -  =  4.  (7) 

24       10 
Combine  (6),  fl  -  i^  =  4.  (8) 

^  '  y       z 

Divide  (8)  by  2,  ^  -  ^  =  2-  (») 

y      z 

Add  (7)  and  (9),  —  =  6. 

.-.  y  =  4. 

Subtract  (9)  from  (7),  —  =  2. 

z 

.-.  2  =  5. 

Substitute  the  value  of  y  in  (4),  x  =  3. 

Therefore,  x  =  3,  y  =  4,  and  z—b. 


86.  Solve  x+    22^4-32;  +  4u 

2x+    3y  +  42  +  6w 
6x+    1y  -8«H-9w 
64x  +  16y  +  42+     u 
Multiply  (1)  by  4,  4x  +  8y  +  12«  +  16u 

Multiply  (2)  by  8,  6x  +  9?/  +  12^  +  15w 

Subtract  (6)  from  (6),  2x-{-y  —  u 

Multiply  (2)  by  2,  4x  +  62/  +  8«  +  10m 

Add  (3)  and  (8),  10 x  +  13  y  +  19  u 

Multiply  (4)  by  2,  128  x  +  32  y  +  8  «  +  2  m 

Add  (3)  and  (10),  134  x  +  39  y  + 11  w 

Multiply  (7)  by  19,  38  x  +  19  y  -  19  tt 

Add  (9)  and  (12),  48x  +  32  y 

Divide  (13)  by  4,  12  x  +  8  y 

Multiply  (7)  by  11,  22  x  +  11  y  -  11  u 

Add  (11)  and  (16),  156x  +  60y 

Divide  (16)  by  2,  78  x  -f  26  y 

Multiply  (14)  by  26,  300  x  +  200  y 

Multiply  (17)  by  8,  624  x  +  200  y 


2' 

(1) 

3 

(2) 

3 

(3) 

26 

{*) 

8. 

(5) 

9. 

(6) 

1. 

(7) 

6. 

(8) 

9. 

(9) 

50. 

(10) 

53. 

(11) 

19. 

(12) 

28. 

(13) 

7. 

(14) 

11. 

(16) 

64. 

(16) 

32. 

(17) 

175 

(18) 

266 

(19) 
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Subtract  (18)  from  (19),  324  x  =  81. 

.-.  X  =  J. 
Substitute  the  value  of  x  iu  (14),  3  +  8^  =  7. 

Transpose  and  combine,  8^  =  4. 

Substitute  the  values  of  z  and  y  in  (7), 

J  4-  i  -  u  =  1. 
Transpose  and  combine,  u  =  0. 

Substitute  the  values  of  x,  y^  and  u  in  (1), 

J  +  l  +  32;4-0  =  2. 
Transpose  and  combine,  3  z  =  f . 


Therefore,  x  =  |,  y  =  i,  «  =  J,  and  u  =  0. 


(1) 
(2) 
(3) 
(4) 


26.   Solve  2x-9y  +  32-10u=r  121 

x  +  ly  —    z—      u  =  683 
3x4-2y-f5«+    2tt  =  255 
4x-6y  -2«-   9u  =  616J 
Multiply  (2)  by  2,  2x  +  14y  -  22  ^  2m  =  1166.  (5) 

Subtract  (1)  from  (5),  23  y  -  6  «  +  8  m  =  1045.  (6) 

Multiply  (2)  by  3,  8  x  +  21  y  -  3  2  -  3  m  =  1749.  (7) 

Subtract  (3)  from  (7),  19y-8z-5M  =  1494.  (8) 

Multiply  (2)  by  4,  4  x  +  28  y  -  4  2  -  4  tt  =  2332.  (9) 

Subtract  (4)  from  (9),  34  y  -  2  2  +  5  m  =  1816.  (10) 

Multiply  (6)  by  5,  115  y  -  25  2  +  40  m  =  5225.  (11) 

Multiply  (8)  by  8,  162  y  ~  64  2  -  40  tt  =  1 1 962.  (12) 

Add  (11)  and  (12),  267  y  -  892  =  17177.  (13) 

Divide  (13)  by  89,  3  y  -  2  =  193.  (14) 

Add  (8)  and  (10),  63  y  - 10  z  =  3310.  (16) 

Multiply  (14)  by  10,  30  y  -  10  2  =  1930.  (16) 

Subtract  (16)  from  (16),  23  y  =  1380. 

.-.  y  =  60. 
Substitute  the  value  of  y  in  (14),  180  -  2  =  193. 

Transpose  and  combine,  2  =  —  13. 

Substitute  the  values  of  y  and  2  in  (10), 

2040  +  26  +  5  M  =  1816. 
Transpose  and  combine,  5  ti  =  —  260. 

.'.  M  =  —  60. 
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Substitate  the  yalues  of  y,  2,  and  u  in  (2), 

X  +  420  +  13  -H  60  =  683. 
Transpose  and  combine,  x  =  100. 

Therefore,  x  =  100,  y  =  60,  2;  =  - 13,  and  u  =  -  60. 


27.   Solve                           3x4-    4y  + 62  +  61*=       67^  (1) 

2x-    6yH-9«-8u  =  -127  ^  (2) 

4x-    3y  +  3z  +  4u=       73  '  (3) 

6x-10y-62;  +  3u=       76J  (4) 

Multiply  (3)  by  2,                8x  -  6y  +  62  4- 8u  =  146.  (5) 

Add  (2)  and  (5),                        10  x  -  11  y  +  16  «  =  19.  (6) 

Multiply  (4)  by  2,             12  x  -  20  y  -  12  «  +  6  u  =  160.  (7) 

Subtract  (1)  from  (7),                 9  x  -  24  y  -  17  2  =  83.  (8) 

Multiply  (3)  by  3,              12  x  -  9  y  +  9  «  4- 12  u  =  219.  (9) 

Multiply  (4)  by  4,             24x  -  40y  -  242  4-  12u  =  300.  (10) 

Subtract  (9)  from  (10),              12  x  -  31  y  -  33  2  =  81.  (11) 

Multiply  (6)  by  9,                   gOx  -  99  y  +  136  2  =  171.  (12) 

Multiply  (8)  by  10,               90  x  -  240  y  -  170  2  =  830.  (13) 

Subtract  (13)  from  (12),                  141  y  4-  305  2  =  -  669.  (14) 

Multiply  (8)  by  4,                     36  x  -  96  y  -  68  2  =  332.  (15) 

Multiply  (11)  by  3,                  36  x  -  93  y  -  99  2  =  243.  (16) 

Subtract  (15)  from  (16),                       3  y  -  31  2  =  -  89.  (17) 

Multiply  (17)  by  47,                       141  y  -  1467  2  =  -  4183.  (18) 
Subtract  (18)  from  (14),                              1762  2  =  3624. 

.-.  2  =  2. 
Substitute  the  value  of  2  in  (17),  3  y  -  62  =  -  89. 

Transpose  and  combine,  3  y  =  —  27. 

.-.  y  =  -  9. 

Substitute  the  values  of  y  and  2  in  (6), 

10x4-99  4-30  =  19. 
Transpose  and  combine,  lOx  =  —  110. 

.-.  X  =  — 11. 

Substitute  the  values  of  x,  y,  and  2  in  (4), 

_66  4-90-12  4-3w  =  76. 
Transpose  and  combine,  3  u  =  63. 

.-.  tt  =  21. 

Therefore,  x  =  — 11,  y  =  —  9,  2  =  2,  and  u  =  21. 
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28.  Solve 

X      y       2z         ^ 
3+1+7=^ 

(1) 

5a;       y        z 

(2) 

X     Zz      u 
2+8  +  6='^ 

(3) 

y      z       u 
-+       +       =92 
5  ^  2  ^  25           J 

(4) 

Multiply  (3)  by  i, 

5 

X      32      M  _79 
10      40      25  "  5  ' 

(6) 

Subtract  (4)  from  (5), 

X      y      nz__     381 

10      5       40             5  '                          ^  ' 

Multiply  (1)  by  i, 

6 

X       y       z  _29 
18      30      21  ~  3  ' 

(7) 

Multiply  (2)  by  i, 

5 

«  ,   y   ,   2      76 
4      30      16       5  * 

(8) 

Subtract  (7)  from  (8), 

7  X      2  «  __  83 
36       105 -15* 

(«) 

Multiply  (9)  by  3, 

7x      2z_83 
12       35  ~  5  ' 

(10) 

Add  (1)  and  (6), 

13  X      39  z          91 
30        280           5 

-•                         (11) 

Multiply  (10)  by  39, 

91x      78z_3231 
4          35  ~     5 

-•                         (12) 

Multiply  (11)  by  16, 

104 X      78 z          1456 
15         36  =        5    •                      <^^> 

Add  (12)  and  (13), 

• 

1781 X      1781 
60            5 

• 

Divide  by  1781, 

X        1 
60      5 

Multiply  by  60, 

x  =  12. 

Substitute  the  value  of  x  in  (10),  7  +  —  =  — 

35        5 

Multiply  by  35, 

245-|-2z  =  581. 

Transpose  and  combine, 

2z  =  336. 
.-.  z  =  168. 

Substitute  the  values  of  x 

and  z  in  (1), 

4  +  ?^  +  48  =  58. 
5 
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Transpose  and  combine,  -  =  6. 

/.  y  =  30. 
Substitute  the  values  of  x  and  z  in  (3), 

6  4-  63  +  ^  =  79. 
6 

Transpose  and  combine,  -  =  10. 

.-.  u  =  50. 
Therefore,  a;  =  12,  y  =  30,  2  =  168,  and  u  =  60. 


Exercise  77.     Page  185 

1.  If  A  gives  B  $17,  B  will  have  three  times  as  much  money  as  A. 
If  B  gives  A  $17,  A  will  have  $5  more  than  four  times  as  much  money 
as  B.     How  much  has  each  ? 

Let  X  =  the  number  of  dollars  A  has, 

and  y  =  the  number  of  dollars  B  has. 

Then,  if  A  gives  B  $17, 

X  —  17  =  the  number  of  dollars  A  will  have, 
and  y  -f  17  =  the  number  of  dollars  B  will  have. 

.-.  y +  17  =  3(x-17).  (1) 

If  B  gives  A  $17, 

X  +  17  =  the  number  of  dollars  A  will  have, 
and  y  —  17  =  the  number  of  dollars  B  will  have. 

.-.  x  +  17  =  4(y-17)  +  5.  (2) 

Expand  (1),  y  +  17  =  3  x  -  61.  (3) 

Expand  (2),  x  +  17  =  4  y  -  68  +  6.  (4) 

Transpose  and  combine  (3),  3x  —  y  =  68.  (5) 

Transpose  and  combine  (4),  x  -  4  y  =  —  80.  (6) 

Multiply  (6)  by  3,  3  x  -  12  y  =  -  240.  (7) 

Subtract  (7)  from  (6),  11  y  =  308. 

.-.  y  =  28. 
Substitute  the  value  of  y  in  (6),  x  -  112  =  -  80. 
Ti'anspose  and  combine,  x  =  32. 

Therefore,  A  has  $32,  and  B  has  $28. 
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2.  If  the  smaller  of  two  numbers  is  divided  by  tbe  larger,  the  quo- 
tient is  0.32  and  the  remainder  0.012;  but  if  the  larger  number  is 
divided  by  the  smaller,  the  quotient  is  3.11  and  the  remainder  0.0042. 
Find  the  numbers. 

Let  X  =  the  smaller  number, 

and  y  —  the  larger  number. 

X  -  0.012 


y 


=  0.32,  (1) 


,                                                 y  -  0.0042      _    -  ... 

and =  3.11.  (2) 

Multiply  (1)  by  y,  x-  0.012  =  0.32  y.  (3) 

Multiply  (2)  by  X,  y-  0.0042  =  3.11  x.  (4) 

Transpose  (3),  x  -  0.32  y  =  0.012.  (5) 

Transpose  (4),  -  3. 11  x  +  y  =  0.0042.  (6) 

Multiply  (6)  by  0.32,  -  0.9952  x  +  0.32  y  =  0.001344.  (7) 

Add  (6)  and  (7),  0.0048 x  =  0.013344. 

.-.  x  =  2.7«. 
Substitute  the  value  of  x  in  (5), 

2.78 -0.32y  =  0.012. 
Transpose  and  combine,  —  0.32  y  =  —  2.768. 

.-.  y  =  8.66. 

Therefore,  the  required  numbers  are  2.78  and  8.65. 


3.  If  B  gave  A  $27,  they  would  have  equal  sums  of  money ;  but  if 
A  gave  B  $43,  A  would  then  have  half  as  much  money  as  B.  How 
much  has  each  ?  ' 

Let  X  =  the  number  of  dollars  A  has, 

and  y  =  the  number  of  dollars  B  has. 

.-.  y  -  27  =  X  +  27,  (1) 

and  y +  43  =  2  (X- 43).  (2) 

Expand  (2),  y  +  43  =  2  x  -  86.  (3) 

Transpose  and  combine  (1),  x  —  y  =  —  64.  (4) 

Transpose  and  combine  (3),  2  x  —  y  =  129.  (6) 

Subtract  (4)  from  (6),  x  =  183. 

Substitute  the  value  of  x  in  (4),   183  —  y  =  —  64. 

TranspoBQ  and  combine,  —  y  =  —  237. 

.-.  y  =  237. 

Therefore,  A  has  $183,  and  B  has  $237. 
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4.  If  the  larger  of  two  numbers  is  divided  by  the  smaller,  the 
quotient  is  4  and  the  remainder  9;  but  if  twenty  times  the  smaller 
number  is  divided  by  twice  the  larger,  the  quotient  is  2  and  the 
remainder  152.    Find  the  numbers. 

Let  X  =  the  larger  number, 

and  y  =  the  smaller  number. 

X  —  9 
••  -^  =  4,  (1) 

20y-162      ^ 
and  ^^^        =  2.  (2) 

Multiply  (1)  by  y,  x  -  9  =  4  y.  (3) 

Multiply  (2)  by  2  X,  20  y  -  162  =  4  x.  (4) 

Divide  (4)  by  4,  6  y  -  38  =  x.  (6) 

Transpose  (3),  x  -  4  y  =  9.  (6) 

Transpose  (5),  -  x  +  6  y  =  38.  (7) 

Add  (6)  and  (7),  y  =  47. 

Substitute  the  value  of  y  in  (3),       x  —  9  =  188. 
Transpose  and  combine,  x  =  197. 

Therefore,  the  required  numbers  are  197  and  47. 

5.  If  the  smaller  of  two  numbers  is  divided  by  the  larger,  the 
quotient  is  0.37  and  the  remainder  0.01413 ;  but  if  the  larger  number 
is  divided  by  the  smaller,  the  quotient  is  2.69  and  the  remainder 
0.00077.    Find  the  numbers. 

Let  X  =  the  smaller  number, 

and  y  =  the  larger  number. 

.-.  ^^^  =  0.37,  (1) 

and  1^^000077  ^  ^^ 

X 

Multiply  (1)  by  y,  x  -  0.01413  =  0.37  y.  (3) 

Multiply  (2)  by  X,  y-  0.00077  =  2.69  x.  (4) 

Transpose  (3),  x  -  0.37  y  =  0.01413.  (6) 

Transpose  (4),  -  2.69 x  +  y  =  0.00077.  (6) 

Multiply  (6)  by  0.37,      -  0.9953 x  +  0.37  y  =  0.0002849.  (7) 

Add  (5)  and  (7),  0.0047  x  =  0.0144149. 

.-.  X  =  3.067. 
Substitute  the  value  of  X  in  (6),  3.067-0.37y  =  0.01413. 
Transpose  and  combine,  —  0.37  y  =  —  3.05287. 

.-.  y  =  8.251. 

Therefore,  the  required  numbers  are  8.251  and  3.067. 
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6.  If  A  gives  B  $17,  A  will  have  twice  as  much  money  as  B; 
l)ut  if  A  gives  B  f33,  B  will  have  one  dollar  less  than  A.  How 
much  has  each  ? 

Let  X  =■  the  number  of  dollars  A  has, 

and  y  =  the  number  of  dollars  B  has. 

.-.  x-17  =  2(y  +  17),  (1) 

and  X  -  33  =  y  +  33  + 1.  (2) 

Expand  (1),  x  -  17  =  2  y  +  34.  (3) 

Transpose  and  combine  (3),  x  -  2  y  =  61.  (4) 

Transpose  and  combine  (2),  x  —  y  =  67.  (6) 

Subtract  (4)  from  (5),  y  =  16. 

Substitute  the  value  of  y  in  (5),     x  —  16  =  67. 

Transpose  and  combine,  x  =  83. 

Therefore,  A  has  ^,  and  B  has  $16. 


7.  The  value  of  a  certain  fraction  becomes  }  when  7  is  added  to  the 
numerator,  and  becomes  }  when  2  is  subtracted  from  the  denominator. 
Find  the  fraction. 


Let                       X  =  the  numerator  of  the  fraction, 

and                          y  =  the  denominator  of  the  fraction. 

X 

Then                    -  =  the  fraction. 

y 

xH-7      3 
y        4 

(1) 

A                                                                                                         ^                1 

and                                                       ^  =  «- 

y-2     2 

(2) 

Multiply  (1)  by  4  y,                      4  x  +  28  =  3  y. 

(3) 

Multiply  (2)  by  2  (y  -  2),                      2  x  =  y  -  2. 

(4) 

Transpose  (3),                             4x-3y  =  -28. 

(6) 

Transpose  (4),                                2  x  —  y  =  —  2. 

(6) 

Multiply  (6)  by  2,                        4x  -  2  y  =  -  4. 

(7) 

Subtract  (6)  from  (7),                             y  =  24. 

Substitute  the  value  of  y  in  (4),           2  x  =  24  -  2. 

Combine,                                              2x  =  22. 

.•.  x  =  ll. 

X      11 
y     24 

Therefore,  the  required  fraction  is  l\. 
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8.  A  certain  fraction  becomes  equal  to  f  when  2  is  added  to  the 
numerator  and  1  is  subtracted  from  the  denominator,  and  equal  to  ^ 
when  9  is  added  to  the  denominator.    Find  the  fraction. 

Let  X  =  the  numerator  of  the  fraction, 

and  y  =  the  denominator  of  the  fraction. 


Then  -  =  the  fraction. 

y 


x-f  2_8 
y-l~9' 


(1) 


and  _^  =  1.  (2) 

Multiply  (1)  by  9(y  -  1),  9x  -f  18  =  8y  -  8.  (3) 

Multiply  (2)  by  2  (2/  +  9),  2  x  =  y  +  9.  (4) 

Transpose  and  combine  (3),        Ox  —  8 y  =  —  26.  (5) 

Transpose  (4),  2  x  -  y  =  9.  (6) 

Multiply  (6)  by  8,  16  x  -  8  y  =  72.  (7) 

Subtract  (5)  from  (7),  7x  =  98. 

.-.  X  =  14. 
Substitute  the  value  of  x  in  (6),     28  —  y  =  9. 
Transpose  and  combine,  —  y  =  — 19. 

.-.  y  =  19. 
x_14 
y~19' 
Therefore,  the  required  fraction  is  \%. 

9.  A  certain  fraction  becomes  equal  to  \  when  4  is  added  to  the 
denominator,  and  equal  to  \  when  5  is  added  to  the  numerator.  Find 
the  fraction. 

Let  X  =  the  numerator  of  the  fraction, 

and  y  —  the  denominator  of  the  fraction. 

Then  -  =  the  fraction. 


(1) 

and  ii:ri^  =  i.  (2) 


X 

• 

1 

y  +  4 

-4' 

x  +  5 

1 

y 

~  2' 

4x 

=  y +  4. 

2X  +  10 

=  y- 

4x-y: 

=  4. 

2x-y 

=-10. 

Multiply  (1)  by  4  (y  +  4),  4  x  =  y  +  4.  (3) 

Multiply  (2)  by  2  y,  2  x  +  10  =  y.  (4) 

Transpose  (3),  4  x  —  y  =  4.  (6) 

Transpose  (4),  2  x  -  y  =  -  10.  (6) 
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Subtract  (6)  from  (6),  2x  =  14. 

.*.  x  =  7. 
Substitute  the  value  of  x  in  (4),  14  +  10  =  y. 
Transpose  and  combine,  2/  =  24 . 

x_l_ 

y  ~24' 

Therefore,  the  required  fraction  is  ^^j. 

10.  A  certain  fraction  becomes  equal  to  f  when  6  is  added  to  the 
numerator,  and  equal  to  4  when  8  is  subtracted  from  the  denominator. 
Find  the  fraction. 

Let  X  =  the  numerator  of  the  fraction, 

and  y  =  the  denominator  of  the  fraction. 

Then  -  =  the  fraction. 

y 

(1) 

(2) 

(3) 
(4) 
(5) 

(6) 
(7) 


x  +  6      3 

y       7 

id 

X           1 

y-s     3 

Multiply  (1)  by  7  y, 

7x  +  42  =  3y. 

Multiply  (2)  by  3  (y  -  8), 

Sx  =  y  -S. 

Transpose  (3), 

7x-3y  =-42. 

Transpose  (4) 

Sx-y  =  -S. 

Multiply  (6)  by  3, 

9x-3y  =  -24. 

Subtract  (5)  from  (7), 

2x  =  18. 

.*.   X  ^^  t/. 

Substitute  the  value  of  x  in 

(4), 

27  =  y  -  8. 

Transpose  and  combine, 

-y  =  -35. 
.-.  y  =  35. 

• 

X       9 
y     36 

Therefore,  the  required  fraction  is  -^j, 

11.  A  certain  fraction  becomes  equal  to  J  when  1  is  subtracted  from 
the  numerator,  and  equal  to  |  when  1  is  subtracted  from  the  denomi- 
nator.   Find  the  fraction. 

Let  X  =  the  numerator  of  the  fraction, 

and  y  =  the  denominator  of  the  fraction. 

jp 

Then  -  =  the  fraction. 

y 
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x-1      4 


..    -        —I 
y         5 

id 

X         7 

lU 

y-1      8 

Multiply  (1)  by  5  y, 

5x  —  6  =  4y. 

Multiply  (2)  by  8  (y-1), 

8x  =  7y-7 

Transpose  (3), 

5  X  —  4  y  =  5. 

Transpose  (4), 

8x-7y=-7. 

Multiply  (5)  by  7, 

35x-28y  =  86. 

Multiply  (6)  by  4, 

32x-28y  =-28. 

Subtract  (8)  from  (7), 

3x  =  63. 

.-.  X  =  21. 

Substitute  the  value  of  x  in 

(5),  105-4y  =  5. 

Transpose  and  combine, 

-4y  =  -100. 

.-.  y  =  25. 

X      21 

y      25 

Therefore,  the  required  fraction  is  JJ. 

(I) 

(2) 

(8) 
(4) 
(5) 
(6) 

(7) 
(8) 


12.  There  are  two  fractions  with  numerators  3  and  11  respectively 
whose  sum  is  Ij.  If  the  denominators  are  interchanged,  the  sum  is  3. 
Find  the  fractions. 

Let  X  =  the  denominator  of  the  first  fraction, 

and  y  —  the  denominator  of  the  second  fraction. 

3         11 
Then  -  and  —  =  the  fractions. 
X  y 

Q  11 

(l) 
and  -  +  ~  =  3.  (2) 

Multiply  (1)  by  11,  ??  +  l?l=:^.  (3) 

X  y  o 

Multiply  (2)  by  3,  ^  +  r.  =  ^-  ^ 

X       y 

112       28 
Subtract  (4)  from  (3),  ^  =  ^  •  (5) 

Divide  (5)  by  28, 


3 

11 

• 
•  • 

X 

^. 

=  li 

3 

11 

-+  — 

=  3. 

y 

X 

33  ^ 

121 

55 

— + 

X 

2^ 

3 

33 

9 

+  - 

=  9. 

X 

V 

112 

28 

y 

3 

4 

1 

y 

"3* 

.-.  y 

=  12. 
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Substitate  the  value  of  y  in  (2),     -  H =  3. 

4       X 

Transpose  and  combine,  —  =  —  • 

X       4 

.-.  X  =  4. 
Therefore,  the  required  fractions  are  f  and  {J. 

13.  A  certain  fraction  becomes  equal  to  i  when  4  is  subtracted 
from  each  term,  and  equal  to  |  when  4  is  added  to  the  numerator  and 
3  subtracted  from  the  denominator.    Find  the  fraction. 

Let  X  =  the  numerator  of  the  fraction, 

and  y  =  the  denominator  of  the  fraction. 

Then  -  =  the  fraction. 

y 


x-4_l 
y-4~3 


(1) 


J  -  X  4-  4      1 

and  =-.  (2) 

y-3      2  ^  ' 

Multiply  (1)  by  3  (y  -  4),  3  x  -  12  =  y  -  4.  (3) 

Multiply  (2)  by  2  (y  -  3),  2  x  +  8  =  y  -  3.  (4) 

Transpose  and  combine  (3),  3x  —  y  =  8.  (5) 

Transpose  and  combine  (4),  2x  —  y  =  — 11.  (6) 

Subtract  (6)  from  (6),  x  =  19. 

Substitute  the  value  of  x  in  (6),     38  —  y  =  —  11. 

Transpose  and  combine,  —y  =  —  ^9, 

.'.  y  =  49. 

x_19 

y"~49* 
Therefore,  the  required  fraction  is  J{. 

14.  The  sum  of  the  three  digits  of  a  certain  number  is  16 ;  the  sum 
of  the  first  and  second  digits  is  equal  to  the  third  digit ;  and  if  594  is 
added  to  the  number,  the  order  of  the  digits  is  reversed.  Find  the 
number. 

Let  X  =  the  digit  in  the  hundreds^  place, 

y  =  the  digit  in  the  tens'  place, 
and  z  =  the  digit  in  the  units'  place. 

Then       100  x  +  10  y  +  z  =  the  number. 
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.*.  a;  +  y  +  2  =  16,  (l) 

«  +  y  =  2,  (2) 

and  .  100aj  +  10y  +  z  +  694  =  100«  +  10y  +  x.         (3) 

Transpose  and  combine  (3),    99z  —  9Qz  =  —  604.  (4) 

Divide  (4)  by  09,  x  -  2  =  -  6.  (6) 

Substitute  in  (1)  the  value  oix  +  y  from  (2), 

2  +  z  =  16. 
Combine,  2  «  =  16. 

.-.  z  =  S. 
Substitute  the  value  of  z  in  (5),       x  —  8  =  —  6. 
Transpose  and  combine,  x  =  2. 

Substitute  the  values  of  x  and  z  in  (1), 

2  +  y  +  8  =  16. 
Transpose  and  combine,  y  =  6. 

lOOx  +  lOy +  z  =  268. 

Therefore,  the  required  number  is  268. 

15.  The  sum  of  the  two  digits  of  a  number  is  8,  and  if  36  is  added 
to  the  number,  the  order  of  the  digits  is  reversed.   Find  the  number. 

Let  X  =  the  digit  in  the  tens'  place, 

and  y  =  the  digit  in  the  units'  place. 

Then  10  x  +  y  =  the  number. 

.-.  X  +  y  =  8,  (1) 

and  lOx  +  y  +  36  =  lOy  +  x.  (2) 

Transpose  and  combine  (2),        9  x  —  9  y  =  —  36.  (3) 

Divide  (3)  by  9,  x  -  y  =  -  4.  (4) 

Add  (1)  and  (4),  2x  =  4. 

.-.  X  =  2. 
Subtract  (4)  from  (1),  2  y  =  12. 

.-.  y  =  6. 
10x  +  y  =  26. 

Therefore,  the  required  number  is  26. 

16.  The  sum  of  the  two  digits  of  a  number  is  14,  and  if  36  is  sub- 
tracted from  the  number,  the  order  of  the  digits  is  reversed.  Find  the 
number. 

Let  X  =  the  digit  in  the  tens'  place, 

and  y  =  the  digit  in  the  units'  place. 

Then  lOx  +  y  =  the  number. 
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.-.  X  +  y  =  14,  (1) 

and  10x  +  2/~36  =  10y +  x.  (2) 

Transpose  and  combine  (2),        9x  —  9 y  =  36.  (3) 

Divide  (3)  by  9,  x  -  y  =  4.  (4) 

Add  (1)  and  (4),  2x  =  18. 

•  *.     X    ^    «7. 

Subtract  (4)  from  (1),  2y  =  10. 

/.  y  =  5. 
lOx  +  y  =  95. 

Therefore,  the  required  number  is  95. 

17.  The  sum  of  the  three  digits  of  a  number  is  18,  and  the  sum  of 
the  first  and  third  digits  is  equal  to  the  second  digit.  If  the  hundreds' 
and  units'  digits  are  interchanged,  the  number  is  diminished  by  99. 
Find  the  number. 

Let  X  =  the  digit  in  the  hundreds'  place, 

y  =  the  digit  in  the  tens'  place, 
and  z  =  the  digit  in  the  units'  place. 

Then    100  x  +  10  y +  «  =  the  number. 

.-.  X  +  y  +  «  =  18,  (1) 

X  +  z  =  y,  (2) 

1002 +  10y +  x=100x+10y  +  «-99.  (3) 

Transpose  and  combine  (3),   -99xH- 99z  =  - 99.  (4) 

Divide  (4)  by  -  99,  x  -  2  =  1.  (5) 

Substitute  in  (1)  the  value  of  x  +  2;  from  (2), 

y  +  y  =  18. 
Combine,  2  y  =  18. 

.'.  y  =  9. 
Substitute  the  value  of  y  in  (2),       x  +  z  =  9.  (6) 

Add  (5)  and  (6),  2  x  =  10. 

.♦.  X  =  6. 
Subtract  (5)  from  (6),  2  z  =  8. 

.-.  2  =  4. 
100x  +  10yH-2  =  694. 

Therefore,  the  required  number  is  594. 

18.  If  a  certain  number  is  divided  by  the  sum  of  its  tv^o  digits,  the 
quotient  is  4  and  the  remainder  6 ;  if  the  digits  are  interchanged  and 
the  resulting  number  divided  by  the  sum  of  the  digits,  the  quotient  is 
6  and  the  remainder  7.    Find  the  number. 
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Let  X  =  the  digit  in  the  tens*  place, 

and  y  =  the  digit  in  the  units^  place. 

Then  lOx  +  y  =  the  number. 

lOx  +  y-6 


x  +  y 
lOy +  X-7 


=  4,  (1) 

=  6.  (2) 


x  +  y 

Multiply  (1)  by  X  +  y,  10x  + y  -  6  =  4x  +  4y.  (3) 

Multiply  (2)  by  X  +  y,  lOy  -f  x  -  7  =  6x  +  6y.  (4) 

Transpose  and  combine  (3),       Ox  —  3y  =  6.  (5) 

Divide  (6)  by  3,  2  x  -  y  =  2.  (6) 

Transpose  and  combine  (4),    —  6x  +  4y  =  7.  (7) 

Multiply  (6)  by  4,  8  x  -  4  y  =  8.  (8) 

Add  (7)  and  (8),  3x  =  15. 

.'.  X  =  5. 
Substitute  the  value  of  x  in  (6),  10  —  y  =  2. 
Transpose  and  combine,  y  ==  8. 

lOx  +  y  =  58. 

Therefore,  the  required  number  is  68. 

19.  A  certain  number,  expressed  by  three  digits,  is  equal  to  thirty- 
eight  times  the  sum  of  the  digits.  If  198  is  subtracted  from  the  num- 
ber, the  order  of  the  digits  is  reversed.  The  sum  of  the  first  and  third 
digits  is  2  greater  than  the  middle  digit.    Find  the  number. 

Let  X  =  the  digit  in  the  hundreds^  place, 

y  =  the  digit  in  the  tens'  place, 
and  z  =  the  digit  in  the  units'  place. 

Then    100  x  +  10  y  +  2  =  the  number. 

.-.  lOOx  +  lOy +  2  =  38(x  +  y +  2),  (1) 

lOOx  +  lOy  -f-  z  -  198  =  1002  +  lOy  +  x,  (2) 

and                                                         X  -f-  z  =  y  -f  2.  (3) 

Expand  (1),  lOOx -|- lOy  +  2  =  38x  +  38y  +  382.      (4) 

Transpose  and  combine  (4), 

62x-28y-37z  =  0.  (6) 

Transpose  and  combine  (2),    99  x  -  99  z  =  198.  (6) 

Divide  (6)  by  99,                               x  -  z  =  2.  (7) 

Transpose  (3),                            x  —  y  +  z  =  2.  (8) 

Multiply  (8)  by  28,       28  x  -  28  y  -|-  28  z  =  56.  (9)  ' 

Subtract  (9)  from  (5),              34  x  -  65  z  =  -  56.  (10) 

Multiply  (7)  by  34,                   34  x  -  34  z  =  68.  (11) 
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Subtract  (11)  from  (10),  -  31  z  =  - 124. 

/.  2  =  4. 
Substitute  the  value  of  z  in  (7),  x  —  4  =  2. 
Transpose  and  combine,  x  =  6. 

Substitute  the  values  of  x  and  z  in  (8), 

6  -  y  +  4  =  2. 
Transpose  and  combine,  ^  =  8. 

lOOx  +  lOy +  2  =  684. 

Therefore,  the  required  number  is  684. 

80.  A  boat's  crew  rows  14  miles  down  a  river  and  back  in  6  hours 
40  minutes.  The  crew  finds  that  it  takes  two  and  a  third  times  as  long 
to  row  a  mile  against  the  current  as  to  row  a  mile  with  the  current. 
Find  the  time  the  crew  was  rowing  down  and  rowing  up  respectively. 

Let  X  =  the  number  of  miles  per  hour  the  crew  can  row  in 

still  water, 

and  y  =  the  number  of  miles  per  hour  the  current  flows. 

14 

Then      =  the  number  of  hours  the  crew  was  rowing  down, 

x  +  y 

14 

and  =  the  number  of  hours  the  crew  was  rowing  up. 

X  —  y 

14  14 

.♦.  — -—  + =  6f ,  (1) 

x+y     x—y        ^  ^ ' 

and  -^  =  — —  (2) 

x-\-y     x-y  ^  ' 

Simplify  (2),  —1—  -  -!-  =  0.  (3) 

3  (X  H-  y)      x  —  y 

Multiply  (3)  by  14,         ,/^    .  -  -^^  =  0.  (4) 

3  (x  +  y)      x  —  y 

Add  (1)  and  (4),  ^   ^^^      =  ?? .  (6) 

^  '         ^ ''  3(x  +  y)       3  ^ 

Divide  (5)  by  y,  ^  =  1. 

.-.  X  +  y  =  7.  (6) 

Multiply  (2)  by  3(x  +  y) (x  - y),  7x  -  7y  =  3x  +  3y.  (7) 

Transpose  and  combine  (7),      4  x  —  10  y  =  0.  (8) 

Divide  (8)  by  2,                            2  x  -  6  y  =  0.  (9) 

Multiply  (6)  by  5,                        6  x  -f  5  y  =  35.  (10) 
Add  (9)  and  (10),                                   7x  =  35. 

.-.  X  =  5. 
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Substitute  the  value  of  x  in  (6),       6  -f  y  =  7. 
Transpose  and  combine,  y  =  2. 

''    =2. 


x  +  y 

14 
x~  y 


=  42 


Therefore,  it  takes  the  crew  2  hours  to  row  down  and  4|  hours  or 
4  hours  40  minutes  to  row  up. 

21.  A  boatman,  rows  down  a  river,  which  flows  at  the  rate  of:  IJ 
miies  an  hour,  for  a  certain  distance  in  2  lioure  15  minutes ;  it  takes 
him  4  hours  30  minutes  to  return.  Find  the  distance  he  rowed  down 
the  stream  and  his  rate  of  rowing  in  still  water. 

Let  X  =  the  number  of  miles  per  hour  the  boatman  can 

row  in  still  water, 
and  '      y  =  the  number  of  miles  he  rowed  down  the  stream. 

2  hours  15  minutes  =  2 J  hours;  4  hours  30  minutes  =  4 J  hours. 

y 

Then         =  the  number  of  hours  he  was  rowing  down, 

X  -f*  1 1 

and  —  =  the  number  of  hours  he  was  rowing  up. 

X  —  li 


and 
Simplify  (1), 

Simplify  (2), 

Multiply  (3)  by  4(2  x  + 3), 
Multiply  (4)by2(2x-3), 
Subtract  (6)  from  (6), 

Substitute  the  value  of  y  in  (6), 
Transpose  and  combine, 


Therefore,  the  boatman  rowed  13  V  miles  down  the  stream,  and  his 
rate  of  rowing  in  still  water  is  4  \  miles  per  hour. 


=  21, 
x  +  l|        * 

(1) 

y    -Ai 

(2) 

x-n'^^' 

2y         9 
2x  +  3      4 

(3) 

2y         9 
2x-3      2 

W 

8y  =  18x  +  27. 

(5) 

4y  =  18x-27. 

(6) 

4  y  =  64. 

.-.  y  =  m. 

54-18X-27. 

-18x  =  -81. 

•'•  X  =  42. 

r 
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22.  A  man  rows  12  miles  down  a  river  and  back  again  in  6  hours 
15  minutes.  He  linds  he  can  row  4  miles  with  the  current  in  the  same 
time  he  can  row  3  miles  against  it.  Find  the  time  of  his  rowing  down 
and  of  his  rowmg  up  the  river,  and  the  rate  of  the  current. 

Let  X  =  the  number  of  miles  per  hour  the  man  can  row 

in  still  water, 

and  y  =  the  number  of  miles  per  hour  the  current  flows. 

12 
Then  =  the  number  of  hours  he  was  rowing  down, 

X  +  2/  e  » 

12 

and  =  the  number  of  hours  he  was  rowing  up. 

X  —  y 

..._!!_  +  _i?_  =  6i,  (1) 

x-{-y      x  —  y        *'  ^  ^ 

and  = (2) 

x  +  y      X  —  y  ^  ' 

Multiply  (2)  by  (x  +  y)(x  -  y),  4x  -  4y  =  3x  +  3y.  (3) 

Transpose  and  combine  (3),  x  =  7y,  (4) 

12       12      25 

Substitute  the  value  of  x  in  (1), 1 =  —  (6) 

Sy      6y       ^ 

3        2      25 

Simplify  the  terms  of  (5),  \-  -  =  —  (6) 

2y      y       4 

Multiply  (6)  by  4  y,  6  +  8  =  25  y. 

Transpose  and  combine,  25  y  =  14. 

Substitute  the  value  of  y  in  4,  a;  =  |f  =  3|f. 

12        75 


—  _  —  019 


x  +  y      28 


X  —  y 


Therefore,  the  man  was  2^|  hours  rowing  down,  and  3^  hours  row- 
ing up,  and  the  current  flows  }f  miles  per  hour. 

23.  A  crew  finds  that  it  can  row  down  a  riVer  at  the  rate  of  9  miles 
an  hour,  and  that  it  takes  half  as  long  again  to  row  a  mile  up  the  river 
as  to  row  a  mile  down.  Find  the  rate  of  rowing  in  still  water  and  the 
rate  of  the  current. 

Let  X  =  the  number  of  miles  per  hour  the  crew  can  row 

in  still  water, 
and  y  =  the  number  of  miles  per  hour  the  current  flows. 
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.-.  X  +  y  =  9,  (1) 

and  _1L=:_J —  (2) 

Multiply  (2)  by  2(«  +  y)  («  -  y),  3a;  -  3y  =  2»  +  2y.  (8) 

TranspoBe  and  combine  (3),  z  =  5y.  (4) 

Substitute  the  value  of  x  in  (1),    5  y  +  y  =  9. 
Combine,  6  y  =  9. 

.-.  y  =  1  J. 
Substitute  the  value  of  y  in  (4),  x  =  7}. 

Therefore,  the  crew  can  row  7^  miles  per  hour  in  still  water,  and 
the  rate  of  the  current  is  1 1  miles  per  hour. 


24.  A  cistern  has  three  pipes,  A,  B,  and  C.  A  and  B  together  will 
fill  the  cistern  in  12  hours,  A  and  C  together  in  10  hours,  and  B  and  C 
together  in  15  hours.  How  long  will  it  take  each  pipe  alone  to  fill  the 
cistern  ? 

Let  X  =  the  number  of  hours  required  for  A  alone, 

y  =  the  number  of  hours  required  for  B  alone, 

and  z  —  the  number  of  hours  required  for  C  alone. 

Then      - )  -  f  -  =  the  parts  filled  in  one  hour  by  A,  B,  C  respectively, 
X    y    z 

and  -  +  -  =  the  part  filled  in  one  hour  by  A  and  B  together. 

But  ^  =  the  part  filled  in  one  hour  by  A  and  B  together. 

a;     y      12 

Likewise,  -  -f  -  =  — ,  (2) 

X     z      10 

and  -  +  -  =  i-  (8) 

y      z      15 

Subtract  (2)  from  (1),  "  -  "  =  -  ^  •  W 


Add  (3)  and  (4), 


Subtract  (4)  from  (3), 


z         60 
2_  J_ 
y"20' 
.-.  y  =  40. 

2~12* 
.-.  z  =  24. 
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Substitute  the  value  of  z  in  (2), 

X      24      10 

Transpose  and  combine, 

1        7 
X      120 

Multiply  by  120  x, 

120  =  7  X. 

.-.  X  =  17f 

Therefore,  A  will  fill  the  cistern  in  17}  hours,  B  in  40  hours,  and  C 
in  24  hours. 

86.  A  and  B  together  can  do  a  piece  of  work  in  13}  days,  A  and  C 
together  in  15  days,  B  and  C  together  in  20  days.  How  long  will  it 
take  each  alone  to  do  the  work  ? 

Let  X  =  the  number  of  days  it  will  take  A  alone, 

y  =  the  number  of  days  it  will  take  B  alone, 
and  z  —  the  number  of  days  it  will  take  C  alone. 

Then      - »  - ,  -  =  the  parts  done  in  one  day  by  A,  B,  C  respectively, 
X    2^    z 

and  -  +  -  =  the  part  done  in  one  day  by  A  and  B  together. 

But  ^  =  the  part  done  in  one  day  by  A  and  B  together. 

(1) 
Likewise,  t^L  =  ±^  (2) 

X       2        16 

and  _  4.  _  =  _ .  (3) 

y      «      20  ^  ' 

Subtract  (3)  from  (2),  I  -  ."  =  ^-  W 

Add  (1)  and  (2), 
Multiply  by  120  x. 

Subtract  (4)  from  (1), 
Multiply  by  120  y. 

Substitute  the  value  of  x  in  (2), 


1 

a         _^ 

X 

+1  = 

y 

3 
40 

1 

X 

+1= 

z 

1 
16' 

1 
y 

z 

1 
20' 

1 

1  _ 

1 

X 

y~ 

60 

2_ 

11 

X  " 

120 

240  = 

llx. 

.-.  X  = 

:  21  A. 

2_ 

7 
120 

240  = 

7y. 

•.  y  = 

34f 

11 

240 

+1= 

z 

1 

15 
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KolUply  by  2402,  11 2  +  240  =  16z. 

Transpose  and  combine,  5  z  =  240. 

.-.  z  =  48. 

llierefore,  it  will  take  A  alone  21  ^^  days  to  do  the  work,  B  alone 
.'Uif  days,  and  C  alone  48  days. 

86.  A  and  B  together  can  mow  a  field  in  12  days,  A  and  C  together 
in  15  days,  B  and  C  together  in  20  daya  How  long  will  it  take  each 
alone  to  mow  the  field  ? 

Let  X  =  the  number  of  days  it  will  take  A  atone, 

y  =  the  number  of  days  it  will  take  B  alone, 

and  z  =  the  number  of  days  it  will  take  C  alone. 

Then  -,-,-  =  the  parts  mowed  in  one  day  by  A,  B,  C  respectively, 

X  y  z 

and  +  -  =  the  part  mowed  in  one  day  by  A  and  B  together. 

X      y 

But  ^2  =  the  part  mowed  in  one  day  by  A  and  B  together. 

'  '   '  (1) 

Likewise,  ±  4.  :!^  =  _L ,  (2) 

X     z      16 

and  l  +  l^Ji.  (3) 

y      z      20  ^  ' 

Subtract  (3)  from  (2),  1  _  1  =  JL .  (4) 

Add  (1)  and  (4), 


Subtract  (4)  from  (1), 


Substitute  the  value  of  x  in  (2), 

Multiply  by  00  z, 
Transpose  and  combine, 

Therefore,  it  will  take  A  alone  20  days  to  mow  the  field,  B  alone 
30  days,  and  C  alone  60  days. 


• 

X 

+  -  = 

y 

12 

1 

X 

z 

1 
16' 

1 
y 

+1= 

z 

1 
20 

1 

X 

1  _ 
y~ 

1 
60 

2  _ 

X 

1 
10 

1 

.'.   X  = 

20. 

2_ 

1 
15 

■ 

•.  y  = 

30. 

1 

20 

+  1= 

z 

1 

15 

3z  +  60  = 

4z. 

z  = 

60. 
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87.  A  cistern  has  three  pipes  A,  B,  and  C.  A  and  B  together  will 
fill  it  in  36  minutes,  A  and  C  together  in  42  minutes,  B  and  C  together 
in  70  minutes.    How  long. will  it  take  each  alone  to  fill  the  cistern  ? 

Let  X  =  the  number  of  minutes  it  wUl  take  A  alone, 

y  =  the  number  of  minutes  it  will  take  B  alone, 

and  z  =  the  number  of  minutes  it  will  take  C  alone. 

Then  -,-,-  =  the  parts  filled  in  one  minute  by  A,  B,  C  respectively, 
X  y  z 

11 
and  -  +  -  =  the  part  filled  in  one  minute  by  A  and  B  together. 

X     y 

But  y^  =  the  part  filled  in  one  minute  by  A  and  B  together. 

X     y      S6 

Likewise,  -  -f  -  =  — ,  (2) 

X      z      42 

and  -  +  -  =  -^-  (3) 

y     z     70 

Subtract  (3)  from  (2),  1  _  1  =  _L .  (4) 

Add  (1)  and  (4), 
Multiply  by  106  x, 

Subtract  (4)  from  (1), 

^  '  ^  y      106 

MuUiply  by  105  y,  210  =  2  y. 

.-.  y  =  106. 

Substitute  the  value  of  y  in  (3), \-  -  =  — . 

^  "     105      z      70 

Multiply  by  210  z,  2  «  +  210  =  3  «. 

Transpose  and  combine,  z  =  210. 

Therefore,  it  will  take  A  alone  52 J  minutes  to  fill  the  cistern,  B 
alone  106  minutes,  and  C  alone  210  minutes. 


88.  A  and  B  together  can  do  a  piece  of  work  in  24  days,  A  and  C 
together  in  32  days,  B  and  C  together  in  30  days.  How  long  will  it 
take  each  alone  to  do  the  work  ? 


y 

106 

2  _ 

4 

X 

106 

210  = 

4x. 

.*.  X  = 

52i. 

2_ 

2 
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Let  X  =  the  number  of  days  it  will  take  A  alone, 

y  =  the  number  of  days  it  will  take  B  alone, 

and  z  =  the  number  of  days  it  will  take  C  alone. 

Then    -,  -t  -  =  the  parts  done  in  one  day  by  A,  B,  C  respectively, 

X   y  z 

and  -  4-  -  =:  the  part  done  in*  one  day  by  A  and  B  together. 

X      y 

But  ^  =  the  part  done  in  one  day  by  A  and  B  together. 

(1) 

Likewise,  -  -^.  *  =  J_ ,  (2) 

X      «      32 

and  -  +  -  =  J^-  (3) 

y      2      30 

Subtract  (3)  from  (2),  z  -  r.  =  -  i^'  (*) 

Add  (1)  and  (4), 
Multiply  by  480  X, 

Subtract  (4)  from  (1), 
Multiply  by  160  y, 

Substitute  the  value  of  y  in  (3), 

Multiply  by  960  z,  21 «  -f  960  =  32  z. 

Transpose  and  combine,  —112;=—  960. 

.-.  z  =  87-fV. 
Therefore,  it  will  take  A  alone  60|J  days  to  do  the  work,  B  alone 
45f  days,  and  C  alone  87  ^^  days. 

29.  A  sum  of  money  at  simple  interest  amounted  to  92996.40  in  3 
years,  and  to  $3234  in  5  years.    Find  the  sum  and  the  rate  of  interest. 

Let  X  =  the  number  of  dollars  in  the  principal, 

and  y  =  the  rate  of  interest. 

The  interest  for  one  year  is  -^  of  the  principal,  or  -^  of  x,  or  -^ ; 

100  100  100 

the  interest  for  3  years  is  — -\  for  5  years  — -  • 

100  100 


1 

• 

X 

y 

1 

24 

1 

X 

+1= 

z 

1 
32' 

1 
y 

+1= 

z 

1 
30 

1 

1  _ 

1 

X 

y~ 

480 

2_ 

19 

X 

480 

960  = 

:19X. 

.-.  X  = 

50^. 

2  _ 

y~ 

7 
160 

320  = 

7y. 

.-.  y  = 

:45^ 

7 
320 

1 

+  -  = 

z 

1 

30 
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...  X  +  —  =  2d96.40,  (1) 

100  ^  ' 

ana  X  +  ^  =  3234.  (2) 

100  ^  ' 

Multiply  (1)  by  100,  100a;  + 3xy  =  299640.  (3) 

Multiply  (2)  by  100,  100«  +  Sxy  =  323400.  (4) 

Multiply  (4)  by  3  and  divide  by  6, 

60x  +  3a;y  =  194040.  (6) 

Subtract  (6)  from  (3),  40  a;  =  106600. 

.-.  z  =  2640. 
Substitute  the  value  of  x  in  (4), 

264000  +  132002^  =  323400. 
Transpose  and  combine,  13200^  =  69400. 

•  .••  y  =  4J. 

Therefore,  the  sum  is  «$2640,  and  the  rate  is  4^  per  cent. 

30.  A  sum  of  money  at  simple  interest  amounted  to  $8910  in  2  years, 
and  to  $9240  in  3  years.    Find  the  sum  and  the  rate  of  interest. 

Let  X  =  the  number  of  dollars  in  the  principal, 

and  y  =  the  rate  of  interest. 

2  XV  3  flji/ 

Then  the  interest  for  2  years  is  — - ,  and  for  3  years  is  — - . 

100  "^100 

.-.  *  +  ^  =  8910,  (1) 

and  '  x  + 1^  =  9240.  (2) 

100  ^  ' 

Subtract  (1)  from  (2),  —  =  330.  (3) 

.    Multiply  (3)  by  2,  ^  =  ^'  ^ 

2a!y 
Substitute  in  (1)  the  value  of  — -J , 
^  '  100 

«  +  660  =  8910. 

Transpose  and  combine,  x  —  8260. 

Substitute  the  value  of  x  in  (3),    82.602^  =  330. 

.-.  y  =  4. 

Therefore,  the  sum  is  $8260,  and  the  rate  is  4  per  cent. 
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31.  A  sum  of  money  at  simple  interest  amounted  to  f  12,^7.50  in 
6  months,  and  to  $12,710  in  8  months.  Find  the  sum  and  the  rate  of 
interest. 

I^t  X  =  the  number  of  dollars  in  the  principal, 

and  y  =  the  rate  of  interest. 

Then  the  interest  for  1  year  is  — ;  for  1  month  is  — — ;  for  6 

^  100  1200 

months  is  — -  =  — ^ ;  and  for  8  months  is  — -  =  — ^  • 
1200      200  1200      160 

.-.  X  +  —  =  12607.50,  (1) 

200  '  ^ 

and  X  +  —  =  12710.  (2) 

150  ' 

Subtract  (1)  from  (2),  -^  =  102.60.  (3) 


600 
xy 
200 


Multiply  (3)  by  3,  ^  =  307.50.  (4) 

xy 
Substitute  in  (1)  the  value  of  — ^, 
^  '  200 

X -I- 307.50  =  12607.50. 

Transpose  and  combine,  x  —  12300. 

Substitute  tlie  value  of  x  in  (3),     20.50 y  =  102.50. 

.-.  2/  =  5. 

Therefore,  the  sum  is  $12,300,  and  the  rate  is  6  per  cent. 

82.  A  sum  of  money  at  simple  interest  amounted  to  $5326.80  in  2 
years  7  months  18  days,  and  to  $5552.20  in  3  years  6  months  12  days. 
Find  the  sum  and  the  rate  of  interest. 

Let  X  =  the  number  of  dollars  in  the  principal, 

and  y  =  the  rate  of  interest. 

2  years  7  months  18  days  =  2^^  years ; 

3  years  5  months  12  days  =  32^^  years. 

3*77  70  XV 

Then  the  interest  for  1  year  is  -^ ;  for  2. \  J  years  is  -^-^ ;  for  S^^ 

100  oiAn) 

.    60  xy 
years  is  -     -  -  • 
^  2000 

...  X  +  — '^  =  5326.80,  (1) 

3000 

and  ^  +  S  ^  ^'''•^•^^-  ^^^ 
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Subtract  (1)  from  (2),                        -^^  =  225.40.  (3) 

79x2/ 

Multiply  (3)  by  W»                         ^  =  "^26.80.  (4) 


Substitute  in  (1)  the  value  of 


79  gy 

3000 ' 

X  +  726.80  =  6326.80. 

.-.  X  =  4600. 

11272/ 
Substitute  the  value  of  x  in  (3),      — — —  =  226.40. 

30  X  226.40      ^ 

.'.  y  — =  o. 

^  1127 

Therefore,  the  sum  is  ^600,  and  the  rate  is  6  per  cent. 

3S.  A  man  has  invested  the  sum  of  $10,000,  for  a  part  of  which  he 
receives  4  per  cent  interest,  and  for  the  remainder  4J  per  cent.  The 
income  from  the  4  per  cent  investment  is  $9  more  than  that  from  the 
4^  per  cent.    How  much  has  he  in  each  investment  ? 

Let  X  =  the  number  of  dollars  invested  at  4  per  cent, 

and  y  =  the  number  of  dollars  invested  at  4^  per  cent. 

4  X 
Then       —  =  the  number  of  dollars  interest  on  the  first, 

100 

41  y 

and  -^  =  the  number  of  dollars  interest  on  the  second. 

.-.  X  +  y  =  10000,  (1) 

and  1^  =  liJ?  +  9.  (2) 

100      100  ^  ' 

Multiply  (2)  by  200,  8  x  =  9  y  +  1800.  (3) 

Transpose  (3),  8  x  -  9  y  =  1800.  (4) 

Multiply  (1)  by  9,  9  x  +  9  y  =  90000.  (5) 

Add  (4)  and  (6),  17  x  =  91800. 

.-.  X  =  5400. 

Substitute  the  value  of  x  in  (1),  5400  +  y  =  10000. 

Transpose  and  combine,  y  =  4600. 

Therefore,  the  man  has  $6400  invested  at  4  per  cent,  and  $4600  at 

4^  per  cent. 

84.  In  running  a  quarter  mile  race  A  gives  B  a  start  of  32  yards  and 
beats  him  by  1  second.  In  a  second  trial  A  gives  B  a  start  of  6  sec- 
onds and  is  beaten  by  8|  yards.  Find  the  number  of  yards  each  runs 
a  second. 
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Let         z  =  the  number  of  yards  A  runs  a  second, 

and  y  =  the  number  of  yards  B  runs  a  second. 

Since  a  quarter  mile  is  440  yards, 

440 

—  =  the  number  of  seconds  it  takes  A  to  run  the  quarter  mile. 

X 

Since  B  has  a  start  of  82  yards,  he  runs  408  yards  the  first  trial ;  and 

since  he  was  1  second  longer  than  A, 

440 

h  1  =  the  number  of  seconds  B  was  running. 

X 

A(\f{ 

But     —  =  the  number  of  seconds  B  was  running. 

...^+i=f^.  (1) 

X  y  ^  ' 

In  the  second  trial  A  runs  (440  -  8J)  yards  =  431}  yards. 

y         X 

440     2156     ^ 
Simplify  (2),  _  =  -^  +  6.  (8) 

n^  /ov  2166      440  , 

Transpose  (8),  'bx^^lT" 

2166 
.-.  6x  = 


y 

2156  ,., 

y 

440  _  408      ^ 

y 

440  2166 

Equate  the  values  of  x,  — =  -^^ 


Transpose  (1), 


Simplify, 


_  1      !1!22:  _  30 

y  y 

UOy  1078  y 


408 -y      1100 -15y 
20  49 

Divide  by  22y,  j^g^^  =  ^00- 15/ 

Multiply  by  (408  -  y)  (1100  -  16  y), 

22000  -  300  y  =  19902  -  49  y. 
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Transpose  and  combine,  —  261  y  =  —  2008. 

.-.  y  =  8.. 

440 

Substitute  the  value  of  y  in  (6),  x  = 

408 

.-.  X  =  8|. 
Therefore,  A  runs  8|  yards  a  second,  and  B  8  yards  a  second. 

85.  Two  athletes,  A  and  B,  run  a  mile  race,  and  A  wins  by  6  sec- 
onds. In  a  handicap  race  A  gives  B  a  start  of  40  yards  and  is  beaten 
by  half  a  second.  Find  the  number  of  yards  each  runs  in  a  second  and 
the  time  required  by  each  to  run  a  mile. 

Let  X  —  the  number  of  yards  A  runs  a  second, 

and  y  =  the  number  of  yards  B  runs  a  second. 

Since  a  mile  is  1760  yards, 
1760 


X 


=  the  number  of  seconds  it  takes  A  to  run  a  mile. 


1  "T/IA 

and  =  the  number  of  seconds  it  takes  B  to  run  a  mile. 

1760    'l760 

=  o-  (1) 


y  X 

In  the  handicap  race  B  runs  only  1720  yards. 

1760      1720      1 


(2) 


Add  (1)  and  (2), 


X  y        2 

40_13 

y  ~  Y* 
Multiply  by  2  y,  80  =  13  y . 

.••  y  =  ^h' 

Substitute  the  value  of  y  in  (1),  286 =  6. 

1 7ftn 
Transpose  and  combine,  =  —  280. 

.-.  280x  =  1760. 
.-.  X  =  ^. 
Then  .       1760  ^  ^80, 

X 

and  n??  =  286. 

y 

Therefore,  A  nins  6^  yards  a  second,  and  B  runs  Q^^  yards  a  sec- 
ond ;  A  requires  to  run  a  mile  280  seconds,  or  4  minutes  40  seconds, 
and  B  requires  286  seconds,  or  4  minutes  46  seconds. 
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86.  In  rtinning  a  mile  race  A  beats  B  by  8|  seconds.  In  a  handicap 
race  A  gives  B  a  start  of  60  yards  and  beats  bim  by  5  yards.  Find 
the  number  of  yards  each  runs  in  a  second  and  the  time  required  by 
each  to  run  a  mile. 

Let  X  =  the  number  of  yards  A  runs  a  second, 

and  y  =  the  number  of  yards  B  runs  a  second. 

Since  a  mile  is  1760  yards, 

1760 


X 


=  the  number  of  seconds  it  takes  A  to  run  a  mile, 


1 7An 
and  =  the  number  of  seconds  it  takes  B  to  run  a  mile. 

In  the  handicap  race  B  runs  only  1706  yards. 

1706      1760 


y 


=  0.  (2> 


Subtract  (2)  from  (1), 

Divide  by  11, 
Multiply  by  6  y, 


Substitute  the  value  of  y  in  (2), 

1364      1760 


X 

66 

y 

44 
5 

6 

y 

4 
6 

25 

=  4y. 

.-.  y 

=  6J. 

=  0. 


Transpose, 
Divide  by  44, 


X 

1364      1760 


5  X 

31      40 
6       X 
Multiply  by  5x,  31  x  =  200. 

•  .    ■</  —  \fj^-ft 
r^  1760        ^^^, 

Then  .     =  272|, 

X 

and  1^  =  281|. 

y  ^ 

Therefore,  A  runs  6Jf  yards  a  second,  and  B  runs  6\  yards  a  second ; 
A  requires  to  run  a  mile  272 i  seconds,  or  4  minutes  32|  seconds,  and 
B  requires  281 J  seconds,  or  4  minutes  41 1  seconds. 


TEACHERS*  EDITION  389 

87.  A  train,  after  traveling  2  hours  from  A  towards  B,  meets  with 
an  accident  which  detains  it  40  minutes.  After  the  accident  the  train 
proceeds  at  three  fourths  its  usual  rate,  and  arrives  2  hours  late.  If 
the  accident  had  happened  60  miles  further  on,  the  train  would  have 
been  only  an  hour  and  a  half  late.  Find  the  usual  rate  of  the  train 
per  hour  and  the  distance  from  A  to  B. 

Let  4  a;  =  the  number  of  miles  the  train  travels  per  hour, 

and  y  =  the  number  of  miles  from  A  to  B. 

Then       3  a;  =  the  number  of  miles  the  train  travels  per  hour  after 

the  accident, 
y  —  8a;  =  the  number  of  miles  the  train  travels  after  the  accident, 
y  -8x 


4a; 


=  the  number  of  hours  usually  required, 


and =  the  number  of  hoUrs  actually  required. 

3a; 

Since  the  train  was  detained  40  minutes,  or  |  hour,  and  arrived  2 
hours  late,  the  running  time  was  1^  hours  more  than  usual; 

that  is,  IJ  =  the  number  of  hours  of  running  time  lost. 

9# 8x      ti 8x 

But =  the  number  of  houra  of  running  time  lost. 

3a;  4a; 

y  —  8x      y  —  8x 
...  £ — ^^y. — ^  =  11.  (1) 

3x  4x  ^  ^  ' 

If  the  accident  had  happened  60  miles  further  on,  the  remainder  of 
the  run  would  have  been  (y  —  8  x  —  60)  miles,  and  the  loss  in  running 
time  would  have  been  J  of  an  hour. 

(2) 


y-8x- 

60 

y-8x-60_6 

•  • 

3x 

4x              6 

Subtract  (2)  from  (1), 

60       60  _  1 
3x      4x      2 

Simplify  terms. 

20      16  _  1 
X        X       2 

Combine, 

6      1 
x~2* 
.-.  X  =  10. 

Substitute  the  value  of 

X  in  (1), 

y_ 

-  80      2/  -  80  _  4 
30             40         3 
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Multiply  by  120,     4y  -  320  -  3y  +  240  =  160. 
Transpose  and  combine,  y  =  240. 

Then  4«  =  40. 

Therefore,  the  ustLal  rate  of  the  train  is  40  miles  an  hour,  and  the 
distance  from  A  to  B  is  240  miles. 

38.  A  train,  after  traveling  1  hour  20  minutes  from  A  towards  B, 
meets  with  an  accident  which  detains  it  30  minutes.  After  the  acci- 
dent the  train  proceeds  at  two  thirds  its  usual  rate,  and  arrives  2  hours 
20  minutes  late.  If  the  accident  had  happened  55  miles  further  on, 
the  train  would  have  been  only  an  hour  and  a  half  late.  Find  the 
usual  rate  of  the  train  per  hour  and  the  distance  from  A  to  B. 

Let  3x  =  the  number  of  miles  the  train  travels  per  hour, 

and  y  =  the  number  of  miles  from  A  to  B. 

Then       2  x  =  the  number  of  miles  the  train  travels  per  hour  after 

the  accident, 
y  —  4  X  =  the  number  of  miles  the  train  travels  after  the  accident, 
y  —  4x 


3x 


=  the  number  of  hours  usually  required. 


i%j 4  X 

and =  the  number  of  hours  actually  required. 

^  X 

Since  the  train  was  detained  30  minutes,  or  \  hour,  and  arrived  2 
hours  20  minutes,  or  2^  hours  late,  the  running  time  was  If  hours 
more  than  usual; 

that  is.  If  =  the  number  of  hours  of  running  time  lost. 

2/ 4  X      11  ~~  4  X 

But =  the  number  of  hours  of  running  time  lost. 

2x  3x  * 

y  —  4x      y  —  4x 
.-.  ^ — —  -  ^  ^        =  14.  (1) 

2x  3x  *  ^  ' 

If  the  accident  had  happened  66  miles  further  on,  the  remainder  of 
the  run  would.have  been  (y  —  4  x  —  66)  miles,  and  the  loss  in  running 
time  would  have  been  1  hour. 

y  —  4x  —  56      y— 4x  —  55 


2x 
Subtract  (2)  from  (1), 

Divide  by  6, 


3x 

65 
2x 

65 
3x 

6 

""6 

11 
2x 

11 
3x 

1 
~6 

=  1.  (2) 
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Multiply  by  6  aj,  33  -  22  =  x. 

Transpose  and  combine,  x  =  11. 
Substitate  the  value  of  x  in  (1), 

y  —  44  y  —  44  __  11 

~22  W~''~q' 
Multiply  by  66,         3  y  -  132  -  2  y  +  88  =  121. 

Transpose  and  combine,  y  =  166. 

Then  3x  =  33. 

Therefore,  the  usual  rate  of  the  train  is  33  miles  an  hour,  and  the 
distance  from  A  to  B  is  166  miles. 

89.  The  sum  of  the  three  angles  of  any  triangle  is  180°.  If  one  angle 
of  a  triangle  exceeds  half  the  sum  of  the  other  two  angles  by  16°,  and 
their  difference  by  30°,  find  the  angles. 

Let  X  =  the  number  of  degrees  in  the  first  angle, 

y  =  the  number  of  degrees  in  the  second  angle, 
and  z  =  the  number  of  degrees  in  the  third  angle. 

.*.  «  +  y  +  2  =  180,  (1) 

x-?4l^  =  15,  (2) 

and  X  -  (y  -  «)  =  30.  (3) 

Multiply  (2)  by  2,  2  x  -  y  -  z  =  30.  (4) 

Expand  (3),  x  -  y  +  2  =  30.  (6) 

Add  (1)  and  (4),  3x  =  210. 

.-.  X  =  70. 
Add  (1)  and  (6),  2  x  +  2  z  =  210.  (6) 

Divide  (6)  by  2,  x  +  z  =  106.  (7) 

Substitute  the  value  of  x  in  (7),     70  +  z  =  106. 
Transpose  and  combine,  z  =  36. 

Substitute  the  values  of  x  and  z  in  (1), 

70  +  y  +  36  =  180. 
Transpose  and  combine,  y  =  76. 

Therefore,  the  three  angles  of  the  triangle  are  70°,  76°,  and  36°. 

40.  An  angle  of  a  triangle  is  /^  the  sum  of  the  other  two  angles 
and  is  |  their  difference.    Find  the  angles. 

Let  X  =  the  number  of  degrees  in  the  first  angle, 

y  =  the  number  of  degrees  in  the  second  angle, 
and  z  =  the  number  of  degrees  in  the  third  angle. 
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.-.  x  +  y +  «  =  180,  (1) 

x  =  5<?^±^,  (2) 

6 
M  ultlply  (2)  by  13,  13  x  =  6  y  +  5  «.  (4) 

Multiply  Hi)  by  0,  6x  =  5y  -  52.  (5) 

Add  (4)  and  (5),  19x  =  10y. 

Kubtract  (5)  from  (4),  7  x  =  10  «. 

7x  ,_. 

.-.  2  = (7) 

10 
8ubHtltute  tho  values  of  y  and  z  in  (1), 

"T.--S  — 

Multiply  by  10,  10  x  -f  19  x  +  7  x  =  1800. 

Combine,  3Gx  =  1800. 

.-.  X  =  50. 
SubBtltute  the  value  of  x  in  (0),  y  =  95. 

Substitute  the  value  of  x  in  (7),  2  =  35. 

Therefore,  the  three  angles  of  the  triangle  are  50°,  95°,  and  35°. 

41.  A  number  of  young  men  purchase  a  camp.  If  there  had  been 
two  more  men  in  the  company,  each  would  have  paid $12  less;  and  if 
there  had  been  three  men  less,  each  would  have  paid  $24  more.  How 
many  men  were  there  and  how  much  did  each  pay  ? 

Let  X  =  the  number  of  men  in  the  company, 

and  y  =  the  number  of  dollars  each  paid. 

Then       xy  =  the  number  of  dollars  in  the  cost  of  the  camp. 

.-.  (X  +  2)  (y  -  12)  =  xy,  (1) 

and  (x  -  8)  (y  +  24)  =  xy.  (2) 

Expand  (1),  xy  -  12  x  +  2  y  -  24  =  xy.  (3) 

Expand  (2),  xy  +  24  x  -  3  y  -  72  =  xy.  (4) 

Transpose  and  combine  (3),  - 12  x  +  2  y  =  24.  (5) 

Transpose  and  combine  (4),       24  x  -  3  y  =  72.  (6) 

Multiply  (5)  by  2,  -  24  x  +  4  y  =  48.  (7) 

Add  (6)  and  (7),  V  =  120, 
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Substitute  the  value  of  y  in  (6),  24x  -  3G0  =  72. 
Transpose  and  combine,  24  x  =  432. 

.-.  a;  =  18. 

Therefore,  there  were  18  men  in  the  company  and  each  paid  $120. 


42.  A  sum  of  money  at  simple  interest  amounted  in  a  years  to  m 
dollars,  and  in  h  years  to  n  dollars.  Find  the  sum  and  the  rate  of 
interest. 

Let  X  —  the  number  of  dollars  in  the  principal, 

and  y  =  the  rate  of  interest. 

r«,     .  X       .  *                     •    3;y     ,                    axy    .     ,  bxy 
The  mterest  for  one  year  is  -^- :  for  a  years,  — - ;  for  o  years,  — -  - 

^            100              ^           100  100 

.-.  a;  +  —  =  m,  (1) 

100  ^  ' 

and                                                     x  +  ^  =  n.  (2) 

100.                    .  ^  ' 

Subtract  (2)  from  (1),  (a-6)a;y  _  ^  _  ^ 


Divide  by  a  —  &, 

xy 
Substitute  the  value  of  —  in  (1), 

100       ^  ' 


xy      m  —  n 


100       a 


a(m  —n) 
X  H — ^ — ^  =  m. 

a  —  b 
an  —  bm 


Simplify,  x  = 

a  —  b 

Substitute  the  value  of.x  in  (1), 

an*—bm      ay{an  —  bm) 

1 =  m. 

a-b  I00{a-b) 

rru.  J         V  ay(an-bm)      a{m  —  n) 

Transpose  and  combine,        - =  -^^ . 

100(a-6)  a-b 

Multiply  by  100  (a  —  6),        ay  (an  —  bm)  =  100  a  (m  —  n). 

100  (m  -  ;i) 


•••  y 


an  —  bm 


Therefore,  the  sum  is dollars,  and  the  rate  is 

per  cent.  « "  ^  «'^ "  ^'' 
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48.  A  sum  of  money  at  simple  interest  amounted  in  a  months  to  m 
dollars,  and  in  h  months  to  n  dollars.  Find  the  sum  and  the  rate  of 
interest. 

Let  X  =  the  number  of  dollars  in  the  principal, 

and  y  =  the  rate  of  interest. 

The  interest  for  one  year  19  — =^ :  for  one  month,  — =-- ;  for  a  months, 

toy         ^^  1200' 

— — ;  for  6  months,  —^  • 
1200  1200 

and  ^  +  S  =  "  ('> 

Subtract  (2)  from  (1),  (a  -  h)xy  ^  ^  _  ^ 


Divide  by  a  —  6, 


1200 

xy   _m  —  n 
1200~  a-b 


xy 
Substitute  the  value  of  — ^—  in  (1), 

1200      ^  ' 

X  -I — ^ 1  =  m. 

a  —b 

^  a(m  —  n) 

Transpose,  x  =  m  —    ^  ' 


Simplify,  x  = 


a  —  6 
an  —  bm 


a  —  b 
Substitute  the  value  of  x  in  (1), 

an  —  bm     ay  (an  —  bm) 
=  m. 

a-b         1200(a-6) 

_,  A        V.'  ay{an-bm)      a(w-n) 

Transpose  and  combme,       — ^^ — — ^  =  — ^ -. 

^  '        1200(a-6)  a-b 

Multiply  by  1200  (a-b),      ay  (an  -  bm)  =  1200  a(m  -  n). 

1200(m-n) 

•'•  y  =  — ^: — ' 

an  —  bm 

r^      ,        ^,             .an  —  bm  .  ..             ,  ^,        ^    .    1200  (tn  —  n) 
Therefore,  the  sum  is dollars,  and  the  rate  is ^— - — - 

.  a  —  b  an  —  bm 

per  cent. 

44.  A  boat's  crew  can  row  16  miles  an  hour  downstream.  The  crew 
can  row  a  certain  distance  in  still  water  in  16  minutes  and  requires 
20  minutes  to  row  the  same  distance  up  the  stream.  Find  the  rate  of 
rowing  in  still  water  and  the  rate  of  the  stream. 
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Let  z  =  the  number  of  miles  per  hour  the  crew  can  row 

in  still  water, 
and  y  =  the  number  of  miles  per  hour  the  current  flows. 

16  minutes  =  ^  hour,  and  20  minutes  =  }  hour. 

/.  X  +  y  =  15,  (1) 

and  i  =  ^-  t2) 

Multiply  (2)  by  12,  3x  =  4«-4y.  (3) 

Transpose  and  combine  (3),  x  =  4  y.  (4) 

Substitute  the  value  of  x  in  (1),    4  y  +  y  =  15. 
Combine,  5  y  =  15. 

/.  y  =  3. 
Substitute  the  value  of  y  in  (4),  x  =  12. 

Therefore,  the  rate  of  the  crew  in  still  water  is  12  miles  an  hour, 
and  the  rate  of  the  stream  is  3  miles  an  hour. 

45.  If  the  length  of  a  rectangle  was  7  feet  greater  and  the  breadth 
2  feet  less,  the  area  would  be  159  square  feet  greater.  If  the  length 
was  5  feet  less  and  the  breadth  4  feet  greater,  the  area  would  be  33 
square  feet  less.    Find  the  dimensions. 

Let         X  =  the  number  of  feet  in  the  length  of  the  rectangle, 
and  y  =  the  number  of  feet  in  the  breadth  of  the  rectangle. 

Then    xy  =  the  number  of  square  feet  in  the  area  of  the  rectangle. 

.-.  (X  +  7)  (y  -  2)  =  xy  +  159,  (1) 

and  (x-6)(y  +  4)  =  xy-33.  (2) 

Expand  (1),  xy  -  2x+ 7y  -  14  =  xy  +  159.  (3) 

Expand  (2),  xy  +  4x  -  5y  -  20  =  xy  -  33.  (4) 

Transpose  and  combine  (3),    —  2  x  +  7  y  =  173.  (5) 

Transpose  and  combine  (4),        4  x  —  5  y  =  —  13.  (6) 

Multiply  (5)  by  2,  -  4  x  +  14  y  =  346.  (7) 

Add  (6)  and  (7),  9  y  =  333. 

.-.  y  =  37. 
Substitute  the  value  of  y  in  (5),  -2x  +  269  =  173. 
Transpose  and  combine,  —  2  x  =  —  86. 

.-.  X  =  43. 
Therefore,  the  length  of  the  rectangle  is  43  feet,  and  the  breadth 
37  feet. 

46.  In  running  a  mile  race  A  gives  B  a  start  of  44  yards  and  is  beaten 
by  one  second.  In  a  second  trial  A  gives  B  a  start  of  7  seconds  and 
beats  him  by  4|  yards.    IiMnd  the  number  of  yards  each  runs  per  second. 
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Let  X  =  the  number  of  yards  A  runs  in  one  second, 

and  y  =  the  number  of  yards  B  runs  in  one  second. 

The  number  of  yards  in  a  mile  is  1760. 

1700      1760-44      , 
.-. =  1,  (1) 

,                                      1760-41      1760      . 
and =  7.  (2) 

y  X 

Add  (1)  and  (2),  ^^  -  H  _  g 

Simplify,  =  8. 

9y 

Multiply  by  9  y,  72  y  =  352. 


Substitute  the  value  of  y  in  (1), 

1760      1716 


.-.  y  =  4|. 
=  1. 


X  4| 

Simplify,  —  -  361  =  1. 

X 

Transpose  and  combine,  =  352. 

.-.  X  =  6. 
Therefore,  A  runs  5  yards  per  second,  and  B  4|  yards  per  second. 

47.  A  courtyard,  whose  area  is  1300  square  feet,  is  paved  with  50 

stones  of  one  size  and  195  stones  of  another  size.    Ten  stones  of  the 

first  size  and  seven  of  the  second  size  cover  together  100  square  feet. 

Find  the  area  of  each  kind. 

Let  X  =  the  number  of  square  feet  in  the  area  of  the  first  size 

of  stone, 
and  y  =  the  number  of  square  feet  in  the  area  of  the  second 

size  of  stone. 

.-.  50x  +  196y  =  1300,  (1) 

and  10x4-7y  =  100.  (2) 

Divide  (1)  by  5,  10x  +  39y  =  260.  (3) 

Subtract  (2)  from  (3),  32  y  =  160. 

.-.  y  =  5. 
Substitute  the  value  of  y  in  (2),   10  x  -|-  36  =  100. 
Transpose  and  combine,  10  x  =  66. 

.-.  X  =  6^. 
Therefore,  the  area  of  the  first  size  is  6^  square  feet,  and  of  the 
second  size  is  5  square  feet. 
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48.  The  sum  of  the  three  digits  of  a  number  is  16,  and  the  sum  of 
the  first  digit  and  the  third  digit  is  equal  to  the  second.  If  the  units' 
digit  and  the  tens'  digit  are  interchanged,  the  resulting  number  is  less 
than  the  original  number  by  27.    Find  the  number. 

Let  X  =  the  digit  in  the  hundreds'  place, 

y  =  the  digit  in  the  tens'  place, 
and  z  =  the  digit  in  the  units'  place. 

Then  lOOx -\-10y -{■  z  =  the  number. 

.-.  X  +  y  +  2  =  16,  (1) 

x  +  z  =  y,  (2) 

and  lOOx  +  102-f  2/  =  100a;+10y4-2-27.  (3) 

Transpose  (2),  x  —  y  -\-  z  =  0.-  (4) 

Transpose  and  combine  (3),    — 9y-\-9z  =  —  27.  (5) 

Divide  (5)  by  -  9,  y  -  z  =  3.  (6) 

Subtract  (4)  from  (1),  2  y  =  16. 

.-.  y  =  S. 
Substitute  the  value  of  2/  in  (6),  8  —  2  =  3. 
Transpose  and  combine,  2  =  5. 

Substitute  the  values  of  y  and  z  in  (1), 

X  -I-  8  -I-  6  =  16. 
Transpose  and  combine,  x  =  3. 

100x-|-10y  +  z  =  385. 

Therefore,  the  number  required  is  385. 

49.  The  report  of  an  explosion  traveled  1039  feet  per  second  against 
the  wind  and  1061  feet  per  second  with  the  wind.  Find  the  velocity 
of  the  sound  in  still  air  and  the  velocity  of  the  wind. 

Let     X  =  the  number  of  feet  per  second  the  sound  traveled, 
and         y  =  the  number  of  feet  per  second  the  wind  traveled. 

.-.  X  -  2/  =  1039,  (1) 

and  x-\-y=:  1061.  (2) 

Add  (1)  and  (2),  2  x  =  2100. 

.-.  X  =  1050. 
Subtract  (1)  from  (2),  2y  =  22. 

.'.  y  =  11. 

Therefore,  the  velocity  of  sound  in  still  air  was  1050  feet  per  second, 
and  the  velocity  of  the  wind  was  11  feet  per  second,  or  7|  miles  per 
hour. 
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60.  The  sam  of  the  ages  of  A,  B,  and  C  is  171  years.  Fifteen  years 
ago  A*s  age  was  equal  to  the  sum  of  the  ages  of  B  and  C ;  and  34  years 
ago  A*B  age  was  four  times  the  difference  between  the  ages  of  B  and  C. 
Find  the  age  of  each. 

Let  X  =  the  number  of  years  in  A's  age, 

y  =  the  number  of  years  in  B^s  age, 
and  z  =  the  number  of  years  in  C*8  age. 

.:  x-^y  +  z  =  171,  (1) 

X  -  16  =  y  -  15  +  2  - 15,         (2) 
and  x-34  =  4[(y-34)-(2-34)].  (3) 

Transpose  and  combine  (2),      x  —  y  —  «  =  —  16.  (4) 

Expand  (3),  x  -  34  =  4  y  -  4  2.  (5) 

Transpose  (5),  x  -  4  y  +  4  «  =  34.  (6) 

Add  (1)  and  (4),  2x  =  156. 

.-.  X  =  78. 
Substitute  the  value  of  x  in  (4),  78  —  y  —  «  =  — 15.  (7) 

Substitutethevalueofxin(6),  78-4y+42  =  34.  (8) 

Transpose  and  combine  (7),  y  -\-  z  =  9S.  (9) 

Transpose  and  combine  (8),    — 4^  +  42=  —  44.  (10) 

Divide  (10)  by  -  4,  2^  -  2  =  11.  (11) 

Add  (9)  and  (11),  2  2/  =  104. 

.-.  y  =  62. 
Subtract  (11)  from  (9),  2  2  =  82. 

.-.  2  =  41. 
Therefore,  A's  age  is  78  years ;  B's  age,  62  years ;  and  C's  age,  41 
years. 

61.  A,  B,  and  C  together  subscribed  $100.  If  A  had  subscribed  a 
tenth  less  and  B  a  tenth  more,  C  must  have  subscribed  $2  more  to 
make  up  the  sum ;  but  if  A  had  subscribed  an  eighth  more,  and  B  an 
eighth  less,  C  must  have  subscribed  $17.50.  What  was  the  subscrip- 
tion of  each  ? 

Let  X  =  the  number  of  dollars  in  A's  subscription, 

y  =  the  number  of  dollars  in  B's  subscription, 

and  2  =  the  number  of  dollars  in  C's  subscription. 

.-.  X  +  2/  +  «  =  100,  (1) 

—  +  ^  +  2  +  2  =  100,  (2) 

10        10  ^  ' 

and  ^  +  ^  +  171  =  100.  (3) 
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Multiply  (2)  by  10,  9  x  +  11 2^  -f  10  «  +  20  =  1000.  (4) 

Multiply  (3)  by  8,  9  x  +  7  y  +  140  =  800.  (5) 

Transpose  and  combine  (4),  9x+lly  +  10z  =  980.  (6) 

Transpose  and  combine  (6),  9x  +  7y  =  600.  (7) 

Multiply  (1)  by  10,  10  x  +  10  y  +  10  «  =  1000.  (8) 

Subtract  (6)  from  (8),  x  -  y  =  20.  (9) 

Multiply  (9)  by  (7),  Tx-1y  =  140.  (10) 

Add  (7)  and  (10),  16  x  =  800. 

.-.  X  =  60. 
Substitute  the  value  of  x  in  (9),  50  —  ^  =  20. 

.-.  y  =  30. 
Substitute  the  values  of  x  and  j^  in  (1),  50  +  30  +  z  =  100. 
Transpose  and  combine,  z  =  201 

Therefore,  A  subscribed  $50 ;  B,  $30 ;  and  C,  $20. 

62.  A  and  B  together  can  do  a  piece  of  work  in  16  days,  A  and  C 
together  in  18  days,  and  B  and  C  together  in  20  days.  In  how  many 
days  can  each  alone  do  the  work  ? 

Let  X  =  the  number  of  days  required  for  A  alone, 

y  =  the  number  of  days  required  for  B  alone, 

and  z  =  the  number  of  days  required  for  0  alone. 

Then  -»  -»  -  =  the  parts  done  in  one  day  by  A,  B,  C  respectively, 

X     2^      2 

and  -  +  -  =  the  part  done  in  one  day  by  A  and  B  together. 

But  ^  =  the  part  done  in  one  day  by  A  and  B  together. 


Likewise, 

and 

Subtract  (3)  from  (2), 

Add  (1)  and  (4), 
Multiply  by  720  X, 

Subtract  (4)  from  (1), 


1+1=^ 

X   y   16 

(1) 

X     z      18' 

(2) 

1+1=^ 

2^   z   20 

(3) 

1   1    1 
X     y      180 

(4) 

2   49 
X   720 

1440  =  49  X. 

.-.  X  =  29J|. 

2   41 

y      720 
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Multiply  by  720  y,  1440  =  41  y. 

.-.  y  =  35/j. 

49        1       1 

Substitute  tliu  value  of  x  in  (2), ^  -  =  —  • 

^  ''  1440      z      18 

Multiply  by  1440  z,  492  +  1440  =  80z. 

'JYauBpose  and  combine,  —  31  2  =  —  1440. 

.-.  z  =  46H. 

Tberefort!,  A  can  do  the  work  alone  in  29J|  days,  B  in  35/j  days, 

and  (/  in  M\\\  days. 

68.  A  boat  travils  10',  miles  an  hour  down  a  river.  It  takes  the 
boat  thriH^  times  as  long  to  go  a  certain  distance  up  the  river  as  to  gu 
tho  same  <listancc  down  the  river.  Find  the  rate  at  which  the  river 
flowH  and  the  rate  of  the  boat  in  still  water. 

Let  X  the  number  of  miles  per  hour  the  boat  travels  in  still  water, 
and         // :    the  number  of  miles  per  hour  the  river  flows. 

.-.  x  +  y  =  10J,  (1) 

and  ..^     =-1 —  (2) 

x-\-  y      x  —  y 

Multiply  (1)  by  2,  2a;  +  2y  =  21.  (3) 

MnlUply  (2)  by  {x^y)(x-y),   3a;  -  3y  =  a;  +  y.  (4) 

TranKpose  and  combine  (4),  2x  =  4 y. 

.*.  x  =  2  y.  (5) 

SiibstituUi  the  value  of  x  in  (3),    4  y  +  2  y  =  21. 
(/ombine,  0y  =  21. 

.-.  2/ =  35. 
HiibHtltute  the  value  of  y  in  (6),  x  =  7. 

Thereof  ore,  the  river  flows  at  the  rate  of  S\  miles  an  hour,  and  the 
boat  trav(jl8  In  still  water  at  the  rate  of  7  miles  an  hour. 

64.  A  sum  of  money  at  simple  interest  amounted  in  7  months  to 
$2118.30  and  in  10  months  to  .fl2139.  Find  the  sum  and  the  rate  of 
interest. 

Let  x  =  the  number  of  dollars  in  the  principal, 

and  y  =  the  rate  of  interest. 

The  interest  for  1  year  is  -  -  ;  and  for  1  month 


100 '  1200 

...  X  +  '^-^^  =  2118.30,  (1) 

1200 

and  X  +  ^^  =  2139.  (2) 

*  1200  . 
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Subtract  (1)  from  (2),  ^  =  20.70.  (3) 

Divide  (3)  by  3,  -^  =  6.90.  (4) 

^  '    "^    '  1200  ^ 

Substitute  the  value  of  -^  in  (2),  x  +  69  =  2139. 

1200      ^  ' 

Transpose  and  combine,  x  =  2070. 

2010  y 

Substitute  the  value  of  x  in  (4), =  6.90. 

^  '         1200 

Multiply  by  1200,  2070  y  =  8280. 

.-.  y  =  4. 

Therefore,  the  sum  is  $2070,  and  the  rate  is  4  per  cent. 


56.  A  boy  bought  570  oranges,  some  at  16  for  25  cents,  and  the 
remainder  at  18  for  25  cents.  He  sold  them  all  at  the  rate  of  15  for 
25  cents,  and  made  a  profit  of  75  cents.  How  many  oranges  at  each 
price  did  he  buy  ? 

Let  X  =  the  number  of  oranges  the  boy  bought  at  16  for  25 

cents, 
and  y  =  the  number  of  oranges  he  bought  at  18  for  25 

cent43. 

25  X 
Then  =  the  number  of  cents  the  first  lot  cost, 

16 

25  y 

— -  =  the  number  of  cents  the  second  lot  cost, 

18 
and    570  x  f|  =  950  =  the  number  of  cents  the  boy  received. 

.-.  X  +  y  =  570,  (1) 

and  ?^  +  ?^  =  960  -  75.  (2) 

16         18 

Divide  (2)  by  25,  ^  +  T^  =  ^'  (^) 

Id       lo 

Multiply  (3)  by  144,  9  *  +  8  ?/  =  5040.  (4) 

Multiply  (1)  by  8,  8  x  +  8  y  =  4560.  (5) 

Subtract  (6)  from  (4),  x  =  480. 

Substitute  the  value  of  x  in  (1),   480  +  2^  =  570. 

Transpose  and  combine,  y  =  90. 

Therefore,  the  boy  bought  480  oranges  at  16  for  25  cents,  and  90 
oranges  at  18  for  25  cents. 
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56.  A  person  has  a  certain  capital  invested  at  a  certain  rate  per 
cent.  Another  person  has  $4000  more  capital  invested  at  one  per 
cent  better  than  the  first,  and  receives  $300  more  income.  A  third 
person  has  $6000  more  capital  invested  at  two  per  cent  better  than 
the  first,  and  receives  $560  more  income.  Find  the  capital  of  each 
and  the  rate  at  which  it  is  invested. 

Let  X  =  the  number  of  dollars  in  the  capital  of  the  first 

person, 
and  y  =  the  rate  of  interest  on  this  capital. 

Then  x  +  4000  =  the  number  of  dollars  in  the  capital  of  the  second 

person, 
^  +  1  =  the  rate  of  interest  on  this  capital, 
X  +  6000  =  the  number  of  dollars  in  the  capital  of  the  third 
person, 
and  2^  +  2  =  the  rate  of  interest  on  this  capital. 


.-.  (x  + 


4000)  (^^]  =  -^  -f  300,  (1) 

'  \  100  /      100  '  ^  ' 


(2) 


and  (X  +  6000)  (^^^1)  =  ^  ^  500. 

^  '  \  100  /      100 

Multiply  (1)  by  100,      (a;  +  4000)  (y  +  l)  =  xy-\-  30000.  (3) 

Multiply  (2)  by  100,      (x  +  6000)  {y -\- 2)  =  xy -\-  66000.  (4) 

Expand  (3),         xy  -f  x  +  4000  y  +  4000  =  xy  +  30000.  (5) 

Expand  (4),     xy  +  2  x  +  6000  y  -f  12000  =  xy  -\-  56000.  (6) 

Transpose  and  combine  (5),     x  +  4000  2^  =  26000.  (7) 

Transpose  and  combine  (6),   2  x  +  6000  y  =  44000.  (8) 

Divide  (8)  by  2,  x  +  3000  y  =  22000.  (9) 

Subtract  (9)  from  (7),  1000  y  -  4000. 

.".  y  =  4. 

Substitute  the  value  of  y  in  (7),  x  +  16000  =  26000. 

Transpose  and  combine,  x  =  10000. 

Then  x  +  4000  =  14000, 

X  +  6000  =  16000, 

y  +  1  =  5, 

and  y  +  2  =  6. 

Therefore,  the  first  person  has  $10,000  invested  at  4  per  cent ;  the 
second,  $14,000  at  5  per  cent ;  and  the  third,  $16,000  at  6  per  cent. 

67.  A  dealer  sold  a  certain  quantity  of  eggs.    If  he  had  sold  125 
dozen  more  at  1  cent  a  dozen  less,  or  120  dozen  less  at  1  cent  a  dozen 
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more,  he  would  have  received  the  same  amount  of  money  for  his  eggs. 
Find  the  number  of  dozen  he  sold  and  the  price  per  dozen. 

Let  X  =  the  number  of  dozen  eggs  the  dealer  sold, 

and  y  =  the  number  of  cents  he  received  for  each  dozen. 

.-.  (a;  +  126)(y-l)=xy,  (1) 

and  (X  -  120)  (y  +  1)  =  xy.  (2) 

Expand  (1),  xy  -  x  +  125  y  - 125  =  xy.  (3) 

Expand  (2),  xy  +  x  -  120  y  -  120  =  xy.  (4) 

Transpose  and  combine  (3),   —  x  + 125  y  =  125.  (5) 

Transpose  and  combine  (4),       x  —  120y  =  120.  (6) 

Add  (6)  and  (6),  6y  =  245.    * 

.-.  y  =  49. 
Substitute  the  value  of  y  in  (6),  x  -  5880  =  120. 
Transpose  and  combine,  x  =  6000. 

Therefore,  the  dealer  sold  6000  dozen  eggs  at  40  cents  per  dozen. 

58.  C  sets  out  from  the  town  A  and  walks  toward  B  at  the  rate  of 
3  miles  an  hour.  A  quarter  of  an  hour  later  D  sets  out  from  the  town 
B  and  walks  toward  A  at  the  rate  of  3}  miles  an  hour.  If  D  walks  2 
miles  beyond  the  half-way  point  between  B  and  A  before  he  meets  b, 
find  the  distance  between  A  and  B. 

Let  X  =  the  number  of  miles  from  A  to  B, 

and  y  =  the  number  of  hours  C  walks  before  meeting  D. 

Then  y  —  J  =  the  number  of  hours  D  walks. 

.-.  3y  +  (y-})3}  =  x,  (1) 

and  3y  +  2=(y- J)3}-2.  (2) 

15i/       1^ 

Expand  (1),  zy +  -/■-- =  x.  (3) 

4  ID 

Eipan(i(2),  3y  +  2  =  Hl^  -  1|  -  2.  (4) 

4  lo 

Multiply  (3)  by  16,  48  y  +  60  y  -  15  =  16  x.  (5) 

Multiply  (4)  by  16,  48  y  +  32  =  60  y  -  15  -  32.  (6) 

Transpose  and  combine  (5),  108y  — 16x  =  15.  (7) 

Transpose  and  combine  (6),  —  12y  =  —  79. 

.-.  y  =  6/^. 
Substitute  the  value  of  y  in  (7),  71 1  - 16 x  =  15. 
Transpose  and  combine,  —  16x  =  —  606. 

.-.  X  =  43^. 

Therefore,  the  distance  from  A  to  B  is  43  J  miles. 
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69.  A  and  B  together  can  do  a  piece  of  work  in  12  days.  After 
working  together  9  days,  however,  they  call  on  C  to  aid  them,  and 
the  three  finish  the  work  in  2  days.  C  finds  that  he  can  do  aa  much 
work  in  6  days  as  A  does  in  G  days.  In  how  many  days  can  each 
alone  do  the  work  ? 


Let 


and 


Then      i 
z 


I  — 


X  =  the  number  of  days  required  for  A  alone, 
y  =  the  number  of  days  required  for  B  alone, 
z  =  the  number  of  days  required  for  C  alone. 
1       , 
»  -  -  the  parts  done  in  one  day  by  A,  B,  C  respectively. 


.-.i  +  Ul 

X      y      12 
9      9      2      2      2 


y     X     y 


and 


z 
5 
z 


6 

X 


Combine  (2), 
Multiply  (1)  by  11, 
Subtract  (6)  from  (4), 


11      11      2      , 

x+7^5  =  '- 
—  +  11  =  11 

X       y  ~  \2 
2        1 


(1) 
(2) 
(3) 
(4) 
(6) 


Substitute  the  value  of  z  in  (3), 
Multiply  by  24  a;, 


Substitute  the  values  of  x  and  z  in  (1), 


z      12 
.  z  =  24. 

24  ~x' 
5  x  =  144. 
X  =  28J. 


Multiply  by  144  j/, 
Transpose  and  combine, 


144      y      12 


62/ +  144  =  12  y. 
-1y  =  -  144. 
.-.  y  =  20f . 

Therefore,  A  can  do  the  work  in  28|  days,  B  in  20f  days,  and  C  in 
24  days. 

60.  An  income  of  |670  a  year  is  obtained  from  two  investments, 
one  in  4^  per  cent  stock  and  the  other  in  6  per  cent  stock.  If  the  4  J 
per  cent  stock  should  be  sold  at  110,  and  the  6  per  cent  stock  at  125, 
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the  sum  realized  from  the  sales  would  be  $16,600.    How  much  of  each 
stock  is  there  ? 

Let  X  =  the  number  of  dollars  invested  at  4^  per  cent, 

and  y  =  the  number  of  dollars  invested  at  5  per  cent 


200   100 

(1) 

""%^^*^'^  =  16600. 
100    100 

(2) 

9  x-t- 10  J/ =  134000. 

(3) 

"%'^- 16600. 
10    4 

(4) 

22  a;  +  26  y  =  332000. 

(5) 

45x  +  50y  =  670000. 

(6) 

44* +  50^-664000. 

(7) 

and 

Multiply  (1)  by  200, 

Simplify  the  terms  of  (2), 

Multiply  (4)  by  20, 
Multiply  (3)  by  5, 
Multiply  (6)  by  2, 
Subtract  (7)  from  (6),  x  =  6000. 

Substitute  the  value  of  x  in  (3),  64000  +  10  2^  =  134000. 
Transpose  and  combine,  10  ^  =  80000. 

/.  y  =  8000. 

Therefore,  there  is  ^000  of  the  4 J  per  cent  stock,  and  $8000  of 
the  5  per  cent. 

61.  A  box  contains  a  mixture  of  12  bushels  of  oats  and  18  of  corn, 
and  another  box  contains  a  mixture  of  12  bushels  of  oats  and  4  of 
com.  How  many  bushels  must  be  taken  from  each  box  in  order  to 
have  a  mixture  of  14  bushels,  half  oats  and  half  corn  ? 

Let         X  =  the  number  of  bushels  to  be  taken  from  the  first  box, 

and  y  =  the  number  of  bushels  to  be  taken  from  the  second. 

12  X 

Then =  the  number  of  bushels  of  oats  from  the  first  box, 

30 

18  X 

=  the  number  of  bushels  of  corn  from  the  first  box, 


30 

12  y 

16 

li 
16 


=  the  number  of  bushels  of  oats  from  the  second  box. 


4]/ 
and  — ^  =  the  number  of  bushels  of  corn  from  the  second  box. 

•  l?^  +  l^  =  7  m 

■  ■    30  +   16         '  ^  ' 

and  15^  +  1^  =  7.  -  (2) 

30        10 
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Simplify  (1),  ^  +  ?i^  =  7.  (3) 

Simplify  (2),  ^  +  i  =  7.  (4) 

0        4 

Multiply  (3)  by  20,  Sx  +  \by  =  140.  (6) 

Multiply  (4)  by  20,  12  x  +  6  y  =  140.  (6) 

Multiply  (6)  by  3,  36  x  +  16  y  =  420.  (7) 

Subtract  (5)  from  (7),  28  x  =  280. 

.-.  X  =  10. 
Substitute  the  value  of  x  in  (6) ,    120  -f  6  y  =  140. 
Transpose  and  combine,  by  =  20, 

.'.  y  =  4. 

Therefore,  10  bushels  must  be  taken  from  the  first  box,  and  4  bushels 
from  the  second  box. 

Ezerclfie  78.    Page  198 

1.  At  the  present  time  A  is  a  years  old  and  B  is  &  years  old.  In 
how  many  years  will  A  be  c  times  as  old  as  B  ? 

Discuss  the  result  (1)  when  b  is  greater  than  a ;  (2)  when  c  is  less 
than  unity ;  (3)  when  a  =  6 ;  (4)  when  c  =  1. 

Let  X  =  the  required  number  of  years. 

Then  a  -f  x  =  the  number  of  years  in  A^s  age  x  years  hence, 

and  b  +  z  =  the  number  of  years  in  B*s  age  x  years  hence. 

But  X  years  hence  A  will  be  c  times  as  old  as  B. 

.-.  a  +  x  =  c(6  +  x). 

Expand,  a -\- x  =z  be -\-  cz. 

Transpose,  ex  —  x  =  a  —  6c. 

a  —  be 
.'.  X  =  • 

c-1 

fi ^ 

Therefore,  A  will  be  c  times  as  old  as  B  in years. 

c  —  1 

(1)  If  6  is  greater  than  a,  the  value  of  x  is  negative.  In  this  case  B 
is  older  than  A  by  (6  —  a)  years,  and  A  will  tiever  be  c  times  as  old  as 
B,  provided  c  is  greater  than  unity. 

(2)  If  c  is  less  than  unity,  the  denominator  of  the  value  of  x  is  nega- 
tive, and  therefore  b  is  greater  than  a.  The  problem  now  means,  in 
how  many  years  will  A  be  the  fraction  c  as  old  as  B. 

(3)  If  a  =  &,  A  is  just  the  age  of  B  and  always  will  be  just  as  old  as  B. 
Hence,  the  value  of  c  must  be  unity,  and  the  problem  is  indeterminate. 

(4)  If  c = 1,  it  follows  that  a  must  be  equal  to  &c,  and  that  a  =  6,  as  in(3). 
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2.  A  boatman  I  moving  with  the  tide,  rows  n  miles  in  t  hours.  In 
returning  he  rows  against  a  tide  m  times  as  strong  as  the  first  and 
makes  the  distance  in  if  hours.  Find  the  velocity  of  the  second  tide 
in  miles  per  hour. 

Discuss  the  result  (1)  when  m  =  1 ;  (2)  when  f  =  < ;  (3)  when  t'  is 
less  than  t ;  (4)  when  m  is  negative ;  (5)  when  n  is  negative. 

Let  X  =  the  number  of  miles  per  hour  the  first  tide  flows. 

Then         mx  =  the  number  of  miles  per  hour  the  second  tide  flows, 

TV 

-  =  the  number  of  miles  per  hour  he  makes  with  the 

first  tide, 

TV 

X  =  the  number  of  miles  per  hoUr  he  actually  rows, 

-  =  the  number  of  miles  per  hour  he  makes  against  the 

second  tide, 

TV 

and        -  +  mx  =  the  number  of  miles  per  hour  he  actually  rows. 

n  .            n 
.-.  -  -\-mx  = z. 

if  t 

Multiply  by  ft',  nt  +  mttfx  =  nt'  -  tt'x. 

Transpose,  mft'x  +  ttfx  =  nt'  —  nt. 

Factor,  ttf(m  +  1)  x  =  n  (r  -  t). 

.   ^^  n{1f-t) 

ttf{m-\-l) 

mniif  —  t) 

mx=  — ^^ -' 

ft'(m  + 1) 

Therefore,  the  velocity  of  the  second  tide  is  — miles  per 

hour.  « >  +  1) 

(1)  If  m  =  1,  the  boatman  in  returning  is  rowing  against  a  tide  just 

as  strong  as  the  first,  and  the  velocity  of  the  second  tide  reduces  to 

n{if-t)     ..  , 

— ^^ miles  per  hour. 

2ft'  ^ 

(2)  Jitf  =  t  the  value  of  mx  reduces  to  ,  a  form  which 

^  '  t^(m-^l) 

shows  the  impossibility  of  the  problem.  It  is  evident  that  a  boatman 
cannot  row  a  certain  distance  against  a  tide  however  weak  in  the  same 
time  that  it  takes  him  to  row  the  same  distance  with  a  tide,  whether 
strong  or  weak.  The  only  interpretation  of  this  case  is  that  he  is 
rowing  with  a  tide  just  as  strong  as  the  first. 

(3)  If  V  is  less  than  t,  the  value  of  mx  is  negative,  which  shows  that 
the  boatman  is  rowing  with  the  second  tide  and  not  against  it. 
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(4)  If  m  is  negative  and  greater  than  1,  the  boatman  is  evidently 
rowing  with  tlie  second  tide  and  not  against  it. 

(5)  If  n  is  negative,  the  value  of  mx  is  negative,  which  shows  that 
the  conditions  are  reversed,  and  that  the  boatman  is  rowing  against 
the  first  tide  and  with  the  second. 

8.  A  merchant  owns  two  kinds  of  sugar  that  cost  him,  one  a  cents 
a  pound  and  the  other  b  cents  a  pound.  He  wishes  to  make  a  mix- 
ture of  c  pounds  that  shall  cost  him  d  cents  a  pound.  How  many 
pounds  of  each  kind  shall  he  take  ? 

Discuss  the  result  (1)  when  a  =  6 ;  (2)  when  a  =  d  or  h  =  d; 
(3)  when  a  =  &  =  d ;  (4)  when  a  is  greater  than  h  and  less  than  d ; 
(5)  when  a  is  greater  than  b  and  h  is  greater  than  d. 

Let  X  =  the  number  of  pounds  at  a  cents, 

and  y  =  the  number  of  pounds  at  b  cents. 

Then  x -^  y  =  c,  (1) 

and  ax  -\-by  =  d(x  -^y).  (2) 

Substitute  the  value  of  x  +  y  from  (1)  in  (2), 

ax  -\-by  =  cd.  (3) 

Multiply  (1)  by  a,  ax  +  ay  =  ac.  (4) 

Subtract  (3)  from  (4),       (a  —  b)y  =  {a  —  d) c. 

(a  -  d)c 
a  —  b 
Multiply  (1)  by  6,  bx -\- by  =  be.  (5) 

Subtract  (5)  from  (3),       (a  -  b)x  =  {d  ~b)c.  ' 

(d-b)c 

.'.   X  = :r-' 

a  —  b 

Therefore,  he  shall  take  ^^ ^  pounds  at  a  cents,  and -- 

j^i.*  a  —  b  a  —  b 

pounds  at  o  cents. 

We  will  suppose  that,  if  the  two  prices  a  and  b  are  different,  a  is 
greater  than  b.  Then  it  is  evident  that  the  price  of  any  mixture  must 
be  less  than  a  but  greater  than  b  cents  per  pound ;  that  is,  a  is  greater 
than  d,  but  d  is  greater  than  b. 

(1)  If  a  =  6,  the  price  of  any  mixture  will  evidently  be  the  same  as 
that  of  either  kind.  In  this  case  the  results  become  x  =  §,  and  y  =  ^ ; 
that  is,  X  and  y  are  indeterminate.  For  the  merchant  may  take  as 
many  pounds  of  each  kind  as  he  chooses,  so  long  as  he  takes  c  pounds 
in  all. 


n 
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(2)  If  d  =  a,  and  a  and  b  are  different,  then  all  the  c  pounds  must 
"be  taken  from  the  kind  that  costs  a  cents  a  pound ;  for  any  admix- 
ture of  the  second  kind  would  change  the  price.  In  this  case  the 
results  become  x  =  c,  and  ^  =  0. 

If  d  =  6,  the  results  become  x  =  0,  and  y  =  c. 

(3)  If  a  =  &  =  d,  the  same  reasoning  applies  as  in  (1). 

(4)  a  cannot  be  greater  than  6  and  less  than  d,  for  then  the  price  of 
the  mixture  would  be  higher  than  that  of  either  of  its  components.^ 
The  results  show  that  y  is  negative;  that  is,  the  statement  of  the 
problem  is  in  error. 

(5)  a  and  h  cannot  both  be  greater  than  d,  for  then  the  price  of 
the  mixture  would  be  less  than  that  of  either  of  its  components.  In 
this  case  x  is  negative;  that  is,  the  statement  of  the  problem  is  in 
error. 

4.  A  party  of  a  young  men  liired  a  camp,  agreeing  to  share  the 
expense  equally ;  but,  as  6  of  the  party  were  unable  to  go,  each  one 
who  went  paid  c  dollars  more  than  he  expected  to  pay.  What  was 
the  rent  of  the  camp? 

Discuss  the  result  (1)  when  &  =  0 ;  (2)  when  6  =  a ;  (3)  when  h  is 
greater  than  a;  (4)  when  c  is  negative. 

Let  X  =  the  number  of  dollars  each  expected  to  pay. 

Then  ax  =  the  number  of  dollars  in  the  whole  rent, 

a  —  h  =  the  number  who  went  to  the  camp, 
X  -f  c  =  the  number  of  dollars  each  paid, 
and         (a  —  6)  (x  +  c)  =  the  number  of  dollars  in  the  whole  rent. 

.-.  ax  =  (a  —  6)  (x  +  c). 
Expand,  ox  =  ax  -f  ac  —  6x  —  6c. 

Transpose  and  combine,         hx  =  ac  —  he. 

(a  —  h)  c 
b 

(a  —  b)  ac 

ax  =  ^^ — 

b 

Therefore,  the  rent  of  the  camp  was —  dollars. 

a2c  ^     ' 

(1).  If  6  =  0,  the  rent  becomes  - — »  a  form  which  shows  the  impos- 
sibility of  the  problem  under  this  condition.  It  is  evident  that  if  6  =  0, 
all  the  members  of  the  party  went  to  the  camp,  and  therefore  each 
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member  paid  0  dollars  more  than  he  expected.    Hence,  if  6  =  0, 
c  must  equal  0.  ^ 

(2)  If  6  =  a,  the  rent  becomes  -  *  a  form  which  shows  the  impos- 
sibility of  the  problem  under  this  condition.  It  is  evident  that  if 
6  =  a,  all  the  members  of  the  party  remained  away  from  the  camp, 
and  therefore  no  member  paid  any  rent.  Hence,  no  rent  would  be 
paid. 

(3)  If  h  is  greater  than  a,  the  rent  becomes  a  negative  number  of 
dollars.  It  is  evident  that  no  more  than  all  the  party  could  be  pre- 
vented from  going  to  the  camp. 

(4)  If  c  is  negative,  each  member  paid  c  dollars  less  than  he  expected, 
and  the  total  rent  is  a  negative  number  of  dollars.  This  shows  that  b 
must  be  negative ;  in  other  words,  that  all  the  party  went  to  the  camp 
and  b  others  besides  the  original  party  of  a  members. 


Ezerciae  79.    Page  203 

1.  In  the  figure  on  page  203  determine  the  coordinates  of  B ;  of  If ; 
of  N;  of  J2;  of  -S;  ofH;  of  X  ;  of  ^  ;  of  F;  of  D;  of  C. 

B  is  the  point  (—  3,  4) ;  X  is  the  point  (0,  —  3) ; 

M  IS  the  point  (6,  4) ;  ^  is  the  point  (3,  2) ; 

JV is  the  point  (-3,  -2);  2?* is  the  point  (6,  -2); 

R  is  the  point  (6,  0) ;  D  is  the  point  (—4,  —  4) ; 

S  is  the  point  (0,  3) ;  C  is  the  point  (—  4,  0). 
JT  is  the  point  (-6,  0); 

2.  What  is  the  abscissa  of  a  point  on  the  axis  of  y?  What  is  the 
ordinate  of  a  point  on  the  axis  of  x  ? 

The  abscissa  of  a  point  on  the  axis  of  y  is  0.  The  ordinate  of  a 
point  on  the  axis  of  x  is  0. 

8.  Where  must  a  point  lie  if  its  ordinate  is  zero  ?  if  its  abscissa  is 
zero  ?  if  both  abscissa  and  ordinate  are  zero  ? 

If  the  ordinate  of  a  point  is  zero,  the  point  must  lie  on  the  axis  of  x. 
If  the  abscissa  of  a  point  is  zero,  the  point  must  lie  on  the  axis  of  y. 
If  both  the  abscissa  and  the  ordinate  of  a  point  are  zero,  the  point 
must  lie  at  the  intersection  of  the  axes  of  coordinates,  that  is,  at  the 
origin. 
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4.  Plot  the  following  points:  (2,  5),  (_  3,  6),  (-  2,  -  4),  (3,  -  6), 
(7,  0),  (-6,  0),  (0,  0),  (0,  -  3),  (-  4,  -  6),  (7,  2). 

(i)  To  plot  the  point  (2,  6), 
count  2  units  to  the  right 
from  O,  and  then  5  units  up- 
wards. The  point  A  is  the 
point  required. 

(ii)  To  plot  the  point 
(—3,  6),  coilnt  3  units  to  the 
left  from  0,  and  then  6  units 
upwards.  The  point  B  is  the 
point  required. 

(iii)  To  plot  the  point 
(—  2,  —  4),  count  2  units  to 
the  left  from  O,  and  then  4 
units  downwards.  The  point 
C  is  the  point  required. 

(iv)  To  plot  the  point  (3,  -  6),  count  3  units  to  the  right  from  0, 
and  then  5  units  downwards.     The  point  B  is  the  point  required. 

(v)  To  plot  the  point  (7,  0),  count  7  units  to  the  right  from  O,  and 
then  0  units  in  a  vertical  direction.    The  point  E  is  the  point  required. 

(vi)  To  plot  the  point  (-  5,  0),  count  6  units  to  the  left  from  O,  and 
then  0  units  in  a  vertical  direction.     The  point  F  is  the  point  required. 

(vii)  To  plot  the  point  (0,  0),  count  0  units  from  O  in  both  a  hori- 
zontal and  a  vertical  direction.     The  point  0  is  the  point  required. 

(viii)  To  plot  the  point  (0,  —  3),  count  0  units  from  O  in  a  horizon- 
tal direction,  and  then  3  units  downwards.  The  point  G  is  the  point 
required. 

(ix)  To  plot  the  point  (—  4,  —  6),  count  4  units  to  the  left  from  O, 
and  then  5  units  downwards.     The  point  H  is  the  point  required. 

(x)  To  plot  the  point  (7,  2),  count  7  units  to  the  right  from  O,  and 
then  2  units  upwards.     The  point  I  is  the  point  required. 

6.  In  what  quadrant  does  a  point  lie  if  its  coordinates  are  both  posi- 
tive ?  if  both  are  negative  ?  if  the  ordinate  is  positive  and  the  abscissa 
negative  ?  if  the  abscissa  is  positive  and  the  ordinate  negative  ? 

If  the  co&rdinates  of  a  point  are  both  positive,  the  point  lies  in 
Quadrant  I. 

If  the  coordinates  of  a  point  are  both  negative,  the  point  lies  in 
Quadrant  IIL 
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If  the  ordinate  of  a  point  is  positive  and  the  abscissa  negative,  the 
point  lies  in  Qaadrant  II. 

If  the  abscissa  of  a  point  is  positive  and  the  ordinate  negative,  the 
point  lies  in  Quadrant  IV. 

6.  Plot  the  points  (-2,  -8),  (-1,  -6), 
(0,  -  4),  (1,  -  2),  (2,  0),  (3,  2),  (4,  4).  Do 
these  points  lie  in  a  straight  line  ?  Is  the 
equation  2z  —  y  =  4^  satisfied  if  the  abscis- 
sas are  substituted  in  turn  for  x,  and  the 
corresponding  ordinates  for  y? 

Plot  the  points  (-2,  -8),  (-1,  -6), 
(0,  -4),  (1,  -2),  (2;  0),  (3,  2),  (4,  4), 
which  are  the  points  C,  D,  E,  F,  6r,  H,  I 
respectively. 

These  points  evidently  lie  in  the  straight 
line  AB. 

Substitute  in  turn  in  the  equation  2  a;  —  ^  =  4  the  abscissas  of  the 
given  points  for  x  and  the  corresponding  ordinates  for  y. 

Then         -4  +  8  =  4,  4-0  =  4, 

-2  +  6  =  4,  6-2  =  4, 

0  +  4  =  4,  8-4  =  4. 

2  +  2  =  4, 

Therefore,  the  equation  2  a  —  y  =  4  is  satisfied  in  each  case. 
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Exercise  80.    Page  205 


1.  Plot  the  graph  of  3  a;  -  2  y  =  6. 

2y  =  3x-6. 
3x-6 


Transpose, 
Divide  by  2, 


If 


x=     0, 

«  =  +  !, 
x  =  +  2, 
x=+3, 
a;  =  +  4, 
x  =  —  1, 
x  =  -  2, 


y  = 

^         2 

y=      0; 

y  =  +  3; 

y  =  -^l 
y  =  -6. 
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The  above  seven  points  are  plotted  in 
the  figure,  and  all  lie  on  the  straight  line  AB,  which  is  the  graph 
required. 
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2.  Plot  the  graph  of  5  a;  +  2  y  =  10. 


Transpose, 

2y  =  10-6x. 

Divide  by  2, 

10 -6x 

y  = • 

^          2 

If         x=     0, 

y  =  +    5; 

x  =  4-l, 

y  =  +    2i; 

a  =  +  2, 

y=      0; 

x=  +  3, 

y  =  -   2i; 

x  =  +  4, 

y  =  -    5; 

x  =  -l, 

y  =  +    7i; 

x  =  -2, 

y  =  + 10. 

The  above  seven  points  are  plotted  in 
the  figure,  and  all  lie  on  the  straight  line 
AB^  which  is  the  graph  required. 

8.  Plot  the  graph  of4x-y  +  4  =  0. 
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Transpose, 

y  =  4x  + 

If         x=     0, 

y  =  +  4 

a;  =  +  l, 

y  =  +  8 

x  =  +  2, 

2/ =  +  12 

x  =  -l, 

y=      0 

x  =  -2, 

y  =  -   4 

X  =  -  3, 

y  =  -  8. 

The  above  six  points  are  plotted  in  the 
figure,  and  all  lie  on  the  straight  line  AB^ 
which  is  the  graph  required. 

4.  Plot  the  graph  of  —  x  4-  3  y  =  6. 

Transpose,  x  =  32/— 6. 

If     y=     0,  X  =  -  6 

y  =  -fl,  x  =  -3 

y  =  +  2,  X  =      0 

y  =  +  3,  x  =  +3 

y  =  -f4,  x  =  +  6 

y  =  — 1,  X  =  -  9. 

The  above  six  points 
are  plotted  in  the 
figure,  and  all  lie  on 
the  strai^t  line  AB^  which  is  the  graph  required. 
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6.  Plot  the  graph  of  Sx  +  2y  =  12. 


Transpose, 

2y  =  12-3x. 

12 -3x 

Divide  by  2, 

^-       2 

If    x=     0, 

y  =  +6; 

x  =  4-l, 

y=+4i; 

x=4-2, 

y=+3; 

x=+3, 

y  =  +  ii; 

x  =  +  4, 

y=     0; 

x  =  4-6, 

y  =  -ij; 

x  =  +  6, 

y  =  -3; 

X  =  +  7, 

y  =  -4l; 

x  =  -l, 

y  =  +  7i; 

x  =  -2, 

y  =  +  9. 

— z — ' — -] — I — rrr 

mmm 

^  —  —  ^  —  ^  "^  ^  ~"  ■""  ~~'  ~~'  ~~'  — "~  —  ""■ 

.^ ^ — 

I      1      I      I      1      I    I        I      I 1      I      i 1 L— J 1      I 


The  above  ten  points  are  plotted  in  the  figure,  and  all  lie  on  the 
straight  line  AB,  which  is  the  graph  required. 

6.  Plot  the  graph  of  x  —  6  y  =  6. 

Transpose, 
X  =  5  y  +  5. 

If  y  =  0,  X  =  +  6 
y  =  +l,  x  =  4-10 
y  =  -\,  x=  0 
2/  =  -2,  x  =  -  5 
y  =  -3,  x  =  -10. 

The  above  five  points 
are  plotted  in  the  fig- 
ure, and  all  lie  on  the  straight  line  AB,  which  is  the  graph  required. 

7.  Plot  the  graph  of  7x  +  2y  -  14  =  0 
by  finding  the  points  in  which  the  graph 
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cuts  the  axes. 

We  have  7  x  +  2  y 

- 14  =  0. 

If              X  =  0, 

y  =  +  7; 

and  if           y  =  0, 

x  =  +  2. 

The  point  C,  (2,  0),  and  the  point  D, 
(0,  7),  are  plotted  in  the  figure. 

The  straight  line  AB,  drawn  through 
the  points  C  and  Z>,  is  the  graph  required. 
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S.  Plot  the  graph  of  5x-3if-15  =  0 
by  finding  the  points  in  which  the  graph 


We  bftve  6z-3y-16  =  0. 


and  if  y  =  0,  x  =  +  S. 

The  point  C,  {3,  0),  and  the  point  D, 

<0,  -  5),  are  plotted  in  the  figure. 

The  straight  line  AB,  drawn   through 
the  poinla  C  and  D,  is  the  graph  required. 

9.  Plot  the  graph  of 


by  finding  the  points  in 
the  graph  cuts  the  axes. 


Wa  have  3 


-4y-24  = 


and  if     y  =  0,       i  =  +  S. 

The  point  C,  (S,  0),  and  the 
point  D,  (0,  -  6),  are  plotted  in 
the  figure. 

The  strai^t  line  AB,  drawn 
through  the  points  C  and  D,  is  the  graph  required. 

10,    Plot  the  graph  of 

4a:  +  3y  +  12=0 
by  finding  the  points  in  which  the 
gn^ih  cuts  the  axes. 

Wa  have  4z  +  Sy  +  12=0. 


If 


=  0, 


and  if    y  =  0,       x  =  -  8. 

The  point  C,  (-i,  0),  and  the 
point  D,  (0,  -  4),  are  plotted  in  the 
figure. 

The  straight  line  AB,  drawn 
throogh  the  points  C  and  D,  is  the  graph  required. 
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11.   Plot  the  graph  of 

bj  finding  the  poinu  In  which 
the  graph  cute  the  axes. 
We  have  I -By +  8  =  0. 


The  point  C,  ( -  8, 0},  and  the  point  D,  (0, 1),  are  plotted  in  tlie  figure. 

The  straight  line  AB,  drawn  through  the  point*  C  and  D,  is  the 
graph  required. 

IB.   Plot  the  graph  of 
6a:;  +  4y  +  3n  =  0 
by  finding  the  points  in  which  the 


H 


-n; 


andit    }/  =  0,         i  =  -6. 

The  point  C,  (-  0,  0),  and  the 
point  B,  (0,  -  7i),  are  plotted  in 
the  figure. 

The  straight  line  AB,  drawn 
through  the  points  C  and  D,  is 
the  graph  required. 

18.   Plot  the  graph  o£  the  equation 

by  finding  any  two  points. 
We  have  x  +  y  =  0. 
If         u  =  -3,  y  =  +  3; 


^ii- — 


The  point  C,  (-  3,  3),  and  the  point  D, 
(3,  -  3),  are  plotted  in  the  figure. 

The  straight  line  AB,  drawn  through 
the  points  C  and  D,  U  the  graph  required. 
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14.  Plot  the  graph  of  the  equation 

X  —  y  =  0 

by  finding  any  two  points. 

We  have  a;  —  y  =  0. 

If         a;  =  +3,  y  =  +  3j 

X  =  -  3,  y  =  -  3. 

The  point  C,  (3,  3),  and  the  point  D, 
(—3,  —  3),  are  plotted  in  the  figure. 

The  straight  line  AB^  drawn  through  the  points  C  and  D,  is  the 
graph  required. 

15.  Plot  the  graph  of  the 
equation  x  —  5  y  =  0  by  find- 
ing any  two  points. 

We  have  x  —  6  y  =  0. 

If     x  =  +6,     y  =  +  l; 
x  =  — 6,     y  =  — 1. 

The  point  C,  (5, 1),  and  the 
point  X),  ( —  5,  —  1),  are  plotted 
in  the  figure. 

The  straight  line  AB^  drawn  through  the  points  C  and  D,  is  the 
graph  required. 

16.  Plot  the  graph  of  the 
equation  2  x  =  6  y  by  finding 
any  two  points. 

We  have  2  x  =  6  y. 

If       x=+6,         y=+2; 
X  =  —  3,        y  =  —  1. 

The  point  C,  (6,  2),  and  the 
point  X),  (—3,  —  1),  are  plotted 
in  the  figure. 

The  straight  line  AB^  drawn  through  the  points  C  and  D,  is  the 
graph  required, 
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II.  Plot  the  gnpfa  (,(  itw  eqoa,- 
tion  5j+4y  =  o  by  flading  aaj 
(WO  poinU. 

WebATe5x  +  4y  ^0. 

If  i  =  +  4,         ,  =  -5; 

"  =  -*.         i'  =  +  5. 

The  point  C,  (4,  -  5),  w»d  il» 
point  D,  (-4,  6),  we  plotted  in 
the  fignre. 

The  ttraie^t  line  ^B,  drawn 
through  the  pcintg  C  md  D,  m 
the  graph  required. 

18.  Hot  the  graph  at  the 
equation  7i-6y  =  0br  find- 
ing any  two  poinu. 

We  have  Ti  -5^  =  0. 

K     x  =  +  5,       i/  =  +  7; 
z  =  -5,       y^-7. 

The  point  C.  (5,  7),  and  the 
point  A  ( -  5,  -  7),  are  plotted 
in  the  flgnre. 

The  straight  line  ^B,  drawn 
through  the  points  C  and  D,  is 
the  graph  required. 

IB.  In  what  reqiect  do  the 
equations  of  Examples  1-12 
differ  from  (he  equations  of  Examples  13-18? 

Each  of  the  equations  of  Examples  1-12  contains  a  constant  teim. 
while  each  of  the  equations  of  Examples  1^-18  does  not  contain  a 

The  graphs  of  the  eqtiations  of  Examples  1-ia  do  not  pass  thronrti 
the  origin,  while  the  graphs  of  the  equations  of  Examples  13-18  dus 
through  the  origin.  ^^ 

30.   Does  the  graph  of  the  equation  oa:  ±  f^,  =  0  pass  through  Uie 
origin?    Why? 
The  graph  of  the  equation  oi  ±  6j/  =  0  pasqeq  through  the  origin. 
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The  graph  passes  through  the  origin  because  the  equation  c 
no  constant  lenu  so  that  if  x  =  0,  iJien  ^  =  0.     Hence,  the  origiu  is 
one  point  of  the  grapb. 


21.   The  equation  of  XX' is  If  = 
The  equation  of  ¥Y'  is  z  =  0. 


Find  the  equation  of  YY'. 


33.    What  is  the  position  of  a  graph  if  its  equation  does  not  contiun 
X  ?  if  its  equation  does  not  contain  y  1 

If  an  equation  does 'not  contain  x,  its  graph  is  a  straight  line  par- 
allel to  XX'. 

If  an  equation  does  not  contain  y,  its  graph  is  a  straight  line  parallel 
to  YY'. 

SB.  Plot  the  graph  of  3x  =  6. 

We  have  8z  =  0. 

Divide  by  3,  «  =  2. 

Hence,  the  graph  of  the  equation  3  x  =  6 
ifl  a  stnught  line  parallel  to  YY'  and  at  a 
distance  of  2  units  to  the  right  of  it. 

jIB  is  the  graph  required. 


'X' 

::  _::::::: 

21.   Plot  the  graph  of  2  v  = 


We  hi 


2v  = 


Divide  by  2,  y  =  2\. 

Hence,  the  graph  of  the  equatioi 
is  a  straight  line  parallel  to  XX' .., 
distance  of  2\  units  above  it. 

AB'm  the  graph  required. 


m.^  ^ 


2S.    Plotthe  graph  of  z=— {. 

The  graph  of  the  equation  z  =  —  J  is  a 
straight  line  parallel  to  YY'  and  at  a  dis- 
tance of  ;  units  to  the  left  of  it. 

.^B  is  the  grapb  required. 
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26.    Plot  the  graph  of  y  =  -  J. 

Tlie  grapli  of  the  equation  y  =  -  J  is  a 
iitraiglit  line  parallel  to  XX'  and  at  a  di*. 
tance  of  J  of  a  unit  below  it. 

For  convenience  and  accuracy  in  plot- 
ting the  graph,  choose  as  the  unit  6  spaces 
of  the  coordinate  paper. 

^^/^  is  the  graph  required. 


-r- 

I 

1 

j 

1 

,v 

F 

0 

V 

nr 

B 

— 

-  r' 

21,  Plot  the  graph  of  6  x  =  30. 

The  graph  of  the  equation  6x  =  30 
or  X  =  6  is  a  straight  line  parallel  to 
YY'  and  at  a  distance  of  6  units  to 
the  right  of  it. 

ABia  the  graph  required. 


•r -T- 

_^r 

-xL.     ^0 

X 

i 

-'       ± 

28.  Plot  the  graph  of  6  y  =  -  42. 

The  graph  of  the  equation  6  y  =  —  42 
or  y  =  —  7  is  a  straight  line  parallel  to 
XX'  and  at  a  distance  of  7  units 
below  it. 

AB  is  the  graph  required. 


• 

r 

~" 

■^ 

f 

0 

•wr 

A. 

a- 

B 

a_      i 

■"  'A 

•  r^ 
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Ezerciae  81.    Page  207 


1 .   Find  by  graphs  exact  values  of  x  and  y  in  the  equations 

2x  —  5y  = 

4x4-22/ 


y=  01 

y  =  24J 


(1) 
(2) 


and  verify  by  solving  the  equations. 


Transpose  (1), 

If     y  =  +2, 
y  =  -2, 


2  X  =  5  y. 


x=+  6; 
X  =  —  5. 


' 

r 

^' 

\ 

V 

> 

V 

\ 

^ 

9 

A. 

^ 

. 

rl 

0 

^ 

r 

"^ 

' 

^ 

"^ 

^ 

1. 

B 

^ 

'I 

' 

jT' 

^B  is  the  graph  of  equa- 
tion (1). 

Transpose  (2), 

2y  =  24  --4x. 
.-.  y  =  12  -  2  X. 

K     x  =  +2,         y=+8; 
X  =  +  6,        y-     0. 

CJ>  is  the  graph  of  equa- 
tion (2). 

The  point  K^  the  point  of  intersection  of  -4JB  and  CD,  is  the 
X>oint  (5,  2). 

Therefore,  x  =  5  and  y  =  2. 


V&r'ifi^aJLi(m. 


Divide  (2)  by  2, 
Subtract  (1)  from  (3), 


2x  —  hy 

4x  +  22/ 

2x4-2/ 
62/ 

•  •  y 

Substitute  the  value  of  y  in  (3),  2x4-2 
Transpose  and  combine,  2  x 

.*•    X 

Therefore,  x  =  5,  and  y  =  2. 


z=24j 
=  12. 
=  12. 
=  2. 
=  12. 
=  10. 
=  5. 


(1) 

(2) 
(3) 
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8.  Find  bf  graphs  exact  values  of  x  and  y  in  the  equations 
72-2y  =  U-l  (1) 

bx  +  y^lOj  (2) 

and  verify  by  solving  the  equations. 
Transpose  (1),    2y  =  Tx-U. 
Ix^U 

■■■y  =  —i— 

It  x=     0,        y  =  ~1\ 

I  =+4,      !/  =  +  :. 

AB  is  the  graph  of  equation  (I). 
Transpose  (2),       y^W-hx. 
■If  x  =  + 1,         !*  =  +  6  i 


CD  is  the  graph  of  equation  (2),  . 

The  points,  the  point  of  intersection  of  jiBand  CD,  is  the  point  (2,0 

Therefore,  x  =  2,  and  y  =  ti. 
Vernation. 


7i-2v  =  141 
10x  +  -2y  =  20. 


Multiply  (2)  by  2, 
Add  (l)and(3),  17x  =  34. 

.'.  1  =  2. 
Substitute  the  value  of  x  in  (2),  10  +  v  =  10. 
'I'ranspose  and  combine,  ^  =  0. 

Therefore,  x  =  2,  and  y  =  0. 

3.   Find  by  graphs  exact  values  of  x  and  y  in  the  equation 
bx  +  iy=    8D\ 
x-y=-^] 
■MiA  verify  by  solving  the  equations. 
Transpose  (I),  iy  =  2Q-bx. 
Divide  by  4,         y  =  — . — ■ — 
H  a:=^-2,  v  =  +  10; 

x  =  +  2,  !/  =  +    6. 

./IB  is  tlie  graph  of  equation  (1). 
Transpose  (2),    ^  =  x  +  3. 


If 


=  +8, 


V  =  +  «. 
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CD  is  the  graph  of  equation  (2). 

The  point  &*,  the  point  of  inteTEecUon  of  ^£  and  Ci>,  is  the  point  (2, 5). 

Therefore,  i  =  2,  and  y  =  6. 

VaifiaUum.  6i  +  4:/=   30"1  (1) 

MnlUply  (2)  by  4,  4s -4;/ =  -12.  (3) 

Add  (1)  and  (3),  0x  =  18. 

.-.  1  =  2. 
Sub«titute  the  value  of  z  in  (2),    2  —  j/  =  -  3. 
Transpose  and  combine,  y  =  5. 

Therefore,  x  =  2,  and  y  =  5. 

ft.   Find  by  graphs  exact  values  of  x  and  y  in  the  equations 
Ux-2y=      21"!      (1) 
2z  +  4!*  =  -18/     (2) 
and  verify  by  solving  the  equations. 
Transpose  (1),  2^  =  llx-  21. 
Divide  by  2,       y^'^-llsJL. 

If      a  =  +  8,         ^=+6; 

x=+l,  y  =  -&. 

AB  is  the  graph  of  equation  (1), 

Transpose  (2),  2z  =  -4i;-18. 

Divide  by  2,        x  =  -2y  -0. 

'     If       y  =  -2,  *  =  -5; 

y  =  -  7,  I  =  +  5, 

CD  is  the  graph  of  equation  (2). 
The  point  K,  the  point  of  intersection  of  AB  and  CD,  is  the  point 


Therefore,  i  =  1, 

,and,/  =  . 

-6. 

Ver^catum. 

Divide  (2)  by  2, 

Add  (1)  and  (8), 

Il2-2y=     2 

2x  +  4y  =  -l 

z+2y=-9 

12x  =  12. 

SnbBtitnte  the  value  of  x  in 
Transpose  and  combine. 

(3),l  +  2i,  =  -9 
2y  =  -li 

Therefore,  z  =  1,  ajid  y  = 


■iJ4  ELEMEXTAEV  ALGEBBA 

t.  Vind  bT  im^  cxan  i«l3M  of  i  sad  g  in  tbe  «qiiatii»is 

«nd  vcrifj  by  *  li-.:^  ihe  «>q:;;iu;o&. 

Diiid^b;^  jr= — 

H     *  =  -»,     >^      O; 

.4S  is  tbe  ?npfa  of  •sn*- 
Diviae  bv  3, 


The  p.  li-i  S,  \Le  pL-iE!  oJ  iniexswUvm  o(  AB  »ad  C 
(-4.51- 
TlMmf<nc,  X  =  —  4.  tui  y  =  5. 

MiLtiply  H)  bT  2.  V}i  -  I'l^  =  iO. 

Multiply  (Sibv  5.  Wi  -  16y  =-  l!i 

Subtract  |4»fToiD  i"i.  31  »  =  i:^ 

--.!(  =  J, 
SabBiiiute  the  val-ie  vt  y  in  i2).       2  j  -  15  =  -  23. 
TrwupOM  and  cou.Uite.  ^<  =  —  & 
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6.  Find  by  graphs  exact  values  of  x  and  y  in  the  equations 

3x  +  4y  =  301 
6x-6y  =  12/ 


(1) 
(2) 


and  verify  by  solving 
the  equations. 
Transpose  (1), 

4y  =  30~3x. 

Divide  by  4, 

30.-3X 
^  4 

If  x  =  -    2,2/  =  +  9; 

X  =  +  10,  y  =     0. 

AB  \r  the  graph  of 
equation  (1). 
Transpose  (2), 

6x  =  12  +  6y. 

Divide  by  6, 

12  +  Oy 


1 

— 

N 

g 

V 

k 

y 

r 

N 

V 

/ 

^ 

s 

^ 

/ 

s 

h- 

> 

/ 

\ 

V 

y 

^ 

, 

nJ 

^" 

? 

k. 

^ 

/ 

S 

V 

V 

> 

0 

> 

/ 

■^ 

^ 

V 

A 

/ 

^ 

^ 

w. 

2E 

/ 

N 

— *■ 

/ 

A 

/ 

> 

/ 

» 

/ 

r 

/ 

r 

D 

/ 

c 

x  = 


If 


y  =  -7,         x  =  -    6; 
y  =  +  8,         X  =  +  12. 


CD  is  the  graph  of  equation  (2). 

The  point  K^  the  point  of  intersection  of  AB  and  CB^  is  the  point 
(6,  3). 
Therefore,  x  =  6,  and  y  =  3. 


Fcri/Zcation. 

3x  +  4y  =  30' 
Sx-Gy  =  12/ 

(1) 

(2) 

Multiply  (1)  by  3, 

9x  +  12y  =  90. 

(3) 

Multiply  (2)  by  2, 

10x-12y  =  24. 

W 

Add  (3)  and  (4), 

19x  =  114. 
.'.  X  =  6. 
18  +  4y  =  30. 

Substitute  the  value  of  x  in 

0), 

Transpose  and  combine, 

42^  =  12. 
.-.  y  =  3. 

Therefore,  x  =  6,  and  y  =  3. 
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7.  Find  by  graphs  approximate  values  of  i  vid  y  ii 


2*  +  Sy=   9/  (2) 

TranspoBe  (1),  4  a;  =  10  +  5 !/. 
Divide  by  4,       i  =  ^^±A». 
U    »  =  +  6,      a:=  +  10; 
y=-2,     x=     0. 
-45  is  the  graph  of  eqna- 
Uon  (1). 
Transpose  (2),  2ai  =  »  -  3  y. 

Divide  by  2,      x  =  ^~M. 

2 
If    y  =  +  b,       x  =  -3; 

CD  is  the  graph  of  equation  (2). 

The  point  K,  the  point  of  intersection  of  vlB  and  CD,  is  approii- 
tnately  the  point  (3^,  J). 
Therefore,  x  =  3J,  and  y  =  J,  approximately. 
8.  Find  bj  graphs  approximate  values  ot  x  and  y  In 

8i+     y  =  20-l  (I) 

2z  -  5y  =  10/  (2) 

Transpose  (1),    y  =  20  —  8i. 
If    x  =  +  2,       y  =  +  *; 
I  =  +  3,       y  =  -i. 
AB  is  the  graph  of  equa- 
tion (1). 
Tran8p0Be(2),  2!C  =  10  +  6y. 

Divide  by  2,      «  =  1^±^. 

If    y  =      0,       I  =  +  5 ; 
J,  =  -  2,       X  -     0. 

CD  ts  the  graph  of  equa- 
Uon  (2). 

The  point  K,  the  point  of  intersectjon  of  AB  and  CD,  Is  approxi- 
mately the  point  (2},  -  1). 

Therefore,  x  =  2J,  and  y  =  ~  1,  approximately. 
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9.  Find  by  graphs  approiimata  values  ol  x  and  y  in 

71-2^  =  141 

6ii!  +  3v  =  15J 

Transpoae  (1),     2  ]/  =  7  x  —  U. 

^-    A    u    «  71-14 

Divide  by  2,  y  =  — -- — -. 

It            x=     0,         !/  =  ~7i 
I  =+2,         y=     0. 
AB  is  the  graph  of  equation  (1). 
Transpose  (2),     3y  =  15  — Sx. 
Divide  by  3,  y  =  — 

If  a  =  +  3,         y=     0 ; 

a:  =  +  6,        y=-5. 
CD  is  the  graph  of  equation  (2). 
The  point  K,  the  point  of  inter- 
section of  AB  and  CD,  la  approxlinaielf  the  point  (2},  IJ). 
Therefore,  x  =  2^,  and  y  =  IJ,  approiiinately. 

:B  ol  X  and  V  in 


10.  Find  by  graphs  approxim 

Transpose  (1), 

Divide  by  4,  y  —  — 
If  I  =  +  2,       y  = 
X--2,      y  = 
AB  ia  the  graph  of  eqna- 


-4^  =  181 


:-/£  = 


(1) 
(2) 


(1) 
(2) 


Divideby5,y  =  — 

Ifa  =  +    5,     y=+2; 
I  =  + 10,     1/  =      0. 
CD  is  the  graph  of  equation  (2). 

The  point  K,  the  point  of  iutereeotion  of  AB  and  CD,  li 
mately  the  point  (3^,  2]). 
Therefore,  i  =  3J,  and  y  =  a|,  approximately. 
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11.    Th«  gnplm  of  Um  eqoatioiw  33  +  5|r  =  6,  2z  —  y:^12,  fuid 
1  1  point.     Are  Uw  eqnuioDS  simulUneoua  ? 


i  +  3k  =  -1   meet  in 

Give  t«MOQ. 

WehAve 

TtmbpomO), 

3y  =  t-22. 

nivide  by  3. 

Mi  =  +  5,   y  =  -2; 

i  =  -4,  y  =  +  4. 

ylB  iB  the  grapb  ot 

e.lualion(l). 
Transpose  (2), 

tf  =  2z-12. 

rfZ  =  +  8.   V  =  +  4; 

l=  +  2,  y  =  -8. 

i  +  3»=     41 

I-    ,=  isl 

.  +  3,  =  -lJ 


CD  is  the  graph  of  equation  (2). 
T^nspose  (3),  x  -  -  S  y 


-I. 


(2) 


.^F  is  the  graph  of  eqnation  (3). 
AB,  CD,  and  EF intersect  at  the  point  K,  (5,  -  2). 
The  equations  are  simaltaneons  because  the  unknown  nninbers. 
and  y,  stand  for  the  same  numbers  in  all  three  equations. 

12.  Do  the  graphs  of  the  equations  4x 
X  —  Su  =  a  meet  in  a  point  ?  Are  the  equi 
Die  equations  inconsistent  ? 

We  have  4  3 

m 

(3) 


-»=   21 
4-  »  =  10  t 
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Transpose  (1),  y  =  4  a:  -  2. 


jl£iBthegraphofeqiiaUon(l). 

Transpose  (2),  j/  =  10  -  3  z. 


CD  is  the  graph  of  equatjon  (2). 
Tranapoee  (3),  a;  =  5  +  6  j/. 


JTFJsthe  graph  of  egaation(S). 

The  three  graphs  evidently  do  not  intersect  in  a 

Hence,  the  equations  are  not  simultaneous  and  : 


13.   Are  the  equations  2  X  ~Zy  =  &a.itA2x-  3y=  Ssimultaneons? 
What  is  shown  by  their  graphs  f 

m 


We  have 

21- 

3i,. 

:l] 

2a- 

3v  = 

TranspOBe  (1), 

2i=6  +  3y. 

Divide  by  2, 

x     ^^^I' 

If     !/  =  +  3, 

X  =  +'7 ; 

y  =  -3, 

z  =  -2. 

^Bis  the  graph  of  equation  (1) 

Transpoae  <2), 

2i  =  8  +  3y. 

Divide  hy  2, 

2 

11 

V  =  +  2. 

x  = 

+  7; 

y=-2, 

x  = 

+  1. 

CD  is  the  graph  of  equation  (2). 

The  graphs  AB  and  CD  evidently  do  not  meet.     Tlierefore,  the 
equations  are  not  simultaneouB. 
The  graphs  are  parallel  lines. 
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Ezerciae  82.    Page  209 


1.  Solve  In  positive  integers 
Transpose, 

X  +  y  =  9. 
y  =  9- 

X. 

If           X  =  1, 
x  =  2, 
x  =  3, 
x  =  4, 

y  =  8i 
y  =  7; 
y  =  6; 

y  =  5, 

X  =  5, 
x  =  6, 

x  =  7, 
x  =  8. 

y  =  4; 
y  =  3; 
y  =  2; 
y  =  l. 

2.  Solve  in  positive  integers 

Transpose, 

If 

x  +  9y  =  27. 
x  =  27- 
y  =  l,  x  =  18; 
y  =  2,  x=   9. 

-9 

y. 

3.  Solve  in  positive  integers       3x  +  7y  =  46. 
Transpose,  3  x  =  46  —  7  y. 

Divide  by  3, 


'   1  —  1/ 


0) 


(2) 


Since  the  left  member  of  (2)  is  integral,  the  right  member  is  integral 

and  the  fraction  is  an  integer. 

1-y 
Let =  m,  an  integer. 

Then  l-y  =  3m. 

.*.  y  =  1  —  3m. 
Substitute  the  value  of  y  in  (1), 

3x  +  7-21m  =  46. 
Transpose  and  combine,  3  x  x=  39  +  21  m. 

.-.  X  =  13  +  7  m. 
For  m  =     0,  X  =  13,  and  y  =  1 ; 

for  m  =  —  1,  X  =  6,  and  y  =  4. 


4.  Solve  in  positive  integers       4  x  +  5  y  =  33. 
Transpose,  4  x  =  33  —  6  y. 


Divide  by  4, 


x=8-y+ 


1-y 


(ly 


(2) 


Since  the  left  member  of  (2)  is  integral,  the  right  member  is  integral 
and  the  fraction  is  an  integer. 

1-y 

=  m,  an  mteger. 


Let 
Then 


1  —  y  =  4  m. 
.♦.  y  =  1  —  4  TO. 
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Substitate  the  value  of  y  in  (1), 

4«  +  6-26m  =  33. 
Transpose  and  combine,  4  z  =  28  +  20  m. 

,\  x  =  7-|-  5to. 
For  m  =     0,  X  =  7,  and  y  =  1 ; 

for  TO  =  —  1,  X  =  2,  and  y  =  5. 

6.  Solve  in  positive  integers       8x  +  7y  =  112.  (1) 

Transpose,  7  y  =  112  —  8x. 

Divide  by  7,  y  =  16-x-5.  (2) 

Since  the  left  member  of  (2)  is  integral,  the  right  member  is  integral 
and  the  fraction  is  an  integer. 

Let  -  =  TO,  an  integer. 

.•.  X  =  7  m. 
Substitute  the  value  of  x  in  (1),  56  m  +  7  y  =  112. 
Transpose,  7  y  =  112  —  56  m. 

.*.  y  =  16  —  8  m. 
For  m  =  1,  X  =  7,  and  y  =  8. 

6.  Solve  in  positive  integers      7x  +  10y  =  100.  (1) 

Transpose,  7  x  =  100  —  10  y. 

Divide  by  7,  x  =  14  -  y  +  ^  ""  ^^ 


Multiply  by  5,  5x  =  70  -  5y  + 


7 
10-15y 


3  —  1/ 
5x  =  70-5y-|-l-2y+ —— ^. 

7 

O  -■ 

Combine,  5x  =  71-7y-|- .       (2) 

Since  the  left  member  of  (2)  is  integral,  the  right  member  is  integral 

and  the  fraction  is  an  integer. 

3-y 
Let  — — -^  =  TO,  an  integer. 

Then  3  -  y  =  7  to. 

.'.  y  =  3  —  7  TO. 
Substitute  the  value  of  y  in  (1), 

7x4-30-70to  =100. 
Transpose  and  combine,  7  x  =  70  +  70  to. 

.*.  x  =  10  +  IOto. 
For  TO  =  0,  X  =  10,  and  y  =  3. 
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7.  Solve  in  positiye  integers       3x  +  8y  =  25.  (1) 
Transpose,                                              3x  =  25-8y. 

Divide  by  3,  z  =  8  -  3y  +  lii?.         (2) 

Since  the  left  member  of  (2)  is  integral,  the  right  member  is  integral 
aJid  the  fraction  is  an  integer. 

Let  =^  =  m,  an  integer. 

Then  1  +  y  =  3  m. 

.*.  y  =  3m  —  1. 
Substitute  the  vahie  of  y  in  (1), 

3x  +  24to  -8  =  25. 
Traiisi>ose  and  combine,  32  =  33  —  24m. 

.-.  x  =  ll  -8m. 
For  m  =  1,  X  =  3,  and  y  =  2. 

8.  Solve  in  positive  integers      15x4-  9y  =  87. 

Divide  by  3,  5x  +  3y  =  29.  (1) 

Transpose,  3  y  =  29  —  5x. 

2-2x 


Divide  by  3,  y  =  9  -  x  + 


3 
1-x 


.-.  y  =  9-x  +  2(-^).     (2) 


Since  the  left  member  of  (2)  is  integral,  the  right  member  is  integral 
and  the  fraction  is  an  integer. 

1  —  X  .   . 

Let  =  m,  an  mteger. 

Then  1  -  x  =  3  m. 

.*.  X  =  1  —  3m. 
Substitute  the  value  of  x  in  (1), 

6-15m  +  3y  =  29. 
Transpose  and  combine,  3  y  =  24  +  15  m. 

.-.  y  =  8  +  5m. 
For  m=     0,  x=:l,  and  ?/  =  8; 

for  m  =  -  1,  X  =  4,  and  y  =  3. 
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9.  Solve  in  positive  integers        5x  +  9y  =  34.  (1) 

Transpose,  6  a;  =  34  —  9  y. 

4  —  42/ 

Divide  by  5,  x  =  Q  —  y  -\ -- 

5 

1-y 


.-.  «  =  6-y  +  4(-^).     (2) 


Since  the  left  member  of  (2)  is  integral,  the  right  member  is  integral 
and  the  fraction  is  an  integer. 

Let =  m,  an  integer. 

5 

Then  1  -  y  =  5  m. 

.-.  2/  =  1  —  5w. 

Substitute  the  value  of  y  in  (1), 

6x  +  9-45m  =  34. 
Transpose  and  combine,  5  x  =  25  +  45  m. 

.-.  X  =  6  +  9m. 
For  ?»  =  0,  X  =  5,  and  y  =  1. 

10.  Solve  in  positive  integers    8x  +  13y  =  413.  (1) 

Transpose,  8x  =  413  —  13  y. 

5  —  5  y 


Divide  by  8,  x  =  51  —  2/  -f 


.-.  x  =  51-2/+5(-^).    (2) 


Since  the  left  member  of  (2)  is  integral,  the  right  member  is  integral 
and  the  fraction  is  an  integer. 

Let  =  w,  an  integer. 

o 

Then  I  -y  =  Sm. 

.-.  2/  =  1  —  8771. 
Substitute  the  value  of  y  in  (1), 

8x  + 13 -104m  =  413, 
Transpose  and  combine,  8  x  =  400  +  104  m. 

.-.  X  =  50  +  13  m: 

For  m  =     0,  X  =  50,  and  y  =    1 ; 

for  m  =  —  1,  X  =  37,  and  y  —    9 ; 

for  m  =  —  2,  X  =  24,  and  y  =  17; 

for  m  =  —  3,  X  =  11,  and  y  =  25. 
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11.  Solve  in  least  positive  integers 

4x-9y  =  63.  (1) 

Transpose,  4  x  =  63  +  9  y. 

Divide  by  4,  x  =  13  +  2y  +  ^-^-  (2) 

4 

Since  the  left  member  of  (2)  is  integral,  the  right  member  is  integral 

and  the  fraction  is  an  integer. 

1  4-  y 

Let =  w,  an  integer. 

4 

Then  1  -I-  y  =  4  m. 

.-.  y  =  4m  —  1. 
Substitute  the  value  of  y  in  (1), 

4x-36w  +  9  =  63. 
Transpose  and  combine,  4  x  =  44  +  36  m. 

.*.  x  =  11  +  9m. 
For  m  =  1,  X  =  20,  and  y  =  8. 

12.  Solve  in  least  positive  integers 

16x--47y  =  l.  (1) 

Transpose,  16  x  =  1  +  47  y. 

l  +  2y 


Divide  by  16,  x  =  3  y  -f 

Multiply  by  8,  8  x  =  24  y  + 


8x  =  24y  +  y-f 


16 
8-|-16y 
16 
8-l-y 


16 


Combine,  8  x  =  26  y  +  -^ .  (2) 

16 

Since  the  left  member  of  (2)  is  integral,  the  right  member  is  integral 

and  the  fraction  is  an  integer. 

8  4-1/ 

Let =  m,  an  integer. 

16 

Then  8  +  y  =  16  m. 

.*.  y  =  16  m  —  8. 
Substitute  the  value  of  y  in  (1), 

16x- 706m -I- 376=1. 

Transpose  and  combine,  16  x  =  706  m  —  376. 

.-.  X  =  47  m  —  26. 

For  m  =  1,  X  =  22,  and  y  =  7. 
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18.  Solve  in  least  positive  integers 

13y-10«  =  19.  (1) 

Transpose,  10x  =  13y-19. 

Sy-9 


Divide  by  10,  x  =  y  -  1  -|- 


10 
y-3 


.-.  x  =  y-l  +  3(?^).       (2) 


Since  the  left  member  of  (2)  is  integral,  the  right  member  is  integral 
and  the  fraction  is  an  integer. 

Let =  m,  an  integer. 

Then  y  -  3  =  10  m. 

.*.  y  =  10  w#f  3. 
Substitute  the  value  of  y  in  (1), 

130w  +  39-10x  =  19. 
Transpose  and  combine,  10  x  =  130  m  +  20. 

.-.  x  =  13m  +  2. 
For  m  =  0,  x  =  2,  and  y  =  3. 

14.  Solve  in  least  positive  integers 

7x-3y  =  17.  (1) 

Transpose,  3y  =  7x  — 17. 

Divide  by  3,  y=:2x-6  +  5^.  (2) 

3 

Since  the  left  member  of  (2)  is  integral,  the  right  member  is  integral 

and  the  fraction  is  an  integer. 

X  —  2 
Let  — - —  =  m,  an  integer. 

3 

Then  x  -  2  =  3  m. 

.-.  X  =  3m  +  2. 
Substitate  the  value  of  x  in  (1), 

21m +  14 -3y  =  17. 
Transpose  and  combine,  3  y  =  21  m  —  3. 

*  .-.  y  =  7m  —  1. 

For  m  =  1,  X  =  5,  and  y  =  6. 
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15.  Solve  in  least  positive  integers 

ll«-9y  =  3L  (1) 

Transpose,  9y  =  Ux  —  Sl. 

2x-4 


Divide  by  9,  y  =  x  -  3  + 


9 
x-2 


.•.y  =  x-3  +  2(?-^).        (2) 


Since  the  left  member  of  (2)  is  integral,  the  right  member  is  integral 

and  the  fraction  is  an  integer. 

X  —  2 
Let  =  m,  an  integer. 

Then  x-2  =  9m. 

^  .-.  X  =  9m  +  2. 

Substitute  the  value  of  x  in  (1), 

99m  +  22-9y  =  31. 
Transpose  and  combine,  9y  =  99m  —  9. 

.*.  y  =  11m  —  1. 
For  m  =  1,  X  =  11,  and  y  =  10. 


16.  Solve  in  least  positive  integers 

13x-5y  =  113.  (1) 

Transpose,  5y  =  13x  —  113. 

3x-3 


Divide  by  6,  y  =  2x  -  22  + 


6 
x-1 


.-.  y  =  2x-22  +  3(?-— V      (2) 


Since  the  left  member  of  (2)  is  integral,  the  right  member  is  integral 
and  the  fraction  is  an  integer. 

Let  =  m,  an  integer. 

6 

Then  x  —  1  =  6  m. 

.'.  X  =  6m  +  1. 

Substitute  the  value  of  x  in  (1), 

65m  +  13-5y  =  113. 
Transpose  and  combine,  6  y  =  66  m  —  100. 

.*.  y  =  13m-20. 
For  m  =  2,  x  =  11,  and  y  =  6. 
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17.  Solve  in  least  positive  integers 

Ux-9y  =  229.  (1) 

Transpose,  9  y  =  14  x  -  229. 

Divide  by  9,  y  =  x  —  26  + 


Multiply  by  2,  2y  =  2x  -  60  + 


9 
lO'x  -  8 


2y  =  2x-  50  +  X  + 


9 
x-8 


9 


_      ft 

Combine,  2y  =  3x  -  60  + -^^-  (2) 

y 

Since  the  left  member  of  (2)  is  integral,  the  right  member  is  integral 
and  the  fraction  is  an  integer. 

Let  =  m,  an  integer. 

y 

Then  x  —  8  =  9  ?n. 

.-.  X  =  9  m  +  8. 

Substitute  the  value  of  x  in  (1), 

126m  +  112 -9y  =  229. 
Transpose  and  combine,  9  y  =  126  m  —  117. 

.-.  y  =  14  m  —  13. 
For  m  =  1,  X  =  17,  and  y  =  1. 


18.  Solve  in  least  positive  integers 

13x-23y  =  42.  (1) 

Transpose,  13  x  =  23  y  +  42. 

lOy  +  3 


Divide  by  13,  x  =  y  +  3  + 

Multiply  by  4,  4x  =  4y  +  12  + 


4x  =  4y4-12  +  3y  + 


13 

40y4-12 
13 
y+12 


13 


Combine,  4x  =  7y  +  12  +  ^^^  •  (2) 

lo 

Since  the  left  member  of  (2)  is  integral,  the  right  member  is  integral 
and  the  fraction  is  an  integer. 
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Ue  ^"^     =  m,  an  mtaser. 

TbMi  y  +  12  =  13m. 

IfobiUtiite  tba  Tahie  of  y  in  (1), 

13x- 299m +  876  =  42. 
TnuMpofe  and  comtxiiie,  13x  =  299m  —  234. 

.-.  x  =  23m-18. 
For  m  =  1,  z  =  5,  and  y  =  L 

19.  nod  two  numben  which,  midttplied  respectiTely  bj  3  and  by  20, 
baire  ior  the  stun  of  their  prodacto  368. 

Let  z  =  the  first  number, 

and  y  =  the  second  number. 

Then  3z  +  20y  =  368.  (1) 

Traoapofe,  3z  =  368-20y. 

2-2y 


Divide  by  3,  z  =  122-6y  + 


3 

i~y 


.-.  x  =  122-6y  +  2(i — ^Y  (2) 


Bince  the  left  member  of  (2)  is  integral,  the  right  member  is  integral 

and  the  fraction  ia  an  integer. 

1  —  y 
Let  — — ^  =  m,  an  integer. 

Then  l-y  =  3m. 

.-.  y  =  1  —  3m. 
Sabetitate  the  yalne  of  y  in  (1), 

3z  +  20~60m  =  368. 
Transpose  and  combine,  3  z  =  60  m  +  348. 

.-.  z  =  20  m -I- 116. 
For  m  =     0,  z  =  116,  and  y  =   1 

for  m  =  —  1,  z  =   96,  and  y  =  4 

for  m  =  —  2|  z  =   76,  and  y  =   7 

for  m  =  —  3,  z  =   66,  and  y  =  10 : 

for  m  =  —  4,  z  =   36,  and  y  =  13 

for  m  =  —  6,  z  =    16,  and  y  =  16. 

Therefore,  the  numbers  required  are  116  and  1 ;  96  and  4 ;  76  and 
7 ;  66  and  10;  36  and  13 ;  or  16  and  16. 
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30.  Divide  76  into  two  parts  such  that  one  part  shall  be  a  positive 
multiple  of  8  and  the  other  a  positive  multiple  of  9. 

I^et  8  X  =  the  first  part, 

and  9y  =  the  second  part. 

Then  8«  +  9y  =  76.  (1) 

Transpose,  *  8«  =  76--9y. 

Divide  by  8,  x  =  9-y-|-^^.  (2) 

o 

Since  the  left  member  of  (2)  is  integral,  the  right  member  is  integral 

and  the  fraction  is  an  integer. 

4 |/ 

Let  — — ^  =  m,  an  integer. 

o 

Then  4-y  =  8m. 

.-.  y  =  4  —  8  m. 
Substitute  the  value  of  y  in  (1), 

8x -I- 36 -72m  =  76. 
Transpose  and  combine,  8  x  =  40  +  72  m. 

.*.  X  =  5  +  9  m. 
For  m  =  0,  x  =  6,  and  y  =  4. 

.-.  8x  =  40, 
and  9y  =  36. 

Therefore,  the  required  parts  are  40  and  36. 

21 .  How  may  a  man  pay  a  debt  of  $59,  giving  only  bills  of  $6  and  $2  ? 

Let  X  =  the  number  of  five-dollar  bills, 

and  y  =  the  number  of  two-dollar  bills. 
Then  6x  +  2y  =  69.  (1) 

Transpose,  2  y  =  69  -  6  x. 

Divide  by  2,  y  =  29  -  2  x  +  i^-  (2) 

Since  the  left  member  of  (2)  is  integral,  the  right  member  is  integral 

and  the  fraction  is  an  integer. 

^  .  1  -  X 

Let  =  m,  an  mteger. 

2 

Then  1  —  x  =  2  m. 

.-.  X  =  1  —  2  m. 
Substitute  the  value  of  x  in  (1), 

5-10m4-2y  =  69. 

Transpose  and  combine,  2  y  =  64  +  10  m. 

.-.  y  =  27  +  6  m. 
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For  m  =     0,  X  =   1,  and  y  =  27 

for  m  =  -  1,  ac  =   3,  and  y  =  22 

for  m  =  -  2,  X  =   5,  and  y  =  17 

for  TO  =  -  3,  X  =   7,  and  y  =  12 

for  m  =  -  4,  X  =   9,  and  y  =    7 

for  TO  =  —  5,  X  =  11,  and  y  =    2. 

Therefore,  the  man  must  use  of  five-dollar  bills  and  two-dollar  bills 

respectively  1  and  27 ;  3  and  22 ;  5  and  17 ;  7  and  12 ;  9  and  7 ;  or 
11  and  2. 

23.  A  man  paid  f  126  for  calves  at  f 7  each,  and  pigs  at  $3  each. 
How  many  calves  and  how  many  pigs  did  he  buy  ? 

Let  X  =  the  number  of  calves, 

and  y  =  ^^6  number  of  pigs. 

Then  7x  +  3y  =  126.  (1) 

Transpose,  3  y  =  126  -  7  x. 

Divide  by  3,  y  =  42-2x--.  (2) 

Since  the  left  member  of  (2)  is  integral,  the  right  member  is  integral 

and  the  fraction  is  an  integer. 

X  .    . 

Let  -  =  m,  an  integer. 

o 

Then  x  =  3  m. 

Substitute  the  value  of  x  in  (2),      y  =  42  -  6  to  —  to. 

.-.  y  =  42  —  7  to. 

For  TO  =  1,  X  =    3,  and  y  =  35 

for  TO  =  2,  X  =    6,  and  y  =  28 

for  TO  =  3,  X  =    9,  and  y  =  21 

for  TO  =  4,  X  =  12,  and  y  =  14 

for  TO  =  5,  X  =  15,  and  y  =    7. 

Therefore,  the  man  bought  3  calves  and  35  pigs ;  6  calves  and  28 
pigs ;  9  calves  and  21  pigs ;  12  calves  and  14  pigs ;  or  15  calves  and 
7  pigs. 

28.  Solve  llx-21y  =  7,  so  that  x  and  y  may  both  be  positive 
integers,  and  x  a  positive  multiple  of  y. 

We  have  llx-21y  =  7.  (1) 

Let  X  =  my,  where  to  is  a  positive  integer. 

Substitute  the  value  of  x  in  (1), 

llTOy  -  21y  =  7. 


r 
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y  = 


x  = 


11  m  -  21 
7m 


11m -21 

For  -  m  =  2,  a;  =  14,  and  y  =  7. 

Therefore,  z  =  14,  and  y  =  7. 

24.  A  woman  paid  $106  for  silk  at  $2.60  a  yard  and  velvet  at  $3.60 
a  yard.     How  many  yards  of  each  did  she  buy  ? 


Let 
and 

Then 

Multiply  by  2, 
Transpose, 

Divide  by  6, 


X  =  the  number  of  yards  of  silk, 
y  =  the  number  of  yards  of  velvet. 


6x 
2 

2 

106. 

6x 

+  7y  = 

212. 

6a;  = 

212- 

-7y. 

x  = 

42- 

V  +  ^ 

-2 
6 

y 

•.    X  = 

49!  - 

t/4-2i 

fl- 

iK 

(1) 


/: 


) 


(2) 


Since  the  left  member  of  (2)  is  integral,  the  right  member  is  integral 
and  the  fraction  is  an  integer. 

Let =  m,  an  integer. 

Then  -  1  —  y  =  6  m. 

.-.  y  =  1  —  6  m. 
Substitute  the  value  of  y  in  (1), 

5a;  +  7 -36m=r212. 
Transpose  and  combine,  6  a;  =  36  m  -f  206. 

.-.  a;  =  7  m  +  41,  ., 

For  m=     0,  X  =  41,  and  y  =    1 

for  m  =  -  1,  X  =  34,  and  y  =   6 

for  m  =  -  2,  X  =  27,  and  y  =  11 

for  m  =  —  3,  X  =  20,  and  'y  =  16 

for  m  =  —  4,  X  =  13,  and  y  =  21 

for  m  =  —  6,  X  =    6,  and  y  =  26. 

Therefore,  the  woman  bought  41  yards  of  silk  and  1.  yard  of 
velvet ;  34  yards  of  silk  and  6  yards  of  velvet ;  27  yards  of.  silk  and 
11  yards  of  velvet;  20  yards  of  silk  and  16  yards  of  velvet;  13  yards 
of  silk  and  21  yards  of  velvet ;  or  6  yards  of  silk  and  26  yards  of  velvet. 
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85.  A  man  paid  f72  for  lambs  at  $5.80  each,  and  geese  at  f  1.40 
each.     How  many  lambs  and  how  many  geese  did  he  buy  ? 

Let  z  =  the  namber  of  lambs, 

and  y  =  the  number  of  geese. 

$6.80  =  $6t  =  $V  ;  $1.40  =  $1*  =  ${. 

Then  h  -^  =  72. 

6         6 

Multiply  by  5,  29  x  +  7  y  =  360.  (1) 

Transpose,  7 y  =  360  -  29*. 

Divide  by  7,  y  =  61-4x  +  ?^.  (2) 

Since  the  left  member  of  (2)  is  integral,  the  right  member  is  integral 

and  the  fraction  is  an  integer. 

3  —  X 

Let  =  my  an  integer. 

7 

Then  3~x  =  7w. 

.'.  X  =  3  —  7  m. 
Substitute  the  value  of  x  in  (1), 

87-203m  +  7y  =  360. 
Transpose  and  combine,  7  y  =  203  m  +  273. 

.-.  y  =  29wH-39. 
For  TO  =     0,  X  =    3,  and  y  =  39 ; 

for  m  =  —  1,  X  =  10,  and  y  =  10. 

Therefore,  the  man  bought  3  lambs  and  39  geese ;  or  10  lambs  and 
10  geese. 

26.  The  diameter  of  a  five-franc  piece  is  3.7  centimeters,  and  that 
of  a  one-franc  piece  2.3  centimeters.  How  many  coins  of  each  kind 
must  a  man  use  to  obtain  a  length  of  1  meter  ? 

Let  X  =  the  number  of  five-franc  pieces, 

and  y  =  the  number  of  one-franc  pieces. 

Then  3.7x  =  the  number  of  centimeters  in  the  length  of 

the  five-franc  pieces, 
and  2.3y  =  the  number  of  centimeters  in  the  length  of 

the  one-franc  pieces. 

One  meter  =  100  centimeters. 

Then  3.7x  +  2.8y  =  100. 

Multiply  by  10,  37  x  +  23  y  =  1000.  (1) 

Traiispnsp.  23  y  =  1000  -  37  x. 
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ll-Ux 


Divide  by  23,  y  =  43  -  a  + 

Multiply  by  6,  by  =  215  -  5x  + 


23 
66-70X 


23 
6y  =  216-6x  +  2-3x  +  ^^. 

Q  —  X 
Combine,  6  y  =  217  -  8  x  +  — —  •  (2) 

Since  the  left  member  of  (2)  is  integral,  the  right  member  is  integral 
and  the  fraction  is  an  integer. 

9  —  X 
Let  — -—  =  m,  an  integer. 

2o 

Then  9-x  =  23w. 

.-.  «  =  9-23m. 

Substitute  the  value  of  x  in  (1), 

333  -  861  m  +  23y  =  1000. 
Transpose  and  combine,       23  y  =  851  m  +  667. 

.-.  y  =  37  wi  +  29. 
For  m  =  0,  X  =  9,  and  y  =  29. 

Therefore,  to  obtain  a  length  of  1  meter  a  man  must  use  9  five-franc 
pieces  and  29  one-franc  pieces. 

S7.  An  excursion  cost  for  each  adult  $7.15,  and  for  each  child 
$3.10.  The  total  expense  was  $97.25.  How  many  adults  and  how 
many  children  went  on  the  excursion  ? 

Let  X  =  the  number  of  adults, 

and  y  =  the  number  of  children. 

Then  7. 15  x  +  3. 10  y  =  97.25. 

Multiply  by  20,         143  x  +  62  y  =  1945.  (1) 

Transpose,  62  y  =  1945  — 148  x. 

23  -  19x 


Divide  by  62,  y  =  31  -  2  x  + 

Multiply  by  13,  13  y  =  403  -  26  x  + 


62 
299-247X 


62 

13y=  403  _  26x  +  6  -4x  -  H^. 

62 

Combine,  13y  =  408-30x-  ^^~^.  (2) 

62  ^  ' 

Since  the  left  member  of  (2)  is  integral,  the  right  member  is  integral 
and  the  fraction  is  an  integer. 
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11  -  X 

Let  =  m,  an  integer. 

62 

Then  ll-z  =  62m. 

.'.  x=  11 -62m. 
Substitute  the  value  of  x  in  (2),     13  y  =  408  -  330  + 1860  m-m. 
Combine,  13  y  =  78  +  1869  m. 

.-.  ]/  =  6  4-143m. 
For  m  =  0,  x  =  11,  and  y  =  6. 

Therefore,  there  went  on  the  excursion  11  adults  and  6  children. 

28.  A  box  contains  between  300  and  400  pears.  If  the  pears  are 
divided  among  some  children,  13  pears  being  given  to  each  child,  9 
pears  are  left.  If  15  pears  are  given  to  each  child,  4  pears  are  left. 
How  many  pears  are  there  in  the  box? 

Let  X  =  the  number, of  pears. 

•         x-9 


«   tl«^lA 

lo 

and 

x-4 

=  an  integer. 

15                    ^ 

Let 

x-9 
13            ' 

and 

x-4 
15    ='^ 

Then 

X  =  13  m  +  9, 

and 

X  =  15n  +  4. 

.-.  13w  + 9  =  1511  +  4. 

Transpose 

and  combine,        13m  =  15n  —  5. 

• 

.  2n-6 

Divide  by  13,  m  =  n-{- 


Multiply  by  7,  7  m  =  7  n  + 


13 
14n-36 


13 

n  — 9 

7m  =  7n  +  n- 2  +  — — — 

n  —  9  f*^ 

Transpose  and  combine,  7m-8w  +  2=  •  V^; 

Since  the  left  member  of  (1)  is  integral,  the  right  member  is  integral. 
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Let  =  p,  an  integer. 

Then  n-9  =  13p. 

.-.  n  =  13p  +  9. 
Substitute  the  value  of  n  in  (1), 

7m-104p-72  +  2=p. 
Transpose  and  combine,  7  m  =  106p  +  70. 

.-.  m  =  15p  +  10. 
For  P  =  0,  m  =  10,  and  n  =    9 

for  P  =  1»  m  =  26,  and  n  =  22 

for  p  =  2,  m  =  40,  and  n  =  36 


.-.  x  =  13m  +  9,  or  15n  +  4 
=  139,  334,  629,  •  •  • 

Since  the  number  of  pears  is  between  300  and  400,  the  required 
number  is  334. 

29.  A  farmer  sells  12  calves,  16  lambs,  and  9  pigs,  and  receives 
$187.  At  ^he  same  price  he  sells  14  calves,  10  lambs,  and  16  pigs, 
and  receives  $197.     What  is  the  price  of  each  ? 

» 

Let        X  =  the  number  of  dollars  received  for  each  calf, 
y  =  the  number  of  dollars  received  for  each  lamb, 
and  z  =  the  number  of  dollars  received  for  each  pig. 

Then  12x  +  16y+    92  =  187,  (1) 

and  14x  +  10y +  162  =  197.  (2) 

Multiply  (1)  by  5,    60  x  +  80  y  +  46  2  =  935.  (3) 

Multiply  (2)  by  3,    42  x  +  30  y  +  46  z  =  591.  (4) 

Subtract  (4)  from  (3),  18  x  +  50  y  =  344. 

Divide  by  2,  9  x  +  25  y  =  172.  (f>) 

Transpose,  9  x  =  172  —  26  y. 

Divide  by  9,  x  =  19  -  2y  +  ^  ~^^.         (6) 

17 

Multiply  by  4,  4x  =  76  -  8y  +  llL?^. 

4x  =  76-8y-3y  +  i^l^. 

9 

.-.  4x  =  16-ny-h^-^^'  (7) 

9 

Since  the  left  member  of  (7)  is  integral,  the  right  member  is  integral 
and  the  fraction  is  an  integer. 
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4  —  ]/ 
Let =  171,  an  integer. 

Then  4-y  =  9m. 

.-.  ^  =  4  —  9  m. 
Sabstitute  the  value  of  y  in  (6),  x  =  19  -  8  +  18m  -  3  +  7m. 

.-.  x  =  8  +  26m. 
For  m  =  0,  X  =  8,  and  y  =  4. 

Substitute  the  yalues  of  x  and  y  in  (1), 

96  +  64  +  92  =  187. 
Transpose  and  combine,  9  2  =  27. 

.-.  2  =  8. 
Therefore,  the  farmer  receives  $8  for  each  calf,  |4  for  each  lamb, 
and  $3  for  each  pig. 

80.  Divide  161  into  three  parts  such  that  the  first  part  is  divisible 
by  3,  the  second  by  6,  the  third  by  7,  and  twice  the  first  part,  three 
times  the  second,  and  four  times  the  third  is  483. 

Let  3  X  =  the  first  part, 

6y  =  the  second  part, 
and  7  2  =  the  third  part. 

Then  3x  +  5y +  72  =  151,  (1) 

and  6x  +  15y  +  282  =  483.  (2) 

Multiply  (1)  by  3,  9  x  +  16  y  +  21 2  =  453.  (3) 

Subtract  (2)  from  (3),  3  x  -  7  2  =  -  30. 

Transpose,  3  x  =  7  2  —  30. 

Divideby3,  x  =  22-10  +  5.  (4) 

Since  the  left  member  of  (4)  is  integral  the  right  member  is  integral 
and  the  fraction  is  an  integer. 

Let  -  =  m,  an  integer. 

o 

Then  2  =  3  m. 

Substitute  the  value  of  z  in  (4),  x  =  6  m  —  10  +  m. 

.-.  X  =  7  m  — 10. 
Substitute  the  values  of  x  and  z  in  (1), 

21m-30  +  6y +  21m  =  161. 
Transpose  and  combine,  6  y  =  181  —  42  m. 

Then  3x  =  21m-30, 

and  7  2  =  21  m. 

For  m  =  3,  3x  =  33,  5y  =  66,  and  7 2  =  63. 

Therefore,  the  required  parts  are  33,  66,  and  63. 
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Ezerclae  83.    Page  213 

1 .  Find  one  limit  of  x,  given 

7x-12>3a!  +  4. 
Transpose  and  combine,  4  x  >  16. 

.-.  X  >  4. 

Therefore,  the  lower  limit  of  the  valaes  of  x  is  4. 

2.  Find  one  limit  of  x,  given 

21x-4<14x  +  17. 
Transpose  and  combine,  7  x  <  21. 

.-.  X  <  3. 

Therefore,  the  upper  limit  of  the  valaes  of  x  is  3. 

8.  Find  one  limit  of  x,  given 

3x  +  13>4x  +  6. 
Transpose  and  combine,  7  >  x. 

.-.  X  <  7. 

Therefore,  the  upper  limit  of  the  values  of  x  is  7. 

4.  Find  one  limit  of  x,  given 

3x  +  7      3x  +  6 
4X-I-6      4x  +  3* 

Multiply  by  (4  X  +  6)  (4  X  +  3), 

12xa  +  87x  +  21  >12x«  + 36x  +  26. 
Transpose  and  combine,  2  x  >  4. 

.-.  X  >  2. 
Therefore,  the  lower  limit  of  the  valaes  of  x  is  2. 

5.  Find  one  limit  of  x,  given 

1  .      a        X  +  a 
a     X  +  a       ox 

Multiply  by  ox  (x  + a),     x^  +  ox  +  a^j,;  <  x^  -f  2  ox  +  a*. 

Transpose  and  combine,       a^  —  ax<a^. 

Divide  by  a,  ax  —  x  <a. 

a 


.'.  X  < 


a-1 

a 


Therefore,  the  upper  limit  of  the  values  of  x  is 


a-1 
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6.  Find  the  limits  of  x,  given 

9g-|-5      8x  -7     9a +  14  . 

14      '^6x  +  2*^      14      '  ^' 

2x4-1            8  2x  —  1 

and  ^ — >— — -^  (2) 

2x-l      4x2-1      2x  +  l 

Multiply  (1)  by  14,   9  x  +  6  +  ^^^ — —  <  9  x  +  14. 

3x  + 1 

n^  J         X..  56X-49      ^ 

Transpose  and  combine,  <  9. 

3x  +  l 

Multiply  by  3x  +  1,  56x  -  49  <  27x  +  9. 

Transpose  and  combine,  29x<68. 

.-.  X  <  2. 
Multiply  (2) by  4x2-1,  4x24-4x  +  l-8  >  4x2  — 4x  +  1. 
Ti'anspose  and  combine,  8  x  >  8. 

.-.  X  >1. 
Therefore,  the  upper  limit  of  the  values  of  x  is  2  and  the  lower 
limit  is  1. 

7.  Find  the  integral  value  of  x,  given 

^  {4x  -  1)-  f  >  i(x  -  4)+  \{Sx  +  6),  (1) 
and  J(2x  4- 1)+  1  (3x  -f  1)  <  S^^j  4-  H^^  -  2).  (2) 

Multiply  (1)  by  12,  16x  -  4  -  9  >  2x  -  8  4-  9x  +  15. 

Transpose  and  combine,  5  x  >  20. 

.-.  X  >  4. 
Multiply  (2)  by  84,  66  x  4-  28  4-  63 x  4-  21<  427  4-  60  x  -  24. 
Transpose  and  combine,  69  x  <  864. 

.-.  X  <  6. 
Hence  the  value  of  x  lies  between  4  and  6. 
Therefore,  the  only  possible  integral  value  of  x  is  5. 


8.  Three  times  a  certain  integral  number  increased 

by  5 

is 

not 

greater  than  23 ;  and  five  times  the  number  diminished  by  2 

is 

not 

less  than  28.     Find  the  number. 

Let                                                       X  =  the  number. 

Then                                              3x4-5>23, 

(1) 

and                                                    6x-2<28. 

(2) 

Transpose  and  combine  (1),               3x  >  18. 

.-.  X  >  6. 

Transpose  and  combine  (2),              6x  <  30. 

.-.  X  <  6. 

Hence,  x  is  not  greater  than  6  and  not  leas  than  6. 

• 

Therefore, 

X: 

=  6. 
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Exercise  84.    Page  214 

1.  Show  that  if  the  letters  are  unequal  and  positive 

a2  4-  52  _^  c2  >  oft.  -h  ac  +  &c. 

Now  by  §241,  a^-^l^>2ab,  (1) 

a2  +  c2>2ac,  (2) 

and  &2  ^  c2  >  2  be.  (3) 

Add  (1),  (2),  and  (3),  2  a2  +  2  62  4. 2  c2  >  2  a6  +  2  ac  -f  2  6c. 
Divide  by  2,  a^ -{■  l^ -\- c^  >  aJb  +  ac  +  he, 

2.  Show  that  if  the  letters  are  unequal  and  positive 

{ab  +  cd)  (ac  +  6d)  >  4  abed. 

{ab  +  cd)  (ac  -{■  bd)  >  OT  <  4  abed, 

according  as       a^be + oft^d + ae^  +  bcd'^  >  or  <  4  aJbed. 

Now  a2  +  d2>2ad.  (§241) 

.-.  6c(a2  +  d2)>2ad(6c). 

.-.  a^be-{-bcd^>2abcd.  (1) 

Again,  &2  4.  c2  >  2  be.  (§  241) 

.-.  ad(62  +  c2)>2  6c{ad). 

.-.  ab^  +  ac2d  >  2  a6cd.  (2) 

Add  (1)  and  (2), 

aV)c  +  06^  +  ac2d  +  6cd2  >  4  abed, 

.'.  (ab  H-  ed)  (ae  +  6d)  >  4  abed. 

3.  Show  that  if  the  letters  are  unequal  and  positive 

05  +  ac  +  6c  <  (o  +  6  -  c)2  4.  (a  +  c  -  6)2  4-  (6  +  c  -  a)2. 

Now    06  +  ac  +  60  or  <(a  4-  6  -  c)2  4-  (a  +  c  - 6)2  +  (6  +  c  -  a)2, 

according  as 

a6  +  ac  +  6c>or  <a2H-  624-024-206-  2ac-26c 

+  a2  H-  62  H-  c2  -  2  a6  4-  2  ac  -  2  6c 

+  a2  4-  62  +  c2  -  2  a6  -  2  ac  -f  2  6c, 
according  as 

a6  +  ac  +  6c>  or  <  3  a2  H-  362  4-  3  c2  -  2  a6  -  2  ac  -  2  6c, 

according  as 

3 06  +  3 ac  +  3 60  or  <  3 a2  +  362  4- 3c2, 

according  as 

a6  +  oc  +  60  or  <  a2  -f  62  +  c2. . 
But     06  4-  ac  -f  6c  <  a2  4-  62  4-  c2.  (Example  1) 

/.  06  +  ac  +  6c<(a  +  6  -  c)2  4-(a  -f  c  -  6)2.4-  (6  4-  c  -  a)2. 
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4.  Show  that  if  the  letters  are  unequal  and  positive 
(a  +  ft  +  c)»  >  3(a  +  6)(a  +  c){b  +  c). 

Now  (o  +  ft  +  c)»  >  or  <  3(a  +  ft) (a  +  c) (d  +  c), 

according  asa*  +  6*  +  c*  +  3a3&  +  3a^-f3afts  +  3ac>  +  36>c 

+  36c>  +  6adc 
>  or  <  3a«6  +  3a6«  +  Gate 
+  3Wc  +  3o«C  +  3a<S«  +  36c«, 

according  as  a*  +  6*  +  C  >  or  <  0. 

But  o»  +  6»  +  c»  >  0. 

.-.  (o  +  6  +  c)« > 3(a  +  6)(a  +  c){b  +  c). 

6.  Show  that  if  the  letters  are  unequal  and  positive 
0^6  4-  o«c  +  ofta  +  ftSc  +  ac«  +  6c»  >  6a6c. 

Now  ««  +  c«  >  2  oc.  (§  241) 

.-.  (a2  +  c2)6>2a6c. 

/.  ofib-{-bc^>2abc,  (1) 

Again,  a^  +  &^  >  2  a5.  (§  241) 

/.  {a^-{-b^)c>2abc. 

.-.  a2c  +  &2c>2(i6c.  (2) 

Also,  6a  +  c2>26c.  (§241) 

.-.  (6»  +  c2)a>2a6c. 

.-.  062  _^.  oc«  >  2  a6c.  (8) 

Add  (1),  (2),  and  (3), 

a26  +  a«c  +  062  +  ft^c  +  ac2  +  6c2  >  eajc. 

6.  Show  that  if  the  letters  are  unequal  and  positive 

(08  +  62)  (o*  H-  6*)  >  (a«  -f  6«)2. 

Now  (a3  +  62)  (o*  +  6*)  >  or  <  (o»  +  6»)2, 

according  as       cfl  -\-  0*62  +  o26*  +  6«  >  or  <  o^  +  2o86*  +  6^, 
according  as  0*62  4-  o^  >  or  <  2a*6*, 

according  as  02  +  62  >  or  <  2  06. 

But  o2  +  62>2o6.  (§241) 

.-.  (o^  +  62)(a*  +  6*) > (a»  +  6»)a. 
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7.  Show  that  if  x^  =  a^  +  6*,  and  ya  =  o^  +  d^, 

xy  'i:  ac  -\- bd,  OT  ad -\-  be. 


Now  xy  <  oc  +  M, 

if  X V  <  o*c2  +  2  a6cd  +  6W. 

But  «3  =  ««  +  62, 

and  y2  =  c2  +  (P. 

.-.  xy  <  ac  +  M, 
if  (a3  4-  62)  (c2  +  dP)<t:  a^c^  +  2  a&cd  +  ft^W", 

if  •  a»c2  +  ftaca  +  a^d^  +  ft^d^ <  a^c^  +  2a6cd  +  6W, 

if  62c2_^.a2d2^  2a6cd. 

But  68c2  +  aW<"2a6cd.  (§241) 

.*.  xy  4:  ac  -^bd. 

Again,  xy  <  od  +  6c, 

if  a^  +  6»c2  +  a^da  +  ft^d*  <  a^  +  2  o6cd  +  ft^c*, 

if  o2c2 -f  Wi2  <  2  aftcd. 

But  a2c2  +  62d2  <  2  a6cd.  (§241) 

.*.  xy  'ii  (^d -\- be. 

8.  Which  is  the  greater,  (a^  +  62)  (c«  +  d2)  or  (ac  +  bd)^  ? 

Now  (a2  +  62)  (c2  +  d2)  >  or  <  (ac  +  6d)2, 

according  as  a^c^  +  a^  +  6802^-  6^  >  or  <  a^c^  -{■2abed  +  bWy 
according  as  a^  +  hk:^  >  or  <  2  abe± 

But  "  aW  +  62c2  >  2  a6cd.  (§  241) 

.-.  (a2  +  6*)(c2  +  d2)>(ac  +  M)*. 

9.  Which  is  the  greater,  a*  -  6*  or  4 a«(a  —  6)  when  a>b? 

Now  a*  —  6*  >  or  <  4 a*(a  —  6), 

according  as  (a  -  6)(a»  +  a^ft  +  062  +  6«)  >  or  <  4o«(a  -  6), 
according  as  a*  +  a'6  +  06^  +  6^  >  or  <  4  a', 

according  as  a*6  +  a^^  +  &*  >  or  <  3  a*. 

Since  6  <  a, 

then  a^b  <  a*, 

db^<aV)<  a», 
and  6«  <  a&2  <  a». 

.-.  o«&  +  a62  +  W<3a». 

.-.  a*  -  6*  <  4 a^(a  -b),  when  a>b. 
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10.  Which  is  the  greater, 


a  +  & 


or 


2ab 


Now 

according  as 
according  as 
But 


2ab 

— —  >  or  < -, 

2  a  +  & 

o2  +  2a6  +  6*  >  or  <  4o6, 

a2  +  6^  >  or  <  2  06. 

a2  4-62>2a6. 

a  +  &      2ab 


a  +  ft 


(§241) 


11.  Which  is  the  greater,  —^ —  or  — ^- — ? 

a  +  56       a  -f  76 


Now 

according 
according  as 
according  as 
Bat 


a  +  46  a  +  66 

a  +  56  a  +  76' 

(a  +  46)  (a  +  7  6)  >  or  <  (a  +  56) (a  +  66), 
a2  +  11  a6  +  28  62  >  or  <  a2  +  il  a6  +  30  62, 

0>or<262. 

0<262. 

a+66      a  +  46 

.-.  —— >  —- 

a  +  76      a  +  56 


12.  Show  that  the  sum  of  any  positive  fraction  and  its  reciprocal  is 
greater  than  2. 

-  =  any  positive  fractioh. 


Let 

Then 

and 
Now 


if 


But 


-  =  its  reciprocal, 

X      y 

-  +  -  =  their  sum. 

y     X 

XV 

-  +  -  >  2, 

y     X 

x2  +  y2>2a;y. 

X       V 

.-.-  +  ->  2. 
y     X 


(§  241) 


Therefore,  the  sum  of  any  positive  fraction  ^n(l  its  reciprocal  i& 
greater  than  2. 
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Ezercise  85.    Page  218 

Perform  the  indicated  operation : 

1 .  (««)6  =  aj^.  5.  ( -  5  a»ft»)»  =  -  125  a^b^. 

2.  (xay8)6  =  xi2yi8.  /     Sz^y^\^_     243x^^6 

'  V 3xV >'  ~  27x^2 '  7.  (2 an^yz*)^  =  32  a^^h^^y^z^\ 

4.  ( -  3 xV)*  =  81  x8yi8.  8.  (-  4  c8(ix2)<  =  256 c^ d*x^, 

(.-  5  a6»)6  _     -  66  gsft^     _  -  fflfr^^  _       26  ^s 
■  (10a2xy»)8  ~  28  X  S^a^xV  ~  2^aafiy^  ^     8  oxV 

10.  (a  -  3)6  =  (a)6  -  6  (a)*  (3)  +  10  (a)«  (3)2  - 10  (a)2  (3)* 

+  5  (a)  (3)4 -(3)6 
=  a6  _i5a*  +  90 a»  -  270 a^  +  406a  -  243. 

11.  (a2  +  2  a6)*  =  (a^)*  +  4  (a2)8(2  a6)  +  6  (a^)^2  ab^  4-  4  (a^)  (2  abf 

+  (2  o6)* 
=  a8  +  Sa^ft  +  24a«62  4.  32a668  +  i6a4&4. 

12.  (2  X  +  3  y)6  =  (2  x)6  +  6  (2  x)*(3  y)  +  10  (2  x)8(3  y)«  +  10  (2  x)3(3  yf 

+  6(2x)(3y)*  +  (3y)6 
=  32x6+240x*y+720xV+1080x2y8+810xy*+243y6. 

13.  (3a-26)*  =  (3a)*-4(3a)8(2  6)+6(3a)2(26)2-4(3a)(26)H(26)* 

=  81a*  -  216a86  +  216a262  -  96a68  +  166*. 

14.  (a  4-  6)7  =  a7  +  7a66  +  21  a662  +  36a*68  +  36a86*  +  21  a266 

+  7a66  +  67. 

15.  (xy-  06)6  =  (xyf  -  5 (xy)*(a6)  4- 10  (xy)8(a6)2  -  10 (xy)2(a6)8 

+  5(xy)(a6)*-(a6)6 
=  x6y6  _  5  x*y*a6  +  10  xhfHVfl  -  10  x^^a^ 
+  6  xya*6*  —  a666. 

16.  (3  n2  -  2)8  =  (3  n2)8  -  3  (3  n2)2(2)  +  3  (3  n^)  (2)2  -  (2)8 

=  27n8-54n*  +  36n2-8. 

17.  (a6  -  3)6  =  (a6)«  -  6  (a6)6(3)  +  15  (a6)*(3)2  -  20  (a6)8(3)8 

+  15  (a6)2(3)*  -  6  (a6)  (3)6  +  (.3)6 
=  a666  - 18  a666  +  135  a*6*  -  640  a868  -|- 1216  a262 
^  1458  06  4-  729. 
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It.      (1  -  2  xy»  =  (1)*  -  6 (1>*(2  X)  + 10 (1)»(2  xy«  - 10  (1)«(2 x)» 

+  6(l)(2xy*-(2x)* 
=  1  -  lOx  -f  40X>  -  80 x*  +  SOx*  -  32xB. 

19.   (3a  +  56)«  =  (3a)«+4(3a)S(56)+6(3a)>(56)'+4(3a)(56)«+(56)« 

=  81  a*  +  540a«ft  +  1350  aV  +  1500a6*  +  6256*. 

SO.      (X  +  2  y)«  =  (x)«  +  8  (x)7(2  y)  +  28  (x)«(2  y)«  +  56  (x)»(2  y)» 

4-  70  (x)*(2  y)*  +  66  (x)»(2  y)»  +  28{x)*(2  y)« 
+  8(x)(2y)-  +  (2y)« 

=  xP  +  16xV  + 112  xV  +  448  «V  +  1120xV 
+  1702xV  +  1702XV  +  1024a^7  +  256»«. 

21.  (l-x+a^»=[(l-x)+X^» 

=  (1  -  x)»  +  3(1  -  x)«(aj«)+  3(1  -  X)  (x^«  +(aj«)» 

=  l-3x  +  3x»-x»+3x»-6x»+3x*+3x*-3x8+a:^ 

=  1  -  3x  +  6X»  - 7xP  +  6x*  -  3x*  +  xP. 

-•(5-T)*=(fJ-Ki)'(¥)*»(i)'(¥)" 

-•»(A)"(¥)'-K^)(¥)"-(t)' 

243       136      16_20x      40x»      32x^ 


32x6      8x»       X         3  27         243 

,S.  (l  -  ?f  )•=  (1).  -  6(1).(?^)  +  15(l)*(?f  )•-  20(l).(?f'y 

-3-)-e(i)(-)+(-3-) 

.      .^      20x*      160x^      80x*      64x«>  .  64x" 

=  1  —  4a^  4- h 1- 

3  27  27  81  729 

"•(j-x)'=0'-'©'(?)"'(l)'(¥)" 

-(:)*(?)'-'(l)(x)'-('f)' 


128      672  .  1612      ,q«^  .  .  2836x6      6103x8 
1890  aJ*  H — 

x^        X*  X  2  8 

6103x11  _  2187x1* 
32  128 
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25.  (l-2x  +  3xa  + 4x8)8 

=  [(l-2x)  +  (3x2  +  4x8)]8 

=  (1  -  2x)8  +  3(1  -  2x)2(3a5«  +  4x8) 

+  3(1  -  2x)(3xa  +  4x8)2+  (3x2  +  4a?)3 
=  (1  -  6x  +  12x2  -  8x8)  +  3(1  -  4x  +  4x2)(3x2  +  4x8) 

+  3(1  -  2x) (9x*  +  24x6  -f  16x«)  +  (3x2)8  +  3(3x2)2(4x8) 

+  3  (3x2)  (4x8)2 +(4x8)8 
=  1  -  6x  +  12x2  -  8x8  +  9x2  ~  24 x8  -  12  X*  +  48x6  +  27x* 

+  18x6  -  96x8  -  96x7  +  27x8  +  i08x7  +  144x«  +  64x» 
=  1  -  6x  +  21  x2  -  32x8  +  15x*  +  66x6  -  69x8  +  Ux^ 

+  144x9  + 64  X®. 

26.  (l-3x  +  x2)4 

=  [(l-3x)  +  x2]* 

=  (1  -  3x)*  +  4(1  -  3x)8(x2)  +  6(1  -  3x)2(x2)2 

+  4  (1  -  3  X)  (X2)8  +  (X2)4 

=  [(1)*  -  4  (1)8  (3  X)  +  6  (1)2  (3  x)2  -  4  (1)  (3  x)8  +  (3  x)*] 
+  4  [(1)8  -  3  (1)2(3  X)  +  3  (1)  (3  x)2  -  (3  x)8]  x2 
+  6(1  -  6x  +  9x2) X*  +  4(1  _  sx)3fi  +  x8 

=  1  -  12x  +  64 X?  -  108x8  +  81x* 

+  4x2(1  -  9x  +  27x2  -  27x8)  +  6x*  -  36x6  +  54x8 
+  4x«-12xT  +  x8 

=  1  ~  12x  +  64 a^  -  108x8  +  81x*  +  4x2  -  36^8  +  108 x* 
-  108x6  +  6x*  -  36x6  +  64x8  +  4x^  -  12x7  +  x^ 

=  1  -12x  +  68x2  -144x8  +196X*  -144x6  +  68x8  -12x7  +  x8. 

=  (3o26«)4  -  4(Sa^l^Y(—\+  6(3a26m)2/?5!!^y 

=  81a8&*"«  _36a"»+868"»+2  +  6a2«  +  *2^«+* 
^gSm  +  Qfyn+e      a*»»68 

9  "^    81 

88.  (a*  -  a86  +  a262 -_  068  +  &4)2 

=  [(a*  -  a86)  +  (a262  -  a68  +  &*)]2 

=  (a*  -  a86)2  +  2(a4  -  a8&)(a262  _  afts  +  &*)  +  (a^f^  -  afts  +  ^)2 

=  a8  -  2  a76  +  a«62  +  2  a«&2  -  4  a668  +  4  a4&4  _  2  a866  +  a*&* 

+  a266  +  68  -  2a865  +  2a268  -  2a67 
=  a8  -  2o76  +  3a862  _  4a668  +  5a*6*  -  4a866  +  3a268 
-2a67  +  68. 
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(";IAK-?)'(f).K"f)(f)'-(f)- 


a'«  -f 


3  a*      3  a6      a« 


a? 


•0.  (a"7/" 


HImpIIfy; 


2 
8  a*  _  a^  ^  7^a6      ^7       ^g      „> 
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+    7  ^i-^'-a*- -  +  -  +  --"' 
4         8  4^3^627 


i  2Gaa6a. 


1.   v/.h/Vi-i 

4.    {/;i2a»"6ift 

•  .    ^     27  (/»/'« 

7,   v/fJ2/M4«/;« 

9.   {/     ;i2^/ "»//<"»  -.  .    i>a»6*. 

11.   {/72l)a«'''6««.-r.  i:8aW 
la.  v/~"21«a;»"y«  =  ..0xya. 
18.   '{^172Hc«  =  12ca 
14.  v^HlaV  ~  i  8aV. 

16.    V^:  1881  iCV^  =  -  11  x8y4. 


16.  Va<inyfiH  -^  x»y*» 

17.    Va^wftSn  -_  _j_  awJSii^ 

18.  v^  -  27  a^Pc^Q  =  -  3  gpgg 

'  \      243aw~     3^2* 

2xy8 


19 


M.^/- 

'^■4 


27a6 


=  d: 


3a2 
2a2 


22. 


81  612^16        -^  3  58^4 

v^216  gggs       6a2x 
V32ai^  ~  208^2  ~ 

23      8/126a86Bc9  _  6 aftZcS 
*    \216a«2/«28 -g^^- 

\64ai26i2   -^  2a262* 


3 
ox 


f9F 
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Exercise  87.    Page  222 

1.    Find  the  square  root  of  x*  -  6x8  4.  i3a;2  _  i2x  +  4. 

X*  -  6x8  -I-  13xg  -  12x  4-  4|x2  -  3x  +  2 

X* 


2x2-3x 


-6x8  +  13x2 
-6x84.   9x2 


2x2-6x  +  2 


4x2-12x  +  4 
4x2  _i2x-f  4 


S.  Find  the  square  root  of  1  —  2  a8  -}-  a*  —  2  a  -f  3  a2, 


Arrange  in  descenAfig  powers  of  a 


^ 


/ 


a*-2a8  +  3a2-2a  +  l|a2-a  +  l 


2a2-o 


-2a8  4-3o2 
-  2  aS  H-    a2 


2  a2  -  2  a  4- 1 


2  a2  -  2  a  +  1 
2a2-2a  +  l 


8.  Find  the  square  root  of  9  x*  -  12  x8y  4-  34  x2y2  _  20  xy^  4-  25  y^, 

9x*  -  12x8y  4-  34x2y2  _  20xy8  ^  25y*|3x2  -2x.v4-5y2 

9x* 

-12x8y  4-34x2y2 

-12x8y4-    4x2y2  


6x2-  2xy 


6  x2  —  4  xy  +  6  y2 


30x22/2-20x2/8  + 25  y* 
30x22/2-20x2/8  +  25  y* 


4.  Find  the  square  root  of  49  a*  -  42  aSft  +  37  a262  -  12  a\fi  +  4  6*. 

49a*  -  42a86  +  37 a862  _  12 068  +  4M|7a2  -  3a6  +  262 


49  a* 


14a2-3a6 


-  42  a86  +  37  a262 
-42a86+    9a262 


14a2-6a6  +  262 


28a262-i2a68  +  4&* 
28a262_i2a68  +  4M 


5.  Find  the  square  root  of  x*  +  10 x^y  +  33  x'^y'^  +  40 xy^  +  10  2/*. 

X*  +  10x82/  +  33  x22/2  +  40x2/8  +  16  2/*  |x2  +  5x2/  +  4  2/2 
x*__ 

10  X82/  +  33  x22/2 

10x8/7  +  25x22/2 


2x2  +  5x2/ 


2x2 +  10x2/ +  42/2 


8x22/2  +  40x2/8  +  162/* 
8x22/2  +  40x7/8  +  16  2^ 
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6.  Find  the  aquare  root  of  4x*  +  37 xV  -  30xy>  -  20 x^  +  9y«. 
Arrange  in  descending  powers  of  z. 

405*  -  20x«y  +  37z^a  -  30«y»  +  9y*|2x«- Say  4- 3y* 
4x« 


4a5"  —  6zy 


-20aj»y  +37xV 
-20z»y  4-26gV 


4a^-10xy  4-8y3 


12xV-30xy»  +  9y* 
12xV-30xy»4-9y* 


7.  Find  the  square  root  of  16 a*  -  40 a^  +  a%t>  +  30ax^  +  Ox*. 

laa*  -  40a«x  +      aW  4-  30ax»  4-  9x*|4a«-5ax- 
16  a* 

-40a«x+      a^x* 
-40a«x4-26a2x2 


•  »  r 


8a3-6ax 


8a«-10ax-8xa 


~24a2x2  4-30ax8  +  9x* 
-24a«x2  4-30ax8  4-9x* 


I.  Find  the  sqoare  root  of  16 a*  +  56 a^x  +  a^  -  84 ox"  4-  36x*. 

16o*  4-  56a«x  4-      a^x^  -  84ax8  4-  36x*|4ag  4- 7ax-6xg 


16  o* 


8a" 4-  7ox 


66o«x4-      a^x" 
56a8x4-49a2x2 


8a«4-14ax-6x2 


-48a2x2-84ax8  4-36x* 
-  48o2x«  -  84ax»  4-  36  x* 


9.  Find  the  square  root  of  9  c*  -  48  c»d  4-  34  cH^  4-  80  cd«  4-  25  d*. 

9c*  -  48c«(f  4-  34c3d2  4-  80 cd*  4-  2bd*\Sc^  -  Scd  ~  6d^ 
9c* 


Qc^-Scd 


-  48  M  4-  84  ca^a 

-  48  c8(f  4-  64  ca^a 


6ca-16c(i-6da 


-30ca(i2  +  80c(i8  4-25d* 
-SOca^a  4-  80  cd*  4-  25  d* 


10.  Find  the  square  root  of  18x*4-13xa4-4x«-14x«4-4 -4x— 12x*. 
Arrange  in  descending  powers  of  x. 

4x«  -  12x»  4- 13x*  -  14x«  4- 13xa  -  4x  4- 4[2x»  -  8xa  4- X  -  2 
4x«  ^ 


4x«-8xa 


-12x»4-13x* 
-  12x^4-   9x* 


4x«-6xa4.x 


4x*-14x8  4-13xa 
4x*  -   6x84-      xa 


4x«-6xa4-2x-2 


-  8x8  4-12x3-4x4-4 

-  8x8  4-12x2-4x4-4 
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tt« 


HUX 

5  ruub  ux  —  — 

4 

3     ' 

9"^    4    ■' 

16 

6 

a*      a«6«     6«     a^ 
4         3        9        4 

6«c*      c8 
6        16 

a2 
2 

3      4 

a* 

4 

6« 
3 

a26«     6« 
8        9 

a«6«     6* 
3        0 

,      2  68      c* 
3        4 

4 

6»c*      c« 
6        16 

4 

6»c*      c8 
6        16 

x^      4  xz      4  z^      6  ox      9  o^      12  02 

2.  Find  the  s(|Viare  root  of 1 \-  — ^  +  — — 

y^       ay       a^        by        b^         ab 


052 

4  a-z      4  z2 

Ogfx 

I2qz  .  992 

-      —  -       -  +  — -  -h 

_ 

1-  ^-  — H- 

y2       ay       a*-* 

by 

a6         62 

a;2 

2/» 

2x 

2z 

4a;z  .  4z2 

— 

_    — 

1 — r 

y 

a 

ay       a2 
4  a;z      4  z2 

ay        a2 

2x      4z      39 

(\qx 

12  gz      9g2 
a6    "^   62 

y        a    '.    6 

by 

6qx 

12  gz      9g2 

by 

ab         62 

X 

y 


2z      3g 
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3.  Find  the  square  root  of 


9  a«&*       12  a666       332  a*6fi       16  a^W 


16a268 


26x«y8      36  xV      735x8^10      63x9y"      Slx^Oyia 


3a86a      2a26»       4a&* 


6xV      7x*y5      9x62/« 


9  gftft*       12  gSfrs       332  a*&8        IGa'b^        16a2&8 

26aV  ~  36xV      735x^  "^  63 x^y"      81  x^^y^^ 
9a«6* 


26  xV 

12a66B 

6a«62 

2o268 

332a*66 

6x8y* 

7xV 

36  xV 

736x8yio 

* 

4a26 

12a666 
36  x^i/o 

4a*6e 
49x8yw 

6a36a 

»      4a6* 

8a*66        16a867        16a268 
16x8yio  '  63x9y"  '  81  x»V^ 

6x»y* 

7x*y 

«      9xV 

8  a*}fi        16  a^lP        16  a268 
16x8yio  '  63  xV^  '  81x^2/1^ 

4.  Find  the  square  root  of  xV*  — 


2x«yw 


+ 


y 


18 


3a8       9a« 


4- 


4x^2/18 
a9 


4y24        4y8fl 

3ai2"^^ 


^^      2x81/12  ^    y»   ^  4x»|/i8 


xV 


3a8        9a^ 


a9 


4^24         4^30 

3ai2"^"^ 


Tfiy^  — ^—  4- 
3a8 


y9  2  2/16 


a« 


2x«2/8- 


y* 

3a8 

2x8yi2       2/18 
3a8        9a« 

2x8^12         2/18 

3a8     '  9a6 

« 

2: 

,V      22^  +  22/16 
'       3a8        a9 

4x8yl8 
4x8^/18 

42/24         4y80 

3ai2       ai8 
42/2*      42/80 
3ai2       ai8 

a» 
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.  9y2      ^^.      20x      15y  .    4x2 
6.  Find  the  square  root  of  ^rTTTn  +  ^^7  — ~ ^ 


16x2 


7y        2x       49y2 


Arrange  in  descending  powers  of  y. 


9yg 

16x2 

9y2 

16x2 


1^1^ +25^-?^+'"^ 


3y 
2x 


-6 


2x 


15  y 
2x 
15y 
2x 


7y       49y5 


3y 
4x 


,      2x 
ly 


+  26f 
+  26 


^-10  +  ^ 
2x  72/ 


3      20x       4x2 
^~T7      492/2 
,      20x       4x2 

3   ___4.  


ly       49  y^ 


a' 


6.  Find  the  square  root  of  —  + 

4         6 


♦      a86      5  a262      gfes      ^4 
36  6        16 


a*      a^_5a262 
T"^~3~        36 
a* 
4 


a68      &♦ 

1 

6        16 


a2      a6 
2""^¥ 


6* 
4 


a6 


a36 

3 

a85 


+ 


6a2&2 
36 

9 


a2  + 


2a5 


62 

4 


0252 

4 
a262 


a58      6^ 
6       16 

6       16 
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7.  Find  the  square  root  of 


9a262 


15  ab      203 


36  xy  ,  49x2y2 


49  xV      28  xy      192      36  a6      81  o^fe'-^ 


9a26a       16a6^203 


49  xV 
49x2y2 


35  xy      49  xV 

"T 


6o6 
7xy 


5 

8 


28xy      192      86tt6      81 0^2 


15a6      203 


Sab 


7xy 


5      7xy 
8      9a6 


28  xy 
15  a5 


192 


26 

28xy"^    64 


6  a6  _  6      7  xy 

7  xy      4      9  a6 


2  35a?y  49xV 

3  36  a6  81  a^ 

2  36  xy  49  xV 

3  36a6  81a262 


.  9a262      4a;2ya       4 
8.  Find  the  square  root  of  — -— r  +  -r-;^  —  't. 


^__^  _  ,xy       101      606 


16  a&       26       6xy 


Arrange  in  descending  powers  of  a. 


9a26a 

6a6      101 
6xy       25 

6ab      101 
5xy       25 
8a6        1 
6xy       25 

4xy      4x-y2 

3a& 
xy 

1      2xy 
6      3a6 

xV 

15  06      9a26a 

9a26a 
xV 

6a5      1 
xy       5 

6a2 

>      2      2xy 
6      3a6 

4- 
4- 

4xy      4xV 
15  a6      9a262 
4xy      4xV 
15a6      9a262 
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IS.  Find  to  three  terms  the  square  root  of  a^  +  b. 


a2  +  6 


a-* 


b        62 

a  + h 

2a      8a3 


2a  + 


2a 


h 

6  + 


52 
4a2 


6       62 
2a  +  --— - 
a     8a8 


62 
4a2 

62 
4a2      8a*  "  64a» 


68 


+ 


6* 


^8 

8  a* 


6* 
64  a« 


18.  Find  to  three  terms  the  square  root  of  x*  —  }y2. 


x4--y2 


2x2- 


X* 

8x2 


X2- 


y 


y" 


8  x2      128  x6 


4^ 

4  64x4 


2x2 


y 


r 


4x2      128x6 


y4 


64x4 

y4 


+ 


4- 


y8 


64x4      612x8      16384x12 


yQ 


yn 


512x8      16384x12 
14.  Find  to  three  terms  the  square  root  of  6^  —  c2. 


62 -c2 
62 


26      868      **' 


/.2 

26-  — 
26 


-c2 


-C2  + 


4  62 


2b-'--^ 
6      868 


4  62 

C4  c8  C8 

~  l6'2  "^  864  "^  6466 
~  8  64  ~  6r68 
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16.  Find  to  three  terms  the  square  root  of  x'  —  2  a. 


»2  _2a 
x« 


a       a 

X 

X     2x« 


2X-? 


2a 

X 


-2o 

a2 

-2a  +  ^ 

x2 

a2 

a2 

2x8 

x» 

a2   .  a»  .    a* 

:;  +  — 4-  — - 

x2      X*      4x« 

a8 

X* 


_ 
4x« 


18.  Find  to  three  terms  the  square  root  of  ai"  4-  4  6 


xa4-46 
x2 


26      262 
X        x' 


2x  +  a^ 

X 


46 


46  + 


462 


X 


2 


2x  + 


46  _  2 62 
'x"~'x3~ 


462 

~^ 
462 

x2 


868      4^ 
X*         x« 


868 


46* 

X*         x^ 

17.  Find  to  three  terms  the  square  root  of  x2 


+  6. 


x2  +  6 

X2 


5        25 

x  + -H- 

2x      8x8 


2x  + 


2x 


5 

6  + 


25 
4x2 


^         5       25 

X      8x8 


25 

4x2 

25 


125       625 

4- 


4x2      8x*      64x« 


125 

8x* 


625 
64^ 
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18.  Find  to  three  terms  the  square  root  of  4x^  +  2. 


4x2+2 
4x2 


2x  + 


2x      16x8 


+ 


4x  + 


2x 


2  + 


4x2 


4X  +  1--J- 
X      16x8 


4x2 

1 


+ 


4x2      16  X*      256  x« 


16  X*      256x8 
19.   Find  to  three  terms  the  square  root  of  16  a^  —  3a2. 


16a* -3a2 
16  a* 


4  a2  -  -  - 


9 


8      512  a2 


8a2-? 
8 


-3a2 

_3a2  +  l. 
64 


4      512  a2 


64 


27 


4- 


81 


64  "^  2048  a2  "  262144  a* 


27 


81 


2048  a2      262144  a* 
20.  Find  to  three  terms  the  square  root  of  25x2  ^  ^qx. 


lOx-1 


25x2 -lOx 
25x2 

-lOx 

-lOx  +  1 


5x-l- 


10  X 


lOx-2- 


10  X 


-1 


-1  +  — + 


5x      100x2 


5x      100x2 
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Exercise  89.    Page  227 


1.  Find  the  square  root  of  676. 

6  76  (24 
4 

44yr76 

176 

2.  Find    the    square    root    of 

18,769. 

1  87  69  (137 

1 

23787 

69 

267)  18  69 

18  69 

8.  Find    the    square    root   of 

494,209. 

49  42  09  (703 

49 

1403)42  09 

42  09 

4.  Find    the    square    root    of 

755,161. 

76  51  61  (869 

64 

166)11  51 

9  96 
1729)  1  55  61 

1  56  61 

6.  Find    the    square    root    of 

18,090.26. 

180  90.26(134.6 

1 

23)80 
69 
264)1190 
10  56 
2686)  1  34  26 
1  34  26 


6.  Find    the    square   root  of 

160.0626. 

160.06  26(12.26 

1 

22)^ 

44 

242) 6  06 
484 
2446)  1  22  26 
122  26 

7.  Find   the    square    root   of 

4076.8226. 

40  76.82  26(63.85 

36 

123)4  76 

3  69 

1268)  1  07  82 

10144 

12766)  6  38  25 

6  38  25 

8.  Find   the    square    root   of 

432.2241. 

4  32.22  41(20.79 

4 

407) 32  22 

28  4^"^^ 

4149)  3  73  41     "^ 

3  73  41 

9.  Find    the    square    root  of 

709,469.29. 

70  94  69.29(842.3 

64 

164) 6  94 
6  66 


1682)  38  69 
33  64 
16843)  6  05  29 
6  05  29 
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10.  Find  the  square  root  of 

35.545444. 

35.54  54  44(5.962 

25 

109) 10  54 

9  81 


1186)  73  54 
7116 
11922)  2  38  44 

2  38  44 

11.  Find  the   square  root  of 

2,611,456. 

2  61  14  56(1616 

1 

26)  1  61 

156 

321)5  14 

3  21 
3226)  1  93  56. 

193  56 

12.  Find  the  square  root  of 

279,100.89. 

27  9100.89(528.3 

26 

102) 2  91 

2  04 


1048)  87  00 

^  I   83  84 

j456^^ 


689 
316  89 

13.  Find   the   square  root  of 
351.112644. 

3  51.1126  44(18.738 

^ 

,   28)2  51 
2  24 
367)27  11 
25  69 
3743)  1  42  26 
1  12  29 
37468)  29  97  44 
29  97  44 


14.  Find  the  square  root  of 
95,765,796. 

95  76  57  96(9786 
81 
187)  14  76 
13  09 
1948)  1  67  57 
155  84 


19566)11  73  96 
1173  96 


15.  Find   the   square  root  of 
69,384.8281. 

6  93  84.82  81(263.41 
4 


46)  2  93 
2  76 
523)  17  84 
15  69 


x;es 


5264)2  15  82 
2  10  56 
5^6«1  )5  26  81 
5  26  81 


>^' 


16.  Find   the   square  root  of 
1590.016625. 

15  90.0166  26(39.876 

_9 

69)6  90 
6  21 


788) 69  01 
63  04 


7967)5  97  66 
6  57  69 
79745)39  87  26 
39  87  25 
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17.  Find  the  aqoare  root  of 
170,301.4330. 

17  93  01.43  36(423.44 

16 

82)  1  03 
164 
843)20  01 
26  20 


20.  Find  to  four  decimal  places 
the  square  root  of  3. 

3.00(1.7320- •• 
1 


27)2  00 
189 


343)  11  00 
10  29 


8464)  3  72  48 
3  38  56 
84684)33  87  36 
33  87  36 

^d  the  square  root  of 
!1. 

24  00.05  21(667.80 

\^^— 
i)7  24 

6  86 

1127)88  00 

78  80 

11348)  10  10  06 


3462)7100 
60  24 
.     34640)  1  76  OO 

81.  Find  to  four  decimal  places 
the  square  root  of  5. 

6.00(2.2360... 

4 

42)1  00 
84 
443)  16  00 
13  29 


007^^ 

jTajTii 


4466)  2  71  00 
2  67  96 


113560)  1  <^  «1  21 
1  02  21  21 

10.  Find  to  four  decimal  places 
the  square  root  of  2. 

2.00  (1.4142.  • 

1 

24)100 
06 


44720)  3  04  00 

82.  Find-^^ou^e6im: 
the  square  root  of  6. 

6.00  (2.4404 . 
4 


281)4  00 
2  81 
2824)  1  10  00 
1  12  06 


44)2  00 
176 
484)24  00 
10  36 
4880)4  64  00 
4  40  01 


28282)  6  04  00 

6  66  64 

38  36 


48984)  23  09  00 

19  69  36 

4  39  64 
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88.  Find  to  four  decimal  places 
the  square  root  of  7. 

7.00(2.6467- •• 

4 

46)  3  00 
2  76 
624)  24  00 
20  96 


6286)  3  04  00 
2  64  26 


62907)39  76  00 

37  03  49 

2  7161 

24.  Find  to  four  decimal  places 
the  square  root  of  8. 

8.00  (2.8284  •• 
4 


48)  4  00 
384 
562)  16  00 
1124 
5648)4  76  00 
4  5184 


56664)24  16  00 

22^^66 

153  44 

85 .  Find  to  four  decimal  places 
the  square  root  of  0.3. 

0.30(0.6477- 
26 
104)6  00 
4  16 


1087)84  00 
76  09 
10947)  7  91  00 
7  66  29 
24  71 


86.  Find  to  four  decimal  places 
the  square  root  of  0.4. 

0.40(0.6324.-. 
36 

123)4  00 
3  69 

1262)  31  00 
26  24 

12644)6  76  00 

6  06  76 

70  24 

87.  Find  to  four  decimal  places 
the  square  root  of  0.6. 

0.60(0.7071... 
49 

1407)  1  00  00 
98  49 

14141)1  6100 
14141 

9  69 

88.  Find  to  four  decimal  places 
the  square  root  of  0.6.  -^ 

0.60(0.7746-.. 
49     -  ^.  ' 

,.---*l47)  11  00 
10  29' 

1644)7100 
61  76 

15485)  9  24  00 

7  74  26 

149  76 

89.  Find  to  four  decimal  places 
the  square  root  of  0.8. 

0.80(0.8944.-. 
64 

169)  16  00 
15  21 

1784)  79  00 
7136 

17884)  7  64  00 
7  16  36 

48  64 
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80.  Find  to  four  decimal  places 
the  square  root  of  0.9. 

0.00(0.9486.-. 
81 
184)9  00 
7  36 
1888)  1  64  00 
1  51  04 
18966)  12  96  00 
1137  96 
168  04 


81 .  Find  to  four  decimal  places 
the  square  root  of  0.307. 

0.30  70(0.5540- •• 
26 
106) 5  70 
6  26 
1104)45  00 
44  16 


11080)84  00 


82.  Find  to  four  decimal  places 
the  square  root  of  0.636. 

0.63  60(0.7968.  •• 
49 
149)  14  60 
13  41 


88.  Find  to  four  decimal  places 
the  square  root  of  0.375. 

0.37  60(0.6123... 
36 
121)  1  60 
121 
1222)  29  00 
24  44 
12243)  4  56  00 
3  67  29 
88  71 

84.  Find  to  four  decimal  places 
the  square  root  of  0.869. 

0.86  90(0.9322... 
81 
183) 6  90 
6  49 
1862)  41  00 
37  24 
18642)  3  76  00 
3  72  84 
3  16 

85.  Find  to  four  decimal  places 
the  square  root  of  ^^, 

Vi05 
Vl62 
-  =  0.6831 . . . 


V7  /l06 

I5  =  VT6^  = 


10.2469 


1686)  1  09  00 
96  16 
16928)  13  84  00 
12  74  24 
109  76 


16 
105(10.2469- 

1 

202)06  00 
4  04 
2044)  96  00 
81  76 
20486)  14  24  00 
12  29  16 


204929)1  94  84  00 

1  84  43  61 

10  40  39 
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86.  Find  to  four  decimal  places 
the  square  root  of  y^g. 

¥_      /l52_  Vl62 

19  ""  \T92  ""  V192 

12.3288.-. 


19 


=  0.6488.. 


162(12.3288 
1 
22J62 
44 


243) 8  00 
7  29 


2462)7100 
49  24 


24648)2176  00 
19  71  84 


246568)  2  04  16  00 

1  97  25  44 

6  90  56 


87.  Find  to  four  decimal  places 
the  square  root  of  |. 
I  =  0.66666667. 

0.66  66  66  67(0.8164... 
64 
161) 2  66 
161 


1626)  1  05  66 
97  56 


16324)  8  10  67 
6  52  96 
1  57  71 

88.  Find  to  four  decimal  places 
the  square  root  of  |. 
f  =  0.625. 

0.62  50(0.7906  . .  • 

_49 

149)13  50 
13  41 


16805)9  00  00 
7  90  25 


1  09  75 


Exercise  90.    Page  229 

1.  Find  the  cube  root  of  27a;3  -  189  x^y  +  441  xy^  -  343  y^ 

\Sx-7y 

27  a;8  _  189  xh/  +  441  xy^  -  343  y^ 
27x8 

-  189  x2y .+  441  xy^  -  343  y^ 


3(3x)2  =  27x2 
(9x-7y)(-7i/)=  -63xy +  49y2 

27x2  _  QSxy  +  49 v'^ \  -  189 x^y  +  441  xy^  -  343 y^ 

2.  Find  the  cnbe  root  of  300  al^  -  240  a^b  -  125  &8  +  64  a^ 

Arrange  in  descending  powers  of  a.  |4a  —  56 

64  a*  -  240  a^h  +  800  ah^  -  125  68 
64  a8 

-  240  a26  +  300  db^  -  125  6* 


3(4a)2  =  48a2 
(12a-66)(-66)=  -60a6  +  256a 

48a2-60a6  +  2562 


-  240  a26  +  300  a62  ~  125  68 
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L  Find  iht  cube  itK>t  of  103,828. 


108  823  [47 

64 

3  X  40>  =  4a00 

39  823 

3(40x7)=  840 

7«=  49 

5689 

39  828 

t.  Find  U)i>  culM^  ixH>t  of  26:2 J 44. 


262  144  [64 

216 

3  X  60«  =  10800 

46144 

3(60  X  4)  ^   720 

4*^   16 

1153($ 

46  144 

3.  Find  the  cube  it>ot  of  8741.816. 


3  X  20t>«  =  120000 

8(21X)\6)=     3600 

6«=         86 

123636 


8  741.816120.6 
8 


741  816 


r41  816 


4.  Find  the  cube  loot  of  410.172407. 


410.172  40717.43 
343 


3  X  70«  =  14700 
3(70x4)=   840 

4«  = 16 

15656 

856 


\ 


67  172 


62  224 


4  918  407 


8  x  740*  =  1642800 
8(740x3)=   6660 

3«  = 9 

1649469 


4  948  407 
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6.  Find  the  cube  root  of  6,148,602.368. 


6  148  602,3681183.2 
1 


3x102 

3(10 

x8) 

82 

3x 

1802 

3(180 

x3) 

32 

3  X  18302 

3(1830 

x2) 

22 

300   . 

5148 

240 

64^ 

604  y 

4  832 

304  J 

316  602 

97200 

1620 

®1 

98829  [^ 

296  487 

1629  J 

20  116  368 

100467Q0 

10980 

4 

10067684 

20  116  368 

6.  Find  the  cube  root  of  634,725.648684. 


634  726.648  584 186.94 
612 


3x  802 

3(80  X  6) 

62 


3  X  8502 

3  (850  X  9) 

92 


3x85902 

3  (8590  X  4) 

42 


19200 

122  726 

1200 

25 -^ 

20425  > 

102  126 

1226  J 

20  600  648 

2167500 

22950 

.81^ 

2190531  [- 

19  714  779 

23031  J 

885  869  584 

221364300 

103080 

" 

16 

221467396 

885  869  584 
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7.  Find  to  four  decimal  places  the  cube  root  of  100. 


100.000 14.6415.  . 

64 

3  X  402  =  4800 

36  000 

3(40  x6)=  720 

62=   36^ 

6656  > 

33  336 

756  J 

2  664  000 

3  X  4602  =  634800 

3(460x4)=  6620 

42  =    16  -^ 

640336  > 

2  561  344 

5636  J 

102  656  000 

3  X  46402  __  64588800 

3(4640x1)=   13920 

12=        1 

> 

64602721 

64  602  721 

13921 

38  053  2790 

3  X  46412  =  64616643 

32  308  3216 

6  744  9675 

8.  Find  to  four  decimal  places  the  cube  root  of  206. 


206.00015.9059- 


7500 

125 

3x502  = 

81000 

3(50  x9)  = 

1350 

92  = 

81 -^ 

8931  V 
1431  J 

80  379 

621000  000 

3x59002  = 

104430000 

3  (5900  X  6)  = 

88500 

52  = 

26-^ 

104518525  \ 
88625  J 

522  592  626 

98  407  8760 

3  X  59062  = 

104607075 

94  146  3675 

4  261  0076 
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9.  Find  to  four  decimal  places  the  cabe  root  of  6.3. 


3x102 

3  (10  X  8) 

83 


300 
240 
64 
604 
304 


3x1802 

3(180  X  4) 

42 


97200 
2160 

16 

99376 

2176 

10156800 

33120 

36 

10189956 

33156 

3  X  18462  =  10223148 


3  X  18402 

3(1840x6) 

62 


6.300 1 1.8469 
1 


5  30a 

4  832 

468  000 

397  504 

70  496  000 

61  139  736 

9  356  2640 

9  200  8332 

155  4308 


10.  Find  to  four  decimal  places  the  cube  root  of  0.375. 


0.376  000  0.7211  •. 

343 

3  X  702  =  14700 

32  000 

3(70x2)=  420 

22=    4"^ 

15124  > 

30  248 

424. 

1  752  000 

3  X  7202  =  1655200 

3(720x1)=   2160 

12=        1"^ 

1557361  > 

1  557  361 

2161  J 

194  6390 

3  X  7212  =  1559523 

155  9523 

38  6867 
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11.  Find  to  four  decimal  places  the  cube  root  of  0.6. 


0.600  00010.7937- 

343 

3  X  70«  =  14700 

167  000 

3(70x9)=  1890 

92=   81^ 

16671  > 

160  039 

1971  J 

6  961000 

3  X  7902  =  1872300 

3(790x3)=   7110 

32=     9"| 

1879419  > 

5  638  267 

7119J 

1  322  7430 

3  X  7932  =  1886647 

1  320  6829 

2  1601 


12.  Find  to  four  decimal  places  the  cube  root  of  0.98. 


0.980  000  0.9932  •• 

729 

3  X  902  =  24300 

251000 

3(90x9)=  2430 

92  =   81  ^ 

26811  > 

241  299 

2511  J 

9  701  000 

3  X  9902  =  2940300 

3(990x3)=   8910 

32=      9"^ 

2949219  V 

8  847  667 

8919  J 

863  3430 

3  X  9932  =  2958147 

691  6294 

261  7136 
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1 8.  Find  to  four  decimal  places  the  cube  root  of  }. 

f  =  0.6666666667. 


3x  802 

3(80  X  7) 

72 


3  X  8702 

3(870  X  3) 

32 


19200 
1680 

49 

20929 

1729 

2270700 

7830 

9 

2278639 

7839 

3  X  8732  =  2286387 


0.666  666  666 10.8736-. 
612 


164  666 

146  603 

8  163  666 

6  836  617 

1  328  0497 

1  143  1936 

184  8662 


14.  Find  to  four  decimal  places  the  cube  root  of  |. 

I  =  0.8. 


0.800  000  0.9283.  •• 

729 

3  X  902  =  24300 

71000 

3(90x2)=   640 

22=    4-^ 

24844  Y 

49  688 

644j 

21  312  000 

3  X  9202  =  2639200 

3  (920  X  8)  =   22080 

82=     64  "1 

2661344  ^ 

20  490  762 

22144  J 

821  2480 

3  X  9282  =  2683662 

776  0666 

46  1824 
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16.  Find  to  four  decimal  places  the  cube  root  of  f. 

i  =  0.428671428671. 


3x702 

3  (70  X  6) 
62 


3  X7502 

3  (760  X  3) 

32 


14700 
1060 

26 

16776 

1076 

1687600 

6760 

9 

1604269 

6759 

3  X  7532  =  1701027 


0.428  671  428 1 0.7639 
343 


86  671 

78  876 

6  696  428 

6  082  777 

1  613  6616 

1  630  9243 

82  7272 


1 G.  Find  to  four  decimal  places  the  cube  root  of  ^V 

^5  =  0.3125. 

0.312  60010.6786... 


3  X  602  =  10800 
3  (60  X  7)  =    1260 

72  = 49'^ 

12109  > 
1309  J 
3  X  0702  =  1346700 
3  (670  X  8)  =   16080 

82  = 64'] 

1362844  > 
16144  J 
3  X  6782  =  1379062 


216 


96  600 

84  763 

11  737  000 

10  902  762 

834  2480 

827  4312 

6  8168 
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Ezerclae  92.    Page  232 

1.  Find  the  fourth  root  of 

266  c"  -  768  ac^^^  +  864  a^c^x^  -  432  a^c'x^^  +  81  O^c^x^. 
The  fourth  root  is  the  square  root  of  the  square  root. 

16  c8  -  2I4  cufix^  +  9  a^^^'^ 


32  c8  -  24  ac^2^ 


256  c"  -  768  ac^h:^  +  864  a^ci V>  -  432  a'c^x"  +  81  a*c*x2> 

266  ci« 

-  768  ac^hfi  +  864  a^cioxio 

-  768  aci8x6  4.  576  a^^H^"^ 


32  c8  --  48  ou^x^  +  9  a^cSx 


10 


288  a2cioxi'>  -  432  a^c^xi^  +  81  a*c*x^ 
288  a2ci'>xio  -  432  a^'^x^^  +  81  a*c^x^ 


8c*-3acxfi 


16 c8  -  24 cui^sfi  +  9 a^c^xio |4c*-3acxS 
16  c8 

-24ac5x6  +  9a%2xio 

-  24  achi^  +  9  a^c^xi" 


Therefore,  the  required  fourth  root  is  4  c*  —  3  acx^. 

2.  Find  the  fourth  root  of 

1  4-  16x  +  108x2  +  400x8  +  886  x*  +  1200x6  +  972  x«  +  432x''  +  81x8. 

The  fourth  root  is  the  square  root  of  the  square  root. 

I  l4-8x4-22x2  +  24x3  +  9x^ 
1  +  16x  +  108x2  +  400x8  +  886  X*  +  1200x6  +  972x«  +  432x7  +  81  x^ 
1 


2  +  8x 


16  X +108x2 
16x+  64x2 


2+16x  +  22x2 


44x2 +  400x3  + 886  X* 
44x2 +  362x8  + 484  X* 


2+16x  +  44x2  +  24x8 


48x8  +  402  X*  +  1200x6  +  972  x» 
48x8  +  884  X*  +  1056x6  +  576x6 


2  +16x  +  44x2  +  48x8  +  9x* 


18x4+    144x6 +  396x«  + 432x7+ 81x8 
18x*+    144  x6 +  . 396  x6  + 432x7+ 81  x^ 


2  +  4x 


1  +  8x  +  22x2  +  24x8  +  9x*|l  +  4x  +  3x2 
1_ 

8x+  22x2 

8x  +  16x2 


2  +  8x  +  3x2 


6x2  + 24x8 +  9x* 
6x2  + 24x8 +  9x* 


Therefore,  the  required  fourth  root  is  1  +  4  x  +  3  x^. 
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Bxerclae  93.    Page  237 

Express  with  positive  exponents :      Write  without  denominators  : 

1.  a-26-»c2  = a-«6-8 

a26» 

2.  x~^y~^z-^  = 


10.  — =  6a»67c«. 

a-i5-2c-8 


xMz»  11.  ?:'i:^'=ac-i. 

3 .  a*6~  *c~  '  =  — -^  •  Express  w  ith  fractional  exponents : 


86^ 


^^1  _    1     _  1 


a4ci  18.   -y/ix  -  a*)^  =  (x  -  a^)?. 


6.  4-ia-8c-2=     ^ 


4a8c2 


//a2-&2\8_  /ag-62\3 
\Va2  +  62;  -Va-i  +  ^^y 

Express  with  radical  signs : 


16.  6-M(rA  = 


a-26-7c-6      a2c  *  ^j^ft      ^pij^ 

^    3a-i6-2c-8      3a2x2y6  _  .     .       6»        ^^ 

6x-2a-8y-6        5  62c8  a^c*      a2c8 

Perform  the  indicated  operations : 

V36>'  (2.)i      I      5 

*  \27/      ~  27-*~  8*       2* 

«  V    J      /27\-^      27-'       8'       22      4 

2o.(33r^  =  (-)  =_=-=3,  =  -. 

21.  81-^  =  ^  =  i. 

22.  10^  =  (2*)5  =  2*  =  32. 

23.  (-  0.064)'  =  [(-  0.4)3]S  =  (_  0.4)2  =  o.l6. 


TEACHERS'  EDITION  497 

/243\*      /36\«      38      27 


^  *^'       \  32  /        \26/       28       8 


25.  (  '^y 

\     243/ 

^             1 
\      243/ 

1              1            3 

32*       _  2          2 
243*          ^ 

S6.  (-  32)*  =  [(-  2)6]«  =  (-  2)8  =  -  8. 
27.  81*  =  (3*)i  =  38  =  27. 

\16/  ,81  \J      81*      81*      (3*)*      38      27 

Vl6/        lel 

29    /'1?V  =  — =  ^  =  -=:- 
*  ^81/       81*      (3*)*      38      27' 

80    /  ^  \"^  _      1      -    1    _  ^^^  _  (^^)^  _  48  _  64 
^^        ~  /  A V      .?!_  ~  9^  ~  (3^)*  ■"  38  ~  27' 
\16/        163 

31.  (0.16)-*  =  -!-=:  — =  2.5. 

0.16*      0.4 

82.  fl)"'  =  i:i  =  ^=<^  =  4«  =  16. 
\64/  04"*       1*       .  1 

».(-3„-.  =  (-f)-'.(-S)'  =  -!. 

84.  64*  X  27^  =  (48)i  x  (38)*  =  4^  x  3*  =  16  x  81  =  1296. 
86.  32*  X  81*  =  (26)*  X  (3*)*  =  2  x  38  =  2  x  27  =  54. 

\4/        \8/  4i      8-*      2  2 

o.r    /  S  \*      «.-4       8*         1         2       1       1 
37.  (  —  )    x64  *  =  —  X  —  =-x-  =  -. 

V27/  27*      64*      3      2      3 

88.  32*  X  81*  =  (26)*  X  (3*)*  =  2*  x  3^  =  16  x  243  =  3888. 

39.  (a-*6-*c-i)-*  =  a*6M. 

40.  (x~*y~*z~*)*  =  x~^\~h~^  = 

xAy*z* 

41.  (a*6*c-*)-3  =  a-i6-M  =  — . 

a6* 
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Exercise  94.    Page  239 

L  Multiply  8x'  -  4xy*  +  2xV  -  y*  by  2x*  -  3y*. 

8x*-4xy*  +  2x*y-y* 
2x*-3y^ 

16x2-   8x^4-   4xy-2xV 

-  24 xM  +  12 xy  -  6xV  +  3y3 

16x2  -  32 xV  +  16xy  -  8xV  +  3y2 

2.  Multiply  X  -  6  aM  +  12  aM  -  8  a  by  x*  -  4  aW  +  4  a'. 

X  -  6  a*x*  +  12  aM  -  8  a 

xi  —  4  g^x^  +  4  g^ 

X*-    6gM  +  12g^x-    8gx' 

-   4gM  +  24g^x -48gx'  +  32gM 

+    4  g^x  -  24  gx*  +  48  g^x*  -  32  g^ 

X*  -  10  g*x*  +  40  ah  -  80  ox^  +  80  a*x*  -  32  a* 

8.  Multiply  7g  -  2  +  8a-i  -  4g-2  by  5a  +  3  -7a-i. 

7a-2  +  8g-i-4a-2 
5a  +  3-7g-i 


35g2-10g  +  40-20g-i 

+  21  a-    6  +  24a-i- 12a-2 

-  49  +  14a-i  -  56g-2  +  28a-« 

35g2  +  llg-  15+  18g-i  -  08g-2  +  28a-» 


4.  Multiply  X*— 4 y* +6 X  *y— 4x-iy*+x  ^y^hy  x^y~^-\-2-{-x~^y^, 
X*  —  4y*  +  6x~*y  —  ^x-^y^  +  x~^y2 


xV  *  +  2  +  X  *2/* 


xy  *  —  4  X*  +  6  y*  —    4  x   ^y  +    x~^y^ 

+  2x*  -  8y*  +  12x~V  -  8x-iy'  +  2x"V 

+    y*-    4x~^y  +  r)x -^y^  -  4x~  V  +  x-2yt 

xy"*  -  2  X*  -    y*  +    4  x"*y  -    x-iy*  -  2  x"  V  +  x-2y* 
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6.  Multiply  2x  -  4x-i  -  4x-2  -  x-»  by  2x  -  4x-i  -  4x-2  -  x->. 

2x  -  4x-i-  4x-a-  x-8 
2x  -  4x-^  -  4x-g-  x-8 
4x«-    8       -    8x-i-   2x-2 

-    8  +16x-2-|-16x'8-f    4x-* 

-   8x-i  +16x'8  +  16x-*  +  4x-6 

-    2x-g +    4x-*  +  4x-6  +  x-^ 

4x2  - 16        -  16x-i  +  12X-2  -I-  32X-8  +  24x-*  +  8x-»  +  x-« 


6.  Multiply  X*  -  6a*x  +  12ax*  -  8a'  by  x  -  4a*x*  -  4a. 

X*  -  6a*x  +  12 ax*  -  8a* 
X   —  4  a*x*  —  4  a 


X*-    6a*xa-fl2ax*-    8a*x 

-    4a*x2  +  24ax*-48a*x  +  32a2x* 

-    4  ffx*  +  24  a*x  -  48  a^*  +  32  a* 

X*  -  10a*x2  -I-  32 ox*  -  32a*x  -  16a2x*  +  32a* 


7.  Divide  a^  -  3a*  +  6a*  -  7a  +  6a*  -  3a*  +  1  by  a^-a^-if  1. 
a2-3a*-f6a*-7a-f6a*-  3a*  +  l|a*  -  a*  +  1 


a2_-    a*-f    a*  a* -2a -f  3a*  -  2a*  +  1 


-  2  a*  +  5  a* 
--2a*  +  2a* 

-7a 
-2a 

+  3a* 
+  3a* 

-6a  +  6 
-3a  +  3 

a* 
a* 

-  2  a  +  3 
-2a  +  2 

a*- 
a*- 

3a* 
2a* 

+ 

+ 

a*- 

a*- 

a* 
a* 

+  1 
+  1 
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8.  Divide  ^a*  -  Ja*^*  +  i§a*  +  i^***  ^J  }«*  +  l^*- 


-    a»6» 

-    *«6 

+ 
+ 

*a6  +  i 

a*6' 

9.  Divide  «*  -  Sx^  +  x*  -  4  +  12x*  -  4x'  by  x*  -  4. 

Arrange  In  descending  powers  of  x. 

X*  -  3x2  +  x8  -  4x'  +  i2x*  -4|x^-4 

X*  -4x^  x^-3x*  +  l 


-3x2  +  x* 

+  12xi-4 

-3x2 

+  12x* 

+  xi 

-4 

+  x* 

-4 

10.  Divide  6x  -13aM  +  13aM  -13aW  -  6a  by  2x*  -  3a*x*  -  a*. 
6x  -  13aM  +  13a*x*  -  13 aW  -  5a|2x*  -  3aM  -  a^ 


6x-   9aM-   3aM 3x*-2aM  +  6a* 

-  4aM  +  16aM-13aW 

-  4aM+  6aM+   2aM 


+  10aM-15aM-  6a 
+  10  a*x*  -  16  aM  --6  a 
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18.  Find  the  square  root  of  a^b-^  -f  4  a5~*  -  2  al  -  12 aM  +  96. 

a*6-i  -1-406-*  -  2a*  -  12a*6*  +  96|ot6-* -h  2a^  -  36* 

4a6-*-2a* 
4a6-*-^4a* 


2a*6-*  +  2  a* 


2a*6-*-|-4a*-36* 


-6a5 


12a*6*-^96 
12a*6*-|-96 


18.  Find  the  square  root  of 

60  mrfi  -  4  mM  -  48  mW  -h  16  mW  -\-  26  m^i. 

Arrange  in  descending  powers  of  m. 

|4mn-6mM~5mM 

16  m^n^  -  48  m^n^  -    4  mh^  +  60  mn*  -^  25  nfin 
16m2n2 

—  48  m^n^  —   4  m^n* 

-  48  m^n^  +  36  mM 


8mn-6mM 


8  mn  —  12  mhi^  —  5  m*n* 


—  40  m^n^  +  60  mn*  -I-  26  m^n 

-  40  mh^  +  60  mn*  -I-  26  rrfin 


14.  Find  the  square  root  of 

9x-*  -^  24x-iy-*  -I-  46x~'y~*  +  40x-*2r^  +  26  y""*. 

[3z-*  +  4x-*y-*-}-  6y-* 

9x-*  +  24x-iy""*  -I-  46x-*y'"3  H-  40x-*3ri  +  26y-* 
9x"*_^ 

24x-iy"*  +  46x-'y-* 

24x-iy~*  -f  16x-*y-* 


6x'"5  +  4x-*y~* 


6x-*  -h  8x-*y-*  -^  5y-* 


30x-V~^  +  40x-*y-i  -h  26  y"* 
30x-*y-*  +  40x-*y-^  +  26y~^ 
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Ezercise  95.    Page  242 

Reduce  to  simplest  form : 

1.  </S6 x»y2  =  ^(6 xyy  =  (6xy)*  =  (6xy)*  =  V6xy. 

2.  \^49  asfca  =  </{7  ab)^  =  (7  aJb)^  =  (7  a6)*  =  vTod. 
S.  \^27  a«6«  =  \^(3 a6)8  =  (Sdb)^  =  (3  e*)*  =  VSaS. 

4.  \^64 a868  =  </¥{aJbf  =  2^(db)^  =  2(a6)*  =  2  Vi*. 

5.  -5^16 x*y*  =  v^(2 xy)*  =  (2 xy)*  =  (2 xy)*  =  V2xy. 

6.  V72 a86*  =  V36 a26*  x  2a  =  6db^V2a. 

7.  v^72 a»&*  =  v^8 a868  x  96  =  2a6^^. 

8.  4\^27a268  =  4v^2768  x  a2  =  4  x  36\^  =  126\^. 

9.  v^l  12  z6y«  =  v^l6  xV  x7xy^  =  2xy  </Txy^. 

10.  2v^81a«62  =  2\^81a*  x  a^d^  =  2  x  3  a  \^(a6)2  =  6  a  VS. 

11.  6a  V4aa6  =  5aV4a2  x  6  =  5a  x  2aV6  =  10a2V6. 

12.  2  v^66 xV  =  2  ^8 x3  x  7y2  =  2  x  2 x  ^^Ty^  =  4 x \^. 

13.  \/567c*d=V8lc*  x  7d  =  3c\/7d. 

14.  2  V405 2/*z8  =  2  V8l2/*z2  x  5z  =  2  x  9^22  Vsz  =  18 y2^  VsT. 
16.  6  V80a*68  =  6  Vl6a462  x  56  =  6  x  4 a26  Vsi  =  20 a26  V56. 

16.  5  Vl44 c6d9  =  5  Vie c*d8  x  9cd  =  5  x  2 cd2 ^'^  =  10 cd2 \/9cd. 

17.  ^2048  tt^ftT  =  ^2i^a666  x  2 62  =  4 a6 <^. 

18.  V1024  a^^  =  y/2^  a*  x  22ax8  =  4  a  ^4  azK 

19.  2^^7290a6  =  2^27  x  27a8  x  10a2  =  2  x  3  x  30^^1002=180^^10  a\ 

20.  3  \^160  66y"  =  3  v^32  65y6  x  5  6y2  =  3  x  2  6y  \/6  6y2  =  6  6y  ^5  6y2. 

21.  6  v'SOO 0*66  =  5  v^l25 a868  x  4a62  =  5  x  6a6\^4a62  =  26a6\^4a62. 

22.  2 a6 ^108 a62  =  2 06 v^27  x  4a62  =  2a6  x  3 \^Ta62  =  6 06 \^4 062. 

25.  3a6-yi92xSy7=3a6-v^64x8y«  x  3  x2y  =  3  a6  x  4  xy2 -v/3  x2y 

=  12  a6xy2  v^3  x'^y, 

24.  2^-1029 o*  =  2^- 343 a' x3a  =  2x(-7a)\^=-14a^J^. 

26.  3a2^-648a7  =  3a2\^-216a«  x  3a  =  3a2x  (-Qa^)Wa 

=  -18  a*  \^. 
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86.  2<)!:^=2<P^'^^^^'=2<^^^=2^/'-^x6a»teV 


=  2  X  -^\^6  a2&xV  =  A  ^6  a^teV- 
2x2y  x2y 


60  ggft'^x^ 
21668 


^„    ^      *^aW      ^      «  5a8x2  x  12  62  a/, 

27.  2a\ =  2a\ =  2a\- 

\186*  \  186*  X  1262  \ 

=  2a-^/-^  X  6062x2  =  2a  X  — \^60  62x2  =  — \^60  62x2. 
\2166«  662  362 

\8c*(22  \8c4d2x2d2  \   16c*d* 

=  3cx7-^^xl8d2x2y=3cx-^v^l8d2x2y=— \^18d2x2y. 
\16c*(i*  ^  2cd  2d 

^^    „       8/126 m2      „       8/126 ?n2x  9n      „       «/l26  x  drnhi 

29.  3m\/ -  =  Sm\  =  Sm\ — 

\  81n5  \  81n6x9n  \      729n« 

=  3mx/-i?^x  9m2n  =  3m  x —•V9n^  = —-Vdn^. 
\729n6  9n2  3n2 

«n    o    o     /49  c8d*      „    ,    /49  csd*  x  2  6      „    ,     / 

30.  2  02-^/ =  2a2\/    — •=2a2-v/ 

\50a*6  \50a*6x26  \ 


49  X  2  6c8d* 
100  a*62 


=  2a2x/ 


49  c2# 


«   o       7c(i2     /— -      TccP   /— — 
X  2  6c  =  2  a2  X V  2  be  = v  2  6c. 


100a*62  10a26  66 


a26«x2 
x6 


81.  3a6\/ =3a6x/ =  3a6-v/ 

\6x*    .  \5x*  X  26x2  \    125 

=  3  a6  \ /— ^  X  26a2x2  =  3  a6  x  —  \^26  a2x2  =  —  \^25a2x2. 
\l26x6  6x2  5x2 

32.  2a:I^^^  =  2a:\'^^^-^'-  =  2 a ^^/^^^ ^^^^^ 
\3125a7  \3125a7  x  a^  \  3125  ai> 

\      612c8d9         \      512c8d9x2c2d         \ 


6  a7c2dx* 
1024  ci«di'> 


=  2x7 X  6 a2c2dx*  =  2  X  C ^^\Wo^^d^ 

\      1024cio<fio  V      4c2d2/ 


-^  v^6  a2c2dx4. 
2c2d2 
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\       612  \       612  ^        ^f  8  ^y 


900  Z6y2g4 

8000  y» 


^\80i/7  ^\80y7xl00y2  ^\ 

=  Zx^xl  X  900x2y22  =  3xay  x  — =-  V900xV« 

\8000y»  ^  ^     20y8  ^ 

=  8^.^900^^. 
20 1/2 

SB.  3 a \^3645 a^fificfi  =  3a\^3«  x  ba^Wc^  ^^a^^a^  x  5a(* 
=  3ax  3a6v^6ac6  =  9a26\^Tac6      _ 

3^      8 /(g  -  b)6(c  -  d)i  ^    3/(a-fe)6(c_d)4(x-y) 
'    \       (z  -  2/)2  \  (X  -  y)8 


8|(a-6)8(c-(i)8     ,        ....        ...  , 

=  \  (x-y)8  ^  (^  -  ^)  ('  -  ^)  («  -  y) 

=  .«^-&)(^-d)^(^_5).(,_d)(x-y). 


'    \  243 (a  +  by        \    36'(a  +  by  \  36(a  +  6)7  x  3* (a  +  b) 


a  —  X 


9  (a  +  6)2 


38(a+6)8  \38(a+6)8 

\^27(a-x)(6  +  y)(a  +  6). 


Exercise  96.    Page  243 

Reduce  to  an  entire  surd : 
1.  3 a3  Vsa  =  V(3 a8)2  x  3a  =  V9a«  x  3a  =  V27a7. 


2.  -  I V^  =  -  \^(f )8  X  I  a2  =  -  v^ff  X  i  a2  =  -  -s/f^. 


8.  f  6 \^/^ 62c  =  ■*'( J 6)8  X  j\b^=<^^jb^  x  ^^ 62c  =  v^i 66c. 


4.  -3a\^  =  -^(3a)8  x  6d  =  -^27a8  x  6d  =  - v^27 a86<l. 

5.  -6av^a2c8  =  -v^(5a)*  x  a2c8  =  - \^625 a*  x  a2c8  =  - ^626 a«c». 
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=  ^1024  xWyi^. 
7.  -  ;  v^8 X V  =  - "v^li)*  X  Sq^  =  -</j\  X  8xV  =  -^ixV. 


8.  8 6 ^4 a26  = -{^(8 6)8  x  4a26  =  \^612&8  x  4 a^ft  =  \^2048 a26*. 


9.  -2a</ila*b»  =  -V(2a)^  x  f i a*62  =  _ ^32 a^  x  fja*62 
,         =->^64a%2. 

EzerciBO  97.    Page  244 

1.  Reduce  V3  and  "Vb  to  surds  of  the  same  order. 

Vs  =z  S^  =  S^  =</¥  =  V27, 

2.  Reduce  "v'T  and  \/6  to  surds  of  the  same  order. 

^  =  7*-=  7  A  = '^  =  ^^16807. 
Ve  =  6*  =  6^=^65  =  ^216. 

3.  Reduce  "v^  and  "Vft^  t^  surds  of  the  same  order. 

4.  Reduce  "Vi  and  v^  to  surds  of  the  same  order. 

Vi=z</^  =  2^  =  2^  =  y/¥  -  y/w^. 
■v^S  =  \^  =  2^  =  2  A  =  '^  =  ^^612. 

6.  Reduce  2  \^,  3  V5,  and  4  ^^  to  surds  of  the  same  order. 

2  ^  =  2  X  6*  =  2  X  6^  =  2  Ve*  =  2  ^1296. 
3V5  =  3x5^  =  3x5A  =  3  V5«  =  3  \^15626. 
4^^  =  4x3^  =  4  x3A  =  4\^  =  4^27. 

6.  Reduce  2  V5,  6  \^,  and  6  v^  to  surds  of  the  same  order. 

2V2  =  2x2*  =  2x2A  =  2  V2«  =  2  ^v^. 
6\^  =  6  X  6*  =  5  X  5^  =  6*5^6*  =  5^625. 
6  <^  =  6  X  6*  =  6  X  6^  =  6  '%/6s  =  6  ^5^16. 
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7.  Reduce  ^^,  2  VE^  and  Vl20  to  sards  of  the  same  order. 

^  =  7*         =7*         =V7»     =^168Q7. 

2\^6  =  2x5*  =  2x  6^  =  2^  =2^626. 

^^i26=.120A    =120*     =  VI203  =  ^14400. 

8.  Reduce  2  'v^,  a  ^/b^y  and  b  y/cfi  to  surds  of  the  same  order. 

2^^=;  2o' =  2aW  =  2  V^. 
a</^=ab^  =a6*'  =aVb^. 
by/€fi  =  ba^  =  ba**  =6Vo>*. 

9.  Arrange  vTs  and  Vt9  in  order  of  magnitude. 

VTS  =  18*  =  18*  =  y/m  =  \^6832. 
^^79  =  79*  =  79i  =  Vw  =  v^6241. 

Therefore,  the  required  order  is  ^^,  Vl8. 

10.  Arrange  2  \^  and  3  v^  in  order  of  magnitude. 

2\^  =  2x3*  =  2x  3A  =  2^=2'v^  =  '^2i2x  81 

=  ^4096  X  81  =  >^331776. 
3v^  =  3  X  2^  =  3  X  2^  =  3^  =  3^   =  '4^312  x  8 

=  ^531441  X  8  ='^4261628. 
Therefore,  the  required  order  is  3  "v^,  2  v^. 

11.  Arrange  V33  and  \^185  in  order  of  magnitude. 

V33  =  33*    =33*    =V^    =  ^36937. 
^^186  =  185*  =  185*  =  4^1852  =  \^34225. 
Therefore,  the  required  order  is  V33,  \^186. 

12.  Arrange  3  V|,  2  \^|,  and  3  "5^  in  order  of  magnitude. 

3  V|  =  V32x§  =  VdVl  =  Vv  =(  V)*  =(  V-)*  =  ^*W)» 

.       2^  =^^^^  =  4^8^  =<^  =(-V)*  =(¥)*  =^*W)* 

3\^  =  4^3^T^  =4^271<1  =^  =  6*  =  6*  =\^:^<^. 
Therefore,  the  required  order  is  3  Vf,  3^^,  2  ^f. 
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18.  Arrange  'v^,  "^10,  and  Vs  in  order  of  magnitude. 

\^  =  10*  =  10*  =  Vl02  =  VlOO. 
V8=V28  =  2*  =  2*  =  ^=  V^, 

Therefore,  the  required  order  is  Vs,  "^10,  \/81. 

14.  Arrange  2  V2,  2  v^,  and  2  \^  in  order  of  magnitude. 

2V^  =  2x2*  =  2x2A  =  2S^26  =  2  ^^. 
2\^  =  2x3*  =  2x3A  =  2^  =  2  K^. 
2v^  =  2  X  5^  =  2  X  5^  =  2^  =  2^125. 

Therefore,  the  required  order  is  2  VE,  2  v^,  2  V2. 
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Simplify : 

1.  8Va4-5Vx-7Va  +  4Va--6Vx-3Va 
=  (8  -  7  +  4  -  3)  Va  +  (5  -  6)Vi 
=  2Va-Vx. 

3.  Va  +  3  v^  -  2  VSa  +  VTa -Vsa +Vl2a 

=  Va+  3  V2a-2V3a  +  2  Va-2  V2a  +  2  VSa 
=  (1  +  2) Va  +  (3  -  2) V2a  +  (-  2  +  2)  Vsa 
=  3  Va  4-  V2a. 

S.  7V4a  +  4V9a  +  3V45a-6V30a-2V80a 
=  14  Va  +  12  Va  +  9  Vsa  -  30  Va  -  8  Vsa 
=  (14  +  12  -  30) Va  +  (9  -  8) Vsa 
=  ~  4  Va4-  V5a 
=  V5a  -  4  Va.. 

4.  3  v^  +  4  V32  -  6  V50  -  7  V72  +  6  V98  +  V18 

=  8  V4  X  2  +  4  V16  X  2  -  5  V25x  2  -  7  V36  x  2 

+  6  V49  X  2  +  V9  X  2 
=  6V24-16V^--25V2-42V24-42V^4-3V^ 
=  (6  +  16  -  25  -  42  +  42  +  3)V^ 
=  0. 
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5.  7VT2-5V^  +  8Vi8~6V76  +  2Vl084-V^ 

=  7V4x3-5V9x3  +  8  Vl6  x  3  -  6  V26  x  3 

+  2  V36  X  3  +  V9  X  3 
=  14V3-16V3  +  32V3-30V3  +  12V3  +  3V3 
=  (14  - 16  +  32  -  30  +  12  +  3)  Vs 
=  16  Vs. 

6.  6  ^^  +  3  \^- 64  -  6  \^- 128 +  7^^-260 +  2^5^ 

=  6\^8x2  +  3\^~27x  2-6\^-64  x2  4-7\^-126  X  2 

+  2^^216  x2 
=  6  X  2  ^  +  3(- 3)\^  -  6 (~  4)\^ +  7  (- 6)  v^  +  2  X  6  ^ 
=  10v^-9^^  +  24\^-36^  +  12\^ 
=  (10  -  9  +  24  -  36  +  12)  v^ 
=  2<^. 

7.  7  -^24  +  6  v^  +  4  v^-  192  +  2  \^-  376  -  Vw^ 

=  7<^8  X  3  +  6-^27x3  +  4 ♦'-  64  x  3  +  2  \^-126  x3 

-  \^343  X  3 
=  7x2^  +  6x  3\^4-4(-4)^  +  2(-6)\^-7\^ 
=  14\^  +  16v^-16v^-10\^-7v^ 
=  (14  +  16-16~10-7)v^ 

8.  V(a  +  byx  +  V(a  -  6)2a:  -  Vii^  +  V(l  -  a)2a;  -  Vx 

=  (a  +  6)  v^  +  (a  -  6)  Vx  -  a  Vx  +  (1  -  a) Vx  -  V^ 
=  (a  +  &  +  a-6-a  +  l-a- 1)  Vx 
=  0. 

9.  3V7  +  2V64-6^^  +  3VT50  +  4\462  +  7  V24 

=  3V7  +  2V9x6-6V9x7+3  V26  x  6  +  4  V36  x  7 

+  7  V4  X  6 
=  3V74-2x3V6-5x3V7  +  3x6V64-4x6V7 

+  7  X  2  V6 
=  3V7  +  6V6-16V7  +  16V6+24V74-14V6 
=  (3  -  16  +  24)  V7  +  (6  +  16  +  14)  VS 
=  12  V7  +  36  V6. 
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10.  V275  +  V1300  -  V44  -f  V62  -  2  V99  -  2  V2O8 

=  V26  xll-f  VlOOx  13-V4  X  II  +  V4  X  13-2V9  X  11 

-  2  VI6  X  13 

=  5  vlT  + 1 0  v^  -  2  ViT  +  2  Vis  -  2  X  3  ViT --.  2  X  4  Vl3 
==  6  VTl  4. 1 0  Vi3  -  2  VTT  +  2  Vl3  -  6  VlT  -  8  Vl3 

=  (6  -  2  -  6)  ViT  4.  (10  +  2  -  8)  Vis 

=  4  Vi3  -  3  Vii . 

11.  3i  V24  -  6}  V64  +  13J  V99  +  2iJ  V2i6  -  21  Vii 

=  i  V4  x6  -  ^  V9  X  6  +  -V-  V9  xll  +  1 1  V36,  x  6 

-  21  V4  X  11 

=  I  X  2  Ve  -  \3-  X  3  V6  +  -V  X  3  ViT  + 1 J  X  6  Ve 

-  21  X  2  vTT 

=  7  Ve  - 17  J  V6  4-  40  Vii  +  16J  Ve  -  42  Vii 

=  (7  -  17J  +  16J)  Ve  +  (40  -  42)  ViT 

=  6  Ve  -  2  Vii. 


12.  ^-^5-3^!^^  + V625+^-V^ 

=  V^7x4-v^-3^64x4+  Vl26  x  5  +  ^^7  x  4 


-4 


8/   125 

X  4 


27  X  8 

=  l^_^_3x4^  +  5^  +  ?Vi-_i-<^ 
3  3  3x2 

=  J  Vi  -  v^  -  12  Vi  +  6  V5  +  f  Vi  -  6  v^4 

=  (-H-6)V5  +  (J-12  +  f-|)^i 

=  4V6-llf^^. 


18.  Vo  +  v^-v^^Vf +  V^-fV^+V^ 

=  V9+V4x6-V^-V/^x5  +  V^  + 
=  3  +  2V6-J-fV6  +  f+|  +  fV6 
=  3-J  +  }  +  f  +  (2-f  +  f)V5 
=  4t.V  +  2AV5. 


/fl  +  VjlTs 
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14.  VlTT  4-  3  VS  -  v^  -  J  V245  -  5  V^  -  V^ 

=  Vy  +  3V4x2-V4x6-J  V49  x  6  -  5  V^i^  x  2  -  V^ 
=  V|  X  6  +  3  X  2V^-2V6-|  V5-f  V^-V^~x~2 
=  |V5  +  6V2-2V6-iV6-J\^-jV^ 
=  (6-i-J)V2  +  (§-2-S)V5 


16. 


2\49x7      6\9  15  2  \4  : 


2\49x7      6\9  15  2\4 

-^i^l25  X  H  +  SVj  x6 
=  fx^^5^  +  ix§V6-i^V6+| 
+  8  X  J  Ve 


X  2 
X  2 


I  X  Jv^-iJx5v^l4 


+  8  X  J  V6  _ 

=  A^v^  +  A  ^  -  A  ^  +  i  v^  -  II  ^14  +  4  Vg 

=  4^  Ve  _  ^?/i4. 
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Find  the  product  of : 

1.  V3  X  Vi2=V36=e. 

2.  Vs  X  V^  =  VlOO  =10. 

8.  V20  X  V30  =  V5oo  =  Vioo  X  6  =  10  Ve. 

4.  Vb  X  v^  =  ^v'^  =^125  X  2  =  6v^. 
6.  </2a^><iV4a  =  </^Sa^  =  2a. 

6.  5V3  x3V5  =  16Vi6. 

7.  v^  X  ^J^  =  <^108  =  v^27  x4  =  3\^4. 

8.  \/0x  Vl8  =  v^x3v^  =  ^x3^=-v^x3\/8  =  3v^. 

9.  \^  X  2<^  =  2^J^  =  2  x3  =  6. 

10.  2Vfx3Vf  =  6V|  =  6x^V6  =  2V6. 

11.  3^^16  +  5^^  =  16^*^  =  16x4  =  60. 

12.  i^  X  tv^  =  5  X  I  v^8  X  2  =  l</l6  =  i  X  2  =  f. 
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13.  \/-108x\^  =  \^-27  x4x</Sx5  =  -S</ix2VE  =  -6\^. 


14.  </_  343  X  \^-1568  =  \^-(7)»  x  \^-  (2)6  x  7^  =  v^(-2)5  x  (-7)5 

=  (-2)  (-7)  =  14. 

15.  Ve  X  Vl2  X  Vl8  =  Ve  X  V4  x3  X  V9  X  2  =  V6  x  2  Vs  x  3  V2 

=  6  V36  =  6  X  6  =  36. 

16.  J^x  |v''^xiv^  =  f  X  |xiv^4x(-3)x  9 

=  |^-27x4  =  fx(-3)v^4  =  -f\^. 

17.  ^Jl^x  6 \^  X  3 ^  =  15 \^  =  15  v^8  X  4  =  15  X  2^  =  30\^. 

18.  5\^  x3\^32  X  2v^  =  6\^28  x  3  x  3\^x  2\^22  x  3^ 

=  6  X  3  X  2\^2i'>  X  38  =  30^^29 x  3*  x  2  =  30  x  8  x  3v^  =  720\^. 

__  12/     6*  12/23       i2fr_  12/5*  X  23_  w/     6*" 

~  \2*  X  34  ^  \38  ^  \2*  ~  \28  X  37  ~  \¥~x 


37 

12/5*  X  27  X  35      1      I12/- — — — —      1,2/- — — — — 

=  -%  / =  -  X  -  V  5*  X  2^  X  36  =  -  V5*  X  27  X  36. 

212  X  312        2      3  6 


a/' 


20.  5  V^  X  f  V72  X  j  V48  =  5  V^  X  I  V36  X  2  X  f  V16  x  3 

=  6V2  X-V-V2  X  f  V3  =  5  X  V  X  3  X  2  X  V3  =  64V3. 

21.  (3  ^^24  +  4  </si  -  6  <'^  +  i  -Vm)  X  </2 

=  (3\^8  x3  +  4v^27  X  3-5v^l25  x  3  +  1^64  x  S)V2 
=(3x2v^  +  4x3\^-6x5v^+J  x4v^)v^ 
=  (6  ^  +  1 2  ^  -  2  5  v^  +  2  v^)  \^ 
=  (-5-^3)^ 
=  -6^. 

22.  (2  Ve  -  V12  -  3  V2i  +  J  Vis)  X  3  V2 

=  6  Vi2  -  3  V24  -  9  V48  +  f  V96 


=  6V4x3-3V4x6-9  VI6  x  3  +  J  VI6  x  6 
=  6x2V3-3x2V6-9x4V3  +  fx4V6 
=  12V3-6V6-36V3  +  3Va 

=  -  24  V3  -  3  Vo. 
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Find  the  product  of :  5.  (8  +  3  VE)  (2  -  Vs). 


1.  (V7  +  Vl8)(V7-Vl8).  8  +  3^5 

2-     V5 

(V7  +  Vl8)(V7-VT8)  I6  +  6V5 

=  V(7  +  V18)  (7  -  V18)  ~8V6-15 

=  V49  -  18  =  V3I.  1  -  2  V5 


2.  (  V3  +  2  Vi)  ( V3  +  2  Vs).         6.  (2aH-3Vx)(3a-2Vx). 

(V3  +  2V6K'^'^  +  2^)  2a   +    3Vx 

3a  -    2 Vx 


=  V(3  +  2V6)(3  +  2  V5)  7= 

.1-^^ 6aa  +  9aVx 

=  V(3  +  2V6)2  _4aVi-6 


X 


=  3  +  2V6.  6a2-f6aV5-6x 


8.  (V8+V7)(V7-V2).  ^    (6V7-2V6)(3V7  +  10V5). 

V8+V7  =  2V2+V7  ^  ^ 

_  _  5V7-    2V5 

>^  +  2V^  3V7-f  IOV5 

^"'     ^  106    -    6V35 

7  +  2  Vl4  +6OV35-IOO 


3+    Vii 


5  +  44V36 


4.  (7  +  3V7)(2V7-7).  «•  (4  Vi  -  V3i)(Vi  +  2  V3x). 

7  ^.    3  V7  4  Va  -     V3x 

-    7  +    2  V7  Va-t-2  VSx 


—  49  -  21  V7  4  a  —    VSax 

_}.14V7^-42  4-  8  V8  ax  —  6  X 

_    7_    7V7  4a  +  7  V3ax-6x 
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9.  (2  VSO  -3V64-6V3)(V8-fV3-  Vs). 

5V3-    3V5    +2V3O 
2V^4-       V3    -     V5 

10  Ve-  eVio  +  sVTs 

+  15       -sVis  +  eVio 
-  6  Vis  4- 16  - 10  Ve 

30 

10.  (3  +  Ve  +  Vi6)(2  +  Ve  -  Vio). 

3+   V6  +  '  Vis 
2-f    Ve-    Vio 

6  +  2V6  +  2V15 
+  3V6  +  6       •+3Vio 

-3VlO-2Vi5-5V6 

12 

11.  (2  V7  -  8  V28  -  6  V63)  (2  V?  -  8  V28  -  6  V63). 

2  V7  -  8  V28  -  5  V63  =  2V7-16V7-16V7 

=  --29V7. 
(-  29  V?)  (-  29  V?)  =  841  X  7  =  6887. 

12.  (2  V^  -  3  V3  +  4  V6)  (3  Vs  +  v^  -  Vs). 

2V2-3V3+  4V5 

y/2-    V3-f  3V6 

4_3V6+  4Vio 

-2V6+  9         -   4  Vie 

-f  eVio-  9V15  +  60 

73  -  6  Ve  +  10  Vio  -  13  V16 

18.  (3  VS  -  4  VS  +  6  V5)  (6  V2  +  V3  +  VS). 

3  V3  _  4  V8>  5V5  =  3V3-8V2  +  6V6. 

-8V2+  3V3+  5V5 
6V24-  V3+  Vs 
-  80  +  16  Ve  +  26  VlO 

-    8V6+    9  +5V15 
-    8VlO  +  3Vi6-f  26 

-46+    7V6  +  I7V1O  +  8V16 


516  ELEMENTARY  ALGEBRA 

14.  (\^-2\^  +  4^)(5\^  +  3\^-2\^). 
-2v^+    4v^+      <^ 

-2\^+  s-yj-f  3-y6 

4\^-16-    2^yi2 

-2e  +  40v^    +10v^ 
-    6-yi2  +  24-y3-f    8-^36 

4-^4  -  36  -  8\^  +  40^  +  34\^+ S^^iS 
16.  (2V6  +  5V3-7V2)(V6-2V3  +  4V2). 

Ve-  2V3+  4V2 

12  +  15  V^  -  14  V3 

-  12  V5  -    30     +  14  Ve 
+I6V3  +  20V6-56 

3V2+    2V3  +  34V6-74 

16.  (■v^-7v^4-6\^ri25)(3\^  +  8\^-4<^). 

^  -  7<^  +  6\^1125  =-^9  -  14 \^  +  30 v^  =  17v^. 
3^  +  8\^-4\^  =  3\^  +  8\^-}\^ 

=  3^  + Y^- 

51  ^5^  +  340 

17.  (5  ViT2  +  Vl76  -  V4375)  (3  V396  +  VT75  -  2  V539). 

5  Vn2  +  >^T76  -  V^375  ==  20  V7+ 4  V^- 25  V7==  4  VlT-5  V7. 
3  V3i^  +  VT76  -  2  v^=18VTl+ 6  V^~14  Vll=  4V1T  +  5V7. 
(4  VTT  -  5  V7)  (4  VlT  +  5  V7)  =  176  -  175  =  1. 

18.  (Vi+Vy)(xH«y+y^Cv^-Vy)  =  (x-y)(xa+xy+y«)=aj»-y«. 

19.  {a-^b-\-V^-{.</^){V^-</b). 

a-Va-\-a</b-\-  </a^  +  6  ^a 

-a</h  -j^^y  -  h^/a  -  h</b 
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Exercise  101.    Page  247 


1.  Divide  \^  by  ^7. 


^ 


^  =  2. 


2.  Divide  ^5^1080  by  \^. 


n 


=  V^i6  =  6. 


8.  Divide  </2^  by  v^. 


'V2^ 


=  <^=3. 


4.  Divide  Vj  by  Vj. 

-i=Vjx2=Vj 

5.  Divide  Vafi  by  V^. 


2 


VS      aVa 


a. 


6.  Divide  ^JWo^  by  Wa^. 


■i^96c^     2a^</l2cfi 


7.  Divide  </l2ba^  by  \^. 


2^  =  .y62^6  =  5a<^. 


8.  Divide  \/fm8  by  \^. 


26  \26 


5 


9.  Divide  6  by  V72. 


6 


6 


=  2^  =  lV-2. 


V72      6V2       V2      2 


10.  Divide  vV  by  \^. 

V^        V^      i8/-r: 


VSi 


Hi 


ai6 


^5^606        a^v^^ 


=  2a\^2. 


11.  Divide  ax^  by  Vo^. 
ax^        ax^       x^ 


^o^x     aVx      Vx 


=  — =  =  x*Vx, 


12.  Divide  </Sa»l^  by  V2  a^fts. 
\^8a862      \^8a862 


V2a268      \^4a4&6 


18.  Divide  15  VT06  -  36  VlO  +  30  V3  by  3  V16. 

16Vl05-36Vl0  +  30V3^^^_^^^      ^^^ 

3Vi5  _        /        _^ 
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14.  Divide  66  V30  -  84  VlO  +  100  Vii  by  4  V36. 

66V^-84Vio  +  100Vi4  ^  ^  ^ 
-^^ =  14Vf-2lVj  +  26Vj 

=  2  V42  -  3  Vii  +  6  V16. 

16.  Divide  10  Vli  -  5  V63  +  4  V28  by  2  V7. 

10Vi4-6V63  +  4v^      ^    r  r  n 

^=— I =  5V2-|V9  +  2V4 

2V7  .  ^ 

=  5  V2  -  -1/  +  4 

=  5  V2  -  SJ. 

16.  Divide  18  V22  +  9  V66  -  3  Vii  by  3  VTl. 

18v^  +  9V66-3V44      ^    r      ^    n       n 

7= =  6V2  +  3y6-V4 

3V11 

=  6v^  +  3V6-2. 

17.  Divide9^9-6v^+4\^72  by  3v^. 

9^-6v^+4<^  =  9\^-6\^  +  8^=17*?-6\^. 
17^-6^^17^^^^- 
3^3  3 

18.  Divide  16^^25  -  8^^  +  4^^225  by  4^. 

-=^ =  4V5~2V15+v46. 

4v6 
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1.  Divide  V2  by  V3  -  V2. 

V2 


^         V2(V34-V2)         ^^^4-2^^^^. 
V3-V2      (V3-V2)(V3+V2)  1 

2.  Divide  12  by  4  -  V?. 

12      _        12(4  +  ^7)       ^  48  4- 12  V7  _  16      4  ^ 
4-V7~(4-V7)(4  +  V7)  ^  "3       3* 
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8.  Divide  7  -  V6  by  3  +  Vs. 

7  -  V5  _  (7  -  VS)  (3  -  VS)  _  26  -  10  V5  _  13      5  ^ 
3+V6~(3+V5)(3-V6)  4  2       2' 

4.  Divide  V3  +  ^2  by  V3  -  V2. 

V3+V2^(V3-fV2)(V3  +  V2)^5  +  2V6^^  ^  ^^ 
V3-V^      (V3-V^)(V3  +  V2)  1 

6.  Divide  9  -  6  V3  by  7  -  3  VS. 

9-6  V3      (9-5V3)(7  +  3  V3)      18-8V3_9-4V3 
7_3V3      (7-3V3)(7  +  3V3)  22  11 

6.  Divide  a-\-b^  by  c  ■\- d  v^. 

0  +  6  Vx  _  (o  4-  6  Vx)  (c  —  d  Vx)  _ac  —  bdx  +  (6c  —  ad)  Vx 
c  +  dVx      (c  +  dVx)(c-dVx)  c^  -  d^x 

7.  Divide  Vx  —  Vy  by  Vx  -f  Vy. 

Vx-Vy       (Vx  —  Vy)  {Vx  -  Vy)       x  ■}- y  -  2  Vxy 

Vx  +  V^     (Vi  +  V^)(v^- V^)  x-y 

8.  Divide  3  +  Vg  by  V3  +  V2. 

3  4-V6    _    (3+V6)(V3-\^)         V3_^ 
V3  +  V2      (V3+V2)(V3-\^)        1 

9.  Divide  6V3-3V6byV5-V3. 

6V3-3V6_(6V3-3V5)(V6+V3)_2  V16  _  ^^ 
V5-V3     ""     (V5-V3)(V6+V3)  2 

10.  Divide  7V5  +  6V7byV7  +  V5. 

7V6-f6V7_(7V6  +  5V7)  ( V7  -  V5)  _  2  V36  _  .^ 
V74.V6  (V7+V5)(V7-V5)  2 

11.  Divide  2  Vs  +  V6  by  V3  +  Vg. 

2V3+V6  _  (2V3  +  V6)(V3- V6)  _  -3V2  _  ^ 
V3+V6         (V3  +  V6)(V3-V6^  -3 


1 
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12.  Divide  3  +  2V^by5-f3Vi. 

3  +  2  v^      (3  +  2  Vi)  (5  -  3  Vi)  _  15  -  6x  +  Vi 

■  I  -    —  .  -  ^^    I  ...-11        ■  .  ■  —    I  ^^^        ■  —    -  ■    ■     I     ™         ^-^^^  ( 

5  +  3  Vi      (5  +  3Vx)(6-3Vi)  26 -9x 


18.  Divide  2  Ve  by  V2  +  Vs  +  V6. 

2V6  2V6(v^-f  V3-V6) 


V2+Vs-{-VE      (V2+V3  +  V5)(>^  +  V3- Vs) 

=  ^^(^^^^-^>=V2+V3-V5. 
2V6 

14.  Divide  2  Vl5  by  V3  +  Vs  +  2  v^. 

* 

2V15  2VT5(V3+V5-2V2) 


V3  +  Vg  +  2  V2      ( V3  +  V5  +  2V^)(V3  +  V5-2V^) 

_  2  VT5  ( V3  -f  V5  -  2  V2) 

2V15 
=  V3+V5-2V^. 

15.  Divide  a  Vx  —  b  Vy  by  c  y/x  —  d  Vy. 

aVx-6Vy_(aVa;-6  Vy)  (c  Vx  +  d  Vy) 
cVx-dVy      (cVx-d  V^)  (c  Vx  +  d  Vy) 

_  OCX  —  hdy  +  (ad  —  be)  Vxy 
~  c^-dhf 

16.  Divide  25  Vli  -4V2by8V2  +  2V7. 

25  Vii  -  4  V2  _  (25  VTi  -  4  V2)  (8  V2  -  2  V?) 
8  V2  +  2  V7  (8  V2  +  2  V?)  (8  V2  -  2  V?) 

_  400  V7  -  350  V^  +  8  vTi  -  64 
""  100 

=  4V7-jv^  +  AVi4-if. 
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17.  Divide  l  +  3V2-2V3byV6  +  V3+V^. 

l  +  3V2-2Va_(l+3V^-2V3)(V6-fV3-V2) 

V6  +  Vs  +  V2      ( Ve  +  V3 -f  V2)  ( Vo  +  VS  -  v^) 

_6V6  +  7V3-7  V2-I2 

7  +  6V2 
_  (6  V6  -f  7  Vj  -  7  V2  -  12)  (7  --  6  V2) 

(7  +  6  V2)  (7  -  6  V2) 

_  23  V2  -  23  V3 

-23 
=  V3-V2. 

18.  Divide  3-V5-V2  by  3+^  +  ^2. 

3  _  V5  -  V2  _  (3  -  V6  -  V2)  (3  +  V5  -  V2) 

3  +  V6  4.  V2      (3  +  V5  +  V2)(3  4-  V5  -  V2) 
_  6-6V2  _  1  -V2 

I2  +  6V5      2+V^ 

-  (1  -  ^)  (2  -  VS) 

~  (2  +  V5)  (2  -  Vg) 

_2-2  V^-V5  +  Vl0 
_  __ 

=  2  V2  +  V5  -  VlO  -  2. 

19.  Divide  60  V2  4- 12  V3  by  5  VS  +  3  V2  -  2  VS. 

60V^+12V3  ■    12(6V2  +  V3)(5V6  +  3V2-f  2V3) 

6V6  +  3\^-2V3~  (6\/6  +  3V2-2V.3)(5V6  +  3V2  +  2V3) 

_  12  (50  V3  +  15  V2  +  13  Vo  +  36) 
156  +  60  V3 
60  V3  +  15  V2  +  13  Ve  4-  36 
~  13  +  5  V3 

_  (50  V3  4-15  V^  +  13  VO  +  36)(13  -  5  vg) 
(13  +  5  V3)(13  -  5  V3) 
470  V3  +  94  Ve  -  282 

~  s 

=  6  V3  +  Ve  -  3. 
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20.  Divide  7-2V3  +  3V2by3  +  3V3-2v5. 

7  -  2  V3  -f  3  V2  _  (7  -  2  V3  +  3  v^)  (3  -f  3  V3  +  2  V2) 

3  +  3  Va  _  2  V2     (3  +  3  V3  -  2  V2)  (3  +  3  V3  +  2  V2) 

_16  +  16V34-23V2  +  5V6 

28  + 18  V3 
_(15  +  15V3-f  23V2  +  5  V6)  (28  -  18  V3) 

(28  +  18  V3)  (28  -  18  VS) 
_  -  390  4-150  V3  ■!-  374  v^  -  274  V6 
■"  -188 

_  196  -  75  V3  -  187  V2  +  137  Ve 

94 

21.  Divide  2  +  3V6-4V^by2-V6  +  2V2. 

2-f.3V6-4V2_(2-f3V6-4V2)(2  +  V6-f2\^) 

2_\/6  +  2V2  (2-V6  +  2V^)(2+V6  +  2V2) 

_6-f  8V6-4V^  +  4V3 

6-f  8V^ 
_3-f  4V6-2  V2-I-2V3 

3  +  4V2 

_  (34-4V6-2V2-f  2V3)(3-4V2) 

(3  +  4  V2)  (3  -  4  V2) 
_  25  -f  4  V6  -  18  V2  -  26  V3 

-23 
_  18  V2  4-  26  V3  -  4  Ve  -  25 
~'  23 

22.  Divide  2V3-3V6by  2  +  V^  +  V3+V6. 

2V3-3V6       _        2V3-3V6 

2+V^+V3  +  V6      (V2  +  1)(V^  +  V3) 

(2  VS  -  3  V6)  ( V^  -  1)  ( V2  -  V5) 


( V2  + 1)  ( V2  - 1)  (V2  +  V3)  ( V2  -  VS) 

-15v^4-10V3~8V6  +  24 
~  -1 

=  15  V^  - 10  V3  4-  8  Vg  -  24. 
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Perform  the  operations  indicated  : 


1. 
2. 
8. 

4. 
5. 
6. 
7. 
8. 
9. 


Va)6  =  (a*)6  =  ai  =  </aP  =  aVa. 
■V^y  =  (x^iy  =  x^y^  =  y/s^^  =  xy^  V^K 
v^2a*)«  =  (2*  a^)2  =  2*  o^  =  \^22a8  =  a^  Vi^, 
y/aa^Y  =  (aM)«  =  a^. 


-  Vx^f  =  { -  xM)*  =  -  «y*. 
_ ^)«  =  (-  2^  =  (-  2)*  =  16. 

-  </m)^  =  (-  127*)*  =  (-  127)1  =  -  127. 
-</9Y  =  (-  3?)*  =  (-  3)S  =^y(^^  =^^  =  32 \^  =  9\^. 
^)4  =  (a*)*  =  a*  =  Vi. 

0.  -V^  =  (6*)i  =  6*  =  Vd. 

1.  -y^  =  (ai)i  =  aA=^-?^. 

2.  ■>J'>^  =  [(o^)*]*  =  a*  =  ^. 

3.  ^V^^V2a  =  [(2a)*]*  =  (2a)'^  =  2'^a^=V2a. 

4.  ^V3a2  =  [(3 a2)*]i  =  (3 a^)^  -  3* a*  =  ^/Za\ 

6.  ^y^  =  [(a6)i]i  =  (a*)*  =  a*  =^?^. 

7.  ■V^\^(m  +  nY"  =  [{(w  +  n)«>}4]i  =  [(m  +  w)io]*  =  (m  +  n)2. 

8.  V^(l  -  x2)2o  =  [{(!-  x2)20}i]i  =  [(1  -  x2)*]i  =  (1  -  a;2)2. 

9.  •V^^512  oi8  =  [(512  ai8)i]i  =  [(29  a^^)*]*  =  (2^  a«)*  =  2*  a  =  a  v^. 

20.  "V^e  \^  =  [6 (a«6)*]i^  =  (6 ai8)T^  =  G^a  =  a  \^. 

21.  V^^a^2  _  [-(088522)1]^  =  (aiift'^)^  =  aft'  =  a  v^. 

22.  V^a^  =  [a(62)*]*  =  (od^)*  =  a*6*  =  a^b*  =  Vo^P. 
28.  -v^aVft  =  (a6*)*  =  a*6^  =  a^»6^  =  V^. 

24.  a  -V^a-s^v^o^  =  a[a-8(a-»)i]i  =  a(a-8  x  a'^)*  =  0(0-"^)* 
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Exercise  104.    Page  252 

1.  Find  the  square  root  of  17  +  12  \^. 

17  +  12  V2  =  17  +  2  V62  X  2  =  17+2  V28  x  3«. 
Two  numbers  whose  sum  is  17  and  product  2*  x  8^  are  0  and  8. 
.-.  17  +  12V2  =  9  +  2V9x8  +  8  =  (  Vq  +  Vs)^  =(3  4-  2  V2)2. 
Therefore,  the  square  root  of  17  +  12  V2  is  3  +  2  V5. 

2.  Find  the  square  root  of  52  -  30  Vs, 

52  -  30  VS  =  62  -  2  V152  x  3  =  52-2  V3»  x  &^, 
Two  numbers  whose  sum  is  52  and  product  3^  x  5^  are  26  and  27. 
.-.  52  -  30  V3  =  26;-  2  V26  X  27  +  27  =  ( V26  -  V^)2  =  (6  -  3  Vs)*. 
Therefore,  the  square  root  of  52  —  30  V3  is  6  —  3  VS. 

3.  Find  the  square  root  of  102  -  28  V2. 

102  -  28  V2  =102  -  2  V142  X  2  =  102-2  V28  x  72. 
Two  numbers  whose  sum  is  102  and  product  2*  x  7*  are  4  and  98. 
.-.  102-28V2  =  4-2V4x98  +  98  =  (Vi  -  V98)3  =  (2  -  7  v^)« 
Therefore,  the  square  root  of  102  -  28  v^  is  2  -  7  V^. 

4.  Find  the  square  root  of  30  +  12  Vo. 

30  +  12  Ve  =  30  +  2  V62  x  6  =  30  +  2  V28  x  38. 
Two  numbers  whose  sum  is  30  and  product  28  x  38  are  12  and  18. 
.-.  30  +12  V6  =12  +  2  V12  X  18  +18  =  (Vl2  +  Vl8)2  =  (2  Vs  +  3  V2)2. 
Therefore,  the  square  root  of  30  +  12  V6  is  2  Vs  +  3  V^. 

5.  Find  the  square  root  of  220  -  30  V35. 

220  -  30  V35  =  220-2  V162  x  35  =  220-2  V32  x  68  x  7. 

Two  numbers  whose  sum  is  220  and  product  32  x  68  x  7  are  45 

and  175.  

.-.  220  -  30  V36  =  45-2  V46  X  175  +  175  =  ( V45  -  Vl75)2 

=  (3V6-6\/7)2. 

Therefore,  the  square  root  of  220  -  30  V36  is  8  V5  -  5  V7. 
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6.  Find  the  square  root  of  28  —  4  VTs. 

23-4  Vl6  =  23-2  V2a  x  15  =  23-2  V22  x  3  X  6. 
Two  numbers  whose  sum  is  23  and  product  2^  x  3  x  5  are  20  and  3. 
.-.  23-4  Vi6  =  20-2  V20  X  3  +  3  =  ( V20  -  V3)2  =  (2  V5  -  V3)2. 
Therefore,  the  square  root  of  23  -  4  Vl5  is  2  V5  -  V3. 

7.  Find  the  square  root  of  57  — 12  Vl5. 

67  -  12  Vis  =  57-2  V62  x  15  =  57-2  V22  x  3^  x  5. 

Two  numbers  whose  sum  is  57  and  product  22  x  3^  x  5  are  12 
and  45. 

.-.  57  -  12  Vi5  =  12-2  V12  X  45  +  45  =  ( VT2  -  V46)2 

=  (2  V3  -  3  V5)2. 

Therefore,  the  square  root  of  57  —  12  Vl5  is  2  Vs  -  3  Vs. 

8.  Find  the  square  root  of  95  -  24  Vl4. 

95  -  24  Vi4  =  95-2  V122  x  14  =  95-2  V26  x  3^  x  7. 

Two  numbers  whose  sum  is  95  and  product  2^  x  32  x  7  are  63  and  32. 

.-.  95  -  24  Vi4  =  63-2  V63  x  32  +  32  =  ( V63  -  V32)2 

=  (3  V7  -  4  V2)2. 

Therefore,  the  square  root  of  95  —  24  VTi  =  3  V7  —  4  \^. 

9.  Find  the  square  root  of  314  -  28  VSO. 

314  -  28  V30  =  314-2  V142  x  30  =  314-2  V2»  x  3  x  5  x  72. 

Two  numbers  whose  sum  is  314  and  product  2'  x  3  x  5  x  72  are  20 
and  294.  • 

.-.  314  -  28  V30  =20-2  V20  X  294  +  294  =  ( V20  +  V294)a 

=  (2  V5  -  7  \^)2. 

Therefore,  the  square  root  of  314  -  28  V30  is  2  Vs  -  7  VS. 

10.  Find  the  square  root  of  62  -  24  V3. 

62  -  24  V3  =  62  -  2  V122  x  3  =  62-2  V2*  x  38. 

Two  numbers  whose  sum  is  62  and  product  2*  x  3*  are  54  and  8. 
.-.  62  -  24  V3  =  54  -  2  V54  x8  +  8  =  (  V64  -  V8)2  =  (3  Ve  -  2  V2)2. 

Therefore,  the  square  root  of  62  -  24  V3  is  3  VS  -  2  V2. 
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11.  Find  the  square  root  of  68  +  16  Vl6. 

68  +  16  Vl5  =  68  +  2  V82  x  16  =  68  +  2  V26  x  3  x  5. 

Two  numbers  whose  sum  is  68  and  product  2^  x  3  x  5  are  20  and  48. 

.-.  68  +  16  Vis  =  20  -f  2  V20  x  48  +  48  =  ( V20  +  V48)2 

=  (2  V5  +  4  V3)2. 

Therefore,  the  square  root  of  68  +  16  VT5  is  2  Vs  +  4  Vs. 

12.  Find  the  square  root  of  139  +  24  V2I. 

139  +  24  V^  =  139  +  2  V122  x  21  =  139  +  2  V24  x  3*  x  7. 

Two  numbers  whose  sum  is  139  and  product  2*  x  3*  x  7  are  27 
and  112.  _ 

.-.  139  +  24  V2i  =27  +  2  V27  x  112  +  112  =  ( V27  +  VTl2)2 

=  (3  V3  +  4  V7)-\ 

Therefore,  the  square  root  of  139  +  24  v^  is  3  VS  +  4  V7. 

13.  Find  the  square  root  of  60  -  36  v^. 

66  -  36  V^  =  66  -  2  Vl8'^  x  2  =  66-2  V28  x  3^. 

Two  numbers  whose  sum  is  66  and  product  2^  x  3*  are  12  and  64. 

.-.  G6  -  36  V2  =  12  -  2  V12  X  64  +  54  =  ( Vl2  -  V54)2 
=  (2  V3-3V6)2. 

Therefore,  the  square  root  of  66  -  36  V2  is  2  V3  -  3  V6. 

14.  Find  the  square  root  of  69  -  28  V5. 

69  -  28  V6  =  69  -  2  V142  x  5  =  69-2  V22  x  6  x  72. 

Two  numbers  whose  sura  is  69  and  product  22  x  5  x  72  are  49  and  20. 
.-.  69  -  28  V5  =  49  -  2  V49  x  20  +  20  =(V49  -  V20)2  =  (7-  2  V5)2. 
Therefore,  the  square  root  of  69  -  28  V6  is  7  -  2  V6. 

15.  Find  the  square  root  of  207  +  40  VTi. 

207  +  40  Vli  =  207  +  2  V202  x  14  =  207  +  2  V25  x  62  x  7. 

Two  numbers  whose  sum  is  207  and  product  2^  x  62  x  7  are  176 

and  32.  

.-.  207  +  40  Vii  =  175  +  2  Vl76  x  32  +  32  =  ( Vl75  +  V32)2 

=  (6  V7  +  4  V^)2. 

Therefore,  the  square  root  of  207  +  40  Vl4  is  5  V7  +  4  V^. 
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16.  Find  the  square  root  of  180  +  80  V2. 

180  +  80  V2  =  180  +  2  V40a  x  2  =  180  +  2  V2^~x~P. 
Two  numbers  whose  sum  is  180  and  product  2^  x  5^  are  20  and  160. 
.-.   180  +  80  V2  =  20  +  2  V20  x  160  +  160  =  ( V20  +  Vl60)2 

=  (2  V5  +  4  V\oy. 

Therefore,  the  square  root  ofl80  +  80V2is2V6  +  4  Vio. 

17.  Find  the  square  root  of  785  +  800  VS. 

735  +  300  Ve  =  735  +  2  Vl60a  x  6  =  735  +  2  V2«  x  38  x  5*. 

Two  numbers  whose  sum  is  735  and  product  2^  x  3^  x  5^  are  360 
and  375. 

.-.  735  +  300  Vo  =  360  +  2  V360  x  376  +  375  =  (V360  +  V376)2 

=  (6  VlO  +  5  V16). 

Therefore,  the  square  root  of  785  +  300  V6  is  6  VlO  +  5  VTs. 

18.  Find  the  square  root  of  162  +  108  V2. 

162  +  108  V2  =  162  +  2  V54«x2  =  162  +  2  V2»  x  3«. 

Two  numbers  whose  sum  is  162  and  product  2^  x  3^  are  54  and  108. 

.-.  162  +  108  V^  =  54  +  2  V64  x  108  +  108  =  ( V54  +  Vl08)2 

=  (3  V6  +  6  V3)2. 

Therefore,  the  square  root  of  162  + 108  V2  is  3  Vo  +  6  Vs. 

Exercise  105.    Page  253 

1.  Solve  9  +  4Vi  =  ll. 

Transpose  and  combine,  4  Vx  =  2. 


Divide  by  2, 
Square, 

2Vi  =  l. 
4aj  =  l. 
.*.  X  =  J. 

Solve 

6  -  3  Vc  =  4. 

Transpose  and  combine, 
Square, 

3>^  =  2. 

9a;  =  4. 

.-.  as  =  J. 
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8.  Solve  \^80a;-43=-3.  . 

Raise  to  the  fifth  power,     80  x  -  43  =  -  243. 
Transpose  and  combine,  80  x  =  -  200. 

.*.  2  ^  ~"  ^v* 

4.  Solve  3Vl6x-9  =  6V4x-9. 

Divide  by  3,  Vl6x  -  9  =  2  Vfx  -  3. 

Square,  16x  -  0  =  16a;  -  12  Vix  +  9. 

Transpose  and  combine,        12  Vix  =  18. 
Divide  by  6,  2  Vix  =  3. 

Square,  16  x  =  9. 

/.  X  =  /^. 


5.  Solve  V22  -  x  -  2  =  VlO  - 


Square,         22  -  x  -  4  V22  -x  +  4  =  10  -  x. 
Transpose  and  combine,    4  V22  —  x  =  16. 
Divide  by  4,  V22  -x  =  4. 

Square,  22  -  x  =  16. 

.*.  X  =  6. 

6.  Solve  Vl2  +  x  =  6  -  Vx. 

Square,  12  +  «  =  36  -  12  Vx  +  «. 

Transpose  and  combine,  12  Vx  =  24. 

Divide  by  12,  Vx  =  2. 

.*.  X  =  4. 

7.  Solve  7  V3x-l  =  6>/3x  +  5. 


Transpose  and  combine,  2  v  3  x  =  6. 

Divide  by  2,  V3x  =  3. 

Square,  3  x  =  9. 


.-.  X  =  3. 


8.  Solve  aVx  —  b  =  cVx  —  d. 

Transpose  and  combine,    (a  —  c)  vx  =  b  —  d. 


Divide  by  a  -  c,  Vx  =  - 


b-d 


a  —  c 


(ft  -  <i)^ 
Square,  "^  =  (^"^^ 
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9.   Solve  V3x-V2«  =  l. 

Square,  3x  -  2V6x +_2x  =  1. 

Combine,  (5  -  2  V6)  x  =  1 . 

.-.  X =.6  +  2  Ve. 

6-2V6 


10.   Solve  V3x-Vx  =  2. 

Square,  3x  -  2  VSx  +  x  =  4. 

Combine,  (4  -  2  Vs)  x  =  4. 

Divide  by  2,  (2  -  Vs)  x  =  2. 


.-.  X  = 


2~V3 

11.  Solve  Vax  +  V&x  =  c. 

Factor,  Vx  ( Va  +  ^)  =  c. 

.-.  Vx 


=  4  +  2  Vs. 


Va+Vft 
Square,  x  = 


a  +  2  Va6  +  6 
c2(a  +  6-2Va6) 


a2-2a6  +  62 

12. 

Solve 

Vx  +  V2x  =  l. 

Factor, 
Square, 

Vi(l  +  V2)  =  l. 

.-.  V^=       ^       =V2      1. 

1-f  V2 

x  =  (V2-l)3  =  3-2\^. 

18. 

Solve 

6Vx  +  V3x  =  22. 

Factor, 

Vx(5  +  V3)  =  22. 

Square, 

5-f  V3 
X  =  (5  -  V3)a  =  28-10  V3. 

14. 

Solve 

2  Vx-V2x  =  2+V2. 

, 

Factor, 

Vx(2-V^)  =  2  4-V2. 

2  --v^ 

Square, 

X  =  (3  +  2  yfif  =  17  +  12  ^^. 
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1».  Solve  6(l  +  Vx)  =  o(l-Vx). 

Simplify,  6  +  6Vx  =  a--o  Vx. 

Transpose  and  combine,  {a  +  b)Vx  =  a  —  b, 

.-.  vx  = 

a  +  6 

Square,  x  =  ^    ^   ^  . 

(o  +  6)3 

16.  Solve  7  +  Vxa  -  11  x  +  4  =  x. 

Transpose,  Vx^  —  llx  +  4  =  x  ~ 7. 

Square,  x^  -  11  x  +  4  =  x«  -  14x  +  49. 

Transpose  and  combine,  3x  =  45. 

.-.  X  =  16. 

17.  Solve  J(7  Vx  +  6)  -  6  =  §(3  Vx  - 1). 

Multiply  by  6,  28  Vx  +  20  -  30  =  27  Vx  ~  9. 

Transpose  and  combine,  Vx  =  1. 

Square,  x  =  1. 

18.  Solve  i(l«-^)- J(l<>-^)  =  ^• 
Multiply  by  6,  48  -  3  Vi  -  20  +  2  Vx  =  6  ^. 
Transpose  and  combine,  7  Vx  =  28. 

.-.  Vx  =  4. 
Square,  x  =  16. 


19.  Solve  Vx  +  60  =  2  Vx  +  6  +  ^^. 

Square,  z  +  00  =  4x  +  20  +  4  Vx2+6x  -h  x. 

Transpose  and  combine,  4  Vx^  +  6  x  =  —  4  x  +  40. 
Divide  by  4,  Vx^  +  6  x  =  -  x  +  10. 

Square,  a?  +  5x  =  x^  -  20x  +  100. 

Transpose  and  combine,  26  x  =  100. 

.-.  X  =  4. 


20.  Solve  V9x  +  7  +  V4x  +  l=  V26x  +  14. 

Square,  9x+7+2V36xg  +  37g"+7+4x+l=26x-fl4. 
Transpose  and  combine,     2V36x'4-37x+7  =  12  x + 6. 
Divide  by  2,  V36x2  4-37x  +  7  =  6 x  +  3. 

Square,  36x2  +  37x  +  7  =  36x2  +  36x  +  9. 

Transpose  and  combine,  x  =  2. 
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21.  Solve  V4x  +  9  -  Vx  -  1  =  Vx  +  6. 

Square,    4x  +  9 - 2  V4x^  +  5x^  +  g-l  =  x  +  6. 
Transpose  and  combine,      2  V4  x^  -f  5  x  -  9  =  4  x  +  2. 
Divide  by  2,  V4x2-i-6x-9  =  2 x  +  1. 

Square,  4x2  +  6x  -  9  =  4x2  +  4x  +  1. 

Transpose  and  combine,  x  =  10. 


22.  Solve  2  Vx  +  6  +  3  Vx  -  7  =  V25  x  -  79. 


Square,  4x+20-f  12Vx2-2x-35-f9x-63  =  25x  -  79. 
Transpose  and  combine,  12  Vx^  —  2  x  —  35  =  12x  -  36. 
Divide  by  12,  Vx2-2x-36  =  x  -  3. 

Square,  2?  -  2x  -  36  =  x2  -  Ox  +  9. 

Transpose  and  combine,  4  x  =  44. 

.'.  X  =  11. 


28.  Solve  3  Vx  -f  3  -  2  Vx  -  12  =  5  Vx  -  9. 


Square,  9x-f  27-12 Vx2-9x-36+4x-- 48  =  25x-226. 
Transpose  and  combine,  12  Vx2-9x-36  =  204-12  x. 
Divide  by  12,  Vx2-9x-36  =  17  -  x. 

Square,  x2  -  9x  -  36  =  289  -  34x  +  x^. 

Transpose  and  combine,  26  x  =  326. 

.-.  X  =  13. 


24.  Solve  Vx-9  +  Vx  +  12  =  Vx-4  +  Vx  +  3. 


Square, 


X 


-9  +  2  Vx2  +  3x  -  108  +  X  +  12=x-4H-2  Vx2  -  x  - 12  +  x  +  3. 
Transpose  and  combine,  2  Vx2  -f  3x  -  108  =  2  Vx'^  -  x  - 12  -  4. 
Divide  by  2,  Vx2  +  3  x  -  108  =  Vx^  -  x  -  1 2  -  2. 

Square,         x2  +  3x  -  108  =  x2  -  x  -  12  -  4  Vx2  -  x  -  12  +  4. 
Transpose  and  combine,       4  Vx^  —  x  —  12  =  100  —  4  x. 
Divide  by  4,  Vx2  -  x  -  12  =  25  -  x. 

Square,  x2  -  x  -  12  =  625  -  60x  -f  x2. 

Transpose  and  combine,  49  x  =  637. 

.-.  X  =  13. 
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86.  Solve  Vx  -  7  +  Vx  -  2  -  Vx  -  10  =  Vx  +  6. 

Transpose,  Vx-7  +  Vx  -  2  =  Vx  +  6  +  Vx  —  10. 

Square, 

g  -  7  4-  2  Vx^  -9x-fl4-fx-2  =  x-f6  +  2  Vx^  -6x-50-fx  —  10. 
Transpose  and  combine,  2  Vx'-^-9g-Hl4— 4  =  2  Vx'^  —  5  x  —  50. 
Divide  by  2,  Vxa-9x4-T4  -  2  =  Vx2-6x-  60. 

Square,  x^  -  9x  +14  -  4  Vx2-9x-fl4  +  4  =  x^  -5x-50. 
Transpose  and  combine,  68  —  4  x  =  4  Vx^  —  9  x  +  14. 

Divide  by  4,  17  -  x  =  Vx2-9x+14. 

Square,  289  -  34x  +  x*  =  x^  -  9x  +  14. 

Transpose  and  combine,  25  x  =  275. 

.-.  X  =  11. 

26.  Solve  Vx  +  15  +  Vx  -  24  -  Vx  -  13  =  Vx. 

Transpose,  Vx  +  15  +  Vx  -  24  =  v^  +  Vx  —  13. 

Square,  x+15+2Vx2-9x-366+x-24=x+2Vx2-13x+x— 13. 
Transpose  and  combine,  2  Vx'^  _  9x-300  =  2  Vx^  -  13x  —  4. 
Divide  by  2,  Vx2  -  9x  -  360  =  Vx^  -  13 x  -  2. 

Square,  x^  -  Ox  -  360  =  x^-lSx-  4  Vx2  -  13x  +  4. 

Transpose  and  combine,  4  Vx^  —  13x  =  364  —  4  x. 

Divide  by  4,  Vx2  -  13  x  =  91  -  x. 

Square,  x^  -  13  x  =  8281  -  182  x  +  x\ 

Transpose  and  combine,  169x  =  8281. 

.-.  X  =  49. 

Exercise  106.    Page  260 


Reduce  to  the  typical  form  a  V—  l : 

1.  V39=V9  X  (-l)  =  3Vri. 

2.  V-26=V25  x(-l)  =  5VirT. 
8.  V-36=V36  x(-l)  =  6V31. 

4.  2V-49  =  2V49  x  (-1)=2  x7V3i  =  i4VirT. 

5.  3  V~  626  a2  =  3  V625  a'^  ( -  1)  =  3  x  25 a  V3T  =  75 a  VTT. 

6.  2  V-  81  x2y2  =  2  yf^ix^'^^-  1)  =  2  x  9xy  V^i  =  igxy  V^l. 

7.    V-  X2  -  2/2  =  V(X2  -I-  y2)  (_  1)  =  Vx2  +  y2  VTl. 

8.  vr^  =  vi  x(-i)  =  iVi:i. 
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9.  ax  V-  a^x*  =  ax  Va*c*(_  i)  =  ax  x  ox^  Va  V^=  a^a;*  Va  V^i. 

10.  a2  V-729aP  =  a^  V729a6(-1)  =  a^  x  27  a^  V^  =  27  d^  V^. 

11.  V-  a«6-«  =  Va«&-8(  -  1)  =  a^ft-*  VITi  =  ??  VHT. 

'  ft* 


Find  the  sum  of : 
18.  V-  25  +  V-  36  +  V-  49  +  V-  64  +  V-  81 


=  6  V^  + 6  VITi  4.  7  V- 1  + 8  V3i  _|.  9  V^i 

=  (6  +  6  +  7  +  8  +  9)  V^ 
=  35V^. 

14.  2  V-  a*  +  3  V-  o^  _  4  V-  16  a8  +  5  V-  26a* 


=  2aaV3i_|.3a8V3i-4  x  4a4V^+6x  bOL^yTIx 
=  2a2  V3i  _|.  3a8  Vn  _  16a*  VTl  +  26a2  V^ 
=  (2a2  +  26a2  +  Sa^-  16a*^)  V^ 
=  (27 a2  +  3a«  -  16 a*)  VITi. 


16.  (3  +  7  yT^V)  +  (2  -  6  VITT)  -  (3  +  4  V^) 

=  3  +  7  VZl"  +  2-6  V3i  -3-4  vcri 
=  3  +  2-3  + (7 -6- 4)  VITi 

=  2-3Viri. 


16.  (a  +  6  V3ii)  ^_  (c  _  d  VTT)  _  (a  -  d  VZT) 


=  a  +  6  V^^  +  c  -  d  V^  -  a  +  d  V^ 
=  a  +  c-a  +  (6-d  +  d)  V^ 
=  c  +  6  V3T. 


17.  Find  the  product  of 
(3  +  6  VTT)  (7  +  4  VITi). 


18.  Find  the  product  of 
(5  _  2  VITT)  (6-2  V^). 


3+    6V-ri 

7+    4-/^ 

21  +  36V^ 

+  12V^-20 

1  +  47  Vri 


5_    2\^^ 
6-    2V^ 
30  -  12  V37 
-  10  V- 7 -28 

2-22v^ 
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19.  Find  the  product  of 

(2  V7+  3  Vir8)(3  V? _  10  Vir2). 
2  V?  +  3  VTs  =  2  V?  +  6  Vr2. 


2  V? 
3V7 

-lOvC 

2 
2 

42 

+  18  VI 
-20VIi 

14 

14  4-  120 

162      -   2V-I4 

20.  Find  the  product  of 

(3  V3  +  2  V^)(3  V3  -  2  V^). 


3  V3  +  2  V-2 
3V3-2  V-2 


27 


35 


4.6V-6 

-eVlTe  +  s 


21.  Find  the  product  of 

(4  +  7  V^)(2  +  3  V^). 

4+    l-yf^l 
2+    3V^ 

8  +  14V3T 
+  12^^-21 


26  V^  -  13 


SS.  Find  the  product  of 
(a  +  6  V^)  (a  -  c  V^). 

a  +    ftV^ 


a 


-    cV^ 


a»  +  a6  vCi; 


-  oc  V— 1  +  6c 


a2  +  (a6  -  ac)  V- 1  +  6c 


23.  Find  the  product  of  (o  V^T  -  6)  (c  V^i  _  c^). 

aV^-6 
cV3T-d 


—  oc 


6c  V^ 


hd  —  ac      —  (od  +  6c)  V— 1 
24.  Find  the  product  of  (2  Vs  +  6  V^l)  (2  V5  -  3  V^s). 

2V5_    SV^ 


20 


+  lOV-10 

-  30  V^  +  15  VTo 


20 


+  10  V-10  -  30  V^  +  15  Vio 


25. 


Perform  the  divisions  indicated : 
4 


4(1 -V-S) 


4(1 -V-^) 


1  +  V33      (1  j^  V-  3)  (1  -  V^) 


=  l-V-3. 
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26. 


21 


21  (4  -  8  V^) 


27, 


4  +  3V^      (4  +  3  V^)  (4  -  3  V- 
_3(4-3V^) 

10 
6  5(V2+V^) 


_21(4~8V36) 
6)"  70 


=  V2+V 


^6(V2  +  V^) 

(V2_-/ir3)(V2+V33)  5 


3. 


28. 


29. 


30. 


31. 


1  +  V^  _  U  +  V^)  (1  -h  V^)  _  2  V-  3  -  2  _  V-  3  -  1 
l-V33~(i_Vir3)(l+V33)  4  "         2 

l  +  V^^(l  +  v^^)(i  +  v^^)^2v':^^^^^r-^ 

1-V^    (i-V3i)(i+vri)       2 

6-29  V^  _  (6  -  29  V^)  (7  +  3  V^)  _  470  -  188  V^ 

7-8v^r6  ~  (7-3Vir6)(7  +  3V^)  ""  ^ 

=  6  _  2  V^. 

3       _       3(V2-virT)       _3(V2_vzrT) 

v^  +  V^l     (v^  +  VZl)(V2_V3"i)  3 

=  V2  -  V^. 


32. 


83. 


V3  +  V^  _  ( V3  +  V^)  ( V3  +  V^)  _  1  +  2  V^ 

Vs-V^     (Vs-V^){Vs^V^)  5 

V^  +  V^  _  {V^  +  V^)  ( V^  +  V^) 


—  a 


b     (V^-V^^)(V-a  +  V^ 
-2Va6-6      a  +  2Va6  +  6 


&) 


-  a  +  h 


a  —  b 


84. 


g^&yiri  _  (a  -  b  V^)  (g  \^^  -  6)  _  ggV-i  +  ftgyr"! 
a  V^  +  6  ~  (a  >/^  +  6)  (a  V^  -  6)  ~  -  a^  -  6^ 


-1 


=  -VZT. 


85. 


X  +  i  Vl-x2      (X  +  i  Vl-x2)(g  +  iVl-x2) 
*  -  i  Vl  _  x*      (a  -  i  Vl  -  x^)(x  +  i  vi  -  z") 

=  ^^Ili±M:^lII' =  2  x«  -  1  +  2  X  v^^. 
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86. 


Va  -  6  +  Vft  -  a  _  ( Vg  -  6  +  Vft  -  o)  ( Vg  -  6  +  Vft  —  a) 
Vg  -  6  -  Vft  -  g      (  Vg  -  6  -  Vft  -  g)(  Vg  _  6  4.  Vft  —  a) 

2g-26 


87.  Extract  the  square  root  of  6  +  12  V—  1. 

5  +  12  VITi  =  5  +  2  Va2x(-1)  =  5  +  2  V22  X  32  X  (-  1). 

Two  numbers  whose  sum  is  5  and  product  2*'  x  3^  x  (—  1)  are  9 
and  —  4. 

.-.  5  +  12  V3i  =  9  +  2  V9  X  (-  4)  +  (-  4)  =  ( V9  +  V34)2 

=  (3  +  2  V^)2. 

Therefore,  the  square  root  of  5  +  12  V^^  is  3  +  2  V-  1. 

88.  Extract  the  square  root  of  -  21  +  20  V^. 

-21  +  20  V^  =  -  21  +  2Vl02x(-l)=  -  21  +  2V22  x  62  x(-l). 

Two  numbers  whose  sum  is  —  21  and  product  2^  x  5*  x  (—  1)  are 
4  and  -  25. 

.-.  -21  +  20  VITT  =4  +  2  V4  X  (-25)  +  (-  25)  =  ( Vi  +  V- 25)^ 

=  (2  +  5V-l)2. 

Therefore,  the  square  root  of  -  21  +  20  V^  is  2  +  5  VITJ. 

39.  Extract  the  square  root  of  16  —  30  V— 1. 

16  -  30  V^  =  16-2  V152  X  (-1)  =  16-2  V32  x  5^  x  (~  1). 

Two  numbers  whose  sum  is  16  and  product  3^  x  5^  x  ( —  1)  are 
25  and  —  9. 

.-.  16-30V^=25-2V25  x  (- 9)  +  (- 9)  =  (V25  -  V39)2 

=  (5  _  3  Viri)2. 

Therefore,  the  square  root  of  16  —  30  V^  is  5  -  3  V^. 

40.  Extract  the  square  root  of  —  40  —  42  V—  1. 

-  40  -  42  V^  =  -  40  -  2V212x(-l)  =  -  40  -  2V32  x  7^  x(-l). 

Two  numbers  whose  sum  is  —  40  and  product  3^  x  7^  x  (—1)  are 

9  and  -  49. 

•  

...  -40-42  V3T  =  9  -  2  VO  X  (-  49)  +  (-  49)  =  ( V9  -  V-  49)2 

=  (3  -  7  VITi )2. 

Therefore,  the  square  root  of  —  40  —  42  V—  1  is  3  -  7  V—  l. 
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EzerciBO  107. 

1.  Solve  x2_36=:.o.  9. 

Transpose,  x^  =  36. 

Extract  the  root,  z  =  ±6. 

2.  Solve  x^- 144  =  0. 

Transpose,  x^  =  144. 

Extract  the  root,  x  =  ±  12.     10. 


3.  Solve       4x«- 144  =  0. 

Divide  by  4,  x^  -  36  =  0. 
Transpose,  x*  =  36. 

Extract  the  root,  x  =  ±  6. 


6.  Solve  x2  -  a  =  0. 

Transpose,  x^  =  a. 

Extract  the  root,  x  =  ±  Va. 


6.  Solve  4x2-o2 

Transpose,         4  x^ 
Extract  the  root,  2x 

.-.  X 

7.  Solve  4x2 -a 

Transpose,         4  x^ 
Extract  the  root,  2  x 

.-.  X 

8.  Solve         aW-l^ 

Transpose,         a^x^ 
Extract  the  root,  ax 


0. 

a2. 
±  a. 


=  0. 


— ^i 


0. 

62. 
±b, 
b 


11. 


4.  Solve  x2--a2  =  0. 

Transpose,  z^  =  a^.         12. 

Extract  the  root,  x  =  ±  a. 


13. 
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Solve         a2x2  -  6  = 

Transpose,      a2x2  = 
Extract  the  root, 

ax  = 

.*.  x  = 

Solve  x2  -  6  = 

Transpose,         x2  = 
Extract  the  root,  x : 

Solve       4x2-16 

Transpose,      4  x2 ; 

Extract  the  root,  2x 

.-.  X  : 

Solve  x2  -f  6 

Transpose,         x2 
Extract  the  root,  x : 

Solve       4x2  +  15 

Transpose,      4x2 : 
Extract  the  root, 

2x 
.-.  X 


0. 

b 

±Vh. 

Vb 

± — 

a 

0. 

6. 

±V6. 

0. 
15. 

±Vi6. 

±iVl5. 

0. 

-6. 

0. 
-15. 


14. 


«•  16. 

±  va. 


16. 


.*.  X  =  ± 


a 


Solve     6x2  +  3x2 

Combine,  8  x2 
Divide  by  8,  x2 
Extract  the  root,  x 

Solve     6x2  +  5x2 

Combine,  11x2 
Divide  by  11,  x2 
Extract  the  root,  x 

Solve     7x2-2x2 

Combine,  5  x2 
Divide  by  5,  x2 
Extract  the  root,  x 


=  ±v-:i5. 

=  ±iV^16. 

72. 

72. 

9. 

±3. 

176. 

176. 
16. 

±4. 

126. 

125. 
26. 

+  6. 
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17.  Solve  9x2-4x2  =  80. 

Combine,  5x2  =  80. 

Divide  by  6,  x2  =  16. 

Extract  the  root,  x  =  ±  4, 

18.  Solve  12x2-5x2  =  343. 

Combine,  7x2  =  343. 

Divide  by  7,  x2  =  40. 

Extract  the  root,  x  =  ±  7. 

19.  Solve  3x2  +  12^7x2-88. 

Transpose  and  combine,  —  4  x*  =  —  100. 

Divide  by  -  4,  x2  =  25. 

Extract  the  root,  x  =  ±  6. 

20.  Solve  9x2-53  =  6x2  +  94. 

Transpose  and  combine,  3x2  =  147. 

Divide  by  3,  x2  =  49. 

Extract  the  root,  .-.  x  =  ±  7. 

21.  Solve  13x2-19  =  7x2  +  5. 

Transpose  and  combine,  6  x2  =  24. 

Divide  by  6,  x2  =  4. 

Extract  the  root,  x  =  ±  2. 

22.  Solve  17x2-7  =  418. 
Transpose  and  combine,  17  x2  =  425. 
Divide  by  17,  x2  =  25. 
Extract  the  root,  x  =  ±  5. 

28.  Solve  4x2  +  7  =  6x2-3. 

Transpose  and  combine,  —  2  x2  =  — 10. 

Divide  by  -  2,  a;2  =  5. 

Extract  the  root,  x  =  ±  v6. 

24.  Solve  6x2-12  =  3x2-27. 

Transpose  and  combine,  3  x2  =  —  15. 

Divide  by  3,  x2  =  -  5. 

Extract  the  root,  x  =  ±  V—  5. 
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85.  Solve  («  +  J)(«-i)  =  TV 

Expand,  x^  —  J  =  ^5. 

Transpose  and  combine,  x^  =  y*^. 

Extract  the  root,  «  =  ±  f. 

26.  Solve  (3«--7)(3x+7)  =  32. 

Expand,  9x2-49  =  32. 
Transpose  and  combine,  9  x^  =  8 1 . 

Divide  by  9,  x^  =  9. 

Extract  the  root,  x  =  ±  3. 

27.  Solve  mx2  =  a^  —  nx^. 

Transpose,  mx"  +  nx^  =  a^. 

Factor,  (m  -\-n)x^  =  a^. 


Divide  by  m  +  n,  x^  = 


a2 


m  +  n 


a        / 

Extract  the  root,  x  =  ± vm  +  n. 


28.  Solve  ax2-6  =  cx2  +  d. 

Transpose,  ox^  —  cx^  =  5  _f.  d. 

Factor,  (a  —  c)  x^  =  6  -|-  d. 

Divide  by  a  —  c,  x^  = 

•^           '  a-c 


Extract  the  root. 


ib  +  d 


29.  Solve  (a  +  x)  (x  -  6)  =  (a  -  x)  (x  +  6). 

Expand,  ax  -|-  x*  —  a6  —  6x  =  ax  —  x^  -|-  a6  —  6x. 

Transpose  and  combine,  2  x^  =  2  ab. 

Divide  by  2,  x^  =  06. 

Extract  the  root,  x  =  ±  Va6. 

30.  Solve  (ax  +  6)  (c  +  dx)  =  (ex  +  d)  (a  +  6x). 

Expand,  acx  +  adx^  +  6c  +  bdx  =  acx  +  6cx*  +  ad  +  bdx. 

Transpose  and  combine,  adx^  —  bcx^  =  ad  —  be. 
Divide  by  ad  -  6c,  x^  =  1. 

Extract  the  root,  x  =  ±  1. 
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31.  Solve                           (a- 

-x)(6-x)  =  (l-ax)(l-te). 

Expand,                 ab  —  az 

-to  +  x»  =  l--bx  —  ax-f  abz^ 

Transpose  and  combine, 

x2  -  abx^  =  1  -  oft. 

Divide  by  1  —  oft. 

x2  =  l. 

Extract  the  root, 

x  =  ±l. 

82.  Solve 

ox«  +  a  =  6x2  -  6. 

Transpose, 

cufl  —  bx^  =  —  a  —  b. 

Factor, 

(a  -  6)x*  =  —  a  —  b. 

Divide  by  a  —  6, 

a 

jb-^  a 

Extract  the  root,  x  =  ±  \/- 

110  —  a 

38.  Solve  (X  +  3)(x  -  3)  =  66  -  2x'^. 

Expand,  x^  -  9  =  66  -  2  a^. 
Transpose  and  combine,  3  x^  =  76. 

Divide  by  3,  z^  =  25. 

Extract  the  root,  x  =  ±  5. 

84.  Solve  (x  +  2)(x  +  3)  =  2x«  +  5x. 

Expand,  x^  +  6x  +  6  =  2x2  +  6x. 

Transpose  and  combine,  x^  =  6. 

Extract  the  root,  x  =  ±  VS. 

85.  Solve  x2-6x-f  9  =  3x«-5x-9. 

Transpose  and  combine,  —  2  x*  =  —  18. 

Divide  by  -  2,  x^  =  9. 

Extract  the  root,  x  =  ±  3. 

36.  Solve  (a  +  x)(6-x)  =  (x-a)(6H-x). 

Expand,  ab  -  ax  •{•  bx  -  x''^  =  bx  ■}- x^  -  ab  —  az. 

Transpose  and  combine,  —  2  oJ*  =  —  2  oft. 

Divide  by  -  2,  x«  =  ab. 

Extract  the  root,  x  =  ±  VaS. 

o^    o  1  25-i-x      13-i-x 

87.  Solve  -r— —  =  — 

9  +  X      47  -  X 

Clear  of  fractions,   1175  +  22  x  -  x^  =  117  +  22  x  +  x*. 
Transpose  and  combine,  -  2x2  =  —  io68. 

Divide  by  -  2,  x^  =  529. 

Extract  the  root,  x  =  ±  23. 


88.  Solve 
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35  4-3X      x-66 


1+x       3x-63 

Clear  of  fractions,  9x2  -  64  x  -  1866  =  x^  -  64x  -  65. 
Transpose  and  combine,  8  x^  =  1800. 

Divide  by  8,  z^  =  226. 

Extract  the  root,  x  =  ±16. 

««    o  1  x-2        3(8-x). 

39.  Solve =  — ^- - 

3x  +  14        28 -X 

Clear  of  fractions,       30  x  -  x2  -  66  =  336  +  30  x  -  9  x*. 
Transpose  and  combine,  8x2  =  392. 

Divide  by  8,  x2  =  49. 

Extract  the  root,  x  =  ±  7. 


•  x  +  6a4-6       x-a  +  6 

40.  Solve 


x  —  Sa-{-h      a  — x  +  36 

Clear  of  fractions,  -  x2  -  4ax  +  26x  +  6a2  +  16a5  -|-  362 

=  x2  -  4ax  +  26x  +  3a2  -  4a6 -f  62. 
Transpose  and  combine,  —  2  x2  =  —  2  a2  —  20  a6  —  2  62. 

Divide  by  -  2,  x2  -  a^  -f  10g6-f  62. 

Extract  the  root,  x  =  ±  Va2  +  10  ab  -\-  62. 


41.  Solve 


3a-26  +  3x       x-7a  +  86 


a-264-x        3x-6a  +  46 

Clear  of  fractions,  9x2  _  Qax  +  66x  -  15a2  +  22 a6  -  862 

=  x2  -  6  ax  +  6  6x  -  7  a2  -f  22  a6  -  16  62. 

Transpose  and  combine,  8  x2  =  8  a2  —  8  62. 

Divide  by  8,  x2  =  a^  -62. 

Extract  the  root,  x  =  ±  Va2  -  62. 


42.  Solve 

Clear  of  fractions, 


x-fa  —  6_a(x  +  a  +  6  6) 
X  —  a  +  6      6(x-i-6a-|-6) 


te2  ^  Qabx  +  6a26  -  4a62  -  6«  =  ax2  -f  6a6x  -  a^  -Aa^b-\-  bab^. 

Transpose  and  combine,      0x2  —  6x2  =  o^  -f  9  a26  —  9  a62  —  6^. 
Divide  by  a  -  6,  x2  =  a^  4-1006+  62. 

Extract  the  root,  x  =  ±  Va2  +  10  a6  +  62. 
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48.  Solve  (x  -I-  a)  (x  -  a) -\- {x -\-  b)  {x-h)-(x-\-  c)  (x  -  c)  =  0. 

Expand,  x2  -  a^  +  x2  -  6^  _x^-\-c^  =  0. 
Transpose  and  combine,  x^  =  a^  -f  &^  —  c=^« 

Extract  the  root,  x  =  ±  Va^  +  6^  -  c^. 

44.  Solve  (a  +  bx)  (b  —  ax)  +  (b  +  ex)  (c  —  6x)  +  (c  +  ax)  (a  —  ex)  =  0. 

Expand, 
a6  -  a^x  -f  &^  -  a6x2  -f  6c  -  ft^x  -f  c^x  -  ftcx^  -f  ac  -  c^x  +  a^x  -  acx^  =  <>. 

Transpose  and  combine, 

—  dbx^  —  bcx^  —  acx^  =  —  ab  —  be  —  ac. 

Divide  by  —  ab  —  be  —  ac,  x^  =  1. 

Extract  the  root,  x  =  db  1. 


^,     oi                                      X2-X  +  1       ^       x^  +  x^l 
45.  Solve  3—4-0  =  — - — - — 

X  +  I  X  —  1 

Clear  of  fractions, 

X8_2x2-f-2x-l  +  6x2-6  =  x3  4-2x2  +  2x4-l. 
Transpose  and  combine,  2  x^  =  8. 

Divide  by  2,  x^  =  4. 

Extract  the  root,  x  =  ±  2. 


46.  Solve 


7a  —  6  +  x      a  (a  4-56  + x) 


76  —  a  +  x      6(5a-f6  +  x) 

Clear  of  fractions,  36  a26  +  2  a62  -  6^  4- 12  a6x  4-  bx^ 

=  -  a8  4-  2  a26  +  35  a62  4- 12  a6x  -f  ax'^. 
Transpose  and  combine,      6x2  _  aaj2  =  6^  +  33  a62  -  33  a26  -  a«. 
Divide  by  6  -  a,  x2  =  a^  +  34  a6  +  62. 

Extract  the  root,  x  =  ±  Va2  -\-  34  ab  4  ^^ 


47.  Solve 


17  a  4-  &  -  x      a2(a  +  17  6  4-  x) 


a4-176-x      62(17 a  4- b  +  x) 
Clear  of  fractions, 

289  a262  4-  34  a&8  4-  &*  -  b^x'^  =  a*  +  34  a^b  4-  280  a262  -  a^x^. 
Transpose  and  combine,  a2x2  —  62x2  =  a*  4-  34  a^6  —  34  06*^  —  6*. 
Divide  by  a^  -  62,  x2  =  a2  4-  34  ab  4-  62. 

Extract  the  root,  x  =  ±  VoM-  34  ab  4-  b^. 
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48.  Solve  (2x  +  3)(3a;H-4)(4x  +  5)-(2x-3)(3«-4)(4a;-5)  =  184. 

Expand,  24  xH  08x2+  133x+  60  -  24x8  +  98x2-  133x  +  60  =184. 
Transpose  and  combine,  196x2  =  64. 

Divide  by  4,  49x2  =  16. 

Extract  the  root,  7x  =  ±  4. 

«*•    X  ^  ~r  y. 

49.  Solve  (aH-66-f  x)(6a  +  6  +  x)  =  3(aH- 6  +  x)*. 
Expand, 

5a2  +  26a6  +  662  +  6ax  +  66x  +  x2  =  3a2H-362  +  3x2  +  6ad+6ax  +  6&x 
Transpose  and  combine,  —  2  x2  =  —  2  a?  —  20  a6  —  2  &2. 

Divide  by  -  2,  x2  =  a^  4-1006  +  6^. 

Extract  the  root,  x  =  ±  Va2  +  10  a6  +  62. 

KA    oi      a;2_26x  +  2ax-62  x  +  26  1 

50.  Solve h 


X*  —  a*  x2  H-  ax  +  a^     x  —  a 

Clear  of  fractions, 

x2  -  2  6x  -f  2  ax  -  62  _|.  a;2  _  ax  4-  2  6x  -  2  a6  =  x2  +  ax  +  a2. 
Transpose  and  combine,  x2  =  a2  +  2  a6  +  62. 

Extract  the  root,  x  =  ±  (a  +  6). 

-,     o  1  3a         x  +  4a       7a2  +  2ax  — x* 

61.  Solve  1 = — 

X  — 6a      x-f3a     x2  — 2ax  — 15a2 
Clear  of  fractions, 

3  ax  +  9  a2  +  x2  -  ax  -  20  a2  =  7  a2  +  2  ox  -  x2. 
Transpose  and  combine,  2  x2  =  18  a2. 

Divide  by  2,  x2  =  9  a2. 

Extract  the  root,  x  =  ±  3  a. 

62.  Solve  (a  +  x)  (6-  x)  4-  (1  +  ox)  (1  -6x)  =  (a  -f  6)  (1  +  x2). 
Expand, 

a6-axH-6x-x2-fl  —  6x  +  ax-  a6x2  =  a  -I-  6  +  ax2  +  6x2. 
Transpose  and  combine, 

-  0x2  -  6x2  -  fjLhy,2  ^x^  =  a-\-h-a]b-l. 

Divide  by  -  (a  +  6  +  a6  +  1),       x2  =  «ft  +  1  -  a  -  6 

a  -f  6  -f  a6  +  1 

.  ^,^(l-a)(l-6) 
(1  +  a)  (1  +  6) 

Extract  the  root,  x  =  ±  ^  f(l  -  a)  (1  -  6) 

\(l-fa)(l  +  6) 
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EzerciBO  106.    Page  267 

1.  Solve  x»  +  2x  =  63. 

Complete  the  square,  x^  +  2  x  + 1  =  64. 

Extract  the  root,  x-\-l  =  ±S. 

.\  X  =  7,  or  —  9. 

8.  Solve  x2-8x  +  16  =  0. 

Transpose,  x^  —  8  x  =  — 16. 

Complete  the  square,  x^  — 8x  +  16  =  l. 

Extract  the  root,  x  —  4  =  i  1. 

.-.  X  =  5,  or  3. 

3.  Solve  x2-6x  +  4  =  0. 

Transpose,  x^  —  6  x  =  —  4. 

Complete  the  square,  x^  —  6  x  +  9  =  6. 

Extract  the  root,  x  —  3  =  ±  Vs. 

.-.  X  =  3  ±  Vs. 

4.  Solve  x2  -  lOx  +  32  =  0. 

Transpose,  x^  —  10  x  =  —  32. 

Complete  the  square,  x^  —  10  x  +  26  =  —  7. 

Extract  the  root,  x  —  6  =  ±  V—  7. 

.-.  x  =  6iV37. 

6.  Solve  x2  +  2x-l  =  0. 

Transpose,  x^  +  2  x  =  1. 

Complete  the  square,  x^  -|-  2  x  +  1  =  2. 

Extract  the  root,  x  +  1  =  ±  V2. 

.-.  X  =  -  1  ±  V2. 

6.  Solve  x2-f  6x-91  =  0. 
Transpose,  x2  +  6x  =  91. 
Complete  the  square,             x^  +  6  x  +  9  =  100. 
Extract  the  root,  x  +  8  =  ±  10. 

.-.  X  =  7,  or  —  13. 

7.  Solve  x2-7x-30  =  0. 
Transpose,  x^  -  7  x  =  30. 
Complete  the  square,  x^  -  7  x  -|-  Y  =  ^f ^. 
Extract  the  root,  x  -  |  =  ±  \?. 

.'.  X  =  10,  or  —  3. 
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8.  Solve  x2  -  12  X  -I-  36  =  0. 

Transpose,  x^  —  12  x  =  —  35. 

Complete  the  square,  x*  —  12  x  +  36  =  1. 

Extract  the  root,  x  —  6  =  ±  1. 

.'.  X  =  7,  or  5. 

9.  Solve  x2h-x-56  =  0. 

Transpose,  x^  -f-  x  =  66. 

Complete  the  square,  x*  +  x  +  \  =  ^p. 

Extract  the  root,  x  -f  i  =  ±  V. 

.-.  X  =  7,  or  —  8. 

10.  Solve  x2h-2x-16  =  0. 

Transpose,  x^  +  2  x  =  16. 

Complete  the  square,  x*^  +  2  x  -f  1  =  16. 

Extract  the  root,  x  4- 1  =  ±  4. 

.-.  X  =  3,  or  —  6. 

11.  Solve  x2-4x-77=J0. 

Transpose,  x^  -  4  x  =  77. 

Complete  the  square,  x^  —  4  x  -f  4  =  81. 

Extract  the  root,  x  —  2  =  ±  9. 

.-.  X  =  11,  or  —  7. 

12.  Solve  x2-14xH-45  =  0. 

Transpose,  x^  —  14  x  =  —  45. 

Complete  the  square,  x*  —  14  x  +  49  =  4. 

Extract  the  root,  x  —  7  =  ±  2. 

.-.  X  =  9,  or  5. 

13.  Solve  x2--3x-64  =  0. 

Transpose,  x*  —  3  x  =  54. 

Complete  the  square,  x*  —  3x  -I-  |  =  ^|^. 

Extract  the  root,  x  —  f  =  ±  ^i^-. 

.'.  X  =  9,  or  —  6. 

14.  Solve  aj8  +  6x  +  9  =  0. 

Extract  the  root,  x  H-  3  =  0. 

.-.  X  =  -  3. 
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16.  Solve  x«  +  4x-60  =  0. 

Transpose,  x^  +  4  x  =  CO. 

Complete  the  square,  x^  +  4  x  +  4  =  64. 

Extract  the  root,  x  +  2  =  i:  8. 


.-.  X  =  6,  or  —  10. 


16.  Solve  12x2 +  8x- 16  =  0. 

Transpose,  12  x^  -f  8  x  =  16. 

Divide  by  12,  x^  +  |  x  =  }. 

Complete  the  square,  x'  +  |  x  +  J  = 


Extract  the  root,  x  +  J  =  ±  J. 

.-.  X  =  i,  or  -  f. 


17.  Solve  2x2 +  6x  + 15  =  0.   > 

Transpose,  2  x^  +  6  x  =  —  15. 

Divide  by  2,  x2  +  3  x  =  -  »/. 

Complete  the  square,  x2  +  3  x  -f  J  =  —  ^^ . 

Extract  the  root,  «  +  f  =  ±  J  V~21. 

.-.  x  =  -i±iV-2L 

18.  Solve  3x2  +  5x  -  22  =  0. 

Transpose,  3  x2  +  6  x  =  22. 

Divide  by  3,  x^  -f  f  x  =  ^-. 

Complete  the  square,  x2  +  J  x  +  Jf  = 


Extract  the  root,  x  +  -|  =  ±  Jg 

.*.  X  =  2,  or  —  -y. 


19.  Solve  5^112  4._ii_  =  x-l. 

9  2x-3 

Clear  of  fractions,  10x2  -  29x  4-  21+126  =  18x2  -  45x  +  27. 
Transpose  and  combine,  8  x2  —  16  x  =  120. 

Divide  by  8,  x2  -  2  x  =  15. 

Complete  the  square,  x2  —  2  x  +  1  =  16. 

Extract  the  root,  x  —  1  =  ±  4. 

.-.  X  =  5,  or  —  3. 


20.  Solve 


Transpose, 


Combine, 
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6g-f  4  _  15 -2g  _  7 (a  -  1) . 
5  x-3    ~        5 

6g-|-4  _  7x-7  _  15  -  2x 
5  ~  6~~~    x-S 

11 -X      15 -2x 


6  x-3 

Clear  of  fractions,  -  33  +  14  x  -  x^  =  75  -  lOx. 

Transpose  and  combine,  x^  —  24  x  =  —  108. 

Complete  the  square,         x^  —  24  x  -|- 144  =  36. 
Extract  the  root,  x  —  12  =  i  6. 

.-.  X  =  18,  or  6. 


ot     o  1  6x-l   .  3x-l      2 

81.  Solve  \- =  --fx-l. 

9  6  x 

Clear  of  fractions,  25x2  -  5x  4-  27  x^  -  9x  =  90  -|-  45  x2  -  45  x. 
Transpose  and  combine,  7x2  -f  31  x  =  90. 

Divide  by  7,  x*  +  V  «  =  V • 

Complete  the  square,         x^  +  A^i-  x  +  iU  =  'AV  • 
Extract  the  root,  x  +  f }  =  ±  H- 

.-.  X  =  2,  or  —  -y. 


««    o  ,  16-x      2(x-ll)      x-4 

92.  Solve  ^^ = 

4  X  -  6  12 

Clear  of  fractions, 

-  3x2  _i_  66x  -  288  -  24x  -f  264  =  x2  -  lOx  4-  24. 
Transpose  and  combine,  '   —  4  x2  +  52  x  =  48. 
Divide  by  -  4,  x2  _  13  ^  =  _  12. 

Complete  the  square,        x*  -  13  x  +  ip  =  ^f  1. 
Extract  the  root,  x  -  */  =  ±  V  • 

.-.  X  =  12,  or  1. 


28.  Solve  2xa-7x  +  3  =  0. 

Transpose,  2  x2  -  7  x  =  -  3. 

Divide  by  2,  x2-ix=-|. 

Complete  the  square,  a;2  —  J  x  4-  f  ;J  =  yt- 

Extract  the  root,  x  —  4  =  d=  j. 

.-.  X  =  3,  or  J. 


1 
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24.  Solve  2x«-5x-3  =  0. 
Transpoae,  2x2-6x  =  3. 
Divide  by  2,  xa-|x=|. 
Complete  the  square,  a:*  —  i*  +  le  =  t§- 
Extract  the  root,  x  —  f  =  ±  J. 

.-.  X  =  3,  or  —  J. 

25.  Solve  3x«-17x  +  10  =  0. 
Transpose,  3  x^  -  17  x  =  -  10. 
Divide  by  3,  x^  -  -'^  x  =  -  V . 
Complete  the  square,  x^  -  y  x  +  V?^  =  W- 


Extract  the  root,  x  —  V  =  ± 


13 


.-.  X  =  6,  or  |. 

26.  Solve  6x2- 6x- 6  =  0. 
Transpose,  6  x^  -  5  x  =  6. 
Divide  by  6,  x2-|x  =  l. 
Complete  the  square,  x^  —  |  x  +  y^^^  =  J}f . 

Extract  the  root,  ^^  —  t^i  =  ±  li- 

.-.  X  =  §,  or  -  }. 

27.  Solve  4x2 -3x- 2  =  0. 
Transpose,  4  x^  —  3  x  =  2. 
Divide  by  4,  x^  -  f  x  =  J. 
Complete  the  square,  x^  —  |x  +  /j  =  J  J. 
Extract  the  root,  x  -  f  =  ±  J  Vil. 

.-.  X  =  f  ±  J  ViT. 

28.  Solve  3x2  +  4x  +  6  =  0. 
Transpose,  •     3  x^  +  4  x  =  -  6. 
Divide  by  3,  x^  +  J  x  =  -  f . 
Complete  the  square,  x^  +  t«  +  i  =  —  V- 


Extract  the  root,  x  +  f  =  ±  i  ^- H. 

.-.  x  =  -f  ±iV^^. 

x-6      x-8      3(l-x) 

Clear  of  fractions, 

a.2  _  8x  +  16  +  x2  -  r)X  -  24  =  3  -  3x. 
Transpose  and  combine,  2  x^  —  lOx  =  12. 

Divide  by  2,  x^  -  6  x  =  6. 
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Complete  the  square,  x*  —  6x  +  ^  =  *¥*• 

Extract  the  root,  x  —  |  =  i  I- 

.-.  X  =  6,  or  —  1. 

«n    c  1  3^44  ^  6X  +  12      4x  +  3 

30.  Solve H-  — =  — r — 7  +  7. 

2x-l       2XH-1       4x2-1 

Clear  of  fractions, 

6x2  +  11 X  +  4  +  10x2  H-  l9x  -  12  =  4x  +  3  +  28x2  -  7. 
Transpose  and  combine,         12  x2  —  26  x  =  —  4. 
Divide  by  12,  x2  -  -i^  x  =  -  J. 

Complete  the  square,        x2  -  tAx  +  jff  =  jfj. 
Extract  the  root,       ^  aj  —  }f  =  ±  H- 

.-.  X  =  2,  or  J. 

-,     _  ,  3x-3  .  3x-l      3X-11      „ 

31.  Solve h =  3. 

x  +  1        xH-2         x-1 

Clear  of  fractions, 
3x3-9x+6+3x»-x2-3x+l-3x8+2x2+27x-f-22=3x8+6x2-3x-6. 
Transpose  and  combine,  6x2  —  18  x  =  35. 

Divide  by  6,  X^  -  V  «  =  7- 

Complete  the  square,         x2  —  y-  x  +  f  i  =  ^/. 
Extract  the  root,  x  —  |  =  ±  -^3^. 

.-.  X  =  5,  or  —  J. 


Exercise  109.    Page  269 

1.  Solve  25x2 -30x- 27  =  0. 

Transpose,  25  x2  -  30  x  =  27. 

Complete  the  square,       25 x2  -  30x  +  9  =  36. 
Extract  the  root,  5  x  —  3  =  ±  6. 

6  X  =  9,  or  —  3. 
.-.  X  =  I,  or  -  |. 

2.  Solve  4x2 -4x- 15  =  0. 

Transpose,  4  x2  —  4  x  =  15. 

Complete  the  square,  4  x2  —  4  x  +  1  =  16. 

Extract  the  root,  2  x  -  1  =  ±  4. 

2  X  =  5,  or  —  3. 
.-.  X  =  f ,  or  -  |. 
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8.  Solve  4x«  +  24x  +  36  =  0. 

Transpoee,  4  x^  +  24  a;  =  -  36. 

Complete  the  square,       4x^  +  24x  +  36  =  1. 
Extract  the  root,  2  x  +  6  =  li:  1. 

2x  =  —  6,  or  —7. 
.'.  X  =  -  I,  or  -  J. 

4.  Solve  4x«-24x  +  35  =  0. 

Transpose,  4  x^  -  24  x  =  ~  35. 

Complete  the  square,       4  x*  —  24  x  +  36  =  1. 
Extract  the  root,  2  x  —  6  =  ±  1. 

2  X  =  7,  or  6. 

.-.  X  =  J,  or  |. 

6.  Solve  9x«  +  16x-6  =  0. 

Transpose,  9  x^  +  16  x  =  6. 

Complete  the  square,       Qx^  -f  16x  +  -^^  =  >j®. 
Extract  the  root,  3x  +  f  =  ±  |. 

3x  =  1,  or  —  6. 
.-.  X  =  J,  or  —  2. 

6.  Solve  16x2-32x4  16  =  0. 

Transpose,  16  x2  -  32  x  =  - 16. 

Complete  the  square,      16x2  —  32  x  +  16  =  1. 
Extract  the  root,  4  x  —  4  =  i  1 . 

4  X  =  6,  or  3. 

.-.  X  =  |,  or  j. 

7.  Solve  16x2 +  8x- 36  =  0. 

Transpose,  16  x2  +  8  x  =  36. 

Complete  the  square,         16  x2  -|-  8  x  -I- 1  =36. 
Extract  the  root,  4  x  -f- 1  =  ±  6. 

4  X  =  6,  or  —  7. 
.-.  X  =  },  or  —  J. 

8.  Solve  16x2 -8x- 35  =  0. 

Transpose,  16  x2  -  8  x  =  35. 

Complete  the  square,         16  x2  —  8  x  +  1  =36. 
Extract  the  root,  4  x  —  1  =  ±  6. 

4  X  =  7,  or  —  6. 
.-.  X  =  },  or  —  J. 
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9.  Solve  4x2  ^  24ic  +  27  =  0. 

Transpose,  4  x^  ^  24  x  =  —  27. 

Complete  the  square,       4  x^  +  24  x  +  36  =  9. 
Extract  the  root,  2  x  -|-  6  =  i  3. 

2  X  =  -  3,  or  -  9. 
.-.  X  =  -  I,  or  -  f . 

10.  Solve  3  x2  -  22  X  +  35  =  0. 

Transpose,  3  x^  -  22  x  =  -  35. 

Multiply  by  3,  9  x2  -  66  x  =  -  105. 

Complete  the  square,     9x2  -  66  x  4- 121  =  16. 
Extract  the  root,  3x  —  11=±4. 

3x=  15,  or  7. 
.-.  X  =  6,  or  J. 

11.  Solve  3x2 -7x- 16  =  0. 

Transpose,  3  x^  —  7  x  =  16. 

Multiply  by  3,  9  x^  -  21  x  =  48. 

Complete  the  square,  9x2  —  21  x  4-  o  _  z^i. 
Extract  the  root,  Sx  —  ^  =  ±^  V24T. 

.-.  X  =  J  ±  -J  ^^41. 

12.  Solve  2x2-8  =  3x  +  12. 

Transpose  and  combine,  2  x^  —  3  x  =  20. 

Multiply  by  2,  4  x2  -  6  x  =  40. 

Complete  the  square,  4x2  —  6x  4-  J  =  ^^. 

Extract  the  root,  2  x  —  f  =  ±  y . 

2  X  =  8,  or  —  5. 
.-.  X  =  4,  or  —  |. 

18.  Solve  2x2  ~x -16  =  0. 

Transpose,  2x2  — x=15. 

Multiply  by  2,  4  x2  -  2  x  =  30. 

Complete  the  square,  4x2  —  2x  +  J  =  ^f i. 

Extract  the  root,  2  x  —  J  =  ±  y-. 

2x  =  6,  or  -6. 
.*.  X  =  3,  or  —  f. 


552  ELEMENTARY  ALGEBRA 

14.  Solve  6x2-i7x  +  7  =  0. 

Transpoee,  Gx^  —  17  x  =  —  7. 

Multiply  by  6,  36  x^  -  102  x  =  -  42. 

Complete  the  square,   36X2  -  102x  +  if*  =  a|1. 
Extract  the  root,  6x  —  V  =  ±  V- 

6x  =  14,  or 3. 
.-.  X  =  J,  or  J. 

16.  Solve  3x2  +  14x4-16  =  0. 

Transi)08e,  3  x^  +  14  x  =  —  15. 

Multiply  by  3,  9  ai"  +  42  x  =  -  46. 

Complete  the  square,       Ox*  +  42x  +  49  =  4. 
Extract  the  root,  3xH-7=±2. 

3  X  =  —  6,  or  —  9. 
.*.  X  =  —  J,  or  —  3. 

16.  Solve  4x2 -6x -9  =  0. 

Transpose,  4  x*  —  6  x  =  9. 

Complete  the  square,         4x2  —  5x  +  ||  =  Jj%«-. 
Extract  the  root,  2  x  —  |  =  ±  V". 

2x=  ?,  or  -2. 
.-.  X  =  I,  or  —  1. 

17.  Solve  6x2  +  6x  -  27  =  0. 

Transpose,  6  x2  -|-  6  x  =  27. 

Multiply  by  6,  26  x2  -|-  30  x  =  136. 

Complete  the  square,       26  x2  +  30  x  +  9  =  144. 
Extract  the  root,  6x  -f-  3  =  ±  12. 

5  X  =  9,  or  —  15. 
.-.  X  =  I,  or  —  3. 

18.  Solve  3x2  -  22x  +  21  =  0. 

Transpose,  3x2-22x  =  -21. 

Multiply  by  3,  9aJ2  -  66x  =  -  63. 

Complete  the  square,     9x2  -  66  x  +  121  =  68. 
Extract  the  root,  3  x  —  1 1  =  ±  Vss. 

3x  =  ll±V68. 
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19.  Solve  (2x-  6)2  -  (x  -  6)2  =  80. 

Expand,  4  ««  -  20  x  +  26  -  ajs  _|_  12  x  -  36  =  80. 
Transpose  and  combine,  3  x^  —  8  x  =  91. 

Multiply  by  3,  9  x^  -  24  x  =  273. 

Complete  the  square,       9  x^  -  24  x  +  16  =  289. 
Extract  the  root,  3x  — 4  =  ±17. 

3x  =  21,  or  -13. 

13 


X  =  7,  or  -  J-3- 


20.  Solve  (1  -  3x)(x  -  6)  =  6(x  +  2). 
Expand,                          -  3x2  ^  193;  -  6  =  6x  +  10. 
Transpose  and  combine,  3  x2  —  14  x  =  —  16. 
Multiply  by  3,                           9  x2  -  42  x  =  -  48. 
Complete  the  square,       9  x2  —  42  x  +  49  =  1. 
Extract  the  root,  3  x  —  7  =  ±  1. 

3x  =  8,  or  6. 
•.-.  x  =  f,  or  2. 

21.  Solve  4  x2  H-  24  X  -  35  =  10. 

Transpose  and  combine,  4  x2  -f  24  x  =  45. 

Complete  the  square,       4  x2  +  24  x  +  36  =  81. 
Extract  the  root,  2  x  -f  6  =  ±  9. 

2x  =  3,  or  -15. 

.-.  x  =  f,  or  -  L^. 

22.  Solve  (3  X  -  6)2  -  (2  X  +  1)2  +  32  =  0. 

Expand,    9x2  _  30x  -|-  25  -  4x2  -  4x  -  1  +  32  =  0. 
Transpose  and  combine,  5  x2  —  34  x  =  —  66. 

Multiply  by  6,  25  x«  -  170  x  =  -  280. 

Complete  the  square,  26x2  -  170  x  +  289  =  9. 

Extract  the  root,  6x  —  17=±3. 

6x=20,  or  14. 
.-.  X  =  4,  or  J3*. 

23.  Solve  (2x-3)2-5{2x-6)2-4  =  0. 
Expand,4x2-12x  +  9-20x2  +  100x-125-4  =  0. 
Transpose  and  combine,  16  x2  —  88  x  =  —  120. 
Complete  the  square,               16  x2  -  88  x  -f- 121  =  1. 
Extract  the  root,  4x  —  11  =±1. 

4x  =  12,  or  10. 
.-.  X  =  3,  or  |. 
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84.  Solve  (6x  +  2)«  -  6 (8x  -  4)2  +  331  =  0, 

Expand,  25x2  +  20x  +  4  -  46x2  +  120x  -  80  +  331  =  0. 
Transpose  and  combine,  —  20x2  +  140  x  =  —  266. 
Divide  by  -  6,  4  x2  -  28  x  =  61. 

Complete  the  square,       4x2  -  28x  +  49  =  100. 
Extract  the  root,  2  x  -  7  =  i:  10. 

2x  =  17,  or  —3. 
.-.  X  =y,  or  —  f . 


o«    Q  1  16         3         220  11 

26.  Solve 


3x-l      4      9x2-1      3xH-l 

Clear  of  fractions,  180x  +  60  -  27  x2  -f  3  =  880  -  132  x  +  44. 
Transpose  and  combine,  —  27  x2  ^-  312  x  =  861. 
Multiply  by  -  3,  81  x2  _  936X  =  -  2683. 

Complete  the  square,  81  x2  -  930  x  +  2704  =  121. 
Extract  the  root,  9x—  62=±11. 

9x  =  63,  or  41. 
.-.  X  =  7,  or  ^. 

28.  Solve  ^^:-L  +  !^±l-     "(^  +  ^)     =0. 

X  -  2        X  -  3       (X  -  2)  (X  -  3) 

Clear  of  fractions,  2x2  -  7x  +  3  -|-  3x2  -  6x  -  2  -  llx  -  11  =  0. 
Transpose  and  combine,  5  x2  —  23  x  =  10. 

Multiply  by  5,  26x2  -  116  x  =  60. 

Complete  the  square,  26x2  -  115  x  +  i|9  _.  jji. 
Extract  the  root,  6  x  -  ^»  =  ±  V". 

5x  =  25,  or  -2. 
.-.  X  =  6,  or  —  |. 

«.»    c  I  1.7  4  16-3X 

27.  Solve  -  + ;;  =  -= — r  + r— 

x-3      x  +  3      x2-9        x-3 

Clear  of  fractions,  x  +  3  +  7x-21  =  4  +  48  +  7x-3x2. 

Transpose  and  combine,  3  x2  +  x  =  70. 

Multiply  by  3,  9  x2  +  3  x  =  210. 

Complete  the  square,  9x2  4-3x4-^  =  ^^» 

Extract  the  root,  3  x  +  ^  =  ±  ^*. 

3x=  14,  or  -16. 
.».  X  =  Jj*,  or  —  6. 
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2x  +  l       X  —  1       xH-3      9x  +  20 

28.  Solve  + =  ^— ^  -I- ^^-^. 

X4-3       x2-9      3-x      2(3 +  x) 

Clear  of  fractions, 

4x2  -  lOx  -  6  +  2x  -  2  =  -  2x2  -  12x  -  18  +  9x2  -  7x  -  60. 
Transpose  and  combine,  3x2  —  11  x  =  70. 

Multiply  by  3,  9  x2  -  33  x  =  210. 

Complete  the  square,     9  x2  -  33  x  +  J^fi  =  ^K 
Extract  the  root,  3  x  -  y-  =  db  V-. 

3x  =  21,  or  -10. 
.-.  x  =  7,  or  —  ^f. 


29.  Solve  ^  +  ^        ^  +  '        ^^"^       ^-^ 


2x  +  3      2x-3      4x2-9      2x-3 
Clear  of  fractions, 

2x2  4-llx-21-2x2-6x-3  =  4x-6-2x2H-3x  +  9. 
Transpose  and  combine,  2  x2  —  x  =  28. 

Multiply  by  2,  4  x2  -  2  x  =  66. 

Complete  the  square,  4x2  —  2xH-^  =  ^p. 

Extract  the  root,-  2x  —  \-=±y^. 

2  X  =  8,  or  —  7. 
/.  X  =  4,  or  —  |. 


Exercise  110.    Page  271 

1.  Solve  6x2 -19x- 20  =  0. 

Transpose,  6  x2  -  19  x  =  20. 

Complete  the  square,    144x2  -  ()  -f-  301  =  841. 
Extract  the  root,  12  x  -  19  =  ±  29. 

12x  =  48,  or  -10. 

.-.  X  =  4,  or  — 


2.  Solve  6x2 +  17x  + 12  =  0. 

Transpose,  6  x2  +  17  x  =  -  12. 

Complete  the  square,    144  x2  -|-  ( )  +  289  =  1. 
Extract  the  root  12  x  +  17  =  ±  1. 

12x  =  -16,  or  -18. 

.*.  X  =  —  3,  or  —  ^r 
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8.  Solve  ex«-llx-10  =  0. 

TranspoRe,  6  as»  -  11  x  =  10. 

Complete  the  square,     144  x^  -  ( )  + 121  =  361. 
Extract  the  root,  12x  -  11  =  ±  19. 

12x  =  30,or  -8. 

.-.  X  =  i,  or  -  f. 

4.  Solve  8x«  +  2x-16  =  0. 

Transpose,  8  x*  +  2  x  =  15. 

Complete  the  square,  64  x^  +  ( )  4- 1  =  121. 

•Extract  the  root,  8x-i-l  =  ±ll. 

8x  =  10,  or  -12. 
.-.  X  =  J,  or  —  |. 

5.  Solve  6x«-17x-14  =  0. 

Transpose,  6  x^  —  1 7  x  =  14. 

('omplete  the  square,    144  x^  -  ( )  -{-  289  =  625. 
Extract  the  root,  12  x  —  17  =  i  25. 

12x  =  42,  or  -8. 

.-.  X  =  I,  or  -  f 

6.  Solve  6x2  +  13x4-6  =  0. 

TranHpose,  6  x^  +  13  x  =  -  6. 

(^mplote  the  square,    144  x^  +  ( )  +  169  =  25. 
Extract  the  root,  12  x  +  13  =  i  5. 

12x  =  -  8,  or  -18. 

.-.  x=:-|,  or  -j. 

7.  Solve  10xa  +  19x-16  =  0. 

Transpose,  10  x^  +  19  x  =  15. 

Complete  the  square,    400x2  4-  ( )  +  361  =  ggi. 
Extract  the  root,  20  x  4- 19  =  ±  31. 

20x  =  12,  or  -50. 

.-.  X  =  I,  or  -  f. 

8.  Solve  3x2-7xH-4  =  0. 

Transpose,  3  x^  —  7  x  =  -  4. 

Complete  the  square,        36  x*  —  ( )  4-  49  =  1. 
Extract  the  root,  6  x  -  7  =  ±  1. 

6x  =  8,  or  6. 
.-.  X  =  I,  or  1. 
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9.  Solve  4aj2_4i.a;-46  =  0. 

Transpose,  4  aj^  _  n  x  =  46. 

Complete  the  square,  64  x^  -  (  )  +  121  =  841. 
Extract  the  root,  8  x  -  11  =  ±  29. 


8x  =  49,  or  -18. 
.-..  X  =  6,  or  —  f. 


10.  Solve  3x«  +  14x+46  =  0. 

Transpose,  Sx*  -f  14qp  =  -  16. 

Complete  the  square,  9x2  +  ( \  +  49  —^, 

Extract  the  root,  3  x  +  7  =  "dr  2. 


3x  =  -5,  ot  -9. 
X  =  —  J,  or  —  3. 


11.  Solve  2x«-14x-3a  =  0. 

Transpose,  2  x^  - 14  x  =  36. 

Complete  the  square,  4x2  -  ( )  -f  49  =  121. 

Extract  the  root,  2x  —  7  =  ±11. 

2x^18,  or -4. 
.-.  X  =  9,  or  —  2* 

12.  Solve  3x2-6x  +  7  =  0. 

Transpose,  Sx*  -  5x  =  -  7. 

Complete  the  square,       36  x^  -  ( )  +  25  =  -  69. 


Extract  the  root,  6  x  —  6  =  ±  V-  59. 

6x  =  5i:V-59. 
.-.  x  =  J±iV-59. 

18.  Solve  6x2  -  2x  + 14  =  0. 

Transpose,  6x2  _  2x  =  —  14. 

Complete  the  square,  25  x2  -  ( )  +  1  =  -  69. 


Extract  the  root,  6x  -  1  =  ±  V- 69. 

5x  =  l±V-69. 
...  X  =  i  ±  i  V-69. 

14.  Solve  3x2 +  Bx- 21  =  0. 

Transpose,  3x2  +  8x  =  21. 

Complete  the  square,  9  x2  +  ( )  +  16  =  79. 

Extract  the  root,  3  x  +  4  =  ±  ^79^ 

3x=-4±V79. 
...  x  =  -t±iV79. 
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1«.  Solve  6a5«-5x  +  42  =  0. 

Transpose,  6  x*  —  6  x  =  —  42. 

Complete  the  square,      144  x«  -  (  )  -h  26  =  -  983^ 

Extract  the  root,  12  x  -  6  =  ±  V-983. 

12x=6±V-983. 


•••  »  =  A±T!f^-»83. 


16.  Solve  -  -  .5x2  4.i2x~17  =  0. 

Transpose,  6x*  +  12x  =  17. 

Complete  the  square,  26  x^  +  ( )  +  36  =  121. 
Extract  the  root,  6x  +  6  =  ±ll. 


6  X  =  6,  or  — 17. 
.'.  X  =  1,  or  —  J^. 


17.  Solve  ;3xa  +  7x-76  =  a 

Transpose,      '  3  x^  +  7  x  =  76. 

Complete  the  square,  36x2  +  ( )  +  49  =  961. 
Extract  the  root,  6x  +  7  =  ±31. 


*• 


6x  =  24,  or  -38. 

4 

.•.  X  =  4,  or  —  y. 


18.  Solve  6x«-8x-189  =  0. 

Transpose,  6x2-8x  =  189. 

Complete  the  square,        26x*  -  ( )  +  16  =  961. 
Extract  the  root,  .6x  —  4  =  ±  31. 

6x  =  36,  or  -27/ 
.-.  x  =  7,  or  r-^t,  ••  '■'■: 

i 

,«    o  1  -      2x-3  .  x  +  1      3x  +  il 

19.  Solve  h — ■ —  =  — 

x-2       x-1        x  +  1 

Clear  of  fractions, 

2 x»  -  3x2  -  2x  +  3  +  x*  -  3x  -  2  =  3x«  +  2x« - 27x  +  22. 
Transpose  and  combine,  5x2  —  22x  =  —  21. ' 

Complete  the  square,       26  x2  -  ( )  +  121  =  16. 
Extract, the  i^ot,  6x  - 11  —•±  4; 

5  X  =  16,  or  7. 
•  .*.  X  =  3,  or  {. 


20.  Solve 
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5  +  x      8-3x        2x 


3  —  X  X  X  —  2 

Clear  of  fractions, 

x8  +  3x2  -  lox  -  3x8  +  23x2  -  68x  +  48  =  -  2x8  +  eg-a. 

Transpose  and  combine,         20  x^  —  68  x  =  —  48. 

Divide  by  4,  6x2  -  17 x  =  -  12. 

Complete  the  square,     100x2  -  ()  4-  289  =  49. 

Extract  the  root,  lOx  —  17  =  ±7. 

10x  =  24,  or  10. 

.-.  X  =  \^,  or  1. 

«,     o  ,                                 1              111 
21.  Solve  + —  +  --  =  -. 

x  +  6      x  +  30      3x     X 
Clear  of  fractions, 

3x2  +  90ic  -f  3x2  ^  i8x  -f-  x2  -f-  36x  +  180  =  3x2  +  108x  -f-  640. 

Transpose  and  combine,  4  x2  +  36  x  =  360. 

Complete  the  square,       4x2  -f-  36x  +  81  =  441. 

Extract  the  root,  2  x  +  9  =  ±  21. 

2x  =  12,  or  -30. 

.-.  X  =  6,  or  —  16. 


22.  Solve 

Clear  of  fractions. 


8 


2      X  -  3      X  -  4 


JM.   XX  Oiy  Ml/110, 

2x2-14x  +  24  4-3x2-18x  +  24  =  8x2-40x  +  48. 
Transpose  and  combine,  3  x2  —  8  x  =  0. 

Complete  the  square,  9x2  -  ( )  +  16  =  16. 

Extract  the  root,  3  x  —  4  =  i  4. 

3x  =  8,  or  0. 
.*.  X  =  f ,  or  0. 


23.  Solve  4- 


x-f-2      xH-4      xH-6      X 
Clear  of  fractions, 
3x8  ^  30x2  4.  72x  +  2x8  ^  i0x2  -f  24x 
=  4x8  +  48x2 +  176X  + 192. 
Transpose  and  combine,       —  8  x2  —  88  x 
Divide  by  -  8,  x2  4  1 1  a; 

Complete  the  square,        4  x2  +  ( )  +  121 
Extract  the  root,  2  x  +  11 

2x 
.*.  X 


X8- 

6x2 

-8x 

192. 

-24 

» 

26. 

±6. 

-6, 

or  — 

16. 

-3, 

or  — 

8. 

660  ELEMEKTARY  ALGEBRA 

Sz     3X-20     „  ,  3x«-80 
«*-^^^«  T-183ii  =  2+ 2(^31)- 

Clear  of  fractions, 

-  3a;»  +  30x2  -  27  x  -  3x«  +  23x  -  20 

=  _  4x2  +  40x  -  36  -  3x3  +  27x2  +  80x  -  720. 
Transpose  and  combine,         4  x2  —  124  x  =  —  736. 
Complete  the  square,        4x2  -  ( )  +  961  =  225. 
Extract  the  root,  2  x  -  31  =  ±  15. 

2x  =  46,  or  16. 
.-.  X  =  23,  or  8. 

X  24  2{x-4)      1 

26.  Solve  ^^ri  +  4^TrT=^^rMr"9- 

Clear  of  fractions, 

18x2  +  9x  +  216  =  36x2  -  162x  +  72  -  4X2  + 1. 
Transpose  and  combine,       14x2  —  171x  =  143. 
Complete  the  square, 

4  X  142x2  -  0  4-  29241  =  37249. 

Extract  the  root,  28  x  -  171  =  d:  193. 

28x  =  364,  or  -22. 
.-.  X  =  13,  or  -  IJ. 

Exercise  111.    Page  272 

1.  Resolve  6x2  -  7x  +  2  into  two  factors. 

6  3.2  —  7  X  +  2  Another  Method 

=  6(x2-  Jx  +  i)  6x2-7x  +  2 

=  6[(x2-Jx+TVi)-A\  +  i]  =6{x2-Jx+S) 

=  6[{x  -  ,7^)2  -  tH]  =  6(x2  -  Jx  +  ii) 

=  6  (X  -  3?^  +  ^1,)  (X  -  /^  -  M  =Q{x-i){x-i) 

=  6(x  -  J)(x  -  §)  =  6(x  -  i)(x  -  I) 

=  (2x-l)(3x-2).  =(2x-l)(3x-2). 

2.  Resolve  12 x2  —  7x  — 10  into  two  factors. 

12  x2  -  7  X  -  10  Another  Method 

=  12(x2-/^x-f)  12x2 -7x- 10 

=  12[(x2  -  ^.x  +  ^,\)  -  ^\%  -  J]            =  12 (x2  ^  ^x-  it) 

=  12  [(X  -  .\)2  -m]  =  12  (x2  -  T^  X  -  H  J) 

=  12(x  -  ^\  +  f  J)(x  -  ^\  -  ff)  =  12 (X  +  ^)(x  -  It) 

=  12(x  4-  I)  (X  -  ^)  =  12 (X  +  i)  (X  -  J) 

=  (3x  +  2)(4x-5).  =(3x  +  2)(4x-5). 
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3.  Resolve  21  x^  —  13x  +  2  into  two  factors. 


21a;«-13x  +  2 

=  21[(a;«-i}*  +  ^,) 

=  21  [(X  -  ii)»  -  „'st] 

=  21(x-if  +  A)(x-i|-,y 

=  21(x-?){x-i) 

=  (7x-2)(3s-l). 


ttV?  +  M 


Another  Method 
21x''-13x  +  2 

=  21(x«-Hx  +  iV) 

=  21  (x  -  /t)  (* 
=  21(x-?)(x-J) 
=  (7x-2)(3x-l). 


j'l) 


4.  Resolve  Sx*  +  8x  +  4  into  two  factors. 

3x2  +  8x  +  4 
=  3(xa+|x  +  |) 

=  3[(x2  +  Jx+V-)-¥  +  l] 
=  3[(x  +  ^)2-t] 

=  3(x  +  l  +  |)(x  +  f-|) 
=  3(x  +  2)(x+f) 
=  (x  +  2)(3x  +  2). 


^no^^^  Method 

3x2-f-8x  +  4 

=  3(x2  +  fx  +  |)  ' 

=  3(x2+-5x  +  V-) 
=  3(x  +  f)(x  +  f) 

=  3(x  +  2)(x4-§) 
=  {x-f-2)(3x  +  2). 


6.  Resolve  6x2  —  llx  +  3  into  two  factors. 


6x2-llx  +  3 
=  6(x2-V-x  +  i) 

=  6[(x-iJ)2-AV] 

=  6(x-ii  +  ^^)(x-H-A) 

=  6(x-i)(x-t) 
=  (3x-l)(2x~3). 


Another  Method 
6x2-11x4-3 

=  6(x--^--V-«  +  |) 
=  6(x2--V-x  +  i|) 
=  6(x-f)(x-|) 
=  6(x-^)(x-t) 
=  (3x-l)(2x-3). 


6.  Resolve  3x2  +  x  —  10  jnto  two  factors. 

3x2  + X -10 

=  3(x2  +  Jx-V-) 

=  3[(x2  +  tx  +  ^^)-,V-¥] 

=  3[(x  +  i)2-JvV] 

=  3(x  +  J  +  -V-){a;+i-¥) 
=  3(x  +  2)(x-J) 

=  (x  +  2)(3x-5). 


Another  Method 

3x2  + X -10 

=  3(x2+ix--V0) 
=  3(x2  +  Jx--\Q) 

=  3(x  +  |)(x-f) 

=  3(x  +  2)(x-f) 

=  (x  +  2){3x-6). 
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T.   limilvn  Hx>  +  22x  +  5  into  two 

-   (UiT  ♦  fi)(4x4-l).  =(2x-rd><4x  +  l). 


^■oOcrlfeOod 


I    MoM«0\<i  U/i'      l\X"  2  into  two  facton. 

»MU'^      )l  ^^M- A)  -  A  -  H  9aJ«-3x-2 

■    ^Ml^**      *)•      II  =9(j^-ix-i) 

«»H'  I    UM'       0  =9(x  +  i)(x-f) 

-    ({I.t'  I   \){l\r      2).  =(3x  +  l)(3x-2). 


tt    H»>*»Mhi>  il,i«  I  U\jr     ft  Into  two  factors. 

•»(•♦•*'  ♦    V'**      II)  6x2  +  13x-6 

M|H''  I    V«M   }yS)-    in-J]  =6(a52  +  -V.a;_|) 

«I|H-  I   Id)-      f^'Jl  =6(xa+VaJ  -M) 

•»<•'  »   in   U)(.i'  ♦   1-3 -IJ)  =6(x4-V-)(«-f) 

'♦<•»'  I   iliOf      1)  =0(a;  +  t)(x-J) 

(J.»   I  A)  ({1,1'      1).  =(2x4-5)(3x-l). 


10    MuMidvit  II.J"*  I  .r      Ift  into  two  factors. 

i\A'^  I  ,f      10  Another  Method 

-  'M^'^  I   U      J)  6x2  4- X- 15 

•     'M(''''    i    *•*'    f    ,1,)        ,i4"S]  =6(x2  +  iX-V-) 

''('*'  I  [{Kj*      1)  =«(xH-f)(x-i) 

-  (a  /  f  6)  (2  X      i\).  =  (3  X  +  6)  (2 X  -  3). 
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11.  Resolve  9  x^  —  12  a:  —  1  intQ  two  factors. 

9«2-12aj-.l=.9(x2_  jx- 1) 

,=9[(x2-jx  +  J)-i--J]      . 
=  9[(x-|)2-4] 

=  9(x-|  +  }y6)(x-f-jy6) 
=  (3x  -  2  +  V6)  (3x  -  2  ^  V5). 

12.  Resolve  '2x*  +  lOx  —  9  into  two  factors. 

2x2  +  lOx  -  9  =  2(x2  +  6x  -  I) 

-:2[(x2+6x+\«)--V--S]    . 
-2[(X  +  f)2--4^]       • 

=-2(x+ f  +  i Vi3)(x+ I  -  i  V43). 

18.  Resolve  3x2  -^  7x—  6  into  two  factors... 
3x2  -  7x  -  6  =  3(x2  -  }x  -  f) 

=  3[(x2-Jx  +  J|)-e-H 
=  3  [(X  -  i)2  -  -W-] 

=  3(x  -  i  +  i  Vi09)(x- J  -  i  Vi09). 

14.  Resolve  6x2  —  6x  +  6  into  two  factors. 

6x2-6x  +  6  =  6(x2-fx+  I) 

=  6[(x2-,^x4-T¥i)-A\  +  t] 

=  6[(X-A)2-(-T^;:,)] 

Bacercise  112.    Page  275 

Find  all  the  roots  of : 

1.  x2  +  11 X  +  30  =  0.  4.  x2  -  ^x  -  3  =  0. 

(x  +  6)(x  +  6)  =  0.  (x-3)(x  +  l)  =  0. 

.-.  x  =  — 6,or  — 6.  .*.  x=3,or  — 1. 

3.  x2- 2x^24=0.  8.  36x2-36x  +  6  =  0. 

(x-6)(x4-4)  =  0.  (4x-3)(9x-2)  =  0. 

.-.  x  =  6,  or-4.  4x.-a-0^ 

or  9x-2  =  0. 

8.  x2-10x  +  21  =  0.  4x  =  3, 

(x-3)(x-7)  =  0.  or  9x=2. 

.-.  X  =  3,  or  7.  .-.  X  =  f ,  or  |. 
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f.  (7*-8)(2x-S>  =  0. 

7x-8  =  a,or2x-S  =  0. 
7*  =  8,  ar2z  =  3. 
.*.  X  =  f ,  or  }. 

7.  (3x  +  2)(5x  +  9)  =  0. 

3x  +  2  =  0,  or  5x  +  9  =  0. 
3x=— 2,or6x  =  — 9. 
.\  X  =  —  j,  or  —  |. 

•.  (10-x)(6  +  5x)  =  a 

10  -  X  =  0,  or 6  +  5x  =  0. 
—  X  =  — 10,  or  5x  =  — 6. 
.-.  X  =  10,  or  —  f. 


t.  a^-16x  =  0. 

x(x-16)  =  0. 

.-.  X  =  0,  or  16. 

10.  x^  -f  83x  =  0. 

x(x  +  23)  =  0. 

/.  X  =  0,  or  —  23. 

11.  4a?  +  28x  +  ^  =  0. 

(2x+7)(2x+7)  =  0. 

2x  +  7=0,or2x  +  7  = 
2x  =  -7,or2x=- 
.-.  X  =  —  J,  or  —  J. 


0. 

7. 


12.  x«  - 1  =  0. 


(x-l)(x«  +  x  +  l) 

.--   X 

x«  +  x 

4x^  +  ()  +  l 

2x  +  l 

2x 

.-.  X 

.*.  X 


=  0. 


1  4_  1  V—  s 


=  l,or-i±iV33. 


IS.  x«  +  l  =  0. 


(x  +  l)(x«-x  +  l) 

.-.  X 

x'  —  X 

4x«-()  +  l 

2x-l 

2x 

.-.  x 

.•.  x 


=  0. 

=  -  1,  or  x«  -  X  +  1  =  0. 

=  -1. 

=  -3. 

=  1±V^^ 

=  -l,ori±i 


14.  x«  -  27  =  0. 


(x-3)(x«  +  3x  +  9)  =  0. 

.-.  x  =  3,  ora«4-3x  +  9 
x«  +  3x  =  -9. 
4x^  +  ()  +  9  =  -27. 


=  0. 
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2aj  +  3  =  ±3v-r3. 
2x  =  -3±3V^. 

.-.  a;  =  -  I  dr  I V^.  

.-.  a  =  3,  or  ~f  ±|V-3. 

16.  x*--16=0. 

(x^  -  4)  (x2  +  4)  =  0. 
(x-2)(«  +  2)(aj2  +  4)  =  0. 

.'.  x  =  2,  or  -  2,  or  x^  +  4  =  0. 

x2  =  -  4. 
.-.  X  =  ±  2  V^. 
.-.  X  =  ±  2,  or  ±  2  V^. 

16.  8x«-27  =  0. 

(2x  -  3)(4x2  +  6x  +  9)  =  0. 

.-.  2x-3  =  0,  or4x2  +  6x  +  9  =  0. 

(i)  2x-3  =  0. 

2x  =  3. 

.      /f  —   3 
•  *.  *. —  ^' 

(ii)  4x2  +  6x  +  9  =  0. 

4x2  4-6x  =  -9. 
16x24-24x  +  9  =  -27. 


4x  +  3=±3V-3. 
4x  =  -3±3V33. 
•.  X  =  -  f  ±  J  V33. 


.-.  X  =  f ,  or  -  J  ±  J  V^. 

17.  8x8  +  27  =  0. 

(2x  +  3)(4x2-6x-f  9)  =  0. 

.-.  2x  +  3  =  0,  or  4x2  -  6x  +  9  =  0. 

(i)  2x  +  3  =  0. 

2x  =  -3. 
.*.  X  =  —  ^. 

(ii)  4xa-6x  +  9  =  0. 

4x2-6x  =  -9. 
16x2-24x  +  9=-27. 

4x-3  =  ±3V^. 

4x  =  3±3  V^. 

.-.  X  =  J  ±  f  V^. 

.-.  X  =  -  f ,  or  f  i  f  V^. 
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1».  216  +  126x«  =  0. 

(6  +  6x)(36  -  30x  +  26x2) 


=  0. 


.-.  6  +  6x  = 

:0,  or  36 -30x4- 26 a^ 

=  0 

(i) 

6  +  6x  = 
6x  = 

.*.  X  = 

0. 
-6. 

(ii) 

86-30x  +  25xa  = 

26x2 -30x  = 

26x2-30x  +  9  = 

0. 

-36. 

-27. 

• 

5x-3  = 
6x  = 

.*.  X  = 

.-.  x  = 

±3V-3. 
3-t3V-3. 

-f,  or  |±|V: 

-3. 

10.  x4  +  4x' 

»  +  16 

=  0. 

x*  +  4x2  +  16  = 

X*  4- 8x2 +  16-' 

4x2 

= 

(a;2  +  4)2-(2x)2 

=: 

(x2  +  2x  +  4){x2 

-2x 

+  4) 

1 

•.  (x2  +  2x 

4-4){x2-2x-f  4)  = 

:0. 

(i) 

x2  +  2  X  4-  4  = 
x2-}-2x  = 

x2  +  2X-f  1  = 

X4-1  = 

.-.   X  = 

0. 
-4. 

-3. 

+  V-3. 
_liV-3. 

(ii) 

x2-2x4-4  = 
x2-2x  = 

x2^  2x4-1  = 

x-l  = 

.-.  X  = 

0. 

-4. 

-3. 

+  V-3. 
1±V~3. 

.-.  X  = 

l  +  V-3,  or  -1±V- 

-3. 

20.  X* 

+  64 

=  0. 

X*  +  64  = 

x*  +  16x2  +  64  - 

(x2  +  8)2-(4x)2 

16x2 

= 

(x2  +  4x  +  8)(x2 

-4x 

+  8). 

.-.  (x2 

+  4x 

+  8)(x2-4x4-8)  = 

.0. 

(i) 

x2  4-4x  +  8  = 

x2  4-4x  = 

x2  4-4x4-4  = 

x4-2  = 

0. 

-8. 

-4. 

±2\/-l. 

.-.   X 


=  _  2  ±  2  V^. 
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(ii)  x2-4a;  +  8=:0. 

x2-4x  =  -  8. 

x2_4x  +  4  =-4. 

X  -  2  =  ±  2  vCTf . 
.-.  X  =  2  i  2  V^. 


X 


=  2  ±  2  V^,  or  -  2  ±  2  V-  1. 


21.  4x*- 29x2 +  26  =  0. 

4x*  -  29x2  4-  26  =  4x*  -  20x2  +  26  -  9x2 

=  (2x2-6)2-(3x)2 
=  (2x2  +  3x  -  6)  (2x2  -  3x  -  6). 
2x2  4-3x-6  =  (x-l)(2x  +  6). 
2x2  -  3x  -  6  =  (X  +  1) (2 X  -  6). 
.-.  4x*  -  29x2  +  26  =  (X  -1)  (X  +  1)  (2x  -  6) (2x  +  6). 

.-.  X  =  1,  -  1,  f,  or  -  f . 
.-.  X  =  ±  1,  or  ±  f . 

22.  35x2 -83x  + 36  =  0. 

36x2  -  83x  +  36  =  35(x2  -  Ha-  ^.  36) 

=  35  [(x2  -  IS  X  +  iiU)  -  f  US  +  If] 
=  36[(x-H)2-}fJ§] 
=  36(x-ff+fJ)(x-fJ-fJ) 
=  36(x-f)(x-|) 
=  (7x-4)(6x-9). 
.-.  (7x-4)(5x-9)  =  0. 

.-.  7x-4  =  0,  or  6x-9  =  0. 
.-.  X  =  f ,  or  f . 

23.  42x2-69x4-20  =  0. 

42x2  -  69x  -f  20  =  42  (x2  -  Jf  x  +  if) 

=  42[(x2  -  i|x  +  HH)-  mi  +  I?] 

=  42[(x-||)2-7VVd 

=  42(x-ff  +  H){aJ-f|-ii) 

=  42(x-^)(x-|) 

=  (7x-4)(6x-6). 
.-.  (7x-4)(6x-6)  =  0. 

.-.  7 X  -  4  =  0,  or  6x  -  6  =  0. 
•*•  X  =  t;^,  or  ^. 


Ttma. 


^-=*'-*j«i=.l. 


» -J 


—  -  n  —  *  ~ 

—  _  '<«  — 


U. 


*-2*   -   *:J    - 


—    I. 


*  » 


:=.  —  !.*    —    _ 
=  1    -  ±^   — 


;»  j?*-2r»^^:-r=  > 


^   y^  - 


X  jr^- 

r,  r  ^ 

'•  ,•♦» 

=  >. 

z  z  - 

«■  — - 

=  >. 

.  r 

=  K 

£• 

-4  = 

•h 

or  X 

-11 

--.  X 

* 

■i. 

:r  17 

» 

^ 

^ 

^ 

-4,'jr 

-->:, 
-i>. 

=  »>. 

—  0. 

« 

.  y* 

=  »x 

y 

-4  = 

0. 

or  jr 

+  9 

'-  y 

=  0, 

0. 

0.4, 

or 

-9. 

=  0l 


(/,  f  ST;  («af   -  ar  -  20)  = 

/,  z  +  2  = 
/.  z  = 


0. 

0. 

0,  X  -  5  =  0,  or  X  +  4 

-  2,  5,  or  -  4. 


§147 


=  0. 
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2S.  9x*  4-6x8  + 3x2 +  2x  =  0. 

9x*  +  6x8  +  3x2  +  2x  =  x(9x8  +  6x2  +  3x  +  2) 

=  x[3x2(3x  +  2)  +  (3x  +  2)] 
=  x(3x  +  2)(3x2  +  l). 

.•   x(3x  +  2){3x2  +  l)  =  0. 

.-.  x  =  0,  3x  + 2  =  0,  3x2  +  1  =  0.    . 

(i)  X  =  0. 

(ii)  3x+2  =  0. 

.-.  X  =  -  f 

(iii)  3x2  +  1=0. 

3x2  =  -1. 
x2  =  -  f 

x  =  ±vri  =  ±}V::^. 

.-.  x  =  0,  -  2,  or  ±  iV^. 

20.  4x8  -  12x2 +  9x -1=0. 

4x8-12x2  +  9x-l=(x-l)(4x2-8x  +  l). 
.-.  (x-l)(4x2-8x  +  l)  =  0. 

.-.  X  -  1  =0,  or  4x2  -  8x  +  1  =  0. 

(i)  X  -  1  =  0. 

.*.  X  =  1. 

(ii)  4x2^8x  +  l  =  0. 

4x2-8x  =  -l. 
4x2-8x  +  4  =  3. 

2x-2  =  ±V3. 
2x  =  2±V3. 
.-.  X  =  1  ±  J  Vs. 
.-.  X  =  1,  or  1  i  J  Vs. 

80.  6x*  +  26x8  +  53-2  _  oox  -  36  =  0. 

•      6x*.+  26:p8  +  6x2-60x-36 

=  (x  +  2)(ax8  +  13x2-21x-18)     ■  §147 

=  (X  +  2)  (X  +  3) (6x2  -  5x  -  6).  §  147 

6x2-6x-6  =  6(x2-  Jx-|) 
=  6(x2-fx-if) 
=  6(x+j|)(x-§) 
=  6(x+?)(x-f) 
=  (3x  +  2)(2x-3). 
.-.  (X  +  2) (X  +  3)(3x  +  2) (2x  -  3)  =  0. 
.-.  X  +  2  =  0,  X  +  3  =  0,  3x  +  2  =  0,  or  2x  -  3  =  0. 
...  X  =  -  2,  -  3,  -  J,  or  J. 
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81.  6ic*  +  13x»  -  85x2 -104X  + 240  =  0. 

6x*  +  13x»  -  85x2  -  104x  +  240 

=  (X  -  3)(6x»  +  31  x2  +  8x  -  80)  §  147 

=  (X  -  3)(x  +  4)(6x2  +  7x  -  20).  §  147 

6x2  +  7x  -  20  =  6{x2  +  Jx  -  i\f) 

=  6(x2+Jx-ViA) 

=  6(x+V)(«-*) 
=  6(x+f)(x-|) 

=  (2x  +  6){3x-4). 

.-.  (X  -  3)(x  +  4)(2x  -f  6)(3x  -  4)  =  0. 

.-.  X  -  3  =  0,  X  +  4  =  0,  2x  +  5  =  0,  or  3x  -  4  =  O. 

...  X  =  3,  -  4,  -  I,  or  J. 

32.  X*  -  17x2  -  36x  -  20  =  0. 

a4_i7a;2_36a;_20 

=  (x4-l)(«'-a^-10a;-20)  §147 

=  (X  -f  1)  (X  +  2)  (x2  -  3x  -  10)  §  147 

=  (x4-l)(x  +  2)(x  +  2)(x-5). 

.-.  (X  +  1)  (X  +  2)  (x  +  2)  (X  -  6)  =  0. 

.-.  X  =  —  1,  —  2,  —  2,  or  6. 

38.  Ox*  +  49x»  +  146x2  +  189x  +  90  =  0. 

6x*  +  49x'  +  146x2  +  189x  +  90 

=  (X  +  2)  (6x8  ^  37a.2  +  72x  +  46)  §  147 

=  (X  +  2)  (X  +  3)  (6x2  +  19x  +  16).  §  147 

6x2  4. 19a;  -f.  15  =  6(x2  +  Y-x+  V) 

=  6(x2  +  V-  +  M) 
=  6(x  +  J^)(x  +  |) 

=  6(x  +  |)(x  +  |) 

=  (3x  +  6)(2x4-3). 

.-.  (X  +  2)(x  +  3)(3x  +  6)(2x  +  3)  =  0. 

.-.  X  +  2  =  0,  X  4-  3  =  0,  3x  +  5  =  0,  or  2x  +  3  =  0. 

.-.  X  =  -  2,  -  3,  -  f ,  or  -  f . 

84.  2x*-3x»-4x2  +  3x  +  2  =  0. 

2x*--3x»-4x2  4-3x-2 

=  (X  -  1)  (2x8  -  x2  -  6x  -  2)  §  147 

=  (X  -  l).(x  +  l)(2x2  -  3x  -  2)  §  147 

=  (x  -  1)  (X  +  1)  (X  -  2)  (2x  +  1).  §  147 

.-.  (X  -  1)  (X  +  1)  (X  -  2)  (2  X  +  1)  =  0. 

.-.  X  -  1  =  0,  X  +  1  =  0,  X  -  2  =  0,  or  2x  +  1  =  0. 

.-.  X  =  1,  —1,  2,  or  —  I. 
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85.  6x*  -  36x«  +  62x«  -  36z  +  6  =  0. 

6x*  -  36 a^  +  62x2  _  35x  +  6 
■       '  =(x-2)(6x8-23x2  +  16x-3)  §147 

<  ={x-2)(x-3){6x2-5x  +  l)  §147 

•         =(x-2)(x-3)(2x-l)(3x-l). 
'  .-.  (X  -  2)(x  -  3)(2x  -  l)(Sx  -  1)  =  0. 
.-.  X  -  2  =  0,  X  -^  3  =  0,  2x  -  1  =  0,  or  3x  -  1  =  0. 
.-.  X  =  2,  3,  i,  or  J. 

36.  x6-3x*-17x»-x2  +  24x-4  =  0. 

x6  -  3x*  -  17x8  -  x2  -f  2ix—  4 

=  (X  -  l)(x*  -  2x8  -  19x2  -  20x  +  4)  §  147 

=  (x-l)(x  +  2)(x8-4x2-ll«  +  2)  §147 

=  (x-l)(x  +  2)(x  +  2)(x2-6x4-l).  §147 

.-.  (x  -  l)(x  4:2)<x,+  ^(x2- 6x -H  1)  =  0. 
.-.  X  -  1  =  0,  X  +  2=  0,  ;c  +  2  =  0,  or  x2  -  6x  +  1  =  0. 
/.  X  =  1,  —  2,  or  —  2. 

x2-6x  +  l  =  0. 
x2-6x  =  -l. 

x»-6x4-«=^. 

X  -  3  =  ±  2  V2. 
.-.  X  =  3  ±  2  V2. 
.-.  X  =  1,  -  2,  -  2,  or  3  ±  2  V2. 

87.  (x2-6x  +  7)2-(x-2)(x-3)-l  =  0. 

(x2  -6x4-  7)2  _  (x2  -  6x  +  6)  -  1  =  0. 

(x2  -  6x  +  7)2  -  (x2^  5x  +  7)  =  0. 

(x2  -  6x  +  7)  (x2  -  6x +7  -  1)  =  0. 

'  (x2^6x-f6)(x2-5x  +  7)  =  0. 

(X  -  2) (X  -  3)  (x2  -  5x  +  7)  =  0. 

.-.  X  -  2  =  0,  X  -  3  =  0,  or  x2  -  6x  +  7  =  0. 

.-.  X  =  2,  or  3. 
x2-5x  +  7  =  0. 

x2:-5x,=  -7.  .      • 

4x2-0 +  25  =--3. 
.  2x-6  =  ±^^^. 

2x  =  5i  V^.  • 


.-.  X  =  2,  3,  or  f  ±  i  v^. 
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7.  Resolve  Sx^  -}-  22x  +  5  into  two  factors. 

8  x2  -f  22  X  -f  6  Another  Method 

=  8(x2  -f  -i^x  +  I)  8x2  +  22x  +  6 

=  8  [  (x2  +  V-  X  +  W )  -  -Vy  +  I  ]  =  8  (x2  +  ^  X  +  f ) 

=  8[(x  +  -V-)2  -  j}]  =  8(x2  +  V^x  +  \%) 

=  8(x  +  V-  +  f)(x  +  V-  -  I)  =  8(x  +  J^)(x  +  i) 

=  8(x  +  i)(x  +  J)  =8(aJ  +  |)(aJ  +  J) 

=  (2x  +  6)  (4x  -f  1).  =  {2x  +  5)  (4x  +  1). 


8.  Resolve  9x2  —  3x  —  2  into  two  factors. 

9x2 -3x- 2 

=  9(x2  —  4 X  —  I)  Another  Method 

'=  9[(x2  -  Jx  +  ^V)  -  iV  -  f]  9a;2  -  3x  -  2 

=  9[(x-i)2-J]  =9(x2-fx-J) 

=  9(aJ  -  i  +  i)(x  -  i  -  i)  =  9(x2  -  ix  -  J) 

=  9(x+i)(x-|)  =9{x4-i)(x-}) 

=  (3x  +  1)  (3x  -  2).  =  (3x  +  1)  (3x  -  2). 


0.  Resolve  6x2  -f  13x  —  6  into  two  factors. 

6  x2  +  13  X  —  6  Another  Method 

=  6(x2  +  y^x  -  f)  6x2  +  13x  -  5 

=  6[(x2  +  y-ix  +  \l\)  -  ill  -  |]  =  6(x2  +  V-x-  I) 

=  6  [(X  +  11)2  -  f  If]  =  6  (x2  +  -Vx  -  }«) 

=  6(x  +  if  +  il)(x  +  if  -  il)  =  6(x  +  V-)(a5  -  «) 

=  6(xH-i)(x-i)  =6(x-f  t)(x-i) 

=  (2x  +  6)  (3x  -  1).  =  (2x  +  5)  (3x  -  1). 


10.  Resolve  6  x2  +  x  —  16  into  two  factors. 


Another  Method 


6x2  + X- 15 

=  6(x2  +  Jx  -  f)  6x2  +  X  -  16 

=  6[(x2  +  ix  +  tH)  -  Ti?  -  f]  =  6(x2  +  ix  -  V) 

=  6[(X  +  T^,)2  -  3 Jl]  =  6(X2  +  iX  -  18) 

=  6  (X  +  T-ij  +  if)  (X  +  rV  -  1!)  =  6  (X  +  Y)  (aJ  -  I) 

=  6(x+§)(x-5)  =6(x +  !)(«- I) 

=  (3x  +  5)  (2x  -  3).  =  (3x  +  5)  (2x  -  3). 
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11.  Resolve  9x2  —  12x —  1  intQ  two  factors. 

9x2-.12aj-l  =  9(a2_  |x- J) 

=  9[(x-f)2-i] 

=  9(x-f  +  }V5)(x-f-}V5) 
=  {3x  -  2  +  V6)  (3x  -  2  ^  V6). 

12.  Resolve  ^x^  +  lOx  —  9  into  two  factors. 

2x2  4- lOx  -  9  =  2(x2  +  5x  -  f) 

=  2[(x2  +  6x  +  ^5^)--V--S]  .   . 
=  2[(x+f)2--V-]     ; 

=-2(x  +  I  +  iV43)(x  +  I  -  1 V43). 

1 8.  Resolve  3 x2  -  7 x  —  6  into  two  factors.  •. 

3x2-7x-6=:3(x2- Jx-  f) 

=  3[(x2-Jx  +  t|)-f|-t] 

=  3  [(X-  1)2-1//] 

=  3(x  -  i  +  i  Vi09)(x- J  -  J  Vi09). 

14.  Resolve  6x2  —  6x  +  6  into  two  factors. 

6x2  _  5a.  ^  5  -;,  (5(a.2  _  s  ^  +  j) 

=  6[(x2-,«x  +  V^^\)-Ty^  +  |] 
=  6[(x-A)2-(-,.V^)] 

=  6(x  -  ^^-\-  ^\V^^){x  -  T^j  -  tV^^^^S). 

Bacerciae  112.    Page  275 

Find  all  the  roots  of : 

1.  x2  +  llx  +  30  =  0.  4.  x2-^x-3  =  0. 

(x  +  6)(x  +  6)  =  0.  (x-3)(x  +  l)  =  0. 

.-.  x:^  — 6, or-6.  .-.  x=3,or  — 1. 

3.  x2- 2x^24=0.  8.36x2-36x4-6  =  0. 

(x-6)(x  +  4)  =  0.  (4x-3)(9x-2)  =  0. 

.-.  x  =  6,  or-4.  4x.-3.;i=0^ 

or  9x-2  =  0. 

8.  x2-10x  +  21  =  0.  4x  =  3, 

(x-3)(x-7)  =  0.  or  9x=2. 

.-.  X  =  3,  or  7.  .-.  X  =  f ,  or 
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6.  (7x-8)(2x-3)  =  0.  9.  a«-16x  =  0. 

7x  -  8  =  0,  or  2x  -  3  =  0.  x(x  -  16)  =  0. 

7x  =  8,  or  2x  =  3.  .-.  x  =  0,  or  16. 

.-.  X  =  f ,  or  §. 


10.  a[4  +  23x  =  0. 

x(x  +  23)  =  0. 

.-.  X  =  0,  or  —  23. 


7.  (3x  +  2){6x  +  9)  =  0. 

3x  +  2  =  0,  or  6x  +  9  =  0. 
3x  =  --2,  or  6x  =  -9. 

''  '  11.  4a«  +  28x  +  ^  =  0. 

••  (10-x)(6  +  5x)  =  0.  (2x+7)(2x+7)=0. 

10-x  =  0,  or6  +  6x  =  0.  2x +  7  =  0,  or2x  +  7  =  0. 

-x  =  -10,  or6x=-6.  2x  =  -7,or2x=— 7. 

.-.  X  =  10,  or  —  }.  .-.  X  =  —  },  or  —  }. 

12.  x»  -  1  =  0. 

(X  -  1)  (x2  -f  X  +  1)  =  0. 

.-.  X  =  1,  or  x^  +  X  +  1  =  0. 

x2  -H  X  =  -  1. 

4x^  +  ()  +  l  =  -3. 

2x  +  l  =  ±V^. 
2x=-l±Vr3. 

.-.  x  =  -i±lV^. 

.♦.  X  =  1,  or  -  i  ±  I V^. 

18.  x»  +  l  =  0. 

(x  +  l)(x2-x4-l)  =  a 

.-.  X  =  —  1,  or  X*  —  X  +  1  =  0. 
x3  -  X  =  - 1. 
4x3-()  +  l  =  -3. 

2x-l  =  ±V^. 

2x  =  l±V^. 

.-.  X  =  i  ±  i  V^. 

.-.  x  =  -l,or  J±  jV^. 

14.  x»  -  27  =  0. 

(x-3)(x«4-3x  +  9)  =  0. 

.-.  X  =  3,  or  x«  -f  3x  +  9  =  0. 
x2  +  3x=-9. 
4xa  +  ()  +  9  =  -27. 
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2x4-3  = 

:±SVZ 

3. 

2x  = 

-3±3 

V-3. 

.-.  X  = 

-iij 

V-3. 

.-.  X  = 

:  3,  or  - 

i±|V-3. 

15. 

X*- 

16  =  0. 

(x2-4)(x2  +  4)  = 
2)(x  +  2)(x2  +  4)  = 

0. 
0. 

.*.  X  = 

2,  or  - 

2,  orx2  4-4  = 

=  0. 

X2  = 

-4. 

.-.  X  = 

:±2VI 

1. 

- 

.-.  x  = 

±  2,  or 

±2V-1. 

16. 

8x8 

-  27  =  0. 
(2x- 

3)(4x2  +  6x  +  9)  = 

0. 

. 

.-.  2x-3  = 

0,  or  4x2-f  6x4-9  = 

0. 

1 

(i) 

2x-3  = 

2x  = 

.-.  X  = 

0. 
3. 

(") 

4x2  4-6x  +  9  = 

0. 

4x2  +  6x  = 

-9. 

16x2  + 24x +  9  = 

-27. 

4x  +  3  = 

:±3V- 

3. 

4x  = 

:-3±3 

;V-3. 

.*.  X  = 

■■-i±i 

V--3. 

.-.  x  = 

f  1  or  - 

• 

}±iV-3. 

17. 

8x8  +  27  =  0. 

{2x  +  3)(4x2-6x-f  9)  = 

0. 

.-.  2x  +  3  = 

:0,  or  4x2-6x4-9  = 

=  0. 

( 

i) 

2x  +  3  = 
2x  = 

0. 
-3. 

•'•  '^  —  —  i' 
(ii)  4xa-6x  +  9  =  0. 

4x2-6x  =  -9. 
16x2-24x  +  9  =  -27. 

4x-3  =  ±3V^. 


4x  =  3±3  V^. 

.-.  X  =  J  ±  i  ^^^. 

.-.  X  =  -  f ,  or  f  i  f  V^. 
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A^    o  1  3a;      3X-20      „  .  3x2-80 

24.  Solve  =  2  H 

2       18 -2x  2(x-l) 

Clear  of  fractions, 

-  3x«  +  30x2  _  27x  -  3x3  -f  23x  -  20 

=  -  4x2  +  40x  -  36  -  3x8  4.  27x2  +  80x  -  720. 
Transpose  and  combine,         4  x2  —  124  x  =  —  736. 
Complete  the  square,        4  x2  -  ( )  +  961  =  226. 
Extract  the  root,  2x  —  31  =  ±  15. 

2x  =  46,  or  16. 
.-.  X  =  23,  or  8. 

«K    o  ,  X        .       24  2(x-4)      1     . 

25.  Solve =  -^^ 

2x-l      4x2-1       2x  +  l        9 

Clear  of  fractions, 

18x2  +  9x  +  216  =  36x2  -  162x  4- 72  -  4x2  4- 1. 
Transpose  and  combine,       14x2  —  171x  =  143. 
Complete  the  square, 

4  X  142x2  -  (  )  +  29241  =  37249. 
Extract  the  root,  28x  -  171  =±  193. 

28x  =  364,  or  -22. 
.*.  X  =  13,  or  —  IJ. 

Bacercise  111.     Page  272 

1.  Resolve  6x2  —  7x  +  2  into  two  factors. 

6  x2  —  7  X  -f  2  AnotJier  Method 

=  6(x2-  Jx  + J)  6x2-7x  +  2 

=  6[(x2-Jx  +  TVj)-,-y^  +  i]  =6(x2-Jx+S) 

=  6[(x-i^)^-ji^]  =6(x2-Jx  +  H) 

=  Q{x-j\  +  j\)(x-^\-M  =6(x-|)(x-|) 

=  6(x-i)(x-J)  =6(x-i)(x-|) 

=  (2x  -  1)  (3x  -  2).  =  (2x  -  1)  (3x  -  2). 

2.  Resolve  12x2  —  7x  —  10  into  two  factors. 

12  x2  —  7  X  —  10  Another  Method 

=  12(x2-^jX- t)  12x2 -7x- 10 

=  12[(x2  _  ^^x  +  ,S\)  -  i?A  -  H  =  12(x2  -  ^x  -  JS) 

=  12  [(X  -  /^)2  -  m]  =  12  (x2  -  ^^x  -  IIJ) 

=  1 2  (X  -  ^\  +  if )  (X  -  jV  -if)  =  12  (X  4-  A)  (X  -  It) 

=  12(x  +  i)(x  -  5)  =  12(x  4-  |)(x  -  J) 

=  (3x  +  2)(4x-5).  =(3x  +  2)(4x-6). 
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8.  Resolve  2lx^  —  l3x  +  2  into  two  factors. 
21a;2_i3x  +  2 


=  21  [(«  -  i|)»  -  „'„] 

-21(a;-e+A)(x-i|-Ty 
=  21(x-?)(x-i) 

=  (7x-2)(3a;-l). 


Trs¥  +  A] 


Another  Method 

21x«-13x  +  2 

=  21(x»-Jf*  +  A) 
=  21(a5»-i}*  +  ^) 

=  21(x-A)(a!-A) 
=  21(a;-f)(x-J) 

=  (7x-2)(3x-l). 


4.  Resolve  3x'  +  8x  +  4  into  two  factors. 


3x''  +  8x  +  4 

Anotfier  Method 

=  3(!^+|X  +  |) 

3x2  +  8x  +  4 

=  3[(xi'  +  fx  +  V)-Y  +  l] 

=  3(x2+|x  +  |) 

=  3[(x  +  f)3-|] 

=  3(x'  +  fx  +  Y) 

=  3(x  +  |  +  §)(x  +  |-|) 

=  3(x+|)(x  +  f) 

=  3(x  +  2)(x+§) 

=  3(x  +  2)(x+|) 

=  (x  +  2)(3i  +  2). 

=  {x  +  2)(3x  +  2). 

5.  Resolve  6«2_iix  +  3  into  two  factors. 

=  6(x2~-y-x  +  i) 

=  6[{x2-i^x  +  ifi)-i|i  +  « 
=  6[(x-H)2-^^y 

=  6(x-H+A)(a^-H-A) 
=  6{x-l)(x-f) 

=  (3x-l)(2x-3). 


Another  Method 

6x2-llx+  3 

=  6(x-^--y-a;  +  t) 
=  6(x2--V-x  +  j|) 

=  6(x-f)(x-|) 
=  6(x-J)(x-f) 
=  (3x-l)(2x-3). 


6.  Resolve  3x2  +  x  —  10  in^o  two  factors. 

3x2  +  x-10 

=  3(x2  4- Jx- Y-) 

=  3[(x2  +  ix  +  ^\.)-^V-¥] 
=  3[(x  +  i)2-i3V-] 

=  3(x  +  J  +  V)(aJ+i-¥) 
=  3(x  +  2)(x-J) 

=  (x4-2)(3x-5). 


Another  Method 

3x2  + X- 10 

=  3(x2+ix--V.) 
=  3(x2  4-ix--350_) 

=  3(x  +  |)(x-f) 
=  3(x+2)(x-f) 
=  (x  +  2)(3x-5). 
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14.  Solve  4xa-4aic-Ha2-6»  =  0. 

2z  —  a  =  ±b. 
2x  =  a±h. 
.-.  X  =  J  (a  4-  &),  or  i  (a  —  6). 

16.  Solve  (a-x)2  +  (x-6)2  =  (a-5)2. 

a2  -  2  oa;  +  x2  _|.  3-2  _  2  6x  +  62  =  a2  -  2  a6  +  62. 
2x2  _  2(a  +  6)x  +  2 a6  =  0. 
x2-(a  +  6)x  +  a6  =  0. 
(x  -  o)  (X  -  6)  =  0. 

.-.  X  =  a,  or  6. 

16.  Solve  ax2-(a2  +  l)x  +  a=:0. 

ax2  -(a2  +  i)x  =  -  o. 
4  a2x2  -  ( )  +  (a2  +  1)2  =  a*  -  2  o2  +  1. 
2ax-(a2  +  l)  =  ±(a2-l). 
2  ax  =  2  a2,  or  2. 

1 

.-.  X  =  a,  or  - . 
a 

17.  Solve        a6x2  _  (a2  +  62)x  +  a6  =  0. 

a6x2-(a2  +  62)x  =  -a6. 
4o262x2  _  ( )  +  (a2  -f  62)2  =  a*  ~2 a^f^  +  6*. 
2a6x  -  (o2  +  62)  =  ±  (a2  -  62). 
2  a6x  =  2  a2,  or  2  62. 

a        b 

.-.  x  =  -1  or  -. 
6        a 

18.  Solve  6cx  —  6d  =  adx  —  acx^, 

acx2  +  6cx  —  adz  =  bd. 

acx2  +  (6c  —  ad)  x  =  bd. 

4a2c^2  4.  0  4.  (be  -  adyi  =  62c2  +  2 a6cd  +  a^. 

2  acx  +  (6c  —  ad)  =  ±  (be  +  ad). 

2  acx  =  2  ad,  or  —  2  6c. 

d  6 

.*.  X  =  -1  or  — • 
c  a 
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19.  Solve  x8  =  a8. 

x8  -  a8  =  0. 
(x  -  a)  (x2  +  ax  +  a2)  =  0. 

.-.  X  -  a  =  0,  or  x*  +  ox  -f  a2  =  0. 

(i)  X  -  a  =  0. 

.*.  X  =  a. 

(u)  x2  +  ax  +  a2  =  0. 

x2  +  ax  =  —  a2. 
4x2  +  ()  +  a2  =  -3a2. 

2x  +  a  =  ±aV^. 


2x  =  -  a±aV-3. 
.-.  a;  =  |(-l±V^). 

/.  X  =  a,  or  -(- 1  ±  V^). 


ao.  Solve  x8  =  -6«. 

x8  +  68  =  0. 
(X  +  6)  (x2  -  6x  +  &2)  =  0. 

.-.  X  +  &  =  0,  or  x2  -  6x  +  62  =  0. 

(i)  X  +  6  =  0. 

.-.  X  =  —  6.  . 

(ii)  x2  -  6x  +  62  =  0. 

X2  -  6x  =  -  62. 
4x2-0  +  62  =  -362. 

2x-6  =  ±6V^. 
2x  =  6±6V^. 


x  =  ^(l±V-3). 

x  =  -6,  or-(l±V^). 


ai.  Solve  4ax2  +  20a2x  +  9a2  =  0. 

4x2  +  20ax  +  9a  =  0. 

4x2  +  20ax  =  -9a. 
4x«  +  20ax-f  25a2  =  26o2-9a. 

2x4-6a  =  i:V26a2-9a. 

2x  =  -6adb^^25a2-"9a. 
.-.  x  =  i(-6a±^26a2-9a). 
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22.  Solve 


28.  Solve 


24.  Solve 


3x3  + ox 

36x2  4-()  +  a» 

6x  +  a 

6x 

.-.  X 

ax2-2te 

a*ca  -  ( )  4-  &2 

ax  —  6 
ox 

.-.  X 

aaja  +  26x  +  c 

ax2H-2  6x 
a*c2  +  ( )  +  62 

ox  +  6 
ox 

.-.  x  = 


6. 
126-|-a2. 

-a±  Vl2b  -\-  gg. 
j(_a±Vl26  +  o2). 


=  c. 


=  j:  Vac  4-"^. 
=  6  ±  Vac  +  6». 

=  -(6±Vac  +  62). 
a 


oc). 


25.  Solyea^-(a+6)x  +  (a  +  c)(6-c) 

x2-(a  +  6)x 

4xa-()  +  (a  +  &)2 

2x-(aH-6) 

2x 


X  = 


26.  Solvexa-(a-6)x-(a-l)(6-l) 

x^  —  (a  —  b)x 

x^-(a-b)x 

4x2-()  +  (o-6)2 

2x-(a-6) 

2x 


x  = 


27.  Solve 


x2  +  2a6(o2  +  62) 

x2  -  (a  +  6)2x 

4x2-()  +  (a  +  ft)* 

2x-(a  +  6)2 

2x-(a2  +  2a6  +  62) 

2x 
/.  X 


:0. 
:  —  C. 

:62-ac. 
:  i:  V&3  -  gc. 
-  6  ±  V62-gc. 

0. 

gc  —  6c  -  g6  +  c*. 

g2-2g6  +  62^4ac_45c4.4c«. 

±  (g  -  6  +  2  c). 

2g  +  2c,  or  26 -2c. 

g  +  c,  or  6  —  c. 

0. 

(g-l)(6-l). 

g6  —  g  —  6  4- 1. 

ga  +  2g6  +  6a-4g-46  +  4. 

dt  (g  +  6  -  2). 

2g-2,  or  2 -26. 

g  —  1,  or  1  —  6. 

(g  +  6)2x. 

-~2g»6-2g68. 

a4  _4aS6  +  6ga6a-4o68  +  6*. 

±(a2-2g6  +  62). 

i(g2-2g6  +  62). 

2a2  +  262,  or4g6. 

g8  4  ^2^  pj  2  g6. 
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as.  Solve  (a  +  b  -\-  c)x^  -  (2a  -\-  h  -\-  c)x  +  a  =  0. 

(a  +  &  4-  <?)a;*  -  (2 a  +  &  4-  c)x  =  -  a. 
4  (a  +  6  +  c)2  x2  _  ( )  ^  (2  a  +  6  +  c)2  =  &2  +  2  6c  +  c2.' 
2(a  +  6  +  c)x  -  (2a  +  6  +  c)  =  ±  (6  +  c). 

2  (a  +  6  H-  c)  X  =  2  a  +  2  &  +  2  c,  or  2  a. 

.-.  X  =  1,  or 


a  +  6  +  c 


AACI1                                             la  —  6aH-6 
29.  Solve  X  H-  -  = \-  — ^—  • 

X     a  +  b     a  —  b 

Simplify  the  right  member,  x  +  -  =  — — — — -  • 

X        a2  —  62 

(a2  -  62)x2  +  a2  -  62  =  2(a2  +  62) x. 
(a2  -  62) x2  -  2(a2  +  62)x  =  -  a2  +  62. 

(a2  -  62)2x2  -  (  )  +  (a2  +  62)2  =  4o2b2. 

(a2  -  62)x  -  (a2  +  62)  =  ±  2a6. 

(a2  -  62)x  =  (a  +  6)2,  or  (a  -  6)2 

a  4-  6          a  —  6 
.-.  X  = »  or  • 

a  —  6         a  +  6 


30.  Solve  a6x2  _  (a  +  6)  (a6  +  l)x  +  (a6  +  1)2  =  0. 

a6x2  -  (a  +  6)  (a6  +  l)x  =  -  (a6  +  1)2. 

4o262x2  _  ( )  +  (a  +  6)2(a6  +  1)2  =  (a  +  6)2 (a6  + 1)2 -4 06(06 +  1)2. 

4a262x3  -  ( )  +  (a  +  6)2(06  +  1)2  =  (02  -  2o6  +  62) (06  +  1)2. 

2a6x  -  (o  4-  6)  (06  +  1)  =  ±  (o  -  6) (06  +  1). 

2a6x  =  (a  +  6)(a6  +  l)±(a-6)(a6  +  l) 

=  20(06  +  1),  or  26(a6  +  l). 

06  +  1         06  +  1 
.*.  X  = >  or 

6  a 

81.  Solve  (a  -  x)2  +  (6  -  x)^  =  t(o  -  x)(6  -  x). 

2(0  -  x)2  +  2(6  -  x)2  =  5(o  -  x)  (6  -  X). 

2(0  -  x)2  -  6(0  -  X)  (6  -  X)  +  2(6  -  x)2  =  0. 
Factor,  [2(a  -  x)  -  (6  -  x)]  [(o  -  x)  -  2(6  -  x)]  =  0. 

(2o-2x-6  +  x)(a  -x-  26  +  2x)  =  0. 
(2  o  -  6  -  x)  (o  -  2  6  +  x)  =  0. 
.•.  2a  —  6  —  x  =  0,  oro  —  26  +  x  =  0. 
.-.  X  =  2  0  —  6,  or  2  6  —  o. 
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88.  Solve 


or 


x»4-3x»-t-3x4-l  _^ 
x»-a^-x  +  l    ""ft** 

Factor.  _^±5?_=g. 

(x-l)2(x  +  l)~6»' 
(X  + 1)»  _  a» 
(X  -  1)2  ~  l^' 
x  +  1      ,  a 


:.  &c  +  6  =  cw;  —  a,  or  te  -f-  &  =  —  ax  +  a. 
(o  —  6)  X  =  a  +  &,  or  (a  +  ft)  X  =  a  —  6. 


a  +  6  o  —  6 

x  = -,  or  -. 

o— 6         o+o 


»,.  Solve  («-x)«  +  (x-6)«^^+g 

(a  -  x)2  -  (X  -  6)2      a*  -  62 
a2-2ax  +  x2  +  x2-26x  +  62  a* +  6" 


(a  —  X  +  X  —  6)  (a  —  X  —  X  +  6)      (a  +  6)  (o  —  6) 
a2  +  62  _  2(a  +  6)x  +  2x2  ^        o2 -t- 62 
(a  -  6) (a  +  6  -  2x)       ~  (a  +  &)  (a  -  6)' 
Multiply  by  a  —  6, 

(a2  -f  62)  -  2(a  4-  6)x  +  2x2  _  o2  +  62 
a  +  6  —  2x  a  +  6 

Clear  of  fractions, 

(a  +  6)(o2  4-  6«)  -  2(a  +  6)2x  +  2(a  +  6)x« 
=  (a  +  6)  (a2  +  62)  -  2(a2  +  62) x. 
Transpose  and  combine, 

2(a  +  6)x2  -  2(a  +  6)2x  +  2(a2  +  62)x  =  0. 
Divide  by  2,    (a  +  6)x2  -  (a  +  6)2x  +  (a^  +  lP)x  =  0. 
Combine,         (a  +  6)  x2  -  2  a6x  =  0. 
Factor,  x  (ox  +  6x  ~  2  a6)  =  0. 

.-.  X  =  0,  or  ox  +  6x  —  2  a6  =  0. 
ox  +  6x  =  2  a6. 

2a6 

.-.  X  = -. 

a  +  6 

A         2a6 

*.  X  =  0,  or 

a  +  6 
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84.  Solve  ia-x)^^(x-^h)^  ^  o^^^ 

(a  -  x)2  +  (X  -  b)^     aS  +  68 
Divide  by  (a  —  x)  +  (x  —  &)  or  a  —  &, 
(g  -  x)2  -  (g  -  x)  (x  -  &)  +  (X  -  6)2  _  gg  4-  oft  +  y 
(g-x)2  +  (x-6)2  -      ga  +  fta 

Clear  of  fractions, 

(g2  +  62)  (o  _  a;)2  _  (a2  +  62)  (g  -  x)  (x  -  6)  +  (g2  +  62)  (x  -  6)2 
=  (g2  +  62)  (g  -  x)2  +  (g2  +  62)  (x  -  6)2  +  a6(g  -  x)2  +  g6(x  -  6)2. 
Transpose  and  combine, 

g6(g  -  x)2  +  (g2  +  6*)  (g  -  x)(x  -  6)  +  g6(x  -  6)2  =  0. 

Factor,       [g(g  -  x)  +  6(x  -  6)]  [6(g  -  x)  +  g(x  -  6)]  =  0. 

.-.  g(g  —  x)  +  6 (x  —  6)  =  0,  or  6(g  —  x)  +  g(x  —  6)  =  0. 

g2  —  gx  +  6x--62  =  0,  org6—  6x-fgx--g6  =  0. 

(g-6)x  =  g2-62,  orO. 

.-.  X  =  g  +  6,  or  0. 

85.  Solve  x2-g2  =  f  gx. 

2x2-2g2  =  3gx. 

2x2 -3gx  _2g2  =  0. 

(x-2g)(2x  +  g)  =  0. 

.-.  X  =  2  g,  or 

2 

36.  Solve  g2(6-x)2  =  62(g-x)2. 

g262  -  2g26x  +  a^^  =  a?^  -  2g62x  -f  62x2.  . 

g2x2  -  62x2  -  2  g26x  +  2  g62x  =  0. 

(g2  -  62) x2  -  2 g6(g  -  6)x  =  0. 

Divide  by  g-6,  (g  + 6)x2-2g6x  =  0. 

Factor,  x  [(g  4-  6)x  -  2  g6]  =  0. 

.'.  X  =  0,  or  (g  +  6)  X  —  2  g6  =  0. 

_  2g6 

.-.  X  =  0,  or 


g  +  6 


AM    o  1  g  .  X      m 

87.  Solve  --{--=  — 

X     g       n 


g2Ti  +  nafi  =  gmx. 
nx2  —  gmx  =  —  g2n. 
4n2x2  -  ( )  +  g2m2  =  g2m2  -  4 g2n2. 
2  nx  —  gm  =  i:  g  Vm2  —  4  y^. 

2nz  =  am  ±a  Vm2  —  4 n^. 

.-.  x=  — (m  ±  Vm2-4n2). 
2n^  ' 
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8S.  Solve  x*  +  (a  -  x)*  =  a*. 

aj*  +  a*  -  4a»z  +  ^a^x^  -  4 oz*  +  z*  =  ««. 

2x*  -  4  ojc*  +Ga*r«  -  4a«ac  =  0. 

X*  -  2  ax«  +  3  a«x«  -  2  a«ac  =  0. 

x(x»  -  2aa?  +  Sa^z  -  2a»)  =  0. 

x{x  -  o){a?  -  ax  +  2a«)  =  0. 

.-.  X  =  0,  X  -  a  =  0,  or  x^  —  ax  +  2  a*  =  0. 

(i)  X  =  0. 

(U)  x-a  =  0. 

.-.  X  =  a. 

(IIO  x2  -  ax  +  2  a8  =  0. 

x2  -  ax  =  -  2  o«. 
4x«-()  +  a2  =  -7aa. 

2x  —  a  =  ±  gV— 7. 
2  X  =  o  ±  a  V—  7. 


.-.  X  =  0,  a,  or  -  (1  i  V-7). 


89.  Solve  2  a8x8  =  (ax  -  6)« 

2  a8x«  =  a2x2  _  I2ax  +  36. 
2  o»x8  -  a%B«  + 12  ax  -  36  =  0. 
(ax  -  2)  (2a2x2  +  3ax  +  18)  =  0. 

.'.  ax  -  2  =  0,  or  2oax2  +  3ax  + 18  =  0. 

(I)  ax  -  2  =  0. 

ox  =  2. 

2 
.*.  X  —  —  • 
a 

(II)  .  2a2x2  +  3ax  +  18  =  0. 

2  a2x2  +  3  ax  =  -  18. 
16a^2  +  ()  _|.  9  =  _  136^ 

4  ox  +  3  =  rb  3  yT^. 
4  ax  =  -  3  ±  3  V-16. 

.-.  x  =  — (-1±V3T6). 
4a 


A  x  =  ?,or-^(-l±V3l5). 
a        4a 
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.  a  —  jc     z  —  h 
40.  Solve  - — -,  + 


X  —  6     a  —  X      d 

ag-2qx  +  g2  +  x'-26a!;-f  6^_  c 
ax  —  db  —  x^-^bx  d 

2x3  -2(a  +  6)ig4-a^+  &^_  c 
-x2  +  (a  +  6)x-o6      ""d' 
2 dx2  -  2 d(a  +  6)x  +  a^  +  62cj  =  _  cx2  +  c (a  +  6)x  -  oftc. 
(c  +  2d)x2  -  (c  +  2d)  (a  ■\-  b)x  =  -  aH  -  IM  -  abc. 
4(c  +  2d)2x2  -  ( )  +  (c  +  2<^)2(a  +  &)2 

=  (c  -f  2d)2(a  +  6)2  -  4(a2d  +  62^  +  a5c) (c  +  2 d) 
=  (c  +  2d)  [(c  +  2d)  (a  +  6)2  -  4(a2d  +  62d  +  dbc)] 
=  (c  +  2d)  (a2c  -  2a6c  +  62c  -  2o2d  +  4a6d  -  2  62d 


2 
2 


=  (c  +  2d)(a  -  6)2(c  -  2d), 
(c  +  2d)x  -  (c  +  2d)  (a  +  6)  =  ±  (a  -  6)  V(c  +  2d)(c  -  2d) 
(c  +  2d)x  =  (c  +  2d)(a  +  6)  ±  (a  -  6)  V(c  +  2d)(c  -  2d). 

.^^a_+6         a-6     y^,  ^  2d)(c  -  2d). 
2         2(c-f2d)     ^    ^      '^  ' 


41.  Solve         (a  -  1)2x2  -  a(x  +  6)  =  ax2(a  -  2)  -  6x. 

(a2  -  2a  +  l)x2  -  ox  -  a6  =  (a2  -  2a)x2  -  6x. 
Transpose  and  combine, 

x2  —  ax  +  6x  —  a6  =  0. 
(x  -  a)  (x  +  6)  =  0. 

.'.  X  =  a,  or  —  6. 


42.  Solve  (a-6)x2+ — i_  =  (a  +  6)x. 

a  —  6 

(a  -  6)2x2  +  a6  =  (a  +  6)  (o  -  6)x. 
(a  -  6)2x2  _  (a  +  6)  (a  -  6)x  =  -  ab. 
4(a  -  6)2x2  -  4(o  +  6) (o  -  6)x  +  (a  +  6)2  =  a^  _  2 a6  +  62. 
2(a  -  6)x  -  (a  +  6)  =  dt  (a  -  6). 
2(a-6)x  =  2o,  or  26. 


a 

X  = ,  or 


a  —  6         a  —  b 
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48.  Solve         (x«  +  ax  +  a«)(x  +  a)  =  (x«  +  a«)(x-2a)  +  6a». 

«»  +  2ax«  +  2a«a;  +  o»  =  x»  - 20x8  +  o^x  -  2a»  +  6a*. 

4ax«  +  a%B-3o»  =  0. 

4x«H-ax-3a«  =  0. 

(x  +  a)(4x-3a)  =  0. 

.'.  X  +  a  =  0,  or  4z  —  3a  =  0. 

3a 
/.  x  =  — o,  or  — . 

4 


44.  Solve       4  (a  -  x)*  -  17  (a  -  x)a(x  -  &)2  +  4  (x  -  6)*  =  0. 

Factor,  [4  (a  -  x)2  -  («  -  6)2]  [(a  -  x)2  -  4  (x  -  6)2]  =  0. 

.-.  4(a  -  x)2  -  (X  -  6)2  =  0,  or  (a  -  x)2  -  4(x  -  6)2  =  0. 

(I)  4(a-x)2-(x- 6)2  =  0. 

4(a-x)2  =  (x-6)2 

2(a-x)=±(x-6). 

2a  —  2x  =  x  —  6,  or  — x  +  6. 

3x  =  2a  +  6,  or  --x  =  — 2o4-6. 

2a  +  6 
.*.  X  =  — - — ,  or  2  a  —  6. 

(H)  (o-x)2-4(x- 6)2  =  0. 

(a-x)2  =  4(x-6)2. 
(a-  x)  =  ±  2(x  -6). 
a  —  x  =  2x-2  6,  or  — 2x-f26. 
—  3x  =  — 26  —  a,  orx  =  26  —  a. 

.'.  X  =  — - —  1  or  2  6  —  a. 

o        1.  01.          2a  +  6         26+0 
.-.  X  =  2  a  —  6,  2  6  -  a, ■ — ,  or  — — - . 


46.  Solve  x(x-26)  +  a(6-x)  +  2c(a-2c)-f  62  =  0. 

x2  -  2  6x  +  a&  -  ox  +  2  ac  -  4  c2  +  62  =  0. 

x2  -  (a  H-  2  6)x  =  4  c2  -  2  oc  -  62  -  06. 
4x2  -  ( )  +  (a  +  2 6)2  =  a2  -  8ac  -I-  16c2. 
2x  -  (a  -I-  26)  =  ±  (a  -  4c). 

2x  =  2o  +  26-4c,  or26  +  4c. 
.-.  X  =  a  +  6  —  2  c,  or  6  +  2  c. 
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ab 
46.  Solve  (a  -  x){b  +  z)  =  x(h  -  a-{-2x) 

ab 

ah  +  ax~bx  —  x^  =  hz  —  ax-\-2x^ . 

^  3 

9x^-6(a-b)x  =  4ah. 

9«a  -  6(a  -  &)a;  H-  (a  -  6)2  =  a2  +  2a6  +  fta. 

3x-(a-&)=±(aH-6). 

3a  =  2 a,  or  -26. 

2a             26 
.-.  x  =  — -1  or . 

3  3 


A»    o  ^                        a-x.x-6     a      b 
47.  Solve + =  --{--. 

X  —  6     a  —  x     6     a 

a2  --  2  ax  4-  x2  +  x2  -26x-|-62  _  a^  +  62 
ax  —  x2  —  a6  +  6x  a6 

(ga  ^  ft2)  ^  2(a  +  6)x  H-  2x2  _  a2  +  62 
(a  +  6)x  — x2  -  a6  ^      ~~     ab 
a6(a2  +  62)-2a6(a+  6)x  +  2a6x2 

=  (a  +  6)  (a2  +  62)x  -  (a2  +  62)x2  -  a6(a2  +  62). 

Transpose  and  combine, 

+  62). 

l(a  +  0)»x  +  (a  +  6)*  =  a*  -  4a86  +  6a262  -  4a68  +  6*. 
2(a  +  6)x  -  (a  +  6)2  =  ±  (a2  -  2a6  +  62). 
2(a  +  6)x  =  2a2  +  262,  or4a6. 
a2-»-  62  2ii6 


Transpose  and  combine, 

(a2  4-  2a6  +  62) x2  _  (a2  +  2a6  +  62)  (a  +  6)x  =  -  206(0^ 
(a  +  6)2x2  -  (a  +  6)»x  =  -  2  a86  -  2  068. 
4(a  +  6)2x2  -  4(a  +  6)8x  +  (a  +  6)*  =  a*  -  4a86  +  6a262  - 

2iaA-  b)x  -  ra  4-  6^2  =  .  (n2  _  2a6  -4-  62V 


a2  +  62  2a6 

X  = ,  or - 

a  +  6         a  +  6 


6x  ,       3a2x     6o2  +  a6  — 262 

48.  Solve  —(OCX +  6)  +  ^^^^=         ^^ — =^. 

c  ^  '         c  c2 

a6c2  x2  +  62cx  +  3  a2cx  =  6  a2  +  06  -  2  62. 
4a26ac2x?  +  4a6c(62  +  3a2)x  +  (62  +  3a2)2 

=  9a*  +  24a«6  +  10a262  -  8a68  +  6*. 
2a6cx  +  (62  +  3a2)  =  ±  (3a2  +  4a6  -  62). 

2a6cx  =  4a6-  262,  or  -  6a2-4a6. 


2a-6             3a  +  26 
X  = 7  or 

ac  be 
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^^    ^,  ax-{-b  ,  cx  +  d     ax  —  b,cx  —  d 

49.  Solve  —  + —  = —  H —  • 

a  +  to     c-\-dx     a  —  bz     c  —  ax 

ax  +  b     ax  —  b  _cx  —  d     cx  +  d 
a  +  bx     a  -bx     c  —  dx     c  +  dx 

ggg  +  gfe  -  ato'^  -  &2g  -  g^  -  dbx^  +  ab-\-b^ 

g2  -  62a;4 
_  c^x  -  cd  +  cdx^  -  d^x  -  c^  +  cdx^  -cd  +  d^ 

2ab-2abx^  _  -2cd  +  2cdx« 
g«  -  6-2x2     ■"       c2  -  d2aja 
g6(l  -x2)  _  -cd(l  -xg) 
a2  _  523.2  ~     c2  -  d2x2 

.-.    1  -  X2  =  0. 
X2  =  l. 

x  =  ±l. 
If  1  -  x2  is  not  0,  divide  by  1  -  x^, 

ab       _     —  cd 

02-&2aj2~c2-d2x2* 

g6c2  -  g6d2x2  =  -  g2cd  +  bkdx^. 
abd^z^  +  62(^2  -  abc^  +  g2cd. 
bd  (ad  +  6c)  x2  =  ac  {be  +  gd). 
6dx2  =  ac. 

62d2x2  =  g6cd;^ 

6dx  =  ±  y/abcd, 

/.  X  =  ±  —  Vgftcd. 
6d 

/.  X  =  ±  1,  or  ±  —  Vdbcd, 

bd 


50.  Solve        -^  +  -^--^=0. 
X  —  g     X  —  6     X  —  c 

a  (x  —  6)  (x  —  c)  +  6  (X  —  g)  (X  —  c)  —  2  c  (x  —  g)  (x  —  6)  =  0. 
gx2  —  gcx  —  g6x  +  g6c  +  6x2  —  6cx  —  g6x  +  g6c 

-  2cx2  +  26cx  +  2gcx  -  2g6c  =  0. 

gx2  -}-  6x2  -  2  f  x2  -  2  g6x  +  gcx  4-  6cx  =  0. 

X  (gx  H-6x  —  2cx  —  2g6  +  gc  +  6c)  =  0. 

.«.  x  =  0,  orgx  +  6x  —  2cx  —  2g6  +  gc  +  6c  =  0. 
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ax  +  hz-2cx  =  2ab-ac  —  bc. 

2  ah  —  ac  —  be 


sc  = 


.'.  a;  =  0,  or 


a-\-h-2c 

2  ah  —  ac  —  he 


a  +  6-  2c 


61.  Solve  a-x^a^-h^    h-x    ^6(a-&) 

a  —  h      a  -  X      6  (a  —  6)         h  —  x 

a-  X  _     h  —  x        6 (a -6)      a  —  h 

a  —  h      6{a  —  h)        h  —  x        a  —  x 

Qa-6x-h-\-x  _(a-b){6a-6x-h  +  x) 

G(a-h)         ~  {a-  x)(h-  x) 

6a-h-  ^x  _  (a-6)(6a-6-5x) 

6{a-h)      ~        (a  -x){h-  x) 

.-.  6a  —  &  —  5x  =  0. 

6  X  =  6  a  —  6. 

_6a-h 

.*.  x  — • 

5 

If  6  a  -  6  -  5  X  is  not  0,  divide  by  6  a  —  6  -  5  x, 

1  a  —  h 


€){a-h)      {a-x)(h-x) 
a6  -  ax  -  6x  +  x2  =  6o2  -  12 o6  +  6?>2. 
x2  -  (a  +  6)x  =  6a2  -  ISah  +  662. 
^x^-{)  +  (a  +  6)2  =  26a2  -  50a6  +  2562. 
2x-(a  +  6)=±  6(a-6). 

2x  =  6a  -46,  or  66 -4a. 
.-.  X  =  3  a  —  2  6,  or  3  6  —  2  a. 

.*.  x  =  3a  — 26,  36  — 2a,  or  — ^^  • 

5 

62.  Solve  (X  +  a)  (3x  -  6)  =  (36  -.  a)x  -  (a  -  6)2  -  a6. 

3x2  4.3ax-6x-a6  =  36x-ax-a2  +  2a6-62-a6. 

3x2  +  4  ax  -  4  6x  =  -  a2  +  2  a6  -  62. 

3x2  +  4(a  -  6)x  =  -  (a  -  6)2. 

9«2  +  0  +  4  (a  -  6)2  =  (a  -  6)2. 

3x  +  2(a-6)  =  ±(a-6). 

3  X  =  6  —  a,  or  3  6  —  3  a. 

6  —  a 
.*.  X  = »  or  6  —  a. 
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58-  Solve    ^    V — 1 — 11-7-7— rm  =  ^- 

a2  -  62  +  (a2  -  2  05  +  62)x2  +  (a2  +  2  a6  +  62)  x2  +  (a2  -  62)  a^  _  4  a;2  =^  0. 

(a2  -  62) X*  +  2(a2  +  62  -  2)x2  =  -(a^-  62). 
(a2  _  62)2  a4  4.  (  )  4.  (a2  4-  62  -  2)2  =  4  +  4  a262  -  4  a2  -  4  62. 

(o2  -  62) x2  +  (a2  4-  62  -  2)  =  i:  2  Vl  +  a^62  -  cfi  -  62. 

(a2  -  62)x2  =  2  -  o2  -  62  ±  2  Vl  +  a262  -  a'^  -  6'^. 

Extract  the  square  root,  

Va2  -  62x  =  ±V2-a2-62±2Vn-a262-a2-62. 

Two  numbers  whose  sum  is  2  —  a2  -  62,  and  whose  product  is 
1  4.  a262  -  a2  -  62  are  1  -  a2  and  1  -  62. 

.-.  V2  -  a2  -  62  ±  2  vTTa22>2  _  a2  -  62 

=  Vl  -  a2  ±Vl-  62. 

.-.  Va2  -  62x  =  ±  ( Vl  -  a2  dt  Vl  -  62). 

Vl  -  a2  ±  Vl  -  62 

.-.  x  =  ± . 

Va2-62 

62  (2  a +  6) 
64.  Solve  b{a  +  x)2  =  (a  +  6)2  -  x2  -  -\--^' 

6  +  1 

2a62  4-  6» 
a26  +  2a6x  +  6x2  =  a2  4-  2a6  +  62  -  x2 — 

6  +  1 

2  a62  +  68 

5a;a  4.  a;2  4.  2a6x  =  a2  +  2a6  +  62  -  a26 — ;— • 

6  +  1 

(6  +  l)2x2  +  2a6(6  +  l)x 

=  a26  +  a2  +  2  a62  +  2  a6  +  68  +  62  -  a262  -  a26  -  2  a62  -  68. 

(6  +  1)2x2  +  2 a6(6  +  l)x  =  a2  +  2  06  +  62  -  a262. 

(6  +  1)2x2  +  2  a6  (6  +  1)  X  +  a262  =  a2  +  2  a6  +  62. 

(6  +  l)x  +  a6  =  ±(a  +  6). 

(6  +  l)x  =  a  —  06  +  6,  or  -  (a  +  a6  +6). 

a  —  a6  +  6  a  +  a6  +  6 

.-.  X  =  — ; —  1  or — ; 

6+1  6+1 
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Extract  the  square  root, 

aja  +  06  =  ±  [(a  +  6)  a;  +  (a  -  &)]. 
x'^=p(a-\-  h)z  =  ±  (a  -  b)  -  ah, 

(i)  z^-{a-\-b)x  =  a-b-db. 

4«2  -  ( )  +  (a  4-  6)2  =  (a  -6)2  +  4(a-6). 

2x  -  (a  +  6)  =  ±  V(a  -  b)^  +  A{q-b). 

2x  =  (a  +  6)  ±  V(a  -  6^2 -f  4 (g  -  6). 
.-.  X  =  J(a  +  6)  ±  i  V(o^  6)2  +  4 (o  -  6). 

(ii)  x2  +  (aH-6)x  =  -a  +  6-a6. 

4x2  4-  ( )  +  (a  +  6)2  =  (a  -  6)2  -  4 (a -- 6). 

2x  4-  (a  +  6)  =  ±  V(a-6)2--4(a-6). 

2x  =  -  (a  +  6)  ±  V(a--6)2-4(a-6). 
.-.  X  =  -  J  (a  +  6)  ±>tV(a-6)2--4(a--6). 
.-.  X  =  J(a  +  6)  ±  i  V(<i  -  6)2  +  4(a-6), 

or  -  i(a  +  6)  ±  i  V(«  -  &)'  -  4(a  -  6). 

Ezercise  115.    Page  282 

1.  Determine,  without  solving,  the  character  of  the  roots  of  the 
equation  x2  +  7  x  +  12  =  0. 

Here  a  =  1,  6  =  7,  c  =  12. 

.-.  62  -  4ac  =  72  -  4  X  1  X  12  =  49  -  48  =  1. 

Since  62  —  4  oc  is  greater  than  0,  and  is  a  perfect  square,  the  roots 
of  the  equation  x2  +  7x  +  12  =  0  are  real,  difl^ent,  and  rational. 

2.  Determine,  without  solving,  the  character  of  the  roots  of  the 
equation  x2  +  2  x  4-  5  =  0. 

Here  a  =  1,  6  =  2,  c  =  5. 

.-.  62  -  4ac  =  22  -  4  X  1  X  5  =  4  -  20  =  -  16. 

Since  62  —  4 oc  is  less  than  0,  the  roots  of  the  equation  2b2-}-2x  +  5  =  0 
are  imaginary. 

8.  Determine,  without  solving,  the  character  of  the  roots  of  the 
equation  x2  —  4x  —  2  =  0. 

Here  a  =  1,  6  =  —  4,  c  =  —  2. 

.-.  62  -  4ac  =  (-  4)2  -  4  X  1  X  (-  2)  =  16  +  8  =  24. 

Since  62  >-  4  ac  is  greater  than  0,  and  is  not  a  perfect  square,  the 
roots  of  the  equation  x2  —  4x  —  2  =  0  are  real,  different,  and  irrational. 
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4.  Determine,  without  solving,  the  character  of  the  roots  of  the 
equation  6 x^  —  3a  —  2  =  0. 

Here  a  =  5,  6  =  —  3,  c  =  —  2. 

.-.  62  _  4  ac  =  (-  3)2  -  4  X  5  X  (-  2)  =  9  +  40  =  49. 

Since  62  _  4  ^c  is  greater  than  0,  and  is  a  perfect  square,  the  roots 
of  the  equation  5x2_3a;  —  2  =  0  are  real,  different,  and  rational. 

6.  Determine,  without  solving,  the  character  of  the  roots  of  the 
equation  9«2 -j- 12  X  +  4  =  0. 

Here  a  =  9,  6  =  12,  c  =  4. 

.-.  62  _  4  ac  =  122  -  4  X  9  X  4  =  144  _  144  _  0. 

Since  62  —  4  ac  =  0,  the  roots  of  the  equation  9x2-}-12x  +  4  =  0  are 
real  and  equal. 

6.  Determine,  without  solving,  the  character  of  the  roots  of  the 
equation  4x2  —  4x  —  1  =  0. 

Here  a  =  4,  6  =  —  4,  c  =  —  1. 

.-.  62  -  4ac  =  (-  4)2  -  4  X  4  X  (-  1)  =  16  +  16  =  32. 

Since  62  —  4  ac  is  greater  than  0,  and  is  not  a  perfect  square,  the 
roots  of  the.  equation  4x2  — 4 x  — 1=0  are  real,  different,  and 
irrational. 

7.  Determine,  without  solving,  the  character  of  the  roots  of  the 
equation  x2  —  2  x  —  4  =  0. 

Here  a  =  1,  6  =  —  2,  c  =  —  4. 

.-.  62-4ac  =  (-2)2-4  x  1  x  (- 4)  =  4  +  16  =  20. 

Since  62  —  4  ac  is  greater  than  0,  and  is  not  a  perfect  square,  the 
roots  of  the  equation  x2  —  2  x  —  4  =  0  are  real,  different,  and  irrational. 

8.  Determine,  without  solving,  tlie  character  of  the  roots  of  the 
equation  7  x2  —  9  x  —  10  =  0. 

Here  a  =  7,  6  =  -  0,  c  =  —  10. 

.-.  62- 4ac  =  (- 9)2-4  x7x(- 10)  =  81 +  280  =  361. 

•  '  Since  62  —  4  ac  is  greater  than  0,  and  is  a  perfect  square,  the  roots  of 
the  equation  7x2  —  9x  —  10  =  0  ^xe  real,  different,  and  rational. 
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9.  Determine,  without  solving,  the  character  of  the  roots  of  the 
equation  2^x2  -  20x  +  4  =  0. 

Here  a  =  25,  6  =  -  20,  c  =  4. 

.-.  62  _  4  ac  =  {-  20)2  -  4  X  26  X  4  =  400  -  400  =  0. 

Since  b^  —  4  ac  =  0,  the  roots  of  the  equation  25  x2  —  20  x  +  4  =  0 
are  real  and  equal. 

10.  Determine,  without  solving,  the  character  of  the  roots  of  the 
equation  3x2  —  7x  —  6  =  0. 

Here  a  =  3,  &  =  —  7,  c  =  —  6. 

.-.  62  -  4ac  =  {-  7)2  -  4  X  3  X  (-  6)  =  49  +  72  =  121. 

Since  62  —  4  ac  is  greater  than  0,  and  is  a  perfect  square,  the  roots  of 
the  equation  3x2  —  7x  —  6  =  0  are  real,  different,  and  rational. 

11.  Determine,  without  solving,  the  character  of  the  roots  of  the 
equation  x2  -f  7  x  +  18  =  0. 

Here  a  =  1,  6  =  7,  c  =  18. 

.-.  62  -  4  ac  =  72  -  4  X  1  X  18  =  49  -  72  =  -  23. 

Since  62  —  4  ac  is  less  than  0,  the  roots  of  the  equation  x2  +  7  x  + 18  =  0 
are  imaginary. 

12.  Determine,  without  solving,  the  character  of  the  roots  of  the 
equation  2  x2  -  13  x  +  15  =  0. 

Here  a  =  2,  6  =  -  13,  c  =  15. 

.-.  62  -  4  ac  =  (-  13)2  -  4  X  2  X  15  =  169  -  120  =  49. 

Since  62  —  4  ac  is  greater  than  0,  and  is  a  perfect  square,  the  roots 
of  the  equation  2x2  —  13x  +  15  =  0  are  real,  different,  and  rational. 

13.  Determine,  without  solving,  the  character  of  the  roots  of  the 
equation  3  x2  —  4  x  —  22  =  0. 

Here  a  =  3,  6  =  -  4,  c  =  -  22. 

.-.  62  -  4ac  =  (-  4)2  -  4  X  3  X  (-  22)  =  16  +  264  =  280. 

Since  62  —  4  ac  is  greater  than  0,  and  is  not  a  perfect  square,  the  roots 
of  the  equation  3x2  —  4x  —  22  =  0  are  real,  different,  and  irrational. 
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14.  Determine,  without  solving,  the  character  of  the  roots  of  the 
equation  2z^  +  Sx  +  S  =  0, 

Here  a  =  2,  6  =  3,  c  =  8. 

.-.  62_4ac  =  32-4x2x8  =  9-64  =  -65. 

Since  6^  —  4 oc  is  less  than  0,  the  roots  of  the  equation  2z^-\-Sx+S  =  0 
are  imaginary. 

15.  Determine  the  values  of  m  for  which  the  two  roots  of  the 
equation  (2  m  +  1)  x^  +  (7  ?»  +  2)  x  +  6  m  +  1  =  0  are  equal. 

Here  a  =  2m  +  l,  6  =  7m  +  2,  c  =  6m  +  l. 

.-.  62  -  4ac  =  (7m  +  2)2  -  4(2 m  +  1) (6m  +  1) 

=  49 m2  +  28m  +  4  -  48 m^  _  32m  -  4 
=  m*  —  4  m. 
If  the  roots  are  to  be  equal,  then 

6a_4ac  =  0,  or  m2-4m  =  0. 
Factor,  m  (m  —  4)  =  0. 

.-.  m  =  0,  or  4. 

16.  Determine  the  values  of  m  for  which  the  two  roots  of  the 
equation  (S  m  +  l)z^  +  (II  m  +  l)x  -{■  Sm  +  9  =  0  are  equal. 

Here  a  =  3m  +  l,  &  =  llm  +  l,  c  =  8m  +  9. 

.-.  62  -  4ac  =  (11m  +  1)^  -  4(8 7/1  +  1)  (8m  +  9) 

=  121m2  +  22m  +  1  -  96 m^  -  140m  -  36 

=  25m2-118m-36. 

If  the  roots  are  to  be  equal,  then 

62  -  4ac  =  0,  or  26 m«  -  118m  -  36  =  0. 
Complete  the  square, 

626  m2  -  0  + 3481  =  4366. 
26m -69  =  ±66. 

26  m  =  126,  or  -  7. 
.*.  m  =  6,  or  —  2*^. 

17.  Determine  the  values  of  m  for  which  the  two  roots  of  the 
equation  2 mx*  +  7x2  —  8mx  +  2x  +  6m  +  4  =  0  are  equal. 

We  have       2  mx2  +7x2-8mx-f2x-f6m  +  4  =  0. 
Combine,      (2m  +  7)x2  -(8m  -  2)x  +(6m  +  4)=  0. 

Here  a  =  2m  +  7,  6  =  -(8m  —  2),  c  =  6m  +  4. 

.-.  62  -  4ac  =[-(8m  -  2)]2  -  4(2m  +  7)(6m  +  4) 

=  64m2-32m  +  4-  40m2  -  172m  -  112 
=  24m2- 204m -108. 
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If  the  roots  are  to  be  equal,  then 

62  _  4  oc  =  0,  or  24  m2  -  204  m  -  108  =  0. 
Divide  by  12,         2  m^  -  17m  -  9  =  0. 

16ma-() +  289  =  361. 
4w-17=±19. 

4in  =  36,  or  -2. 
.%  m  =  9,  or  —  J. 

18.  Determine  the  values  of  m  for  which  the  two  roots  of  the 
equation  mx*  -\-  4m  +  1  =  2x  +  Smx  ■}- 2x^  are  equal. 

We  have  mx^  +  4m  +  1  =  2x  +  3?nx  +  2x2. 

Transpose  and  combine, 

(m  -  2)x2  _  (Sm  +  2)x  +  {4m  -f  1)  =  0. 
Here  a  =  m—  2,  6  =  —  (3m  +  2),  c  =  4m  +  l. 

.-.  68_4ac=[-{3m  +  2)]2-4(m'-2)(4?/i  +  l) 
=  9m2  -f  12m  +  4  -  16m2  +  28m  +  8 
=  -7m2  +  40m  +  12. 

If  the  roots  are  to  be  equal,  then 

62  -  4  ac  =  0,  or  -  7  m2  +  40  m  +  12  =  0. 
7m2-40m  =  12. 
49m2~  0  +  400  =  484. 
7m -20  =±22. 

7m  =  42,  or  -2. 
.'.  m  =  6,  or  —  ^. 

19.  Determine  the  values  of  m  for  which  the  two  roots  of  the 
equation  3m  +  2x  +  5x2  =  llmx  +  3  —  11  mx2  are  equal. 

We  have        3m  +  2x  +  6x2  =  11  twx  +  3  -  11  mx2. 
Transpose  and  combine, 

(11  m  +  5)x2  +  (2  -  11  m)x  +  (3 m  -  3)  =  0. 
Here  a  =  llm  +  5,  6  =  2—  11m,  c  =  3m  —  3. 

.-.  62  -  4ac  =  (2  -  11  m)2  -  4(11  m  +  5)  (3m  -  3) 

=  4  -  44  m  +  121  m2  -  132  m2  +  72  m  +  60 
=  -llm2  +  28m  +  64. 

If  the  roots  are  to  be  equal,  then 

62  -  4  ac  =  0,  or  - 11  m2  +  28  m  +  64  =  0. 
11  m2- 28m  =  64. 
121m- 0  +  196  =  900. 
11  m  -  14  =  ±  30. 

11  m  =  44,  or  -  16. 
.'.  m  =  4,  or  —  xf. 
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Exercise  116.    P^e  285 

1.  Solve  Vx  +  7+V5(x-2)  =  3. 

Square,  «  +  7  +  V5  (x  -  2)  =  9. 

Transpose  and  combine,  V6  (x  —  2)  =  2  —  x. 

Square,  5  x  —  10  =  4  —  4  x  +  x^. 

Transpose  and  combine,      x^  —  9  x  +  14  =  0. 
Factor,  (x  -  2)  (x  -  7)  =  0. 

/.  X  =  2,  or  7. 
But  the  value  x  =  7  does  not  satisfy  the  given  equation. 

.-.  X  =  2. 

2.  Solve  Vl4x  -  11  +  V3(2x  -  1)  =  2  V2x  +  1. 

Square,  14x  ~  11  +  2  V3(14x  -  n)(2x  -  1)  +  6x-3  =  8x4-4. 
Transpose  and  combine, 

2  V84x2- 108x4- 33  =  18  -  12  x. 
V84x2-ld8x  -f-  33  =  9  -  6x. 
Square,  84  x2  -  108  x  +  33  =  81  -  108  x  +  36  x^. 

48  x2  =  48. 

x2  =  1. 
.-.  X  =  ±  1. 
But  the  value  x  =  —  1  does  not  satisfy  the  given  equation. 

.-.  X  =  1. 

3.  Solve  Va2-x  +  Vfe'^+x  =  a  +  &. 

Square, 

a2  -  X  +  2  V(a2  -  x)  (&2  +  x)  +  62  +  x  =  a^  +  2  a6  +  6^. 
Transpose  and  combine, 

2  Va^62  _  i,2x  +  a2x  -  x2  =  2  ah. 
Va2&2  _  62x  +  a^^  -  x2  =  a&. 
Square,  a262  -  62x  +  a2x  -  x2  =  a262. 

x2  -  a2x  +  Wx  =  0. 
x(x-a2  +  62)  =  o. 

.-.  X  =  0,  or  a^  -  62. 


4.  Solve  Va  -  X  -f  V6  -  X  =  Va  +  6  --  2x. 

Square,  a  -  x  +  2V(a-x)(6-x)  +  6  -x  =  a  +  6  -  2x. 

2V(a-x)(6"-x)  =  0. 
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V(a  -x)  (6  -  x)  =  0. 
Square,  (a  —  x)  (6  —  x)  =  0. 

/.  X  =  a,  or  6. 


6.  Solve  2  V6  +  2 X  -  Vl3  -  6x  =  V37  -  6x. 

Square,  20  +  8x  -  4  V(5  +  2x)(13  -  6x)  -f  13  -  6x  =  37  -  6x. 
Transpose  and  combine,  8 x  —  4  =  4  V65  —  4x  —  12x^. 


2x-l=V65-4x-12x2. 

Square, 

4x2-4x  +  l  =  65-4x-12x2. 
16x3  =  64. 
x2  =  4. 
.-.  X  =  ±  2. 

But  the  value  x  = 

—  2  does  not  satisfy  the  given  equation. 

Solve 
Square, 

.-.  X  =  2. 

6. 

V2(x  -  3)  =\^x2 -  4x  +  11. 

2x-6  =  Vx2-4x4-ll. 

Square, 

4x2-  24x  +  36=x2-4xH-ll. 

3x2-20x  =  -25. 
9x2-0  +  100  =  26. 
3x-10  =  ±6. 

3  X  =  16,  or  6. 
.*.  X  =  5,  or  f . 
But  the  value  x  =  |  does  not  satisfy  the  given  equation. 

.-.  X  =  6. 

7.  Solve  V2x  +  l+Vx-3  =  2  Vx. 

Square,  2x -f  1-f  2V(2x  +  l)(x-3)-f  x-3  =  4x. 
Transpose  and  combine,  2  V2x2  —  5x  —  3  =  x-f2. 
Square,  8x2  _  20x  -  12  =  x2  +  4x  +  4. 

7x2-24x  =  16. 
49x2-0  +  144  =  266. 
7x-12=±16. 

7  X  =  28,  or  -  4. 
.*.  X  =  4,  or  —  ^. 
But  the  value  x  =  —  ^  does  not  satisfy  the  given  equation. 

.  •  X  ^—  ^. 
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8.  Solve  V6x-l-V8-2x  =  Vx-l. 

Square, 

6x-l-2V(5a;-l)(8-2a:)  +  8-2x  =  x-l. 

Transpose  and  combine,  2 x  +  8  =  2  V-10x^  +  42x  -  8 

X  +  4  =  V-10x2  +  42x-8. 
x-2  +  8x  +  16  =  -  10x2  +  42x  -  8. 
llx2-34x  =  -24. 
121x2-0  +  289  =  26. 
Ilx-17  =  db6. 

llx  =  22,  or  12. 
.-.  X  =  2,  or  }f 
But  the  value  x  =  |f  does  not  satisfy  the  given  equation. 

.-.  X  =  2. 


9.  Solve  V4x-3  +  V6x  +  l=  Vl6 x  +  4. 

Square, 

4x  -  3  +  2  V(4x  -  3)  {5x  +  1)  +  6x  +  1  =  15x  +  4. 

Transpose  and  combine, 

2  V20x2-llx-3  =  6x  +  6. 
V20x2-llx-3  =  3x  +  3. 
Square,  20x2  -  11  x  -  3  =  9x2  +  18x  +  9. 

Ilx2-29x  =  12. 
484  x2  -  { )  +  841  =  1369. 
22x-29=db37. 

22x  =  66,  or  -8. 
.-.  X  =  3,  or  —  y\. 
But  the  value  x  =  —  y\  does  not  satisfy  tlie  given  equation. 

•*.  X  =  o. 


10.  Solve  X  Vx  -  a  +  a  Vx  +  a  =  Vx^  +  a^. 

Square, 


x8  -  ax2  +  2  ox  Vx2  -  a2  +  a^_-M[f  =  x^  +  a». 
Transpose  and  combine,      2  ax  Vx2  —  g^  =  ax2  —  a2x. 
Divide  by  a,  2  x  Vx2  —  a^  =  x2  —  ax. 

Square,  4x*  -  4a2x2  =  x*  -  2ax»  4-  a2x2. 

3x*  +  2ax8-6a2x2  =  0. 
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x2(x-a)(3x-l-6a)  =  0.  . 

.-.  x  =  0,  0,  a,  or  — — • 

But  the  value  «  = does  not  satisfy  the  given  equation. 

.-.  x  =  0,  or  a. 

11.  Solve  Vo(x  -  &)  +  V&(x  -  a)  =  X. 

Square, 

ax -ah +  2  Va&  (x  -  &)  (x  -  a)  +  6x  -  oft  =  x^. 

Transpose  and  combine^ 

2  Va6(x  -&)(x--  o)  =  xa-ax-6x  +  2a6. 
2  ya6(x-b)(x-a)  =  x^  -  (a  +  &) x  +  2 a6. 
2  Va6{x-6)(x-a)  =  (x  -  a)  (x  -  6)  +  a6. 
Square, 

4ab{z-  h)  (X  -  a)  =  (X  -  a)2{x  -  6)^  +  2 a6(x  -  a)  (x  -  6)  +  a262. 
(X  -  a)2(x  -  &)2  -  2a6(x  -  a)(x -h)-\- a^  =  0. 
Extract  the  square  root, 

(x  —  a)(z-b)-ab  =  0. 

X*  —  ax  —  6x  +  oft  —  a6  =  0. 

x^  —  ax  —  6x  =  0. 

X  (x  —  a  —  6)  =  0. 

/.  X  =  0,  or  a  -f  &. 
.   But  the  value  x  =  0  does  not  satisfy  the  given  equation. 

/.  X  =  a  -f  &. 

12.  Solve  a  Vc  +  X  -  6  Vc  -  X  =  Vc  (a2  +  62). 

Square, 

a^c  +  a^x  -  2  06  Vc2  -  x^  +  62c  -  62x  =  a2c  +  62c. 
Transpose  and  combine,  a^  -b'^x  =  2  ab  Vc^  —  x*. 

Square,  a4x2  -  2  a262x2  +  6*x2  =  4  a262c2  -  4  a262x2. 

(a*  +  2  a262  +  6*)  x2  =  4  a262c2. 

4  a262c2 

~a*  +  2a262  +  6*' 
2a6c 
a2  +  62 

But  the  value  x  = does  not  satisfy  the  given  equation. 

«^  +  ^  2a6c 

a2  +  62 
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13.  Solve  V2a-6  +  2x- VlOa-96  -()X  =  4Va-6. 

Square, 
2a-6  +  2x-2  V(2a-&  +  2x){10a-9&-6x)  +  10a-9&-6x 

=  16a-16&. 
Transpose  and  combine, 

-4a  +  66-4x  =  2  V(2a  -  h  +  2x)  (lOo  -  06  -  6x). 
86  -  2a  -  2x  =  V(2a  -  6  +  2x) (lOa  -  96  -  6x). 
Square,  96^  +  4a2  -f  4x"^  -  12a6  -  126x  -f  8ax 

=  20a2-28a6  +  8ax  +  962-12  6x-12x2. 
16x2  =  16a2-16a6. 

x2  =  a2  -  a6. 
.-.  X  =  ±  Va  (a  —  6). 

But  the  value  x  =  —  Va  (a  —  6)  does  not  satisfy  the  given  equation. 

.-.  X  =  Va(a  — 6). 

14.  Solve  V{a  +  x)  (x  +  6)  +  V(a  - x)  (x  -  6)  =  2  Vox. 
Square, 

ax  +  aj^  +  a6  +  6x  +  2  V(a  +  x)  (a  -  x)(x  -|-  6)  (x  -  6)  +  ox  -  a6  -  x^  +  6x 

=  4  ax. 
Transpose  and  combine, 

2  V(a2  -  x2)  {x2  -  62)  =  2  ox  -  2  6x. 

V{a2  -  x2)  (x2  -  62)  =  ox  -  6x. 
Square,  a2x2  -  a262  -  x*  +  62x2  =  a2x2  -  2  a6x2  +  62x2. 

x*-2a6x2  +  a262  =  0. 
Extract  the  square  root,  x2  —  a6  =  0. 

x2  =  a6. 
.-.  X  =  db  Va6. 

16.  Solve  2x2  +  a  V6(6  +  4x)  =  a(6  -f  2x). 

2x2  +  a  V62  +  4  6x  =  a6  +  2  ax. 

a  V6^  +  4  6x  =  a6  +  2ax-2x2. 
Square,  a262  +  4a26x  =  a262  +  4a2x2  +  4x*  -  4a6x2  +  4a26x  -  8ax«. 
4x*  -  8ax8  +  4a2x2  -  4a6x2  =  0. 
X*  -  2  ax8  +  a2x2  -  a6x2  =  o. 
x2(x2  -  2 ox  +  a2  -  06)  =  0. 

.-.  x2  =  0, 
or  x2  —  2  ox  -f  a^  —  a6  =  0. 
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(i)  •  X2  =  0. 

.-.  X  =  0,  or  0. 

(ii)  x2-2ax+a2-a&  =  0. 

x2--2ax-fa2=:a6.    _ 
X  —  a  =  ±  -Vab. 
.'.  x  =  a±  Va5. 
.-.  X  =  0,  0,  or  a  ±  Vah. 
But  the  value  x  =  a  +  "^/ab  does  not  satisfy  the  given  equation. 

.-.  X  =  0,  or  a  —  Va6. 


16.  Solve  Vx  -  a  -  Vx  -  6  =  V6  _  a. 

Square,  x  —  a  —  2  V(x  -  a)  (x  —  6)  +  x  —  6=6  —  a. 


Transpose  and  combine,  2  x  —  2  6  =  2  V(x  —  a)(x  —  6). 

X  —  6  =  V(x  —  a)  (x  —  6). 
Square,  x*  —  2  6x  +  62  =  x^  —  ax  —  6x  +  a6. 

ax  —  6x  =  a6  —  62. 
(a  —  6)x  =  6(a  —  6). 
.-.  X  =  6. 
17.  Solve 

2  V2 a  +  6  +  2 X  +  Vl0a  +  6-6x  =  VlOa-f  96  -6x. 

Square, 

8a  +  46  +  8x-f  4  V(2a  +  6  +  2x)(10a  +  6-6x)  +  10a  +  6  -6x 

=  10a  +  96-6x. 

4V(2a  +  6  +  2x)(10a  +  6-6xJ  =  -8a  +  46-8x. 
V(2  a  -f  6  +  2  x)  (10  a  +  6  -  6  X)  =  -  2  a  +  6-2x. 
Square, 
20a2  +  12a6+62-f8ox-46x-12x2  =  4a2  +  62  +  4x2-4a6+8ax-46x. 

-16x2  =  -16a2-16a6. 
x2  =  a2  -f  a6. 
.-.  x  =  ± Va(a  +  6). 


18.  Solve  Varh6  +  x-Va  +  6-x  = 


X 


Square, 


x^ 


a  +  6-f  x-2V(a  +  6+x)(a  +  6-x)-f  a  +  6-x  =  — 


a 


Transpose,  and  combine,    .2a  +  26--  =  2  Va2  +  2  a6  f  6^  -  x2. 

^"^""^^  X*  46x2         "" 

4a2  +  462  +  -  -  4x2  -  Vf^  +  8a6  =  4a2  +  8a6  +  462-4x2. 

a2  a 
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a^        a 


=  0. 


ar*-4a6a^  =  0. 
x2(x2-4a6)  =  0. 

.-.  x2  =  0,  or  4  a&. 
.-.  X  =  0,  0,  or  ±  2  Va6. 

19.  Solve  -^^^  4-  4^  =  ^^^^^. 

V  a  —  X      V  X  —  6 

Simplify,  Va  -  x  +  Vx  -  6  =  Va  -  6. 

Square,  a  -  x  +  2  V(a -x)(x  -  6)  +  x  -  6  =  a  -  6. 
Transpose  and  combine, 

2  V(a  -  X)  (X  -^)  =  0. 

V(a  -  X)  (6  -  X)  =  0. 

Square,  (o  -  x)  (6  -  x)  =  0. 

.-.  X  =  a,  or  h, 

20.  Solve  Va  -  X  4-  V-  (a^  +  ax)  =  — ?- 


Clear  of  fractions,  a  —  x 

a  -  X  +  V-a(a  +  x)(a-x)  =  o. 
V-a(a2-x2)  =  x. 
Square,  _  «»  +  ax^  =  x^. 

ox^  -  x2  =  a». 
(a-l)x2  =  o». 


x2  = 


a-l* 

.-.  X  =  ± Va(o--l). 

a  —  1 
a      1 
But  the  value  x  = Va(a — 1)  does  not  satisfy  the  given  equation 

.*.  X  = -^/aia-  1). 

a  —  1 


Ezercise  117.    Page  287 

1.  Solve  Vx2-  7  =  x2  -  13. 


Transpose,  x^  —  Vx^  -  7  =  13. 

Add  —  7  to  each  member,  (x^-  7)  -  Vx*— 7  =  6. 
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Complete  the  square,  4  (x^  _  7)  —  ( )  +  1  =  26. 

2  Vx2  -  7  -  ]  =  ±  6. 

2  Va;2-7  =  6,  or  -  4. 
Vx2  -  7  =  3,  or  -  2. 
Square,  a;2  _  7  _  9^  or  4. 

x2  =  16,  or  11. 
.-.  z  =  ±  4,  or  ±  VTT. 
But  the  values x=±  Vll  do  Hot  satisfy  the  given  equation. 

.-.  a;  =  ±  4. 

2.  Solve  X  +  c  -f  Vx  +  c  =  a. 
Complete  the  square,     4{x  +  c)  +  ( )  +  1  =  4  a  +  1. 

2  Vx  +  c  +  1  =±V4a  -f  1. 
2Vx4-c  =  -lj:V4a-H. 
Square,  4(x  +  c)  =  2  +  4a=F2  V4  g -f  1. 

X  +  c  =  J  +  a  T  i  >/4a_+jL_ 
.-.  x  =  ^  +  a-cT^V4a  4-1- 
But  the  value  x=J-fa-c  +  iV4a-fl  does  not  satisfy  the 
given  equation. 

.-.  x=  J  +  a-c-|  V4a  +  1. 

3.  Solve  x4  _  40x2  4- 144  =  0. 
Factor,                             (x^  -  30)  (x^  -  4)  =  0. 

.-.  x2  =  36,  or  4. 
.-.  X  =  ±  6,  or  ±  2. 

4.  Solve  x'  +  8x^  =  9x. 

x^-9x  +  8x^  =  0. 

x*(x-  9x^  +  8)  =  0. 

x*(x*-l)(x^-8)  =  0. 

.-.  X*  =  0,  1,  or  8. 
.-.  X  =  0,  1,  or  64. 

5.  Solve  2 X*  -  3 x^  +  X  =  0. 

x-3x^4-2x*  =  0. 

x*(x^-3x*4-2)  =  0. 

x^(x^-l)(x*-2)  =  0. 

.-.  X*  =  0,  1,  or  2. 
.-.  X  =  0,  1,  or  8. 
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6.  Solve  V^  -■  2  Vi  -f  «  =  0, 

x*-2a;*  +  x  =  0. 

X  4-  «*  -  2  X*  =  0. 

x*(x*  +  xi-2)  =  0. 

x*(xi-l)(xi  +  2)  =  0. 

.-.  x^  =  0,  or  x^  =  1,  or  —  2. 
/.  X  =  0,  1,  or  16. 
But  the  value  x  =  16  does  not  satisfy  the  given  equation. 

.-.  X  =  0,  or  1. 

7.  Solve  10x*-166  =  x2. 

10x*-x2  =  156. 
400x*-()  +  l  =6241. 

20x2-1  =±79.     . 
20x2  -  80,  or  --  78. 
x2  =  4,  or  -  f ;. 
.-.  X  =  ±  2,  or  ±  ^\  V-390. 

8.  Solve  v^-3\^  =  40. 

x^- 3x^  =  40. 
x'- 3x^-40  =  0. 
(x5  -  8)  (x*  +  6)  =  0. 

.-.  x^  =  8,  or  —  5. 
x8  =  212,  or  625. 
.-.  X  =  10,  or  5  ^^. 
But  the  value  x  =  bVh  does  not  satisfy  the  given  equation. 

.-.  X  =  16. 

9.  Solve  8a^  +  63x8  =  8. 

256  x«  + 0+3969  =  4225. 
16x8 +  63  =  ±66. 
.-.  16x8  -  2  =  0,  or  16x8  +  128  =  0. 
8x8-1  =  0,  orx8±  8  =  0. 
Factor,  (2x  -  l)(4x2  +  2x  +  1)  =  0, 
(x  +  2)(x2-2x  +  4)  =  0. 

(i)     .  2x-l  =  0. 

2x  =  l. 
•    a;  —  1 

•  •    •*•  —    2* 


or 
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(ii) 


(iii) 
(iv) 


16x2  +  0  +  1  =  - 3. 

4x  +  l  =  ±V^. 


4x  =  -l±V^. 
.-.  x  =  J(-1±V^). 

X  +  2  =  0. 
.-.  X  =  -  2. 

aJ2-2x  +  4  =  0. 

x2-2x  =  -4. 
x2-2x  +  l  =  -3. 

X  -  1  =  ±  vCTs. 
.-.  X  =  1  ±  V^. 
=  i,  -  2,  1  ±yr^,  or  J(-  1  ±  VITa). 


10.  Solve  8x-8  +  999x-8 

266x-6  +  ()  +9992 

16X-3  +  999 

16x-s_2 

8X-S-1 

Factor, 

(2x-i  -l)(4x-2  +  2x-i  +  l) 
or  (x-i  +  5)  (x-2  -  5x-i  +  25) 

(i)  2X-1-1 

2x-J 

2 

X 

.-.  X 

(ii)  4x-2  +  2x-i  +  l 

4x-2  +  2x-i 

16x-2  +  ()  +  l 

4X-1  +  1 

4x-i 

4 

X 


125. 

1002001. 

±1001. 

0,  or  16X-3  +  2000 

0,  or  X-3  + 125  =  0, 

0, 
0. 

0. 
1. 


=  0. 


-  =  1. 


.*.  X 


2. 

0. 

-1. 

-3. 

-i±v: 
4 

=  _  1  :p  V33. 


3. 


X  = 


3. 


3. 
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(iii) 


(iv) 


x-i  +  6  = 

0. 

x-i  = 

-6. 

1  _ 

-6. 

.-.  X  = 

-i. 

x-2-5ari  +  25  = 

0. 

x-2-5a;-J  = 

-26. 

4ar2- 0  4.25  = 

-76. 

2x-i  -6=±6V^. 
2x-i  =  6i  5V33. 
x-i  =  |±5  V^. 

X      2      2 

1 

X  = . 


•••  a5  =  TV{lTV-3)_ 
«  =  2,  -  J,  -  1  ±  V^,  or  ,^5  (1  ±  V-  3). 


11.  Solve  (3x-5)2-8(3x-5)  +  7  =  0. 
Factor,         (3x  -  6  -  1)  (3x  -  5  -  7)  =  0. 

(3x-6)(3x-12)  =  0. 

.-.  3x  =  6,  or  12. 
.-.  X  =  2,  or  4. 

12.  Solve  (2x-3)2-4(2x-3)4-6  =  0. 

(2x-3)2-4(2x-3)  =  -6. 
(2x-3)2-()  +  4  =  -l, 


2x-3-2=±V3T. 


2x  =  5  ±V31. 
.-.  X  =  1(6  ±  V^^). 

18.  Solve  (5x4-2)2-6(5x  +  2)  +  9  =  0. 

Factor,         (6x  +  2  -  3)  (5x  +  2  -  3)  =  0. 

(6x-l)(5x-l)  =  0. 

6x  =  1,  or  1. 

•••  «  =  i,  or  i. 
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14.  Solve  ajs  4.  5  _  sa;  ^  2  Vx2  -  8x  +  40. 

x2  -  8x  +  6  -  2  Vx2-8a;  +  40  =  0. 
Add  35  to  each  member, 

(a;2  -  8x  +  40)  -  2  Vx2-8g  +  40  =  36. 
(x2  -  8x  +  40)  -  2  Vx2- 8x4-40  +  1  =  36. 

Vx8-8x  +  40-l  =  i  6. 

Vx2-8x  +  40  =  7,  or  -  6. 
Square,  x^  _  g  x  +  40  =  49,  or  25. 

a;2  ~  8x  -  9  =  0,  or  x2  -  8x  +  15  =  0. 
(X  +  1)  (X  -  9)  =  0,  or  (X  -  3)  (X  -  5)  =  0. 
.-.  X  =  -  1,  9,  3,  or  5. 
But  the  values  x  =  3  and  x  =  5  do  not  satisfy  the  given  equation. 

.-.  X  =  9,  or  - 1. 


16.  Solve  2x2  4-  3  Vx^  -  x  +  1  =  2x  +  3. 

2x2  -  2x  +  3  Vx'^  -  X  +  1  =  3. 
2(x2  -  X  +  1)  +  3  Vx2  -  X  +  1  =  5. 
Complete  the  square, 

16(x2  -  x  +  l)  +  ()  +  9  =  49. 
4  Vx2-x  4-i-f  3  =  ±  7. 

4  Vx2  -  X  +  1  =  4,  or  -  10. 
Vx2  -  X  +  1  =  1,  or  -  |. 
Square,  x2  -  x  +  1  =  1 ,  or  -%K 

x2  -  X  =  0,  or  x2  -  X  =  y. 

(i)  x2  -  X  =  0. 

x(x  -  1)  =  0. 

.-.  X  =  0,  or  1. 

(ii)  x2  -  X  =  V-. 

4x2-4x  =  21. 
4x2-4x4-1  =  22. 

2x-l  =  4:>^. 
2x  =  l±V22. 
.-.  z=:_l{l±V22). 
.'.  x  =  0,  1,  or  1(1  ±V22). 
But  the  values  x  =  J  (1  +  v^)  do  not  satisfy  the  given  equation. 

.-.  X  =  0,  or  1. 
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16.  Solve  3  V3ic2_2x  +  4  =  3x2  _  2»  -  6. 

3x2  _  2x  -  6  -  3  V3x2  _  2aj  +  4  =  q 
Add  10  to  each  member, 

(3x2  _  2x  +  4)  -  3  V3x2-2x  +  4  =  10. 
4(3x2  -2x  +  4)-()  +  9  =  49. 
2  V3x2-2x  +  4-3  =  ±  7. 

2  V3x2-2x  +  4  =  10,  or  -  4. 
V3x2-2x  +  4  =  6,  or  -  2. 
Square,  3  x2  -  2  x  +  4  =  26,  or  4. 

3x2-2x  =  21,  orO. 
9x2-0  +  1  =  64,  orO. 
3x-  1  =  ±  8,  orO. 
3x  =  9,  -7,  orO. 
.-.  X  =  3,  —  J,  or  0. 
But  the  value  x  =  0  does  not  satisfy  the  given  equation. 

.-.  X  =  3,  or  —  J. 


17.  Solve  2x2  +  3x  -7  V2x2  +  3x-2  +  8  =  0. 
Add  —  10  to  each  member, 

(2x2  +  3x  -  2)  -  7  V2x2  +  3x-2  =  -  10. 
4(2x2  +  3x-2)-()  +  49  =  9. 
2  V2x2  +  3x^-7  =  ±  3. 
2  V2x2  +  3x^  =  10,  or  4. 
V2x2  +  3x-2  =  6,  or  2. 
Square,  2  x2  +  3  x  -  2  =  26,  or  4. 

2x2  +  3x  =  27,  or  6. 
16x2  +  0  +  9  =  226,  or  67. 

4  X  +  3  =  ±  16,  or  ±  V67. 

4x  =  12,  -  18,  or  -  3  ±  V67. 
.-.  x  =  3,  -f,  orJ(-3±V67). 


18.  Solve  39  -  8x  +  V7x2  +  8x  - 19  -  7x2  =  o. 

7 x2  +  8 X  -  V7x2  +  8x-19  =  39. 
Add  —  19  to  each  member, 

(7x2  +  8x  -  19)  -  V7x2  +  8x-19  =  20. 
4(7x2  +  8X-19)-  ()  +  1  =  81. 
2  V? x2  -t-8x  -  19-  1  =  ±  9. 

2  V7x2  +  8x-  10=  10,  or  -8. 
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V7x2-f  Sx  -  19  =  5,  or  -  4. 
Square,  7  x2  +  8  x  -  19  =  26,  or  16. 

7x2  +  8x  =  44,  01-36. 
49x2  +  0+  16  =  324,  or  261. 

7  X  +  4  =  ±  18,  or  ±  3  V29. 

7  X  =  14,  -  22,  or  -  4  ±  3  V29. 
.-.  X  =  2,  -  -Y,  or  ^  (-  4  ±  3  V29). 
But  the  values  x  =  |(  -  4  ±  3  V^)  do  not  satisfy  the  given  equation. 

.-.  X  =  2,  or  —  Y-. 

19.  Solve  (2x2  -  3x  +  1)2  =  22x2  -  33x  +  1. 

(2x2  -  3x  +  1)2  -  (22x2  -  33x)  -1  =  0. 

{2x2-3x  +  l)2-  11(2x2 -3x  +  l)+  10  =  0. 

Factor,        (2x2  -  3x  +  1  -  1)  (2x2  -  iTx  +  1  -  10)  =  0. 

(2x2  -  3x)  (2x2  -  3x  -  9)  =  0. 
.-.  2x2-3x  =  0,  or2x2-3x-9  =  0.. 

(i)  2x2-3x  =  0. 

x(2x-3)  =  0. 

.-.  X  =  0,  or  |. 

(ii)  2x2 -3x- 9  =  0. 

2x2-3x  =  9. 
16x2-0  +  9  =  81. 
4x-3=±9. 

4x  =  12,  or  -6. 
.-.  X  =  3,  or  —  |. 
.-.  X  =  0,  ±  f ,  or  3. 

20.  Solve  X  +  2  a  V2  (a2  +  b'^)  -  x  =  3  a^  +  62. 

-  X  -  2  a  V2  (a2  -^  b^)  -  z  =  -  3  a2  -  62. 

Add  2  a2  +  2  62  to  each  member, 

(2a2  +  262  -  X)  -  2a  V2a2  +  262  -  X  =  62  -  a^. 
Complete  the  square, 

(2  a2  +  262-X)-  0  +  a2  =  62. 
V2  a2  +  2  62  -  X  -  g  =  +  6. 
.  V2  a2  +  2  62  -  X  =  a  ±  6. 
Square,  2  a2  +  2  62  -  x  =  a2  ±  2  a6  +  62. 

X  =  a2  +  2  a6  +  62. 
.-.  X  =  (a  -  6)2,  or  (a  +  6)2. 
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21.  Solve  x*-6x8  +  7x2  +  6x-8  =  0. 

Attempt  to  extract  the  square  root  of  the  left  member, 

X*  -  6x8  +  7x2 +  6x- 81x2 -3x-  j 


xf 
2x2 -3x 


-6x8  +  7x2 
-6x8  +  9x2 


2x2-6x-  1 


-  2x2  +  6x-8 

-  2x2  +  6x  +  1 


-9 


Add  9  to  each  member, 

X*-  6x8  +  7x2  +  6x  +  l  =  9. 

Extract  the  square  root, 

x2-3x-l  =±3. 
x2  -  3x  -  4  =  0,  or  x2  -  3x  +  2  =  0. 
(X  +  1)  (X  -  4)  =  0,  or  (X  -  I)  (X  -  2)  =  0. 
.-.  X  =  —  1,  4,  1,  or  2. 
.-.  X  =  i  1,  2,  or  4. 


22.  Solve  X*  -  2x8  -  7x2  +  8x  +  12  =  o. 

Attempt  to  extract  the  square  root  of  the  left  member, 

X*  -2x8-7x2  +  8x+12|x2-x-4 

X* 


2x2-x 

-2x8-7x2 

-2X8+      X2 

2x2-2 

x-4 

-  8x2  +  8x  +  12 

-  8x2  +  8x  +  16 

-4 
Add  4  to  each  member, 

x*-2x8-7x2  +  8x+  16  =  4. 

Extract  the  square  root, 

x2  -  X  -  4  =  ±  2. 
x2  -  X  -  6  =  0,  or  x2  -  X  -  2  =  0. 
(X  -  3)  (X  +  2)  =  0,  or  (X  -  2)  (x  +  1)  =  0. 
.-.  X  =  3,  -  2,  2,  or  -  1. 
,%x  =  3,  i2,  or  -  1. 
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23.  Solve  32«*  -  48a;8  -  10x2  +  21x  +  6  =  0. 
Multiply  by  2, 

64 X*  -  96x8  _  20x2  _j_  42x  +  10  =  0. 

Attempt  to  extract  the  square  root  of  the  left  member, 

64x*-96x«-20x2  +  42x+  10|8x2-6x-| 
64  X* 

-96x3-20x2 

-96x3  +  36x2 


16x2 -6x 


16x2 -12x-  J 


-66x2  +  42xH-10 

-66x2  +  42x  + V- 


-    i 
Add  f  to  each  member, 

64 X*  -  96 x»  -  20x2  _j_  42x  +  V"  =  i- 
Extract  the  square  root, 

^8x2-6x-|  =  ±-|. 

8x2-6x  =  5,  or2. 
64x2-0  +  9  =  49,  or  25. 

8x-  3  =  ±  7,  or  ±  6. 

8x  =  10,  -4,  8,  or  -2. 
•'•  "^  =  ?^»  ~"  2?  1»  or  —  ^. 
.-.  X  =  1,  {,  -  J,  or  -  J. 

24.  Solve   x*-4(a  +  6)x2+16{ar-5)2  =  0. 

a;4  _  4 (a  +  6)x2  =  -  16(a  -  6)2. 
x*  -  4(a  +  6)x2  +  4(a  +  6)2  =  -  12 a^  +  40 aft  -  12 62. 

x2  -  2 (a  +  6)  =  ±  2  V-3a2  +  10a6-362. 

x2  =  2(a  +  6)  ±  2  V(3a-6)(36-a). 


.-.  X  =  +  V2 (g  +  6)  +  2  V(3a-6)(36-a)     

=  V3a-  6  ±  V3 6  -  a,  or  -  V3a-6  ±  V3 6  -  a. 

The  square  root  of  2  (o  +  6)  ±  2  V(3a  -  6){36  -  a)  is  found  by  §  307 
as  follows : 

Two  numbers  whose  sum  is  2  (a  +  6)  and  product  (3  a  —  6)  (3  6  —  o) 
are  3  a  —  6  and  3  6  —  a. 

Then  2(a  +  6)  ±  2  V(3a-6)(36-  a) 

=  (3a-b)  +  2  V(8 g  -  6)  (3 6  -  g)  +  (36  -  g) 
=  (V3g-6±  V36-g)2. 

.-.  V2(a  +  6)  ±  2  V(3g  -  6)(3  6  -  g)  =  V3g  -  6  db  V36  -  g. 


612 


ELEMENTARY  ALGEBRA 


26.  Solve  X*  -  2 (a*  +  4  a6  -  h'^)x^  +  (a  -  6)*  =  0. 

X*  -  2(a2  +  4a&  -  lP)x'^  =  -(a  -  6)*. 
jB*  -  ( )  +  (a2  +  4  a6  -  62)2  =  12  gs^  +  8  ggftg  ^  4  ofta. 

x^  -  (a2  +  4  a6  -  62)  =  rb  2  Va6  (3  g^  4-  2  a6  -  62). 
x2  =  g2  4-4a6-  62  j:  2  Va6(a  +  6)(3a- 6). 
a2  =  [Vg(g4-6)  j:  V6  (3  a  -  6)12. 
.-.  x=±  [Vg(g-f  6)  ±  V6{3a-6)]. 


.-.  X  =  Vg (g  +  6)  ±  V6(3a-6),  or  —  Vg(g  +  6)  ±  V6(3g-6). 


Exercise  118.    Page  288 


1 .  Form  the  equation  of  which 
the  roots  are  5  and  4. 

The  equation  is 

(X  -  5)  (X  -  4)  =  0, 
or  x2-9x  +  20  =  0. 

2.  Form  the  equation  of  which 
the  roots  are  6  and  —  3. 

The  equation  is 

(x  -  6)  (x  +  3) 


or 


0, 
x2-3x  — 18  =  0. 


3.  Form  the  equation  of  which 
the  roots  are  —  3  and  —  5. 

The  equation  is 

(X  +  3)  (X  +  5)  =  0, 
or  x2  +  8x  +  16  =  0. 

4.  Form  the  equation  of  which 
the  roots  are  f  and  f . 

The  equation  is 

(x~f)(x-5)=0, 
or  (2x-  6)(3x-8)  =  0, 
or         6x2  -  31 X +  40  =  0. 


6.  Form  the  equation  of  which 
the  roots  are  —  1 J  and  2 J. 

The  equation  is 

(x+H){x-2J)  =  0, 
or  {3x  +  4)(3x-7)  =  0, 
or  9x2 -9x- 28  =  0. 

6.  Form  the  equation  of  which 
the  roots  are'  —  2|  and  —  2|. 

The  equation  is 

(x  +  2f){x  +  2})  =  0, 
or  (3x  +  8){4x  +  ll)  =  0, 
or       12x2 +  65XH- 88  =  0. 

7.  Form  the  equation  of  which 
the  roots  are  f  and  —  J. 

The  equation  is 

(«-i)(x  +  J)  =  o, 

or      (9x-2)(9x  +  4)  =  0, 
or         81x2 +  18x -8  =  0. 

8.  Form  the  equation  of  which 
the  roots  are  8  and  —  J. 

The  equation  is 

(x-8)(x-f  §)  =  0, 
or  (x-8)(3x  + 5)  =  0, 
or         3x2 -19x- 40  =  0. 
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9 .  Form  the  equation  of  which 
the  roots  are  y\  and  —  j\. 

The  equation  is 

or  (llx-7){ll»  +  3)  =  0, 
or      121  x2_44x- 21  =  0. 

10.  Form  the  equation  of  which 
the  roots  are  2,  4,  and  —  3. 

The  equation  is 

(x-2)(x-4)(«  +  3)  =  0, 
or      x8  -  3x2 -10x  + 24  =  0. 

1 1 .  Form  the  equation  of  which 
the  roots  are  6,  —  2,  and  —  1. 


1 2 .  Form  the  equation  of  which 
the  roots  are  —  5,  —  f  7  and  —  f . 

The  equation  is 

{x  +  i)(a;  +  i)(x  +  |)  =  0, 
or  (2x+l)(3x+2)(4x  +  3)  =  0, 
or     24x8  +  46x2  +  29x  +  6  =  0. 

13.  Form  the  equation  of  which 
the  roots  are  a  -\-  b  and  a  —  b. 

The  equation  is 

[x-(a  +  6)][x-(a-6)]  =  0, 
or  (x  -  a  -  6)  (x  -  a  +  6)  =  0, 
or  x2  -  2  ox  +  a2  -  62  =  0. 

1 4 .  Form  the  equation  of  which 
the  roots  are  a  +  2 6  and  a  —  Sb. 

The  equation  is 
[X  -(a  +  26)]  [X  -(a  - 36)]  =  0, 
or    {x-a-26){x-a  +  36)  =  0, 
o'rx2-2ax-|-6x+a2-a6-662  =  0. 


The  equation  is 

(x-5)(x  +  2)(x  +  l)  =  0, 
or      x8  -  2x2 -13x- 10  =  0. 

16.  Form  the  equation  of  which  the  roots  are  2  +  V3  and  2  -  VS.  * 

The  equation  is  [«  -  (2  +  ^3)] Jx  -  (2  -  V3)J  =  0, 

or  (X  -  2  -  V3)  (X  -  2  +  V3)  =  0, 

or  x2-4x  +  l=0. 

16.  Form  the  equation  of  which  the  roots  are  |  +  f  V37  and  f  - 1 V37. 

The  equation  is       Lx  -  (f  +  i  V^  [x  -  (f  -  1^87^]  =  0, 

-  8  -  2  V37)(3x  -8  +  2  V37)  =  0, 

9x2 -48x- 84  =  0, 
or  3x2 -16x- 28  =  0. 

17 .  Form  the  equation  of  which  the  roots  are  2  +  V— 1  and  2  —  V  — 1. 

The  equation  is         [x  -  (2  +  V^)]  [x  -  (2  -  V^l)]  =  0, 
or  (x-2-V^)(x-2+V31)  =  o, 

or  x2  -  4  X  +  5  =  0. 

18.  Form  the  equation  of  which  the  roots  are  —  2  +  V—  3  and 
_  2  -  VITs. 


or 
or 


(3X-8-2 


or 
or 


The  equation  is  [x  -(-  2  +  V^)][x-(-2  -  vCfS)]  =  0, 

(X  +  2  -  V-Ts)  (x  +  2  +  V^)  =  0, 

x2  +  4x  +  7  =  0. 
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Ibcercise  119. 

Page  291 

1.  In  (2)  Law  1  find  t  in  termn 
of  tlie  other  letters. 

From  (4),  hgt  =  Iv. 

We  have,  by  (2),  Law  1, 

«  =  i  gt\ 

.-.  gP  =  2  8, 
9 

hg 
From{5),^gr^=2te. 

hS 

\  g 

From  (6),     f"^'^* 

2.  In  (3)  Law  1  find  v  in  terms 
of  the  other  letters. 

We  have,  by  (3),  Law  1, 
»2  =  2  gs. 
.'.  V  =  V2  gs. 

• 

3.  In  Law  2,  if  h  denotes  the 
height  and  I  the  length  of  the 
inclined  plane,  find  the  three 
formulas  that  correspond  to  (1), 
(2),  and  (3)  of  Law  1.  Find  the 
values  of  t  and  the  value  of  v  in 
terms  of  g,  h^  I,  and  s. 

We  have,  by  Law  1, 

v  =  gt;  (1) 

s  =  igt^;  (2) 

1)2  =  2  gs.  (3) 

For  motion  down  an  inclined 

plane    these*  formulas    become 

respectively 

hgt. 


V  = 


8  = 


21 


^  =  ^^1 


(6) 


4.  In  Law  3  find  the  values  oi 
t  in  terms  of  the  other  letters. 
Find  the  value  of  m  in  (3). 

We  have,  by  (1),  (i),  Law  3, 

V  =  u  -\-  gt. 
gt  =  v  —  u. 
V  —  u 


t  = 


g 


We  have,  by  (2),  (i),  Law  3, 

s  =  vt  -\-  Igl^. 
^gP-\-ut  =  8. 
g1^  +  2ut  =  2s. 
g2«2  +  ()  -I-  u2  =  2gs  -f  u^, 

gt-\-u=  V2  gs  +  u^. 


grt=— MH-V2gr«H-w2. 
— M+V2flr8+w2 


t  = 


9 


We  have,  by  (1),  (ii).  Law  3, 

v=^u  —  gt. 
gt=u  —  V. 


t  = 


u  —  v 

g 
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We  have,  by  (2),  (ii),  Law  3, 

8  =  nt  —  I  gtK 
\gt^  —  ut  =  —  s. 
ff^-2ut  =  -28. 
g^(^-()  +  u^  =  u^-2g8. 


fft  —  u  =  Vit2  _  2  gs. 


gt  =  wH- vm2  —  2g8. 


.-.  t  = 


9 


We  have,  by  (3),  (ii).  Law  3, 

8  = . 

u'^  =  2g8. 
.-.  u  =  V2g8. 

6.  In  Law  5  find  the  value  of  t 
in  terms  af  a  and  s.  Find  the 
value  of  V  in  terms  of  a  and  8. 

We  have,  by  (2),  Law  5, 
8=  ia«2. 
a<2  =  2«. 
2a 


P  = 


We  have,  by  (3),  Law  5, 

v^  =  2a8. 

.'.  r  =  V2  as. 

6.  Find  in  terms  of  the  other 
letters  the  value  of  I  and  the  value 
of  g  in  Law  4. 

We  have,  by  Law  4, 

\g 

^2=;r2-. 

9 


.'.  I 


and 


=  7tH. 

9^ 

«2 


5^  =  -::^ 


7.  Find  in  terms  of  the  other 
letters  the  value  of  v  and  the  value 
of  t  in  Law  6. 

We  have,  by  (1),  Law  6, 


F  = 


mv^ 


rF  =  mv^. 
rF 


m 


.'.  v  = 


We  have,  by  (2),  Law  6, 
4t7e^mr 


F  = 


«2 


Ffi  =  4  Tt^mr. 
2  __  4  ithnr 


F 


4.  O  /W^*" 

.*.  t  =  2;r-v/ 


8.  Find  in  terms  of  the  other 
letters  the  value  of  d  in  Law  7. 

We  have,  by  Law  7, 

_     kmmf 

F= 

d^ 

Fd^  =  kmm\ 

kmiiV 


d2  = 


F 


_         \kmmf 
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9.  Find  in  terms  of  the  other 
letters  the  values  of  v  in  Law  8. 

We  have,  by  (1),  Law  8, 

Ft  =  mv. 
Ft 


V  = 


m 


We  have,  by  (2),  Law  8, 


8=  ^vt. 


v  = 


28  =  vt. 

28 

t 

We  have,  by  (3),  Law  8, 
F8=i  mvi^. 
2Fs  =  mi?2. 
2F8 


V 


2  — 


m 


V2F8 

m 


'    10.  Find  in  terms  of  the  other 
letters  the  value  of  v  in  Law  9. 

We  have,  by  Law  9, 


mh  = 


mv^ 


^9 
2  gmh  =  mu^. 

v^  =  2  gh. 

.'.  V  =  V2  gh. 

11.  How  long  will  it  take  a 
stone  starting  from  rest  to  fall 
1600  feet?  What  velocity  will 
the  stone  acquire  ?  What  is  the 
mean  velocity  ? 

By  Formula  (2),  1,  §  350, 

Here  s  =  1600,  and  g  =  32. 
.-.  1600  =  I  X  32 12. 
16  «2  =  1600. 
«2  =  100. 
.-.  t  =  10. 


By  Formula  (1), 
v  =  gt 

=  32  X  10 

=  320. 
The  mean  velocity 

=  i  of  320  =  160. 

Therefore,  the  time  required  is 
10  seconds ;  the  velocity  acquired 
is  320  feet  per  second ;  the  mean 
velocity  is  160  feet  per  second. 

12.  A  stone  is  thrown  verti- 
cally upwards  with  a  velocity  of 
160  feet  per  second.  How  high 
will  it  rise  ?  How  many  seconds 
will  it  be  in  the  air? 

By  Formula  (3),  (ii),  3,  §  350, 

u2 

Here  u  =  160,  and  g  =  32. 

1602 


s  = 


8  = 


=  400. 


2  X  32 

By  Formula  (2), 

sz=ut  —  ^  g&. 
Here  8  =  400,  u  =  160,  g  =  32. 
.-.  400  =  160<-16<2. 

Divide  by  16, 

26  =  10«-«2. 
t2- lot +  25  =  0. 
«  -  5  =  0. 
.-.  t  =  6. 

It  will  take  the  stone  just  as 
long  to  fall  from  the  highest  point 
as  it  takes  to  reach  the  highest 
point. 

Therefore,  the  stone  will  rise 
400  feet,  and  will  be  in  the  air 
10  seconds. 
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13.  With  what  initial  velocity 
must  a  ballet  be  fii*ed  upwards 
that  it  may  rise  to  a  height  of 
6400  feet? 

By  Formula  (3),  (ii),  3,  §  350, 

Here  s  =  6400,  and  g  =  32. 
.-.  6400  = 


2  X  32 
««  =  64  X  6400. 
.-.  w  =  8  X  80  =  640. 

Therefore,  the  required  initial 
velocity  is  640  feet  per  second. 


14.  A  stone  is  thrown  down  a 
shaft  164  feet  deep  with  an  initial 
velocity  of  50  feet  per  second. 
How  many  seconds  will  it  take  to 
reach  the' bottom  ? 

By  Formula  (2),  (i),  3,  §  350, 

Here  s  =  164,  m  =  50,  gr  =  32. 
.-.  164  =  50«+ Jx  32t2. 
16  ^2 -j- 50 1  =  164. 
266t2+()+626  =  3249. 
16<  +  25  =  db57. 

16<  =  32,  or-  82. 
.-.  t  =  2. 
Therefore,  the  required  time  is 
2  seconds. 


15.  A  stone  is  dropped  into  a  vertical  shaft,  and  the  sound  of  its 
striking  the  bottom  is  heard  after  10  seconds.  If  the  velocity  of  sound 
is  1120  feet  per  second,  how  deep  is  the  shaft? 

Let  t  =  the  number  of  seconds  the  stone  is  falling. 

Then         10  —  t  =  the  number  of  seconds  required  for  the  sound  to 

travel  a  distance  equal  to  the  depth  of  the  shaft, 
and     1120  (10  —  t)  =  the  number  of  feet  in  the  depth  of  the  shaft. 


Divide  by  16, 


.-.  8  =  1120(10  ~<). 
By  Formula  (2),  1,  §  350,  «  =  J  x  32 ««. 

Substitute  in  (2)  the  value  of  s  from  (1), 

1120(10-0=  J  X  32 «2. 
11200 -1120<=  16*2. 

t2 +  70^=700. 
«2  +  70  «  +  1225  =  1925. 

«  +  35  =  ±  43.875. 

.-.  «  =  8.875,  or  -78.875. 

5  =  1120(10-0 
=  1120(10-8.875) 

=  1120  X  1.125 

=  1260. 


(1) 
(2) 


Therefore,  the  shaft  is  1260  feet  deep. 
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16.  A  stone  is  dropped  into  a  vertical  shaft  1024  feet  deep,  and  the 
sound  of  its  striking  the  bottom  is  heard  after  8.9  seconds.  Find  the 
velocity  of  sound. 

Let         X  —  the  number  of  feet  per  second  in  the  velocity  of  sound. 
Then       t  =  the  number  of  seconds  required  for  the  stone  to  reach 
the  bottom, 
and  8.9  —  t  =  the  number  of  seconds  it  takes  sound  to  travel  1024  feet. 

1024 

8.9  - 1 
By  Formula  (2),  1,  §  350,  s  =  iflft^. 

Here  «  =  1024,  and  flf  =  32. 

.-.  1024=ix32«2. 
1024  =  16  «2. 

t2  =  64. 
.-.  «  =  8. 

1024         1024      ,,o^, 
.-.  X  = = =  11374. 

8.9  -  8       0.9  ' 

Therefore,  the  velocity  of  sound  is  1137 J  feet  per  second. 

17.  When  a  balloon  is  just  a  mile  above  the  ground  and  is  rising  at 
the  rate  of  22  feet  per  second,  a  stone  is  thrown  vertically  downwards 
with  an  initial  velocity  of  50  feet  per  second.  How  long  will  it  take 
the  stone  to  reach  the  ground  ? 

By  Formula  (2),  (i),  3,  §  350,       5  =  w<  +  \gi\ 

If  the  balloon  was  stationary,  the  value  of  u  would  be  60  feet ;  but 
since  the  balloon  is  ri&mg  at  the  rate  of  22  feet  per  second,  the  value 
of  M  is  50  feet  —  22  feet,  or  28  feet. 

Hence,  s  =  5280,  u  =  28,  and  g  =  32. 

.-.  5280  =  28t-f  \  X  32*2. 
5280  =  28  «  +  16  <2. 

16 12  +  28  «  =  5280. 
64*2  + 0  +  49  =  21169. 

8< +  7  =  ±145.495. 

8^  =  138.495,  or  -152.496. 
.-.  i  =  17.31. 

Therefore,  it  will  take  the  stone  17.31  seconds  to  reach  the  ground. 

18.  If  the  stone  of  the  last  example  was  thrown  vertically  upwards^ 
how  long  would  it  take  to  reach  the  ground  ? 
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By  Formula  (3),  (ii),  3,  §  360,      8  =  — . 

2g 

If  the  balloon  was  stationary,  the  value  of  u  would  be  50  feet ;  but 
since  the  balloon  is  rising  at  the  rate  of  22  feet  per  second,  the  value 
of  M  is  50  feet  +  22  feet,  or  72  feet. 

Hence,  u  =  72,  and  g  =  32. 

722 

.-.  8  =  —■^—  =  81. 

2x32 

By  FormiUa  (2),  (ii),  3,  §  360,      s  =  iU-igt^, 

Here  a  =  81,  m  =  72,  and  g  =  32. 

.-.  81  =  72t-i  X  32^2. 

16t2-72«  +  81  =  0. 

Extract  the  square  root,      4 1  —  9  =  0. 

4t=9. 

.'.  t  =  2.25. 

Hence,  the  time  it  takes  the  stone  to  rise  to  the  highest  point 
(81  feet  above  a  mile)  is  2.25  seconds. 

It  is  now  required  to  find  the  time  it  takes  the  stone  to  fall  to  the 
ground,  or  a  distance  of  81  feet  +  5280  feet  =  5361  feet. 

By  Formula  (2),  1,  §  350,  8=lgt^. 

Here  s  =  5361 ,  and  g  =  32. 

.-.  5361=  I  X  32t2. 
'    16<2  =  5361. 
4t  =  ±  73.218. 
.-.  t  =  18.30. 

Hence,  it  requires  the  stone  18.30  seconds  to  fall  to  the  ground  from 
the  highest  point  it  reaches. 

Therefore,  it  takes  the  stone  2.25  seconds  +  18.30  seconds,  or  20.55 
seconds,  to  reach  the  ground. 

19.  One  body  is  allowed  to  slide  down  a  smooth  inclined  plane  400 
feet  long  and  144  feet  high.  Another  body  is  allowed  to  fall  vertically 
through  the  height  of  the  plane.  Find  the  velocity  of  each  body  or 
reaching  the  base  of  the  plane,  and  the  time  required  for  each  to  fall. 

The  body  allowed  to  fall  vertically. 

By  Formula  (3),  1,  §  360,  tj2  =  2  gs. 

Here  g  =  32,  and  s  —  144. 

.-.  1J2  =  2  X  32  X  144  =  64  X  144. 

.-.  v  =  V64  X  144  =  8  X  12  =  96. 


620  ELEMENTARY  ALGEBRA 

By  Formula  (1),  1,  §  360,      v  =  gt. 
Here  «  =  96,  and  g  =  S2, 

/.  96  =  32 1 

The  body  allowed  to  slide  down  the  inclined  plane. 
By  2,  §  350  and  by  Formula  (3),  1,  §  360, 

I 
Here  g  =  S2,h  =  144,  I  =  400,  «  =  400. 

.-.  »2  =  2  X  32  X  \ii  X  400  =  64  X  144. 

.-.  V  =  V64  X  144  =  8  X  12  =  96. 
By  2,  §  350,  and  by  Formula  (1),  1,  §  350, 

I 
Here  ??  =  96,  gr  =  32,  ^  =  144,  I  =  400. 

.-.  96  =  32  X  }Ji  X  t. 
400  X  96      25 


t 


144  X  32       3 


.-.  t  =  Sf 

Therefore,  the  velocity  of  the  falling  body  on  reaching  the  base  of 
the  plane  is  96  feet  per  second,  and  the  velocity  of  the  sliding  body  is 
96  feet  per  second ;  the  time  required  for  the  falling  body  is  3  seconds, 
and  the  time  required  for  the  sliding  bo'dy  is  8|  seconds. 

IbcerciBe  120.    Page  295 

1.  The  difference  between  two  numbers  is  12,  and  the  sum  of  the 
squares  of  the  numbers  is  1130.     Find  the  numbers. 

Let  X  =  the  smaller  number. 

Then  x  +  12  =  the  larger  number. 

.-.  x2  +  (X  +  12)2  =  1130. 
x2  +  x2  +  24aj  +  144  =  1130. 
2a;2  +  24x  =  986. 
x2-f  I2x  =  493. 
x2-|- 12x  + 36  =  529. 
X  +  6  =  ±  23. 
.-.  X  =  17,  or  -  29. 
Then  x  +  12  =  29,  or  -  17. 

Therefore,  the  required  numbers  are  17  and  29,  or  -  29  and  -  17. 
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» 

2.  Two  men,  A  and  B,  can  together  do  a  piece  of  work  in  20  days. 
If  B  requires  0  more  days  than  A  to  do  the  whole  work,  how  many 
days  would  it  take  each  alone  ? 

Let  X  =  the  number  of  days  it  would  take  A  alone. 

Then     a:  +  9  =  the  number  of  days  it  wquid  ti^e  B  alone, 

-  =  the  part  A  can  do  in  1  diiy, 

and  =  the  part  B  can  do  in  1  day. 

z  +  9 

20        20 
.-. h =  1. 

20a;  +  180  +  20x  =  x^  +  9x. 
xa-31x-  180  =  0. 
(X  -  36)  (X  -h  5)  =  0. 

.-.  X  =  36,  or  —  5. 
Then  x  -|-  9  =  45,  or  4. 

Therefore,  to  do  the  whole  work  it  would  take  A  alone  36  days, 
and  B  alone  45  days. 

3.  The  length  of  a  rectangular  lot  is  19  feet  longer  than  the  width. 
If  the  width  was  40  feet  greater  and  the  length  -^las  33  feet  greater, 
the  area  of  the  lot  would  be  doubled.    Find  the  dimensions  of  the  lot. 

Let  X  =  the  number  of  feet  in  the  width  of  the  lot. 

Then  x  +  19  =  the  number  of  feet  in  the  length  of  the  lot, 

X  +  40  =  the  number  of  feet  in  the  width  increased  by  40  feet, 
and         X  +  52  =  the  number  of  feet  in  the  length  increased  by  33  feet. 

.-.  (X  +  40)  (x  +  52)  =  2  (x)  (X  +  19). 
x2  +  92x  +  2080  =  2x2  +  38  x. 
x2-54x  =  2080. 
x«-54x  + 729  =  2809. 
X  -  27  =  ±  53. 

.-.  X  =  80,  or  -  26. 
Then  x  +  19  =  99,  or  -  7. 

Therefore,  the  length  of  the  lot  is  99  feet,  and  the  width  80  feet. 

4.  If  11  is  subtracted  from  a  certain  whole  number,  the  result  is  the 
square  of  an  integral  number;  if  24  is  added  to  the  same  whole 
number,  the  result  is  the  square  of  the  integral  number  one  larger 
than  before.     Find  the  number. 
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Let  X  =  the  required  number. 

Then  ir  —  11  =  the  square  of  an  integral  number, 

X  +  24  =  the  square  of  the  next  larger  integral  number, 
Vg  —  11  =  an  integral  number, 
and      Vx  +  24  =  the  next  larger  integral  number. 

But  the  difference  between  these  integral  numbers  is  1. 

.-.  Vx  +  24  -  Vg  -  11  =  1. 

Vx  +  24  =  1  +  Vx  -  11. 


Square,  x  +  24  =  1  +  2  Vx  -  11  +  x  -  11. 

34  =  2yx-ll. 

17=Vx-ll. 
Square,  289  =  x  -  11. 

.-.  X  =  300. 

Therefore,  the  required  number  is  300. 


5.  A  company  of  gentlemen  engaged  a  supper  and  agreed  to  pay 
for  it.  Four  of  the  gentlemen  failed  to  attend  and  eacli  of  the 
rest  paid  $1  more  than  he  expected  to  pay.  How  many  were  present 
at  the  supper  ? 

Let  X  =  the  number  of  gentlemen  who  agreed  to 

attend. 

Then  x  —  4  =  the  number  of  gentlemen  who  did  attend, 

80 

—  =  the  number  of  dollars  each  expected  to  pay, 

X 

80 

1- 1  =  the  number  of  dollars  each  did  pay, 

X 

and     (X  —  4)( l-lj  =  the  number  of  dollars  paid  for  the  supper. 

...  (x_4)(— +  l)  =  80. 

Clear  of  fractions,      (x  -  4)  (80  4-  x)  =  80  x. 

x2  +  76x-320  =  80x. 
x2-4x- 320  =  0. 
(X  -  20)  (X  +  16)  =  0. 

.-.  X  =  20,  or  -  16. 
Then  x  -  4  =  16. 

Therefore,  16  gentlemen  were  present  at  the  supper. 


_J 
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6.  If  the  edges  of  a  rectangular  box  were  increased  by  2  inches,  3 
inches,  and  4  inches  respectively,  the  box  would  become  a  cube  and 
its  contents  would  be  increased  by  1008  cubic  inches.  Find  the  length 
of  each  edge  of  the  box. 

Let  X  =  the  number  of  inches  in  an  edge  of  the  cube. 

Then  x  -  2  =  the  number  of  inches  in  one  edge  of  the  box, 

X  —  3  =  the  number  of  inches  in  a  second  edge  of 

the  box, 
X  —  4  =  the  number  of  inches  in  the  third  edge  of 
the  box, 
(x  —  2)  (x  —  3)  (x  —  4)  =  the  number  of  cubic  inches  in  the  contents 

of  the  box, 
and  x^  =  the  number  of  cubic  inches  in  the  contents 

of  the  cube. 
.-.  (X  -  2)  (X  -  3)  (X  -  4)  =  x8  -  1008. 
x«  -  9x2  4-  26x  -  24  =  x«  -  1008. 
Transpose  and  combine,  Ox^  -  26  x  =  984. 

81  x2  -  ( )  +  169  =  9026. 
9x-  13  =  ±95. 

9  X  =  108,  or  -  82. 
.-.  X  =  12. 
Then  x  -  2  =  10, 

X  -  3  =  9, 
X  ~  4  =  8. 
Therefore,  the  lengths  of  the  edges  of  the  box  are  10  inches,  9  inches, 
and  8  inches. 

7.  A  railway  train  makes  a  run  of  799  miles  in  a  certain  time.  If  the 
average  speed  was  reduced  4 J  miles  an  hour,  the  run  would  take  1  hour 
48  minutes  longer.    How  long  does  it  take  the  train  to  make  the  run  ? 

Let  X  =  the  number  of  hours  the  train  requires  for  the  run. 

Then        - —  =  the  average  number  of  miles  the  train  makes  per 
*  hour, 

_  _  ?  =  the  average  number  of  miles  the  train  would  make 
*       ^         per  hour  if  the  speed  was  reduced  4  J  miles  per 
hour, 

and  =  the  number  of  hours  the  train  would  require  for  the 

I??  _  ^         run  if  the  speed  was  reduced  4  J  miles  per  hour. 
X       2 


} 
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799  ,/ 

799_9  ^ 

X       2 

o-      1*    t      *•  IS^Sx  *9 

Simplify  fractions, x  =  -  • 

*^  "^       '    1698 -9x     6 

7990X  -  7990X  +  46x2  =  14382  -  81  x. 

46xa  +  81x=  14382. 

6x2  4-9x=  1698. 

100x2  +  0  +  81  =  32041. 

10x  +  9  =  ±179. 

10x=170,  or  -188. 

.-.  X  =  17. 

Therefore,  it  takes  the  train  17  hours  to  make  the  run. 

8.  A  body  of  soldiers  can  form  a  hollow  square  4  men  deep.  If 
the  outer  side  of  the  hollow  square  is  diminished  by  36  men,  the 
soldiers  can  form  a  solid  square.     Find  the  number  of  soldiers. 

Let  X  =  the  number  of  soldiers  in  one  side  of  the  solid  square. 

Then  x^  =  the  whole  number  of  soldiers. 

In  the  hollow  square  there  are  8  rows  of  x  +  36  men  each  and  8 
rows  of  X  +  36  —  8  men  each. 

.-.  8(x  +  36)  +  8(x  +  36  -  8)  =  x^. 
8x  +  288  -I-  8x  +  288  -  64  =  x^. 

x2-16x  =  512. 
x2-16x  +  64  =  676. 
X  -  8  =  ±  24. 
.-.  X  =  32,  or  -  16. 
Then  x2  =  1024. 

Therefore,  the  number  of  soldiers  is  1024. 

9.  The  difference  between  the  cubes  of  two  consecutive  numbers  is 
1619.     Find  the  numbers. 

Let  X  =  the  smaller  number. 

Then  x  -|- 1  =  the  larger  number. 

.-.  (X  +  1)8  -  x3  =  1619. 

x8  +  3x2  -I-  3x  +  1  -  x3  =  1519. 

3x2 -|-3x  =  1618. 
x2  +  X  =  606. 
4  x2  +  ()  -I- 1  =  2026. 
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2x  +  l  =  ±45. 

2x  =  44,  or  -46. 
x=z  22. 
Then  «  +  1  =  23. 

Therefore,  the  required  numbers  are  22  and  23. 

10.  Find  the  momentum  and  the  kinetic  energy  of  a  mass  of  5 
pounds  as  it  strikes  the  ground  after  falling  900  feet. 

The  momentum  =  mass  x  velocity. 
By  Formula  (3),  1,  §  360,  r^  =  2  gs. 

Here  g  =  32,  and  s  =  900. 

.-.  T?2  =  2  X  32  X  900  =  64  X  900. 
.-.  w  =  8  X  30  =  240. 
Momentum  =  5  x  240,  or  1200,  poundals. 

By  8,  §  360,  Kinetic  energy  =  —  foot-pounds 

6x240% 

= foot-pounds 

2  X  32  ^ 

=  4500  foot-pounds. 

Therefore,  the  momentum  is  1200  poundals,  and  the  kinetic  energy 

4500  foot-pounds. 

11.  A  mass  of  10  pounds  falls  from  rest  226  feet  to  the  ground. 
Find  its  kinetic  energy  on  reaching  the  ground. 

By  Formula  (3),  1,  §  360,  ffi=2gB. 

Here  g  =  32,  and  8  =  226. 

.-.  1)2  =  2  X  32  X  226  =  64  X  226. 

.-.  T?  =  8  X  16  =  120. 

By  8,  §  350,  Kinetic  energy  =  —  foot-pounds 

10  X  1202  .    ^  , 

= foot-pounds 

2  X  32  ^ 

=  2260  foot-pounds. 
Therefore,  the  kinetic  energy  required  is  2260  foot-pounds. 

12.  A  ball  weighing  2  pounds  is  fired  vertically  upwards  with  an 
initial  velocity  of  128  feet  a  second.  Compute  its  kinetic  energy  at 
the  end  of  each  second  of  its  ascent. 

The  ball  rises  until  its  velocity  is  0. 
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By  Formula  (1),  (ii),  3,  §  360,      v  =  u  -  gt. 

When  the  velocity  is  0,  then       «  =  0,  m  =  128,  gr  =  32. 

.-.  0  =  128  -  32 1 

32 1  =  128. 

.-.  t  =  4. 

Therefore,  the  ball  rises  for  4  seconds. 

v  =  u  —  gt. 

When  «  =  1,  r  =  128  -  32  X  1  =  128  -  32  =  96; 

when  «  =  2,  r  =  128  -  32  X  2  =  128  ~  64  =  64 ; 

when  «  =  3,  u  =  128  -  32  X  3  =  128  -  96  =  32 ; 

when  e  =  4,  «  =  128  -  82  x  4  =  128  -  128  =  0. 

By  8,  §  350, 

2  X  96^ 
when  t=  ly  kinetic  energy  = =  288  foot-pounds ; 

A  X  3Z 

2  X  64^ 
when  <  =  2,  kinetic  energy  =  - — — -  =  128  foot-pounds ; 

A  X  oZ 

2  X  32^ 
when  t  =  3,  kinetic  energy  = =  32  foot-pounds ; 

£  X  oa 

2  X  02 
when  t  =  4,  kinetic  energy  = —   =  0  foot-pounds. 

^  X  o^ 

Therefore,  the  kinetic  energy  at  the  end  of  1  second  is  288  foot- 
pounds ;  at  the  end  of  2  seconds  is  128  foot-pounds ;  at  the  end  of  3 
Fcconds  is  32  foot-pounds ;  at  the  end  of  4  seconds  is  0  foot-pounds. 


13.  Find  the  effective  horse  power  of  a  steam  engine  that  raises 
100  cubic  feet  of  water  per  minute  to  a  height  of  132  feet.  A  cubic  foot 
of  water  weighs  62^  pounds. 

_^    ^  100  X  62i  X  132 

The  horse  power  = ^^^"  

^  33000 

25        ffff 

?  X  mm 

Therefore,  the  effective  horse  power  of  the  engine  is  25. 
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14.  Find  the  time  of  vibration  of  a  simple  pendulum  1.63  feet  long 
at  a  place  where  ^  =  32. 16  feet. 


=  "\i- 


By  4,  §  360,  *-  t 

Here  it  =  3.1416,  I  =  1.63,  g  =  32.16^ 

.•.t  =  3.1416         '*'^^ 


V1.63 
32.16 


16 

=  3.1416  X  Vo.  060684 
=  3.1416x0.226 
=  0.70686. 

Therefore,  the  required  time  of  vibration  is  0.707  second. 

15.  Find  the  time  of  vibration  of  a  simple  pendulum  60  centimeters 
long  at  a  place  where  g  =  980  centimeters. 


By  4,  §  350,  t 


="^VI- 


Here  n:  =  8.1416,  Z  =  60,  g  =  980. 

.-.  t  =  3.1416  xV^ 
=  3.1416  xV^^ 
=  3.1416  X  I  V3 
=  0.4488  X  1.7321 
=  0.77736648. 

Therefore,  the  required  time  of  vibration  is  0.777  second. 


16.  Find  the  length  in  meters  of  a  simple  pendulum  that  vibrates 
once  a  second  at  a  place  where  ^  =  9.8  meters. 


By  4,  §  360,  t 


=  "a|- 


9 
.-.  l  =  —  X  gt^. 

Here        g  =  9.8,  t=\,ifi  =  3.14162  =  9.86965, 

and  4  =  — ^ —  =  0. 10132. 

n'^      9.86965 

.-.  I  =  0.10132  X  9.8  =  0.992936. 
Therefore,  the  length  of  the  required  pendulum  is  0.9929  meter. 
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17.  Find  the  length  in  inches  of  a  simple  pendulum  that  vibrates 
once  a  second  at  New  York,  where  g  =  32.16  feet. 

By  Example  16,  l^  —  xfft^" 

=  0.10132x32.16  feet 

=  0.10132  X  32.16  X  12  inches 

=  39. 1014144  inches. 

Therefore,  the  length  of  the  required  pendulum  is  39.101  inches. 

18.  If  an  iron  ball  is  suspended  by  a  fine  wire  550  feet  8  inches 
long  from  the  top  of  Washington  monument,  what  will  be  the  time  of 
vibration  if  ^r  =  32. 16  feet  ? 

By  4,  §360,  t=3r\/-. 


Here  it  =  3.1416,  (  =  550|,  g  =  32.16. 

/65 
16 


.-.  e  =  3.1416  x^/^ 

\32.: 


=  3.1416  X  V17.1227 
=  3.1416x4.138 
=  12.9999408. 

Therefore,  the  required  time  of  vibration  is  13  seconds. 

19.  Two  masses  of  48  grams  and  50  grams  are  attached  by  a  cord 
passing  over  a  pulley.  Starting  from  rest,  each  mass  moves  10  centi- 
meters in  1  second.  ^   Find  g  in  centimeters. 

The  moving  force  =  60  grams  —  48  grams  =  2 grams  =  2g  dynes. 

By  5,  §360,  a=      ^^      =— ■ 

•^    '  *       '  60  +  48      98 

By  Formula  (2),  6,  §  360,  s  =  i  crf^. 

2(7 

Here  «  =  10,  a  =  — » <  =  1. 

98 

.-.  10  =  -  X  ^  X  12. 
2      98 

10  =  i^. 

98 
.-.  g  =  980. 

Therefore,  g  =  980  centimeters  each  second. 
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20.  How  many  times  a  minute  must  a  mass  of  16  pounds  revolve 
horizontally  at  the  end  of  a  wire  4  feet  long  that  the  tension  of  the 
wire  may  equal  the  weight  of  800  pounds  ? 

4  lAnT 
By  Formula  (2),  6,  §  850,         F  = 


«a  = 


«2 

4  7t^ir 


\  F 
Here  it  =  3.1416,  m  =  16,  r  =  4,  i^  =  800,  g  =  25600. 


.:  t  =  2  X  3.1416  x  ^/^^^^ 

25600 


\256( 

=  2x3.1416xV^ 
=  2x3.1416Xi\j 

=  0.31416. 
Therefore,  the  time  of  revolution  is  0.31416  second. 

60 

Hence,  the  number  of  revolutions  per  minute  is =  191. 

0.31416 

Therefore,  the  mass  must  revolve  191  times  per  minute. 

21.  A  weight  of  1^  tons  drops  24  feet  on  the  head  of  a  pile  and 
drives  the  pile  a  distance  of  9  inches.  Find  the  resistance  of  the 
ground,  neglecting  the  weight  of  the  pile. 

Let         X  =  the  number  of  tons  in  the  resistance  o'f  the  ground. 

By  Formula  (3),  1,  §  350,        v^=2g8. 

Here  g  =  32,  and  «  =  24. 

.-.  «2  =  2  X  32  X  24  =  1636. 

.-.  V  =  V1536  =  16  Ve. 

Hence,  the  velocity  of  the  weight  is  16  VS  feet  per  second. 

By  Formula  (3),  5,  §  350,        v^=2  as. 

^^    n:  flfx      32  a;      64x 

Here  .=ie Ve,  a  =  ^=:  —  =  — . 

3  =  9  inches  =  J  foot. 

...  (16V6)«  =  2x?i?x?. 
^  '  3        4 

1536  =  32  X. 
.-.  X  =  48. 

Therefore,  the  average  resistance  of  the  ground  is  48  tons. 
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22.  Find  the  horse  power  of  the  engine  that  raises  the  weight  of 
Example  21  back  to  its  original  position  in  3  seconds. 

1}  tons  =  1}  X  aOOO  pounds  =  3000  pounds. 

Raising  the  weight  24  feet  in  3. seconds  is  equivalent  to  raising  it 
20  X  24  feet,  or  480  feet,  in  1  minute. 

__  3000  X  480       .-  , 

Horse  power  = =  43iV* 

33000  ^^ 

Therefore,  the  required  horse  power  of  the  engine  is  43^. 


Ezercise  121.    Page  301 

=  40  1 


1.  Solve  x2-|-y2  =  40  1  (1) 

x  =  Sy}  (2) 

Substitute  in  (1)  the  value  of  z  from  (2), 

9y2_|.y2=40. 

10  y2  =  40. 
ya  =  4. 
.'.  y  =  ±  2. 
Substitute  the  value  of  y  in  (2),  x  =  ±  6. 

Therefore,  x  =     6,  and  y  =  2 ; 
or  X  =  —  6,  and  y  =  —  2. 


2.  Solve  3x-y  =  6'l  (1) 

xy-x  =  OJ  (2) 

Transpose  (1),  y  =  3x  —  6.  (3) 

Substitute  the  value  of  y  in  (2),  3  x^  —  5  x  —  x  =  0. 

3x2-6x  =  0. 

x2-2x  =  0. 

Factor,  x(x-2)  =  0. 

.-.  X  =  0,  or  2. 
Substitute  the  value  of  x  in  (3),  y  =  —  6,  or  1. 

Therefore,  x  =  0,  and  y  =  —  6 ; 
or  X  =  2,  and  y  =  1. 

8.  Solve  xy  =  12^  (1) 

2x  +  3y  =  18/  (2) 

Transpose  (2),  2  x  =  18  -  3  y. 

.,:,  =  lilliy.         (8) 
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Substitute  the  value  of  x  in  (1),      ^    ^~    ^  =  12. 

18y- 3^2  =  24. 

y'^-Cy +  8  =  0. 
Factor,  (y  _  2)  (y  -  4)  =  0. 

.-.  y  =  2,  or  4. 
Substitute  the  value  of  y  in  (3),  x  =  6,  or  3. 

Therefore,  x  =  6,  and  y  =  2; 
or  X  =  3,  and  y  =  4. 

4.  Solve  6x2-|-y  =  3xy1  (1) 

2x-y  =  0      j  (2) 

Transpose  (2),  y  =  2  x.  (3) 

Substitute  the  value  of  y  in  (1),        Sx^  +  2 x  =  6x2. 
Transpose  and  combine,  x^  —  2  x  =  0. 

Factor,  x(x-2)  =  0. 

.-.  X  =  0,  or  2. 
Substitute  the  value  of  x  in  3,  y  =  0,  or  4. 

Therefore,  x  =  0,  and  y  =  0; 
or  X  =  2,  and  y  =  4. 


6.  Solve                                              X?  —  xy  +  y2  =  7 1 

2x-3y  =  0/ 

(1) 

(2) 

Transpose  (2),                                               2  x  =  3  y. 

3y 

2 

■    (3) 

Substitute  the  value  of  x  in  (1), 

«j'_3f  +  ,.  =  7. 
4           2 

Multiply  by  4,                        9  y*  -  6  y2  -|-  4  y2  =  28. 

Combine,                                                      7  y2  =  28. 

.-.  y2  =  4. 

.'.  y  =  ±  2. 

Substitute  the  value  of  y  in  (3),                     x  =  ±  3. 

Therefore,  x  =      3,  and  y  =  2 ; 
or  X  =  —  3,  and  y  =  —  2. 
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6.  Solve  x2-xy-2y2  =  7>.  (i) 

x-y  =  Sf  (2) 

Transpose  (2),  x  =  y-\-S.  (3) 

Substitute  the  value  of  x  in  (1), 

y2  _,.  6y  +  9  -  y^  -Sy-2y2  =  7. 
Transpose  and  combine,  2y^  -  Sy  —  2  =  0. 

Factor,  (y  -  2)  (2  y  +  1)  =  0. 

.-.  y  =  2,  or  -  ^. 
Substitute  the  value  of  y  in  (8),  x  =  5,  or  |. 

Therefore,  x  =  6,  and  y  =  2 ; 
or  ^=  h  *^d  y  =  —  i- 


7.  Solve  6x2-13xy +  6y2=261  (1) 

x-2y-\-l  =  0  }  (2) 

Transpose  (2),  x  =  2  y  - 1.  (3) 

Substitute  the  value  of  x  in  (1), 

6(2y  -  1)2 -13(2y- 1)^  +  6^2=26. 
Simplify,  24 y2  _  24y  +  6  -  262/2  4.  i3y  4.  0^2 _  26. 

Transpose  and  combine,  4y^  —  lly  =  20. 

Complete  the  square,  6iy^  -  () -\-l2l  =  441. 

Extract  the  root.  By  —  ll  =  i21. 

8  y  =  32,  or  -  10. 
.-.  y  =  4,  or  —  f . 
Substitute  the  value  of  y  in  (3),  x  =  7,  or  —  J. 

Therefore,  x  =      7,  and  y  =  4; 
or  X  =  —  J,  and  y  =  —  J. 


8.  Solve  x  +  xy  =  36V  (1) 

y  +  xy  =  32  J  (2) 

Subtract  (2)  from  (1),  x  -  y  =  3. 

Transpose,  x  =  y  +  3.  (3) 

Substitute  the  value  of  x  in  (2),   y  +  y2  +  3  y  =  32. 

Transpose  and  combine,  y2  +  4  y  -  32  =  0. 

Factor,  (y  -  4)  (y  +  8)  =  0. 

.-.  y  =  4,  or  —  8. 
Substitute  the  value  of  y  in  (3),  x  =  7,  or  —  5. 

Therefore,  x  =      7,  and  y  =  4; 
or  X  =  —  6,  and  y  =  —  8. 
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9.  Solve  ♦  2a;a-3a;y  +  5y  =  6|  (1) 

(x-2)(y-l)^0j  (2) 

From  (2),  x  -  2  =  0,  or  y  -  1  =  0. 

.-.  X  =  2,  or  y  =  1.      (3) 
Substitute  the  value  of  X  in  (1),  8-62/+6y-6  =  0. 
Transpose  and  combine,  y  =  3. 

Substitute  in  (1)  the  value  of  y  from  (3), 

2x2-3x  +  6-6  =  0. 
Combine,  2x-2-3x  =  0. 

Factor,  x  (2  x  -  3)  =  0. 

.-.  X  =  0,  or  f . 
Therefore,  x  =  2,  and  y  =  3; 
X  =  0,  and  y  =  1 ; 
or  x=  I,  and  y  =  1. 

10.  Solve  •  x8-y8=1521  (1) 


=  1521 

=  2  ; 


x-y  =  2     J  (2) 

Divide  (1)  by  (2),  x^  +  xy  +  y2  =  76.  (3) 

Square  (2),  x2  -  2  xy  +  y^  =  4.  (4) 

Subtract  (4)  from  (3),  3  xy  =  72. 

xy  =  24.  (6) 

Add  (3)  and  (5),  x^  +  2  xy  +  ?/  ^  loo. 

X  +  y  =  ±  10.  (6) 

Add  (2)  and  (6),  2  x  =  12,  or  -  8. 

.-.  X  =  6,  or  —  4. 
Substitute  the  value  of  x  in  (5),  y  =  4,  or  -  6. 

Therefore,  x  =     6,  and  y  =  4 ; 
or  X  =  —  4,  and  y  =  —  6.    • 

11.  Solve  x3  +  y8  =  152^  (1) 


=  152^ 
=  8     / 


X  +  y  =  8     ;  (2) 

Divide  (1)  by  (2),  x^  -  xy  +  y2  =  19.  (3) 

Square  (2),  x2  +  2  xy  +y2  =  64.  (4) 

Subtract  (3)  from  (4),  3xy  =  45. 

xy  =  15.  (5) 
Subtract  (6)  from  (3),                x2  -  2  xy  +  y2  =  4. 

X  -  y  =  ±  2.  (6) 

Add  (2)  and  (6),  2x  =  10,  or  6. 

.-.  X  =  5,  or  3. 

Substitute  the  value  of  x  in  (5),  y  =  3,  or  5. 

Therefore,  x  =  5,  and  y  =  3; 
or  X  =  3,  and  y  =  5. 
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12.  Solve  x2  4-av  =  77'1  (1) 

xy  +  y2  =  44J  (2) 

Add  (1)  and  (2),  x*  +  2  xy  +  y^  =  121. 

Extract  the  root,  x  +  y  =  ±  11.  (•'*) 

Subtract  (2)  from  (1),  x^  -  y«  =  33. 

Factor,  (x  4-  y)  (x  —  y)  =  33. 

X  —  y  = (4) 

x  +  y 

Substitute  the  value  of  x  +  y  in  (4),       x  -  y  =  ±  3.  (5) 

Add  (3)  and  (6),  2  x  =  ±  14. 

x  =  ±  7. 

Substitute  the  value  of  x  in  (3),  y  =  ±  4. 

Therefore,  x  =     7,  and  y  =  4; 
or  X  =  —  7,  and  y  =  —  4. 


18.  Solve  x2-xy  =  46     1^  (1) 

xy-y2  =  - 36/  (2) 

Subtract  (2)  from  (1),  x^  -  2  xy  +  y^  =  81. 

Extract  the  root,  x  -  y  =  ±  9.  (3) 

Factor  (2),  y  (x  -  y)  =  -  36. 

y- (4) 

X  — y  ^  ' 

Substitute  in  (4)  the  value  of  x  —  y  from  (3),  y  =  q:  4. 
Substitute  the  value  of  y  in  (3),  x  =  =F  6. 

Therefore,  x  =     6,  and  y  =  —  4 ; 
or  X  =  —  6,  and  y  =  4. 


14.  Solve  x2  +  xy 

y^  +  xy 

Add  (1)  and  (2),  x^  4-  2  xy  +  y2 

Extract  the  root,  x  +  y 

Factor  (1),  x(x-|-y) 

Substitute  in  (4)  the  value  of  x  +  y,      ±  11  x 

.-.  X 
Substitute  the  value  of  x  in  (3),  y 

Therefore,  x  =      6,  and  y  =  Q\ 
or  X  =  ~  5,  and  y  =  —  6. 
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66J 

(1) 

(2) 

121. 

±n. 

(3) 

66. 

(4) 

66. 

±6. 

±6. 
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15.  Solve  x^-y^  =  40^  (1) 

icy  =  21  /  (2) 

Multiply  (1)  by  21,  21  x^  -  21  ys  =  840.  (3) 

Multiply  (2)  by  40,  40  xy  =  840.  (4) 

Subtract  (4)  from  (8),  21  x^  -  40x2/  -  21  y^  =  0. 
Factor,  (3x  -  7 y) (7x  +  3y)  =  0. 

.-.  3x  =  7y, or7x=— 3y. 
'^y  3y 

7  2/2  3  «2 

Substitute  the  value  of  x  in  (2),  -^-  =  21,  or —  =  21. 

\  n  3  7 

7y2=63,or-3y2  =  i47. 
y2  =  9,  or  -  49. 
y  =  ±3,  or±7vCri. 

Substitute  the  value  of  y  in  (6),  x  =  ±  7,  or  1=  3  V—  1. 

Therefore,  x  =      7,  and  y  =  3 ; 
X  =  —  7,  and  y  =  —  3 ; 
x=      3  V^^,  andy  =  ~7  V^; 


or 


X  =  -  3  V^,  and  y  =      7  V^i. 


16.  Solve 

x2-|-y2=260'1 
X  —  y  =  4     J 

(1) 

(2) 

Square  (2), 

x2 

-2xy +  y2  =  16. 

. 

(3) 

Subtract  (3)  from  (1), 

2xy  =  234. 

W 

Add  (1)  and  (4), 

X2 

+  2xy  +  y2  =  484. 

Extract  the  root, 

X  +  y  =  ±  22. 

(5) 

Add  (5)  and  (2), 

2  X  =  26,  or 
*'.  X  =  13,  or 

-18. 
-9. 

Subtract  (2)  from  (5), 

2y  =  18,  or 
.-.  y  =  9,  or  - 

-26. 
-13. 

Therefore,  x  =    13,  jbd  y  =  9 ; 
or  X  =  —  9,  and  y  =  —  13. 


17.  Solve 

X  —  y  =  5  1 

(1) 

xy  =  36j 

(2) 

Square  (1), 

x2-2xy-|-y2  =  26. 

(3) 

Multiply  (2)  by  4, 

4  xy  =  144. 

(4) 

Add  (3)  and  (4), 

x2  +  2xy +  y2  =  169. 

Extract  the  root, 

x  +  y  =  ±  13. 

(6) 
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Add  (1)  and  (6), 

2x  =  18,  or  -8. 
/.  X  =  9,  or  —  4. 

Subtract  (1)  from  (6), 

2  y  =  8,  or  -  18. 
.-.  y  =  4,  or  —  9. 

Therefore,  x=     9,  and 

y  =  4; 

X  =  —  4,  and 

y  =~9. 

Solve 

x2-xy  4-y*  =  39^ 
-3xy +  2y2  =  43J 

(1) 

2x3 

(2) 

or 
18. 


Subtract  (1)  from  (2),     x^  -  2  xy  +  y^  =  4. 

Extract  the  root,  x  —  y  =  ±  2. 

.-.  X  =  y  ±  2.  (3) 

Substitute  the  value  of  x  in  (1), 

y-*  ±  4y  +  4  -  y2  q:  2y  +  y2  =  39. 

y2  4-  2y  -  35  =  0,  or  ya  -  2y  -  35  =  0. 

Factor,  (y  -  5)  (y  +  7)  =  0,  or  (y  -  7){y  +  5)  =  0. 

Substitute  the  value  of  y  in  (3),  x  =  7,  —  5,  5,  or  —  7. 

Therefore,  x  =     7,  and  y  =  5 ; 

X  =  —  7,  and  y  =  —  5 ; 
X  =      5,  and  y  =  7  ; 
or  X  =  —  6,  and  y  =  —  7. 

19.  Solve  x4-xy4-y  =  5^  (1) 

x2-|-xy  +  ya  =  7J  (2) 

Add  (1)  and  (2),   x^  +  2xy  -f  y2  -).  x  +  y  =  12. 
Transpose,  (x  +  y)2  -|-  (x  -|-  y)  -  12  =  0. 

Factor,  (x  +  y  -  3)  (x  +  y  +  4)  =  0. 

.-.  X  +  y  =  3,  or  -  4.  (3) 

Square  (3),  ^         x^  +  2  xy  +  y^  =  9,  or  16.  (4) 

Subtract  (2)  from  (4),  xy  =  2,  or  9. 

3xy  =  6,  or27.  (5) 

Subtract  (6)  from  (2),         x^  -  2xy  +  y^  =  1,  or  -  20. 
Extract  the  root,  x--y  =  ±l,  or±2  V  -  5.  (6) 

Add  (3)  and  (6),  2x  =  4,  2,  or  -  4  ±  2  V^. 

.-.  X  =  2,  1,  or  -  2  ±  V^. 
Subtract  (6)  from  (3),  2  y  =  2, 4,  or  -  4  T  2  V-  5. 

•.  y  =  1,  2,  or  —  2  =F  V^^. 
Therefore,  x  =  2,  and  y  =  1 ; 

X  =  1,  and  y  =  2 ; 

X  =  -  2  +  V -^,  and  y  =  -  2  -  V^ ; 

or  X  =  -  2  -  V-  6,  and  y  =  —  2  +  V-  6. 
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20.  Solve 


Square  (1), 
Subtract  (2)  from  (3), 
Subtract  (4)  from  (2), 
Extract  the  root, 
Add  (1)  and  (5), 

Subtract  (5)  from  (I), 

Therefore,  x  =  l,  and  y  =  2 ; 
or  sc  =  2,  and  y  =  1. 


X  y 

x^  y^ 

— +  —  - 

X*     xy  y2 


2^ 
xy 

at*     xy     y' 

X      y 
2 

X 

.-.  X 
2 

y 


2 
6 
4 
0 
4 

=  1. 


1 

4' 
1 

2,  or  1. 

1,  or  2. 
:  1,  or  2. 

2,  or  1. 


21.  Solve 


From  (1), 


x  +  l 

y  +  1 
x«4-l 
y^  +  i 

x  +  l 

.*.   X 

From  (2),  x^  -|- 1 

Substitute  the  value  of  x  in  (4),  Ay^-\-4:y-\-\-\-\ 

y2~4y  +  3 
Factor,  (y  ~\)(y  -  3) 

•••  y 

Substitute  the  value  of  y  in  (3),  x 

Therefore,  x  =  3,  and  y  =  1 ; 
or  X  =  7,  and  y  =  3. 


=  2 


=  6 


2^  +  2. 
2y  +  l. 

0. 
0. 
1,  or  3. 

3,  or  7. 


(1) 
(2) 

(3) 
(4) 


(6) 


(1) 
(2) 


(3) 
(4) 


22.  Solve 

x-y=3     1 

X8_y8  =  387/ 

(1) 

(2) 

Divide  (2)  by  (1), 

x2  +  xy  4-  y2  =  129. 

(3) 

Square  (1), 

x2  -  2  xy  4-  y2  =  9. 

(4) 
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Subtract  (4)  from  (3),  Sxy  =  120. 

xy  =  40.  (6) 

Add  (3)  and  (5),  x^  +  2xy-\-^  =  169. 

X  +  y  =  ±  13.  (6) 

Add  (1)  and  (6),  2  x  =  16,  or  - 10. 

.-.  X  =  8,  or  —  6. 
Substitute  the  value  of  x  in  (6),  y  =  6,  or  —  8. 

Therefore,  x  =      8,  and  y  =  5 ; 
or  X  =  —  5,  and  y  =  —  8. 


28.  Solve 

x2H-y2  +  x  +  y  =  18| 
x2-y2  +  x-y  =  6  J 

0) 

(2) 

Subtract  (2)  from  (1), 

2y2  +  2y  =  12. 

Divide  by  2, 

y2  +  y  =  6. 

Transpose, 

y2  H-  y  -  6  =  0. 

Factor, 

(y-2)(yH-3)  =  0. 

.-.  y  =  2,  or  —  3. 
Substitute  the  value  of  y  in  (1),  x^  +  4  +  «  +  2  =  18, 
or  x2  +  9  +  x-3  =  18. 

Transpose  and  combine,  x^  -f  x  —  12  =  0, 

or  x2  +  X  -  12  =  0. 

Factor,  (x  -  3)(x -f  4)  =  0. 

.-.  X  =  3,  or  —  4. 
Therefore,  x  =     3,  and  y  =  2 ; 

X  =      3,  and  y  =  —  8 ; 
X  =  -  4,  and  y  =  2 ; 
or  X  =  —  4,  and  y  =  —  3. 


Solve                              2x2  _  5xy  +  3x  -  2y  =  10| 

6xy-2x2-f  7x-8y  =  10J 

(1) 

(2) 

Add  (1)  and  (2),                              10  x  -  10  y  =  20. 

X  -  y  =  2. 

.-.  X  =  y  +  2. 

(3) 

Substitute  the  value  of  x  in  (1), 

1 

2(y  +  2)2  -  5(y  +  2)y  4- 3(y  +  2)  -  2y  =  10. 

Expand, 

2y«  +  8y  +  8  -  5y2  -  lOy  +  8y  +  6  -  2y  =  10. 
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Transpose  and  combine,  Sy^  -^  y  —  i  =  0. 

Factor,  (y-l)(8i/H-4)  =  0. 

.-.  2/  =  1,  or  -  f. 
Substitute  the  value  of  y  in  (3),  jc  =  3,  or  f . 

Therefore,  a;  =  3,  and  y  =  1  ; 
or  X  =  f ,  and  y  =  -  f . 

25.  Solve  6x-^y  +  S  =  2xy^  (1) 

xy-2x  +  y  =  9      J  (2) 

Transpose  (1),  6  a  +  y  -  2  xy  =  -  3.  (3) 

Transpose  (2),  -  2  x  +  y  +  xy  =  9.  (4) 

Multiply  (4)  by  2,  -  4  x  +  2  y  +  2  xy  =  18.  (5) 

Add  (3)  and  (5),  x  +  3  y  =  15. 

Transpose,  x  =  15  -  3  y.  (6) 

Substitute  the  value  of  x  in  (2), 

15y  -  32/2  _  30  -j.  62/  H-  2/  =  9. 
Transpose  and  combine,  Sy^  —  22y  =  —  S9, 

Complete  the  square,  9y2  —  ( )  +  121  =  4. 

Extract  the  root,  3y  —  11  =  ±2. 

3y  =  13,  or  9. 
.-.  y  =  4J,  or  3. 
Substitute  the  value  of  2/  in  (6),  x  =  2,  or  6. 

Therefore,  x  =  2,  and  y  =  ^; 
or  X  =  6,  and  y  =  S. 

26.  Solve  x8  +  y«  =  37^  (1) 

x2-x2/  +  2/2  =  37|  (2) 

Divide  (1)  by  (2),  x-\-y  =  l.  (3) 

Square  (3),  x^ -\- 2  xy -]- ij^  =  I.  (4) 

Subtract  (2)  from  (4),  3x2/  =  -  36. 

xy  =  - 12.  (5) 

Subtract  (5)  from  (2),  x^  -2xy  -^y^  =  49. 

Extract  the  root,  x  —  2/  =  ±  7.  (Q\ 

Add  (3)  and  (6),  2  x  =  8,  or  -  6. 

.-.  X  =  4,  or  -  3. 
Subtract  (6)  from  (3),  2  2/  =  -  6,  or  8. 

r„,^      •  •''  y  =  -  3,  or  4. 

Therefore,  x  =      4,  and  y  =  —  S; 

or  X  =  -  3,  and  2/  =  4. 
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27.  Solve  x2  +  y  =  6(x-y)"\        (1) 

x  +  y^  =  2(x-y)f        (2) 

Subtract  (2)  from  (1),  z^  -  y^  -  x  +  y  =  S(x  -  y). 

x^  -  y^  -  (X  -  y)  =  S(x  -  y). 

(x  4-  y)  (x  -  y)  -  4(z  -  y)  =  0. 

Factor,  (x  -  y)  (x  +  y  —  4)  =  0. 

•V  X  =  y,  or  4  —  y.       (3) 
Substitute  the  value  of  x  in  (2), 

y  +  y^  =  0,  or  4  —  y  H-  2/2  =  8  —  4  y. 
y2  _^  y  =  0,  or  y2  4.  .3y  _  4  =  0. 

Factor,  y  (y  +  1)  =  0,  or  (y  _  1)  (y  +  4)  =  0. 

.-.  y  =  0,  —  1,  1,  or  —  4. 
Substitute  the  value  of  y  in  (3),  x  =  0,  —  1,  3,  or  8. 

Therefore,  x  =      0,  and  y  =  0; 
X  =  —  1,  and  y  =  —  1 ; 
X  =     3,  and  y  =  1 ; 
X  =      8,  and  y  =  —  4. 


28.  Solve  x2H-y2  +  x  +  y  =  68T  (1) 

xy  +  14  =  0   J  (2) 

Multiply  (2)  by  2,  2  xy  +  28  =  0. 

.-.  2xy  =  -28.  (3) 

Add  (1)  and  (3), 

x2  H-  2  xy  +  y2  4-  X  +  y  =  30. 

(x  4-  yf  4-  (x  4-  y)  -  30  =  0. 

Factor,  (x  4-  y  -  5)  (x  4-  y  4-  0)  =  0. 

.-.  X  4-  y  =  5,  or  —  6.  (4) 

Square  (4),  x2  4-  2  xy  +  y2  =  26,  or  36.  (5) 

Multiply  (3)  by  2,  4xy  =  -  56.  (6) 

Subtract  (6)  from  (5),  x2  -  2  xy  4-  y2  =  81,  or  92. 

Extract  the  root,  x-y  =  4:0,  or4:2  V23.  (7) 

Add  (4)  and  (7),  2x  =  14,  -  4,  or  -  6  ±  2  V23. 

.-.  x  =  7,  -2,  or  -3±V23. 

Subtract  (7)  from  (4),  2  y  =  -  4,  14,  or  -  6  T  2  V2S. 

.-.  y  =  -  2,  7,  or  -  3  T  V23. 

Therefore,  x  =      7,  and  y  =  —  2 ; 
X  =  —  2,  and  y  =  7  ; 
X  =  -  3  4-  V23,  and  y  =  -  3  -  V23 ; 
or  X  =  -  3  -  V23,  and  y  =  -  3  4-  V^. 
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29.  Solve  z^ -h  y^  =  xy -h  lOS^  (1) 

x  +  y  =  xy-7d  J  (2) 

Square  (2),  x^  +  2  xy  +  y^  =  x-y'^  -  168  xy  +  6241.     (3) 

Subtract  (1)  from  (3),  2xy  =  xV  _  159 xy  +  6138. 

x22,2_  1(51 252/ =  -6138. 
Complete  the  square, 

4xV- 0  +  1612  =  1369. 
Extract  the  root,  2  xy  —  161  =  ±  37. 

2xy  =  198,  or  124. 
.-.  xy  =  99,  or  62.  (4) 

Substitute  the  value  of  xy  in  (2),  x  -f  y  =  20,  or  —  17.  (5) 

Square  (5),  x2  +  2  xy  +  y2  =  400,  or  289.  (6) 

Multiply  (4)  by  4,  4  xy  =  396,  or  248.  (7) 

Subtract  (7)  from  (6),  x2  -  2  xy  +  y2  =  4,  or  41. 
Extract  the  root,  x  -  y  =  db  2,  or  ±  ViT.  (8) 

Add  (5)  and  (8),  2  x  =  22,  18,  or  -  17  ±  ViT. 

.-.  x  =  ll,  9,  or  J(-17dbV41). 
Subtract  (8)  from  (5),  2  y  =  18,  22,  or  -  17  T  ^41 . 

.-.  y  =  9,  11,  or  i(- 17^^41). 
Therefore,  x  =  11,  and  y  =  9 ; 
X  =   9,  and  y  =  1 1 ; 

X  =  |( -  17  +  Vil ) ,  and  y  =  i ( -  17  -  Vil) ; 
or  x=i(-17-V41),  and  y=J(- 17  +  ^41). 


30.  Solve  x2  +  y2  =  57  H-xy^  ,       (1) 

X  4-  y  =  xy  -  41 J  (2) 

Square  (2),  x2  +  2  xy  +  y2  =  x2y2  -  82  xy  +  1681.      (3) 

Subtract  (1)  from  (3),  2  xy  =  xh/^  -  83  xy  +  1624. 

x2y2-85xy  =  -1624. 
Complete  the  square,  4  x2y2-  ( )  +  852  =  729. 
Extract  the  root,  2  xy  —  85  =  ±  27. 

2xy  =  112,  or  58. 
.-.  xy  =  56,  or  29.  (4) 

Substitute  the  value  of  xy  in  (2),  x  4-  y  =  15,  or  —  12.  (5) 

Square  (5),     .  x2  +  2  xy  +  y^  =  226,  or  144.  (6) 

Multiply  (4)  by  4,  4  xy  =  224,  or  116.  (7) 

Subtract  (7)  from  (6),  x2  -  2xy  +  y2  =  1,  or  28. 
Extract  the  root,  x  -  y  =  ±  1,  or  ±  2  V7.  (8) 
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Add  (5)  and  (8),  2aj  =  16,  14,  or  -  12  ±2  V?. 

.-.  X  =  8;  7,  or  -  6  ±  Vt. 
Subtract  (8)  from  (5),  2y  =  14,  16,  or  -  12  T  2  V?. 

.-.  y  =  7,  8,  or  -  6  T  v^. 
Therefore,  x  =  8,  and  y  =  1 ; 
X  =  7,  and  y  -  8 ; 
X  =  -  6  H-  V7,  and  2/  =  -  6  -  V7 ; 
or  X  =  -  6  -  V7,  and  y  =  -  6  +  V7. 


31.  Solve                                     x  +  xy  +  y  =11') 

x2-f  xV  + 2/^  =  49  j 

(1) 

(2) 

Transpose  (1),                                x-\-y  =  ll-xy. 

(3) 

Square  (3),                        x^  -f  2xy  +  y2  =  121  -  22xy 

+  x2y2. 

(4) 

Transpose  (2),                             x^-{-y^  =  49-  x^- 

(5) 

Subtract  (6)  from  (4),                       2  xy  =  72  -  22 xy  +  2  xV- 

2x2y2  _24xy +  72  =  0. 

x2i/2_i2xy +  36  =  0. 

Extract  the  root,                         xy  —  6  =  0. 

.*.  xy  =  6. 

(6) 

Substitute  the  value  of  xy  in  (3),  x  +  y  =  6. 

(7) 

Square  (7),                        x2  +  2  xy  +  2/2  =  26. 

(8) 

Multiply  (6)  by  4,                            4  xy  =  24. 

(9) 

Subtract  (9)  from  (8),     x2  -  2  xy  +  y2  =  1. 

Extract  the  root,                           x  —  y  =  +  1. 

(10) 

Add  (7)  and  (10),                               2  x  =  6,  or  4. 

X  =  3,  or  2. 
Substitute  the  value  of  x  in  (7),  y  =  2,  or  3. 

Therefore,  x  =  3,  and  y  =  2 ; 
or  X  =  2,  and  y  =  3. 


Solve                                .    x2  +  y2-12  =  x  +  y      ^ 

xy  +  8  =  2  (X  +  y)  J 

0) 

(2) 

Multiply  (2)  by  2,                    2  xy  +  16  =  4  (x  +  y). 

(3) 

Add  (1)  and  (3),       x2  +  2xy  +  y2  +  4  =  6(x  +  y). 

Factor  and  transpose, 

(x  +  y)2-6(x  +  y)  +  4  =  0. 

Factor,               (x  +  y  -  1)  (x  +  y  -  4)  =  0. 

.-.  X  +  y  =  1,  or  4. 

(4) 

Substitute  the  value  of  x  +  y  in  (2), 

xy +  8  =  2,  or  8. 

.-.  xy  =  —  6,  or  0. 

(6) 
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Square  (4),  x^  -f  2  xy  +  y^  =  1,  or  16.  (6) 

Multiply  (5)  by  4,  4  xy  =  -  24,  or  0.        (7) 

Subtract  (7)  from  (6),  x^  -  2  xy  +  y^  =  26,  or  16. 
Extract  the  root,  x  -  y  =  ±  5,  or  ±  4.     (8) 

Add  (4)  and  (8),  2x  =  6,  -  4,  8,  or  0. 

.-.  X  =  3,  -  2,  4,  or  0. 
Subtract  (8)  from  (4),  2  y  =  -  4,  6,  0,  or  8. 


•.  y  =  -  2,  3,  0,  or  4. 


Therefore,  x  =      3,  and  y  =  —  2 ; 
X  =  —  2,  and  y  =  3  ; 
'  X  =     4,  and  y  =  0 ; 

X  =     0,  and  y  =  4. 


88.  Solve  x2-xy4-y2  =  37|  (1) 

x2-y2  =  40J  (2) 

Put  vx  for  y  in  (1),  x^  -  vx^  +  v^^  =  37. 

x3(1-«  +  b2)=37. 

••  ^^  = ^^-       (3) 

Put  vx  for  y  in  (2),  x^  -  v^^  =  40. 

x3(l-«2)^40. 

.-.  x2  =  -^.  (4) 

37  40 


Equate  the  values  of  x^ 


1  _  V  4-  ,,2         1  _  1,2 

37  -  37i?2  =  40  -  40«  +  40u2. 
771)2-401?  =  -3. 
Complete  the  square,  772»2  -  ( )  +  400  =  169. 

Extract  the  root,  77 1?  -  20  =  ±  13. 

77d  =  33,  or7. 
.-.  1?  =  f ,  or  tV 
Substitute  the  value  of  v  in  (4),  x^  =  49,  or  i|i. 

.-.  X  =  ±  7,  or  ±  -V-  ^• 
Since  y  =  we,  y  =  ±  8,  or  ±  J  Vs. 

Therefore,  x  =     7,  and  y  =      3 ; 
X  =  —  7,  and  y  =  —  3 ; 
x=      -VV3,  andy=      jVS; 
or  X  =  —  i^  V3,  and  y  =  -  J  V3. 
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84.  Solve 


Divide  (1)  by  (2), 
Subtract  (3)  from  (2), 

Add  (2)  and  (4), 
Extract  the  root, 
Subtract  (4)  from  (3), 
Extract  the  root, 
Add  (5)  and  (6), 


Substitute  the  value  of  x  in  (4), 

Therefore,  x  =     2,  and  y  =     1 
X  =  —  2,  and  y  =  —  1 
x=      1,  and  y  =     2 
or  x  =  — 1,  andy  =  — 2. 


x*  +  xV^  +  y*  =  21'1^ 
a52  +  xy+y*=    7  J 

(1) 

(2) 

aj2  -  xy  +  y2  =  3. 

(3) 

2xy  =  4. 

.-.  xy  =  2. 

(4) 

x2  +  2xy  +  y2  =  9. 

X  H-  y  =  ±  3. 

(5) 

x2-2xy  +  y2  =  l. 

aj-  y  =  ±1. 

(6) 

2x  =  ±4,  or  ±2. 

.-.  x  —  ±  2,  or  i  1. 

,                     y  =  ±  1,  or  ±  2. 

35.  Solve  x2  -  6xy  +  y^  +  5 

xy  —  X  —  y  +  1 

Multiply  (2)  by  7,  7xy  -  7 x  -  7 y  +  7  : 

Add  (1)  and  (3),  x^  +  2xy  +  y^  -7x  -7y  + 12  = 

(x  +  y)2-7(x-f  y)  +  12: 
Factor,  (x  +  y  -  3)  (x  +  y  -  4) : 

.-.  x  +  y; 
Substitute  the  value  of  x  +  y  in  (2),  xy 

Square  (4),  x2  4-2xy  +  y2 

Multiply  (5)  by  4,  4xy 

Subtract  (7)  from  (6),  x^  -  2  xy  +  y^ 

Extract  the  root,  x  —  y 

Add  (4)  and  (8),  2x 

.-.  X 

Substitute  the  value  of  x  in  (5),  V 

Therefore,  x  =  2,  and  y  =  1 
X  =  1,  and  y  =  2 
X  =  3,  and  y  =  1 
or  x  =  l,andy  =  3. 


-::} 


0. 
0. 
0. 
0. 

3,  or  4. 
2,  or  3. 
9,  or  16. 
8,.  or  12. 
:  1,  or  4. 
±l,or  ±2. 
:  4,  2,  6,  or  2. 
:  2,  1,  3,  or  1. 
:  1,  2,  1,  or  3. 


(1) 
(2) 

(8) 


(6) 
(6) 
(7) 

(8) 


1 


TEACHERS*  EDITION  645 

86.  Solve  x^-\-2xy  -y^=   41^  (1) 

3x2  4-  2 xy  4-  2  y2  =  103  J  (2) 

Add  (1)  and  (2),  4  x2  +  4  xy  +  2/^  =  144. 

Extradt  the  root,  2x  -\-  y  —  ±\2. 

.-.  y  =  ±\2-2x.       (3) 
Substitute  the  value  of  y  in  (1), 

x2  +  2x(±  12  -  2x)  -  (±  12  -  2x)2  =  41. 
x2  ±  24x  -  4x2  -  144  ±  48x  -  4x2  =  41. 
Transpose  and  combine,  *jx'^T'J2x  =  —  185. 

Complete  the  square,  49  x2  4=  ( )  +  362  =  1. 

Extract  the  root,  7x  =F  36  =  ±  1. 

7x  =  ±37,  or  ±35. 
.-.  x  =  ±  y,  or  ±  5. 
Substitute  the  value  of  x  in  (3),  y  =  ±  y,  or  ±  2. 

Therefore,  x  =     ^7^,  and  y  =  \^ ; 
X  =  —  ^,  and  y  =  —  Y ; 
X  =       6,  and  y  =  2 ; 
or  X  =  —    5,  and  y  =  —  2. 

3T.  Solve  2x2-xyH-5y2  =  io(aj  +  y)>i       (i) 

x2  +  4xy  +  3y2  =  I4(x  +  y)  J       (2) 
Multiply  (1)  by  7,  14  x2  -  7 xy  +  36  y2  =  70  (jc  ^.  j^).        (3) 

Multiply  (2)  by  5,  6  x2  +  20  xy  +  152/2  =  70  (»  +  y),        (4) 

Subtract  (4)  from  (3),        9x^-27xy  -\-  20  y2  =  0. 
Factor,  (3x  -  6y)(3x  -  4y)  =  0. 

5t/        4  V 

Substitute  the  value  of  z  in  (2), 

WO  3  9  3  3 

25 y2  +  60y2  +  27^2  =  336y,  or  16y2  +  43^2  +  27y2  =  2942/. 
1122/2  -  3362/  =  0,  or  9ly^  -  2My  =  0. 
3/2  _  3y  =  0,  or  132/2  -  42  2/  =  0. 
Factor,  1/  (2/  -  3)  =  0,  or  2/  (13  2/  -  42)  =  0. 

.-.  2/  =  0,  or  3,  or  2/  =  0,  or  f  f . 
Substitute  the  value  of  y  in  (5), 

X  =  0,  or  5,  or  X  =  0,  or  f|. 
Therefore,  x  =  0,    and  2^  =  0 ; 
X  =  6,    and  y  =  3 ; 
or  X  =  {|,  and  2/  =  f  f . 
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88.  Solve  8x  +  8y-»«-xy  =  10l  (1) 

6x  +  5y-xy-y2  =  20/  (2) 

Factor  (2),  5(x  +  y)- y(x  +  y)  =  20. 

/.  (6-y)(x  +  y)=:20.      '  (3) 

Add  (1)  and  (2),  18x+13y  -  x^  -  2xy  -  y«  =  30. 

13(x  +  y)-(x  +  y)a  =  30. 

Factor,  (13  -  x  +  y)  (x  +  y)  =  30. 

30 

'-'  x  +  y  =  — (4) 

13  —  X  —  y 

Substitute  the  value  of  x  +  y  in  (3),  ^^^"^^  =  20. 

13  -  X  -  y 

Divide  by  10,  ,f<^"^^    =  2. 

13  -  X  -  y 

Clear  of  fractions,  15-3y  =  26-2x-2y. 

Transpose  and  combine,  y  =  2x  — 11.  (5) 

Substitute  the  value  of  y  in  (1), 

8x  4-  16x  -  88  -  x2  -  2x3  +  llx  =  10. 

Transpose  and  combine,  3  x^  —  36  x  =  —  98. 

Complete  the  square,  36  x^  -  ( )  +  1225  =  40. 

EiLtract  the  root,  6  x  —  35  =  ±  7. 

6x  =  42,  or  28. 

.-.  X  =  7,  or  4f. 

Substitute  the  value  of  x  in  (5),  y  =  3,  or  — 1|. 

Therefore,  x  =  7,    and  y  =  3 ; 
or  X  =  4§,  and  y  =  —  IJ. 


89.  Solve  4  x2  -  9  y2  =  0  |  (1) 

4x2-|-y2  =  8(x  +  y)J  (2) 

Transpose  (1) ,  4  x2  =  9  y^.  (3) 

Extract  the  square  root,  2  x  =  :£  3  y. 

.•.x  =  ±^.  (4) 

Substitute  the  value  of  x  in  (2),   9y2  +  y2  =  8(±-^H-yy 

Simplify,  10  y2  =  20  y,  or  10  y^  =  -  4  y. 

y2  =  2y,  or  5y2  =  -2y. 
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Transpose,  y^  —  2  y  =  0,  or  6  y^  +  2  y  =  0. 

Factor,  y(y  -  2)  =  0,  or2/(6y  +  2)  =  0. 

.-.  y  =  0,  2,  0,  or  -  f 
Substitute  the  value  of  y  in  (4),  x  =  0,  3,  0,  or  |. 

Therefore,  x  =  0,  and  y  =  0; 
X  =  0,  and  y  =  0 ; 
X  =  3,  and  y  =  2 ; 
or  «  =  i,  and  y  =  —  |. 


40.  Solve  x2-5y2-3x-y4-22  =  0  "1  (t) 

(X  -  3)  (y  -  2)  =  y2  -  3y  +  2  J  (2) 


From  (2),  (x  -  3)  (y  -  2)  =  (y  -  1)  (y  -  2). 

Transpose, 

(x-3)(y-2)-(y-l)(y-2)  =  0. 

Factor,  (y  -  2)  (x  -  3  -  y  -f  1)  =  0, 

or  (y  -  2)  (X  -  y  -  2)  =  0. 

.-.  y  -  2  =  0,  (3) 

or  X  -  y  -  2  =  0.  (4) 

From  (3),  y  =  2. 

Substitute  the  value  of  y  in  (1), 

x2  -  20  -  3x  -  2  +  22  =  0. 
Combine,  x2-3x  =  0. 

Factor,  x(x--3)  =  0. 

.-.  X  =  0,  or  3. 
From  (4),  x  =  y  +  2.  (5) 

Substitute  the  value  of  x  in  (1), 

y2  +  4y  +  4-6y2-3y-6-y  +  22  =  0. 
Transpose  and  combine,  4  y^  =  20. 

.-.  y2  =  5. 
/.  y  =  ±  Vs. 
Substitute  the  value  of  y  in  (6),  x  =  2  ±  ^5. 

Therefore,  x  =  0,  and  y  =  2 ; 
X  =  3,  and  y  =  2 ; 
=  2  +  Vs,  and  y  =  Vs ; 
or  X  =  2  —  Vs,  and  y  =  —  Vs. 
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41.  Solve  «2^y2_a.y^37^  (1) 

z-\-y  =  xy -17 J  (2) 

From  (1),  jcy  =  x2  +  y2  _  37.  ^3) 

From  (2),  xy  =  x  +  y  + 17.  (4) 

Equate  the  values  of  xy,       x*  +  y^  -  37  =  x  +  y  4- 17. 

x2  +  y2  =  X  +  y  +  54.  (5) 

Multiply  (4)  by  2,  2  xy  =  2  x  +  2  y  +  34.  (6) 

Add  (6)  and  (6),  x^  +  2xy  +  y^  =  3x  +  3y  +  88. 

Transpose  and  factor, 

(xH-y)a-3(x  +  y)-88  =  0. 
Factor,  (x  +  y  -  ll)  (x  +  y  4-  8)  =  0. 

.-.  x  +  y  =  ll,  or  -8.  (7) 

Substitute  the  value  of  x  +  y  in  (4),     xy  =  28,  or  9. 

2xy  =  56,  orl8.  (8) 

Substitute  the  value  of  x  +  y  in  (5),  x^  -f  y2  =  66,  or  46.  (9) 

Subtract  (8)  from  (9),         x2  -  2  xy  +  y2  =  9,  or  28. 

X  -  y  =  ±  3,  or  i  2  V7.     (10) 
Add  (7)  and  (10),  2 x  =  14,  8,  or  -  8  ±  2^7. 

.-.  X  =  7,  4,  or  —  4  ±  V7. 
Substitute  the  value  of  x  in  (7),  y  =  4,  7,  or  —  4  ^  V?. 

Therefore,  x  =  7,  and  y  =  4 ; 
X  =  4,  and  y  =  7  ; 
X  =  —  4  -f  V7,  and  y  =  -  4  -  V7  ; 
or  X  =  —  4  —  V7,  and  y  =  —  4  +  V7. 

42.  Solve  x*H-y*  =  97^  (1) 

x  +  y=    5/  (2) 

Raise  (2)  to  the  4th  power, 

X*  -I-  4x8y  +  6x2y2  +  4xy8  +  y*  =  626.  (3) 

Subtract  (1)  from  (3), 

4  x8y  +  6  x2y2  4.  4  xyS  =  528. 
2x8y  +  3x2y2  +  2xy8  =  264. 
xy  (2  x2  4-  3  xy  +  2  y2)  =  264.  (4) 

Square  (2),  x2  +  2  xy  +  y2  =  26.  (5) 

2x2-|-4xy +  2y2  =  60. 

2x2  +  2y2  =  60-4xy.  (6) 

Substitute  the  value  of  2  x2  -f  2  y2  in  (4), 

xy(50-xy)  =  264. 
60xy-x2y2  =  264. 
x2y2  -  60  xy +  264  =  0. 
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Factor,  {zy  -  44)  (xy  -f  6)  =  0. 

.-.  xy  =  44,  or  6. 
4X2/ =  176,  or  24.  C^) 

Subtract  (7)  from  (5),  x^  -  2xy  ■^y^  =  -  151,  or  1. 
Extract  the  root,  x-y  =  ±  V- 151,  or  ±  1.  (8) 

Add  (2)  and  (8),  2  x  =  5  ±  V-  151,  6,  or  4. 

'     .-.  x=  j,(5d:V-151),  3,  or2. 
Substitute  the  value  of  x  in  (2),      y  =  i  (5  T  V- 151),  2,  or  3. 

Therefore,  x  =  3,  and  y  =  2 ; 

X  =  2,  and  y  =  3 ;  

X  =  i(5  +  V-151),  and  2/  -  i(S  - ^^ZM)  > 
or  X  =  1  (^  - ^-151),  and  2/  =  i(5  +  V-161). 

48.  Solve  x*  +  2/*=272^  (1) 

x-2^=      2/  (2) 

Raise  (2)  to  the  4th  power, 

X*  -  4x^  4  6xV  -  4x2/3  +  2^  =  16.  (3) 

Subtract  (3)  from  (1), 

4x^2/  -  6xV  +  4x2/8  =  256. 
2xh/  -  3x21/2  +  2x2/8  =  128. 

X2/  (2  x2  -  3  x?/  +  2  2/2)  =  128.  (4) 

Square  (2),  ^2  -  2  x?/  +  2/2  =  4.  (5) 

2x2 -4x2/ +  2  2/2  =8. 

2x2  +  22/2  =  8  +  4x2/. 

Substitute  the  value  of  2  x2  +  2  2/^  in  (4), 

X2/(8  +  X2/)  =  128. 
8  X2/  +  x22/2  =  128. 
X22/2  + 8x2/ -128  =  0. 

Factor,  (xy  -  8)  (xy  +  16)  =  0. 

.-.  xy  =  8,  or  —  16. 
4  X2/  =  32,  or  -  64.  (6) 

Add  (5)  and  (6),  x2  +  2x2/  +  2/^  =  36,  or  -  60.    

Extract  the  root,  x  +  2/  =  ±6,  or±2  V-  15.        (7) 

Add  (2)  and  (7),  2  x  =  8,  -  4,  or  2  ±  2  V^. 

.-.  X  =  4,  -  2,  or  1  ±  V--T5. 
Substitute  the  value  of  x  in  (2),       ?/  =  2,  -  4,  or  -  1  ±  V- 15. 

Therefore,  x  =       4,  and  2/  =      2 ; 
X  =  —  2,  and  2/  =  -  4 ; 
X  =  1  +  y-15,  and  2/  =  -  1  +  V-15; 
or  X  =  1  —  V—  16,  and  2/  =  —  1  —  ^  —  15. 
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44    Solve  a*  +  y»  =  33l  (1) 

x  +  y=   3J  (2) 

Divide  (1)  by  (2), 

X*  -  x»r  +  **»»  -  xy»  +  y*  =  11.  (3) 

Rmiae  (2)  to  the  4th  power, 

X*  +  4x*y  +  6xy  +  4xy*,  +  y*  =  81.  (4) 

Sabtnu:t  (3)  from  (4), 

5z»y  +  oaJV  +  5aq^  =  70. 

«^  +  xV+«y'  =  14. 

xy(i«  +  xy  +  y4)  =  14.  (5) 

Sqiiaze(2),  **  +  2xy  +  y«  =  9.  (6) 

z«  +  y*  =  9-2xy. 

Sahstitate  the  valae  of  X*  +  y^  in  <5), 

xy(9-  xy)  =  14. 

9jcy  -xV  =  14- 

x*y*-9xy  +  14  =  0. 

Factor,  (xy  -  2)  (xy  -  7)  =  0. 

.-.  xy  =  2,  or  7. 

4xy  =  8,  or28.  (7) 

Subtract  (7)  from  (6),  X«  -  2xy  +  y«  =  1,  or  -  19. 

Extract  the  root,  x  -  y  =  dt  1,  or  dt  V-  19.  (8) 

Add  (2)  and  (8),  2x  =  4,  2,  or  3  ±  V -  19. 

.-.  X  =  2,  1,  or  i(3±V-19). 

Substitute  the  Talne  of  x  in  (2),      y  =  1,  2,  or  |  (3  =F  ^-  19). 

Therefore,  x  =  2,  and  y  =  1 ; 
X  =  1,  and  y  =  2 ; 

x=|(3-hV-19),  andy  =  |(3-V-19); 
or  X  =  1(3  -  V-19),  and  y  =  1(3  +  V-  19). 


45.  Solve  x*-y«  =  2111  (1) 

X  -  y  =  1     J  (2) 

Divide  (1)  by  (2),  x*  +  x»y  +  x«y«  +  xy»  +  y*  =  211.  (3) 

Raise  (2)  to  the  4th  power, 

x*-4x»y +  6xV-4xy»  +  y*  =  l.  (4) 

Subtract  (4)  from  (3),     5  x»y  -  5  xV  +  6  xy»  =  210. 

x*y  —  x^*  +  xy*  =  42. 
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xy  (x2  -  «2/  +  y2)  =  42.  (5) 

Square  (2),  x^  -  2  xy -f  y^  =  1.  (6) 

x2H-y3  =  l  +  2xy. 
Substitute  the  value  of  x^  +  y^  in  (5), 

xy  (1  +  xy)  =  42. 
xy  +  xV  =  42. 
xV  +  xy  -  42  =  0. 
Factor,  (xy  -  6)  (xy  +  7)  =  0. 

.-.  xy  =  6,  or  —  7. 
4xy  =  24,  or -28.  (7) 

Add  (6)  and  (7),  x^  +  2  xy  +  y^  =  26,  or  -  27. 

Extract  the  root,  x  +  y  =  ±  5,  or  ±  3  V^.         (8) 

Add  (2)  and  (8),  2x  =  6,  -  4,  or  1  ±  3  VTs. 

.-.  X  =  3,  -  2,  or  J  (1  ±  3  V^). 
Substitute  the  value  of  X  in  (2),      y  =  2,  _3,  or  i(-l±3V33). 

Therefore,  x  =     3,  and  y  =  2 ; 
X  =  —  2,  and  y  =  —  3 ; 

X  =  i(l  +  3  V^),  and  y  =  }(-  1  +  3  V~S) ; 
or  x=Kl-3V^),  andy=  J(-l-3vCr3). 


46.  Solve  x*  +  y*  =  162         ^  (1) 

x2  +  y2  =  3xy-9j  (2) 

Square  (2),  x*  +  2xV  +  y*  =  OxV  -  64xy  +  81. 

X*  -  7  x2y«  +  y*  =  81  -  64  xy .  (3) 

Subtract  (3)  from  (1),  7  xV  =  81  +  64  xy. 

7xV-^«y  =  81. 
Complete  the  square, 

49x2y2 -0  4-729  =  1296. 
7  xy  -  27  =  ±  36. 

7  xy  =  63,  or  -  9. 
.-.  xy  =  9,  or  -  ?.  (4) 

From  (2),  x^  +  2xy  +  ya=  6xy  -  9.  (6) 

Substitute  in  (6)  the  value  of  xy, 

x2  4-  2xy  +  y2  =  36,  or  -  i?a. 

Extract  the  root,  xH-y  =  db6,  or±f  V~  21.       (6) 

From  (2),  x^  -  2xy  +  y*  =  xy  -  9.  (7) 
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Substitute  in  (7)  the  value  of  xy  from  (4), 

x2  -  2xy  +  y«  =  0,  or  -  ;^. 


Extract  the  root,  x  ~  y  =  0,  0,  or  ±  f  V— 14.  (8) 

Add  (6)  and  (8),  2 x  =  6,  -  6,  or  ±  f  ( V-  21  +  V-14). 

.♦.  X  =  3,  -  3,  or  ±  f(V-21  +  V  - 14). 

Subtract  (8)  from  (6),         2 y  =  6,  -  6,  or  ±  f(V-21  -  V-14). 

.-.  y  =  3,  -  3,  or  ±  f  (V-  21  -V-14). 
Therefore, 

X  =      3,  and  y  =  3 ; 
X  =  —  3,  and  y  =  —  3 ; 


or 


47. 


x=      f(V-21  + 

x  =  -»(V-2r  + 

v: 
v: 

- 14),  and  y  =  J{ V-  21  -  V- 
- 14),  and  y  =  -  f  ( V-  21  -  V 

14); 
-14). 

Solve 

x  +  y  _  7  1 
xy-1      11 
y  -  X       1 
xy  +  l      13 

► 

(1) 
(2) 

Clear  (1)  of  fractions. 

llx  +  lly  =  7xy-7. 

(3) 

Clear  (2)  of  fractions, 

13y-13x  =  xy +  1. 

(4) 

Multiply  (4)  by  7, 

91y-91x  =  7xy+7. 

(6) 

Subtract  (3)  from  (6), 

80y-102x  =  14. 

Divide  by  2, 

40y-51x  =  7. 

40y=  51X  +  7. 

Substitute  the  value  of  y 

in 

51X  +  7 
''^=      40      • 

(6) 

1 

\x 

5(51x  +  77_357 

X*  +  49x 

7. 

40  40 

Multiply  by  40,  440 x  +  561  x  +  77  ^  357  x«  +  49  x  -  280. 

Transpose  and  combine, 

357x3 -952x- 357  =  0. 
nivldo  by  119,  3  x«  -  8  x  -  3  =  0. 

FAOtor,  (j  -  3)  (3  x  + 1)  =  0. 

.*.  X  =  3,  or  —  J. 
Subslituto  the  value  of  x  in  (6),  y  =  4,  or  —  J. 

TluMvfon\  Jp         3,  and  y  =  4 ; 
or  Jp  ■-  •    J»  and  y  =  —  J, 
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48.  Solve 


y  +  x^^ 
x-\-y^ 

Clear  (1)  of  fractions,  3 x '+  3 x^  = 

Clear  (2)  of  fractions,  4  2/  +  4  x^  = 

Multiply  (3)  by  4,  I2x^ -\- I2x  -  [^6y^  -  bQy  = 
Multiply  (4)  by  (3),  12  x2  -  39 x  -  39  y'^  +I2y  = 
Subtract  (6)  from  (6),  51  x  -  17  y2  _  68  y  = 
Divide  by  17,  3  x  —  y^  _  4  ^  _ 

3x  = 


14 

y 

13 
4 

14  y  +  14  y2. 

13x  + 13  2/2. 

0. 

0. 

0. 

0. 

2^2  + 4y. 

2/2 +  4y 


Substitute  the  value  of  x  in  (3), 


=  142/ +  142/2. 


32/2  +  12  2/  +  2/*  +  82/8  +  162/2  = 

2/* +  82/8 -23  2/2 -302/  = 

2/(2/8 +  82/2 -232/ -30)  = 

y{y-hi){y^-hTy-so)  = 
y{y +  l)(y-S){y +  10)  = 

.'.  y  = 
Substitute  the  value  of  2/  in  (7),  x  = 

The  values  x  =  0  and  y  =  0,  and  x  =  —  1  and  y  = 
be  extraneous  values  and  are  introduced  when  the 
in  (7),  is  substituted  in  (3). 

Therefore,  x  =    7,  and  y  =  S; 
or  X  =  20,  and  y  =  —  10. 


(1) 

(2) 

(3) 
W 
(5) 


(7) 


42  2/  +  42  2/2. 

0. 

0. 

0. 

0. 

0,  -  1,  3,  or  -  10. 

0,  -  1,  7,  or  20. 

—  1,  are  found  to 
value  of  X,  found 


49.  Solve 


x2  +  2^2 

x  +  y 

Square  (2),  x^ -\- 2  xy  -\- y^ 

Subtract  (1)  from  (3),  2xy 

3x22/2 -10x2/ +  3 
Factor,  (xy  -  3)  {Sxy  -I) 

.*.  xy 


x22/2  +  n  (1) 

2x2/ -2/  (2) 

4x22/2-8x2/ +  4.    (3) 

3x22/2-8x2/  +  3. 

0. 

0. 

3,  or  1.  (4) 
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Substitute  the  value  of  xy  in  (1),  a^  +  y«  =  10,  or  Y-  (^) 

Sul»titute  the  value  of  xy  in  (2),     x  +  y  =  4,  or  -  |.  (0) 

Multiply  (4)  by  2,  2  xy  =  6,  or  |.  (7) 

Subtract  (7)  from  (5),         x*  -  2  xy  -f  y*  =  4,  or  J. 
Extract  the  root,  x  -  y  =  ±  2,  or  ±  f.  (8) 

Add  (6)  and  (8),  2  x  =  6,  2,  -  J,  or  -  2. 

.-.  x  =  3,  1,  -  A,  or  -1. 
Substitute  the  value  of  x  in  (6),  y  =  1,  3,  -  1,  or  -  \. 

Therefore,  x  =  3,  and  y  =  1 ; 
X  =  1,  and  y  =  3 ; 
X  =  -  i,  and  y  =  -  1 ; 
or  X  =  —  1,  and  y  =  —  J. 


50.  Solve  x»  +  y3  =  -  147  -  3  xy ^  (1) 

x2  +  y2  =  xy  +  39         J  (2) 

Transpose  (2),                 x^  -  xy  +  y^  =  39.  (3) 

Divide  (1)  by  (3),  x  +  y  = J3        *  ^^^ 

,      ^            ,      2401  + 98  xy  +  x2y2       .,. 
Square  (4),  x^  +  2  xy  +  y2  = j^^ •      (5) 

2401  +  98  xy  +  xV      _„ 
Subtract  (3)  from  (5),  3  xy  = — 39. 

607  xy  -  2401  +  98xy -f  «V  -  6691. 
x2y2  __  409  xy  -  4190  =  0. 
Factor,  (xy  -  419)  (xy  +  10)  =  0. 

.-.  xy  =  419,  or  -  10.  (6) 

Substitute  the  value  of  xy  in  (4), 

a  +  y  =  -  36,  or  -  3.  (7) 

Subtract  (6)  from  (3),  x2  -  2  xy  +  y^  =  -  380,  or  49. 

Extract  the  root,  x  -  y  =  ±  2  V-95,  or  ±  7.       (8) 

Add  (7)  and  (8),  2  x  =  -36+2^^95,  4,  or  -10. 

.-.  X  =  -  18  ±  V-95,  2,  or  -  6. 
Subtract  (8)  from  (7),  2  y  =  -  36  T  2  V^^,  - 10,  or  4. 

/.  y  =  -  18  T  V-95,  -  6,  or  2. 

T:  Li-efore,  x  =   2,  and  y  =  -  5 ; 

X  =  —  5,  and  y  =   2  ; 

X  =  -  18  4-  V-  96,  and  y  =  -  18  -  V-95; 
or       X  =  -  18  ~  V_95,  and  y  =  -  18  +  V-  95. 
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61.  Solve  x  +  y  =S     \  (1) 

x*  +  y*=706J  (2) 

Raise  (1)  to  the  4th  power, 

x*  +  4xV  +  6aV  +  4xy8  +  y4=4096.  .    (3) 

Subtract  (2)  from  (3), 

4x8y  -f  6xV  +  4xy«  =  3390. 
2x«y  +  8««y2  4-  2xy8  =  1695. 
xy  (2  xa  +  3  xy  +  2  y*)  =  1^96.  (4) 

,    Square  (1),  x^  +  2xy  +  y8  =  64.  (6) 

2x2-f4xy +  2y2  =  i28.     . 

2x2  +  ^y2ii28_4xy. 
Substitute  the  value  of  2  x^  +  2  y^  |b  :(4),      ' 

xy(128 -ley)  =1695. 

128xy-x2y?^1696. 

xV  -  128  xy  =i  -  1696. 

Complete  the  square,  xV  -  ( )  +  |o96  =  2401. 

Extract  the  root,  xy  —  64  =  ±  49. 

.-.  a^.=  113,  or  16. 
4xy  =  462,  or60.  (6) 

Subtract  (6)  from  (6),      x^  -  2  xy  +  y^  =  -  388,  or  4. 
Extract  the  root,  x  -  y  =  ±  2  V- 97,  or  ±  2.    (7) 

Add  (1)  and  (7),  2x  =  8±2V-97,  10,  or  6. 

.-.  X  =  4  ±  V-  97,  5,  or  3. 

Substitute  the  value  of  x  in  (1),  y  =  4  =F  V- 97,  3,  or  6. 

> 

Therefore,  x  =  5,  and  y  =  3 ; 

X  =  3,  and  y  =  6 ;  ^ 

X  =  4  +  V--  97,  and  y  =  4  -  V  -  97 ; 
or  X  =  4  -  V-97,  and  y  =  4  +  y-97. 


52.  Solve  xH-y  =  5     ^  (1) 

a*  +  y6=275j  (2) 

Divide  (2)  by  (1),  x*  -  x^y  +  «V*  ~  «2^  +  y*  =  55.  (3) 

Raise  (1)  to  the  4th  power, 

x*  +  4x8y  +  6xV  +  4xy«  +  y*=  626.  (4) 

Subtract  (3)  from  (4),  6x«y  +  5x2y2  +  5xy«  =  670. 

x8y +  xV  +  xy«=114. 
xy  (x2  -hxy-{-  y2)  =  1 14.  (6) 

Square  (1),  x^  +  2xy  +  y2  =  25.  (6) 

x2  +  y2  =  26-2xy. 
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Substitate  the  value  of  z*  +  y^m  (5), 

xy(26-afy)  =  114. 
26xy-x2y2  =  114. 
xV-  26xy +  114  =  0, 
(xy-6)(xy-19)  =  0. 

.-.  zy  =  6,  or  19. 
4xy  =  24,or76.  (7) 

Subtract  (7)  from  (6),  x«  -  2  xy  +  ys  =  1,  or  -  51. 
Extract  the  root,  x  —  y  =  ±  1,  or  i  V—  61.        .   (8) 

Add  (1)  and  (6),  2x  =  6,  4,  or  5  i  V- 51. 

.-.  X  =  3,  2,  or  J(5  ±  V-  51). 
Substitute  the  value  of  x  in  (1),      y  =  2,  3,  0|r  i(5  T  V-  61). 

Therefore,  x  =  3,  and  y  =  2 ; 
X  =  2,  and  y  =  3; 

x  =  i(5+V~51),  andy=i(6-V-51); 
or  X  =  i(^  - ^-61),  and  y  =  i(5  +  V-51). 


63.  Solve  x«  +  3xy2  +  171  =  01  (1) 

3x2y  +  y8  4-172  =  0J  (2) 

Subtract  (2)  from  (1), 

*8  -  3x2y  +  3  xy2  _  y8  _  1  _  0. 

(X  -  y)8  -  1  =  0. 
Factor, 

(X  -  y  -  1)  [(X  -  y)3  +  (X  -  y)  +  1]  =  0. 

.-.  X  —  y  —  1  =  0, 

or  (x  -  y)2  +  (X  -  y)  +  1  =  0.     , 

(i)  x-y  =  l. 

(ii)  (x-y)3+(x-y)=--l. 

4(x-y)2  +  ()  +  l  =  -3. 


2(x-y)  +  l  =  ±V^. 
2(x-y)  =  -l±V^. 


...  a;_y=  j(_i±Vr3). 

.-.  x-y  =  l,  ori(~l±>^^).    (3) 
Add  (1)  and  (2), 

x8  +  3x2y 4-  3xy2  +  y'  +  343  =  0. 

(X  +  vV  H-  343  =  0. 
Factor, 

•,:(x  +  y  +  7)[(x  +  y)2-7(x  + y)  +  49]  =  0. 

.-.  X  H-  y  +  7  =  0, 

or  (X  H-y)2  -  7(x  H-  y)  +  49  =  0. 
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(i) 
(ii) 


x  +  y  =  -7. 

(x  +  y)2-7(x  +  y)  =  -49. 
4(»  +  y)2 -0  +  49  =  -^147. 


2(»  +  y)-7  =  ±7V^. 

2(a;  +  y)  =  7±7V^. 
.-.  x  +  y=|(l±V^). 
.-.  X  +  y  =  -  7,  or  J{1  ± V33).  (4) 

Add  (3)  and  (4), 

or3{l±V^). 

•••«  =  -  3,  }( -  15  ±  V^),  1  (9  ±  7  V^),  i (3  ±  4  V33) , 
orf(l±vCr3). 

Subtract  (3)  from  (4), 

2y  =  -  8,  i(-  13  T  ^^),  i(5  ±  7  V^TS),  4  ±  3  V~~3, 
or  4(1  ±V- 3). 

.-.  y  =  -  4,  }{-  13  q=  V^),  }(5  ±  7  VTs),  1  (4  i  3  VTs), 
or2{l±Vir3). 

Therefore,  x  =  —  3,  and  y  =  —  4 ; 

X  =  J(-  15  +  V-  3),  and  y  =  J(-  13  -  V^); 
X  =  }  ( -  1 6  -  '^/^)»  and  y  =  J  ( -  13  +  vCTs) ; 
X  =  i(9  -f  7  V^),  and  y  =  H^  +  7  V^), 
X  =  J{9  -  7  V33),  and  y  =  j(6  -  7  V-  3); 
X  =  i{3  H-  4  V-  3),  and  y  =  J  (4  +  3  V-^); 
X  =  i(3  -  4  V^),  and  y  =  ^{4  -  3  V^); 
x  =  1(1+^1^3),  andy  =  2(H-V^); 
or  X  =  J(l  -  VITs),  and  y  =  2(1  -  vCTg). 


54.  Solve 


=  40  —  j^atifl 


From  (2), 


X*  +  2/*  =  97 

X2  +  y2  =:  49 
X2  +  X2y2  +  y2  ^  49. 

2x2  +  2x2y2  +  2y2=98. 
Add  (1)  and  (3), 

X*  +  2xV  4-  2/4  ^  2x2  +  2y2  =  195. 

(x2  +  2/2)2  4.  2  (x2  +  2/2)  =  196. 

Complete  the  square, 

{x2  +  2^2)2  +  ()  +  1  =  196. 

Extract  the  root,  x2  +  2^2  +  1  _  _^  14. 

x2  +  y2  =  13^  or 


X^'' 


] 


-16. 


(1) 
(2) 

<3) 


W 
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BubtUtute  the  value  otx^  +  j^in  (2), 

2V  =  96,  or  64. 
.-.  xy  =  ±  6,  or  i  8. 
2a^  =  ±12,  or  ±lft.  (d) 

Add  (4)  and  (6),  ««  +  2xy  +  y«  £=  26,  1,  1,  or  -  31. 

«  +  y  =  ±6,  ±1,  ±l,<M-± V-31.  {(i) 
Hubiract  (5)  from  (4), 

a^  -  2xy  +  y«  =  1,  26,  -  31,  or  1. 

»-y  =  ±l,  ±6,  ±V-3i,OTrfci.  P) 

Add  (0)  and  (7),  _ 

2x.^6,  4,  -4^-6,  6,  -4,  4,  -6,  1  -|-  V-  31,  1  -  V5T, 
-l  +  V^ai,  -l-V~31;  1+V--31,  -  1  +  V-  31, 
l-VITai,  or  _l-V-31. 

.'.  X   =  3,  2,  -  2,  -  3,  3,  -  2,  2,  -  3,  J  +  i  V-31,  J  -  J  V-  31, 

"  J  +  1  ^8 1 ,  -  I  -  i  >rr3lj^  +  J  VITSI ,  -  1  +  1  ^^^^^. 
1  -  1  V-31,  or  -i- jV-3L 

Hubiitltute  the  value  of  z  iu  (6), 
y      2,  8,  -  8,  -J2»  -  2,  3,  -  3,  2,  i  -  J  V^sT,  J  +  J  VITsi, 

-  J  -  1  V-"8i,  - }  +  J  V^^sT, -j+iV33r,i  +  i  V33i, 

Therefore,  z  -  3,  and  v  =  2 
X  ■>  2,  and  y  =  3 
X  =  -  2,  and  y  =  —  S 
X  =  -  3,  and  y  =  -  2 
X  —  3,  and  y  =  —  2 
X  =  -  2,  and  y  =  3 
X  =  2,  and  y  =  —  3 
X  =  -  8,  and  y=  2 
X  =      J  +  i  V:3_31,  and  y  = 

X  =      1  -  i  V-31,  and  y  =  

X  -=  -  J  +  4  V-31,  and  y  =  -  i  -  i  V-31 
X  =  -  i  -  1 V-  31,  and  y  =  -  i  +  i  V-31 
X  =  J  +  I V"  31,  and  y  =  -  i  +  tV-31 
X  =  -  1  +  i  VTsT,  and  y  =  i  +  J  V-31 
a;  =  J  -  J  V-31,  and  y  =  -  }  -  J  V-31 
or  X  =  -  i  -  J  V-31,  and  y  =     J 


i  +  jVTsi 


-iV^ii. 
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65.  Solve  16  a;2  +  16  y  =  17 1  (1) 

4xH-4y2  =  5   J  (2) 

From  (1),  16  a;2  =  17  _  16  y.  (3) 

From  (2),  4a;  =  5-42/2. 

Square,  16  x^  =  26-  40  y^  +  16  y*.  (4) 

Equate  the  values  of  16  x^^ 

25  -  40 y2  4-  iQy*  =  17  -  16y. 
16y4_  40^2 +  162/ +  8  =  0. 
Divide  by  8,       2y*  -  5y2  +  2?/  +  1  =  0. 
(y  -  1)(2 2/8  +  2y2  _  3y  _  1)  =  0. 
(2/ -1)2(2  2/2  + 42^ +  1)  =  0. 
.-.  y  =  1,  or  1,  or  2  y2  +  4  y  +  1  =:  0. 
Transpose,  2  2/2  +  4  2/  =  —  1. 

Complete  the  square,  4  y2 +  82/4-4  =  2. 
Extract  the  root,  2  2/  -I-  2  =  ±  V2. 

2  2/  =  -  2  ±  V2 . 
2/=  i(-2±V2). 
.-.  2^  =  1,  1,  or|(-2iV2). 
Substitute  the  value  of  y  in  (2),    4  «  =  1,  1,  or  —  1  i  4  V2. 

•••  x  =  i,  i,  orJ{-l±4V2). 

Therefore,  «  =  J,  and  y  =  1 ; 
X  =  J,  and  2/  =  1 ; 

x  =  J(-l  +  4  V2),  and2/=  i(-2  4-V2); 
x=  J(-l-4  V^),  and  2/  =  i(-2->^). 


or 


66.  Solve  x-\-xy  +  y=:b^  (1) 

x8  +  a;82/8  +  2/8  =  17  J  (2) 


From  (1),  X  -\-  y  =  6  -  xy.  (3) 

Cube  (3),  x8  +  3  x22/  4-  3  X2/2  -f  2/8  =  125  -  75  xj/  + 1 5  x22/2  -  3^\  (4) 
From  (2),  x"^  +  2/'  =  17  -x82/3.  (5) 

Subtract  (5)  from  (4), 

3x22/  4-  3x2/2  =  108  -  75x2/  +  15x22/2. 
Divide  by  3,  xy  (x  +  2/)  =  36  -  25  X2/  +  5  x22/2.  (6) 
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Substitute  in  (6)  tlie  value  oiz  +  y  from  (3), 

5xy  -  xV  =  36  ~  26 xy  +  5x2y2. 
6xV-30xy +  36  =  0. 
xV-6xy  +  6  =  0. 
Factor,  {xy  -  2)  (xy  -  3)  =  0. 

.-.  xy  =  2,  or  3.  (7) 

Substitute  the  value  of  x^  in  (3),  x-\-  y  =  3,  or  2.  (8) 

Square  (8),  x2  +  2  xy  +  y2  =  9,  or  4.  (9) 

Multiply  (7)  by  4,  4  xy  =  8,  or  12.  (10) 

Subtract  (10)  from  (9),   x^  -  2xy  +  y2  =  1^  or  -  8. 
Extract  the  root,  x -y  =  i:  1,  or  zb2V- 2.      (11) 

Add  (8)  and  (11),  2x  =  4,  2,  or  2  ±  2V-  2. 

.-.  X  =  2,  1,  or  1  ±  V^. 


Subtract  (11)  from  (8),  2 y  =  2,  4,  or  2  +  2  V-2. 

.-.  y  =  1,  2,  or  1+ V-2. 

Therefore,  x  =  2,  and  y  =  1 ; 
X  =  1,  and  y  =  2; 
X  =  1  H-  V-  2,  and  y  =  1  -  V-  2 ; 
or  X  =  1  -  V^,  and  y  =  1  +  V32. 


57.  Solve  xy  =  a 


(1) 
(2) 


y^  = 


From(l),  x  =  ?.  (3) 

From  (2),  x  =  by.  (4) 

Equate  the  values  of  x,  by  —  -- 

y 

by^  =  a. 
a 
b 

•••  y  =  ±  7  Va6. 

Substitute  the  value  of  y  in  (4),  x  =  ±  Va6. 

Therefore,  x  =     Va6,  and  y  =     -  Va6 ; 

6 

or  X  =  —  Va6,  and  y  =  —  Vajb. 

b 
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58.  Solve  x^-\-xy  =  a'\  (1) 

y2-fxy=6;  (2) 

Add  (1)  and  (2),  x^  -{■  2  xy  -\- y^  =  a  +  b. 

Extract  the  square  root,  x  +  y  =  ±  Va  +  6.         (3) 

Factor  (1),  »{x  +  y)  =  a. 

•••  ^=  — ; (4) 

x-^y 

Factor  (2),  y  (x  +  y)  =  6. 

.-.  y  =  — ^.  (5) 

X  +  y  ^  ' 

Substitute  in  (4)  the  value  of  x  +  y  from  (3),  x  =  ± 


Van- 6 

Substitute  in  (5)  the  value  of  x  +  y  from  (3),  y  =  ± 

Va  +  6 

Therefore,  x  =      — :== »  and  y  = 


Va  +  6  Va  +  6 

a  ,  b 

or  X  = ^  1  and  y  =  — 


Va  +  6  Vo  +  6 


69.  Solve  x2yz=a1  (1) 

xy2  =  6  ;  (2) 


Divide  (1)  by  (2), 


X     a 
y     b 

.•.x  =  ^.  (3) 


Substitute  the  value  of  x  in  (1),  — —  =  a. 


..  y8  =  -. 
a 


"      \a      a 


Substitute  the  value  of  y  in  (3),  *  =  r  ^^^^^- 

0 

Therefore,  x  =  ^  Va^,  and  y  =  -  Va^ : 
,6  a 

x=  — ^a2^(-H-V31),  and  y  = —</a^{-l -^V~S); 
or      x=— \^a262{_l_V33),  and  y  =  —  /*^a262(_  i  _  V^S). 
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60.  Solve  x  +  y=  a(x-^  +  y2)^  (1) 


} 


Divide  (1)  by  (2), 


z-y  =  b{x^  +  y^J  (2) 

x  +  y      a 


X-  y      b 

Clear  of  fractions,  bx  -\-  by  =  ax  —  ay. 

Transpose,  ax  -  bx  =  ay  -\-  by. 


Substitute  the  value  of  x  in  (1), 


...  a;  =  ^y.  (3) 

a  —  6 


\a2-2a6  +  62^       ^  ) 


a  +  &  /a2  +  2a6  +  62 

V  +  2/  =  ai 

a-b^^^         Va2-2a6H 

o-      V*  *^«  2a(a2  +  62) 

Simplify, y  =         \        -'-  y\ 

a  —  b        a2  —  2a6H-62 

Multiply  by ,  y  = —  y^. 

2a  a  —  b 

a2  4-  62 

Transpose,  y^  —  y  z=0. 

a  —  b 

Factor,  y  (^^lJL^ y -i)  =  o. 

\  a  —  b.  / 

/.  y  =  0,  or y  =  1. 

a  —  0 

.-.  y  =  0,  or 


Substitute  the  value  of  y  in  (3),      x  =  0,  or 


a2  +  62 

a  +  6 
a2  +  62 


Therefore,  x  =  0,  and  y  =  0; 

a+b         .          a—b 
or                    X  =  — — - ,  and  y  =  — —  -  -  • 

a2  +  62'         "      a2  +  62 

61.  Solve                                           X  +  y  =  a\ 

x8  +  y*=  6  J 

0) 
(2) 

Divide  (2)  by  (1),           x^ -xy -\-y^  =  -- 

a 

(3) 

Square  (1),                   x2  +  2  x?^  +  y2  ^  ^2. 

(4) 

Subtract  (3)  from  (4),                  3xy  =  a^ , 

a 

or                                                      Sxy  = 

a 
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Divide  by  3,  xy  =  -— (6) 

3a 

6      flS  _  ft 
Subtract  (6)  from  (3),  z^ -2xy -\- y^  =  - - 


or  x^  —  2xy  -{-y^  = 


a        Sa 
46 -a» 
3a 


V4  5  _  (j8 

3a 

Add  (1)  and  (6),  2x  =  a±  ^/i^-H^ 

11     3a 


(6) 


1/  /46-a«\ 

14  5  _  a? 

Subtract  (6)  from  (1),  2  y  =  a  qp  \/— ^^ 

\     3  a 

1/  /46-a8\ 


Therefore,  x  =  -( a  +\  ),  and  y  =-( a  —  \ j; 

'         2\         \      3a     /'         '^      2\         \     3a     / 

1/  /46-a8v        ^         1/  /46-a»\ 

^=2r-\-^^)'"'^^^=2r+V-3^)- 


62.  Solve 


a  -  z      6  —  y  _  34 
b  —  y     a  —X      15 

» 

(1) 

x-y  =  S(a-h)j 

(2) 

x  =  3a-36 

+  y- 

(3) 

From  (2), 

Substitute  the  value  of  x  in  (1), 

36-2q  -y  b-y        _  34 

6-y  36-2a-y~  15* 

96a  +  4a«  +  y2-12a6-662/  +  4a7/4-62-26y  +  y2 

=  1^(362  _  2a6  -  46y  +  2ay  +  y^). 
2y2  +  4ay  -  8^2/ +  4a2  -  12a6  +  1062 

=  H(3&^  -2a6-46y  +  2ay  +  y^). 
30  y2  +  60  ay  -  120  6y  +  60  a^  -  180  a6  +  16062 
=  10262  -  68  a6  -  136  6y  +  68  ay  4-  34  y2. 
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4y2  ^.  8ay  -  16&y  =  60a2  -  11206  +  486«. 
y2  +  2(a-26)y=  15 a^  -  28 06  +  12 62. 

y^  +  ( )  +  (a  -  26)2  =  16a2  -  82 06  +  1662. 
y  +  (a-26)  =  ±(4o-46). 

.-.  y  =  3  a  —  2  6,  or  6  6  —  5  a. 
Substitute  the  value  of  y  in  (3),      z  =  6a  —  56,  or  36  —  2a. 

Therefore,  x  =  6  a  —  5  6,  and  y  =  3  a  —  2  6 ; 
or  0/  =  3  6  —  2  a,  and  y  =  6  6  —  5  a. 


63.  Solve 

x  +  y  =  a' 

(1) 

X     ,  6  —  y  _  6 

6-y         X     ~2^ 

► 

(2) 

From  (1), 

y  =  a  —  x. 

(3) 

Substitute  the  value  of  y 

in  (2), 

X 

6  —  a  4-  x_  5 

b  —  a  -\-  X  X  2 

Clear  of  fractions, 

2x2  +  2(6  -  a)2  +  4(6  -  a)x  +  2x2  =  5(6  _  a)x  +  5x2. 
x2  +  (6  -  a)x  -  2(6  -  a)2  =  0. 
Factor,  [x  +  2  (6  -  a)]  [x  -  (6  -  a)]  =  0. 

.*.  X  =  2  o  —  2  6,  or  6  —  a. 
Substitute  the  value  of  x  in  (3),  y  =  2  6  —  a,  or  2  a  —  6. 

Therefore,  x  =  2  a  —  2  6,  and  y  =  2  6  —  a ; 
or  X  =  6  —  a,       and  y  =  2  a  —  6. 


64.  Solve  x8  +  xy2  =  al  (1) 

(2) 


x^  -f  xy2  =  a  1 
y8  +  x2y=6J 


Divide  (1)  by  (2), 


X 

a 

y 

6 

ay 

X  = 

6 

(8) 


Substitute  the  value  of  x  in  (2),  y'  +  — |-  =  6. 

62 

62y8  +  a2y8  =  6». 

^       a2  +  62 
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b 


.-.  y  = 


a2  +-69 


</(a^  +  62)3. 


Substitute  the  value  ol  y  in  (3),  x  =  -^-^  ^^(o2  +  &")*. 

a2  +  62 

Therefore,  x  =      ^      \^(a2  +  62)»,  and  y  =  —^—-  </^{^TW  i 

a2  +  62     ^  a2  +  62     ' 

where  u>  =  J(-- 1  +  V^g),  aud  «»  =  J(-  1  -  VHs). 


65.  Solve 


From  (1), 

From  (2), 

Equate  the  values  of  y, 

Square, 

The  equation  is  satisfied  if 
Substitute  the  value  of  x  in  (4), 

If  X  is  not  0,  divide  (5)  by  x. 


X  +  y2  =  ax^ 
x^  +  y  =  byj 

(1) 

(2) 

y^  =  ax  -  X. 

.-.  y  =  ±  -Vox  —  X. 

(3) 

x2 

y  = 

^     6-1 

2-1 

(4) 

— —  =  ±  Vox  —  X. 
6  —  1 

z* 

=  ax  —  X. 

(6  -  1)2 

<5) 

x  =  0. 

y  =  0. 

x» 

—  n        1 

(6  - 1)« 

a!»  =  (a-l)(6- 

1)« 

.-.  X  =  ^^(a  -  1)  (6  -  1)2. 
Substitute  the  value  of  x  in  (4),  y  =  \^(a  -1)2(6-  1). 

Therefore,  x  =  0,  and  y  =  0 ; 

X  =  ^(a  -  1)  (6  -  1)2,  and  y  =  </(a-  1)2(6  -  1); 


X  =  w  ^(a-l)(6-l)2,  and  y  =  «2  \/(a  -  1)2(6  -  1); 
or  X  =  w2  \/(a-  1)(6-1)2,  and  y  =  w  \^(a  -  1)2(6  -  1); 

where  «=  H-H-'^^^).  and  w2  =  j(_l- V^S). 
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66.  Solve  fl;  +  2/2  =  ay«^  (1) 

x2  +  y  =  tea  J  (2) 

From  (1),  x  =  {a-l)  y\  (3) 

Square,  a;2  -  (^  -  l)2y*.  (4) 

Transpose  (2),  hafi  —  x^  =  y. 

From  (4)  and  (5),  (a  -  l)»y*  =  — ^  •  (6) 

0  —  1 

The  equation  is  satisfied  if  y  =  0. 

Substitute  the  value  of  2/  in  (3),  x  =  0. 

If  y  is  not  0,  divide  (6)  by  y,    (a  -  1)2  y«  = 


y«  = 


6-1 

1 


(a_l)2(ft_i) 


^       ^  \^(a  -  1)  (6  -  1)« 

Extract  the  cube  root,  y  = —r rr^ — rr — 

(o  -  1)  (6  -  1) 


y/(a  —  1)2(6  _  1) 
Substitute  the  value  of  y  in  (3),  x  =  — ^^ '—^ 


(a-l)(6-l) 


Therefore,  x  =  0,  and  y  =  0; 


(a_l)(6-l)  "^        (a-l)(6-l) 


„</(a- 1)2(6-1)         ,  «^^(a-l)(6-l)^ 

X  = ^ —^ »  and  y  = ^ — — ; 

(g     1)(6-1)  (a-l)(&-l) 

«2\^(a-l)2(6-l)        ^  «^^(a-l)(6-l)2 

or  X  = ^ —^ >  and  y  =  — . — —■ ^-^ ^  : 

(a-l)(6-l)  ^         (a-l)(6-l) 

where  «=i(-l+V:^),  and  0,2=  i(- 1 -V^S). 

67.  Solve  z-\-y  =  a    ^  (1) 

x^  +  yB^ftajyl  (2) 

Divide  (2)  by  (1),  x^-xy  +  y^  =  -^.  (3) 

Square  (1),  x2  +  2  xy  +  2/2  =  a^.  (4) 

6x1/ 
Subtract  (3)  from  (4),  3  xy  =  a2  -  -^ . 

Multiply  by  a,  3  oxy  =  a^  -  6xy. 

Transpose  and  combine,         (3  a  H-  6)  xy  =  a«. 
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a} 

.-.  xy 


3aH-6 

MulUply  by  4,  4xy  =  - — —  •  (6) 

oa  -j-  o 

a2  lb  -  a) 

Subtract  (5)  from  (4),         x^-2xy-^y^=  —^ -^ • 

oa  -f  0 


V'  6  —  a  ,^. 

Z h'         '^ 
O  €L  -J-  0 


Add  (1)  and  (6),  2x 


Vb-a 

3aH-6 


.-.  X  =  -  a  (  1  ±  \ ) . 

2    \-       \Saj-b/ 

Vb-a 
3a  +  6 


Therefore,  x  =  la(l  +  ^/^J,  and .y  =  ^^a(l-^A^^ 

x  =  ^a(l-^^J,and,  =  la(l  +  .J^). 

68.  Solve  x3  H-  2/8  =  a  (X  +  y)  "1  (1) 

x*  +  2/*  =  fc(x  +  y)2j  (2) 

From  (1),  x^  +  2/^  -  a(x  +  y)  =  0. 

(x  +  y)(x^  -  xy  +  y2)  _  a(x  +  y)  =  0. 

Factor,  (x  +  y)  {x^  -  xy  +  2/"  -  a)  =  0. 

.-.  X  H-  2/  =  0,  or  x2  -  X2/  +  2/2  _  a  =  0. 

(i)  X  4-  2/  =  0. 

.-.  X  =  -  2/.  (3) 

Substitute  the  value  of  x  in  (2),     2^  +  2^^  =  6(-2/  +  2/)^. 

22/4  =  0. 

2/4  =  0. 

.-.  2/  =  0. 

Substitute  the  value  of  y  in  (3),  x  =  0. 

(ii)  x«  -  X2/  +  2/2  -  a  =  0. 

x2  +  2/2  =  X2/  +  a.  (4) 

Square,  x* -f  2  x22/2  +  2/*  =  x22/2  +  2  oxj/ +  a^.   (5) 
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From  (2),       x*  +  2^  =  te^  +  2  6xy  +  6y^.  (6) 

Subtract  (6)  from  (5), 

2x2y3  =  x«y2  4.  2axy  -  2tey  -  b(x^  +  y*)  +  a^.  (7) 

Substitute  in  (7)  the  value  of  x'  +  y^  from  (4), 

2xV  =  «V  -^^axy-  2bxy  -  6xy  -  06  4-  a*^. 
xV  -  (2a-Sb)zy  =  a^  -  a6. 
4x2y«-()+(2a-36)»=8a«-16a6-t-9y. 

2xy  -  (2a  -  36)  =  ±  VSga  -  16a&  -f~9ftg. 

2xy  =  2a-36±V8a8-16o6  +  9^. 
.-.  xy  =  a  -  f  6  ±  i  V8a2-16a6-f-962.  (8) 

From  (4),  x'^  -  xy -\- y^  =  a.  (9) 

Subtract  (8)  from  (9), 

x2  -  2xy  4-  y2  =  §  6  T  k^Sa^ -16ab -\- 9b^. 

x-y=±  Vf6T  lV8a^-10a6  +  962.  (10) 

Multiply (8) by 3,  3xy=  3a  -  |6  ±  f  V8a2  -  16a6  +  962.         (H) 
Add  (9)  and  (11), 

x3  +  2xy  4-  y*  =  4 a  -  jb  ±  |  V8 a« -- 16 06  4- 9 6». 

X  4-  y  =  ±  V4a  -  |6  ±  I  V8a2  -  16a6  +  962.    (12) 
Put  r  for  I  V8a2-10o6  +  962. 

Then  x  4-  y  =  ±  V4a-  j6  j:3r,  (13) 

and  x-y  =  ±  Vf  6  T  r. (14) 

Add  (13) and (14),  2x  =  4:  V4a  -  -^  6  ±  3r  4:  V|6  T  r. 

•••  x  =  ±l  V4a-  |6  4:3r  4:  i  V|[ 6  T  r. 
Subtract  (14)  from  (13), 

2y  =  4:  V4a-  g  6  4:  3r  T ^§6  T  jr. 
.-.  y  =  ±iV4a-|64:3rTiV|6=Fir. 
Therefore,  j^ 

x=0,  andy=0; 

x=  iV4a-|64-3r4-iVj6-r,  andy=  iV4a-§64^-iVf6^ 
x=  iV4a-j6+3r-iV^6-r,  andy=  ^V4a-;64-3r4-iVj6-r 
x=  -iV4a-|6+3r4-i^56^,  and  y=  -iV4a-f  64-3r-^Vg6-r 
a;=-|\/4a-9b-^3r-iVi!6-r,  andy=-iV4a-|6-H3r4-iV:^6-r 


x=     iV4a-g6-3r4-iV:!6+r,  andy=     iV4a- j5-3r-iV^64-r 


=     ^V4a-g6-^-iVT6Tr,  andy=     iV4a- g 6 ^3r 4-1^^6+7 


x=     ^V4a-:^6-3r-iV^6+r,  andy=     iV4a-gd-3r4-iVil64-r 
x=-iV4a-»6-3r4-i^^:t6+r,  and  y=  -iV4a-;!6-3r-iV?64-r 


x=  -iV4a-j6-3r-|Vi{6+r,  and  y=  -iV4a-|6-3r4-iV|64-r 
where  r  =  i  V8a2  -  16a6  +  962. 
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69.  Solve  x^-y^  =  a  ^  (1) 

x8  +  y3  =  5(a.-y)J  (2) 

From  (1),  x2  _  ^2  .f  g.  (3) 

Substitute  the  value  of  x  in  (2), 
'  ±  (y2  -f  a)Vy2-|-a  +  y8  =  ±  6  Vy2  ^  a  -  6y. 

Square,  [y*-f-2(a-6)2/2_|-(a2_2a6  +  6^)](y2_|_a)  =  2/6^.262/4  4.52y'2. 
-f(3a-26)y4-f(3a2-4a6-}- 62)2,2  _^g8_2a26  +  a62  =  y6_|.2&y4 -1-62^2. 

Transpose  and  combine, 
(3a  -  46)y4  -f  (3a2  -  4a6)y2  =  -  a^  +  2a26  -  a62. 

Divide  by  3a-46,  y^  +  ay'^  =  ~^^^  ~  ^^^ 


3a-46 
a(a- 26)2 


46-3a       

2y2  ^.  a  =  ±  (a  -  26)\/-— ?—- . 

\46  -  Ja 


2i/^  =  -a±(a-2b)J-—^- 

\46  —  3a 


.■.y  =  ±lyj-2a±2(a-2l»yj^^. 


Substitute  the  value  of  y2  in  (3)^ 

x2  =  la±i(a-26)x/ 

2     ^2^  ^\46-3a 


.-.  x  =  ±-A   2a±2(a-26)\/ 


Therefore,  x  =      ^  V2 a  +  r,  and  y  =      i  V—  2a  +  r 

X  =  —  I  V2  o  +  r,  and  y  =  —  |  V-  2  a  +  r 

X  =      J  ^2a~r^  and  y  =      |  V—  2a  —  r 

or  X  =  -  i  V2 a  —  r,  and  ?/  =  —  f  V—  2a  —  r 

Where  .  =  2(a  -  25)  JZ^. 

^  '\46-3a 
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70.  Solve  x-\-y  =  a^  (1) 

x4  +  y4  =  6  J  (2) 

Raise  (1)  to  the  4th  power, 
X*  +  4x»y  +  6a;2y2  ^  ^xy^  +  y*  =  o*.  (3) 

Subtract  (2)  from  (3), 

4x«y  +  6x2y2  +  4xy8  =  a*  -  6. 
2xy(2x2  +  3xy  +  2  2/2)  =  a*  -  6.  (4) 

Square  (1),        x2  +  2  xy  +  2/2  _  ^2,  (5) 

2x2  +  4x2/  +  2  2/2  =  2a2. 

2x2  + 22/2  =  2a2-4xy. 
Substitute  the  value  of  2x2  +  2  2/2  }„  (4)^ 
2  X2/  (2  a2  —  xy)  =  a*  -  6. 
4a2x2/  -  2x22/2  =  a*  -  6. 
2x22/2- 4  a2x2/  =  6  -  a*. 
4  x22/2  -  8  a2x2/  +  4  a*  =  2  6  +  2  a*. 

2  X2/  -  2  a2  =  ±  V2  6  +  2  a*. 

2xy  =  2a^±  V2  b  +  2  a*. 
X2/  =  a2  +  ^  V2  6  +  2  a*. 


4  xy  =  4  a2  ±  2  V2  6  +  2  a*.  (6) 

Subtract  (6)  from  (5),  

x2  -  2  X2/  +  2/^  =  -  3  a2  +  2  V2  6  +_2  ri^. 

a;  -  2/  =  +  V-  3a2  ip  2  V26  +  2fl*.       (7) 

Add  (1)  and  (7),  2  x  =  a  ±  V-  3a2  +  2V26 +Ta^. 

.-.  X  =  ia  ±  jV-  3a2  +  2  V2&  +  2a^. 

Subtract  (7)  from  (1),         2y  =  aT  ^-  :^r/2  +  2  V26"+  2  a*. 

••.  2/  =  ia  +  i^-3a2  +  2  V26  +  2a*. 

Therefore,  x  =  ia  +  iV-3a2  +  2r,  and  2/=  ^.  a- ^^- 3a2  +  2r; 

X  =  jg  +  jV-  8a2  -"2r,  and  y  =  ia-  W-  3a2  -  2r; 

X  =  jg  -  ^V-  3 a2  +"2r,  and  2/  =  ia-f-  ^^-  3a2  +  2r; 

or  a;  =  ig-iV-3g2-2r,  and2/  =  ia  +  iV-3g2-2r; 


where             r  =  V2  6  +  2  g*. 

71.  Solve                                                         x^-  2/6  =  g^ 

X  -2/  =  6J 

(1) 

(2) 

Divide  (1)  by  (2),  t^  +  xh/ +  x^^ -^  xy^ -^  y*  =  ^. 

(3) 

Raise  (2)  to  the  4th  power, 

X*  -  4x^2/  +  6x22/2  -  4x2/8  +  2/*  =  6*. 

W 
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Subtract  (4)  from  (3), 


x«y  -  x2y2  +  xy»  = 


6 
66 


xy(x«  -  xy  +  y3)  =  ?L^.  (5) 

00 

Square  (2),  x^  -  2xy  +  2^  =  6«.  (6) 

x2-f  y2  =  62  4.2xy. 
Substitute  the  value  of  x^  -)-  y^  in  (6), 

xy(62  +  xy)  = 


Wxy  -f-  X  V  = 

X V  +  &^y  = 


56 

56 

a-66 

66 

4a  +  66 


56 
2xy  +  62  =  ±.Ji^. 


/4  a  4- 66   . 
2xy  =  -6»±^-^^. 

Putrfor-v/     ,t^>  2xy  =  -6«±r. 

if      56 

4xy=-263±2r.  (7) 

Add  (6)  and  (7),  x^  +  2xy  +  y2  _ _  ^2  _|.  2r. 

Extract  the  root,  x-\-y  =±  V-  62±  2r.         (8) 

Add  (2)  and  (8),  2 x  =  i  ±  V-62±2r. 

.-.  x==i6i:i  V-62  j:2r. 
SuJ»tract  (2)  from  (8),  2 y  =  -  6  ±  V-62±2r. 

.-.  y  =  - i6  ±  i  V-62±2r. 

Therefore,  x  =  ^6  +  ^  V-62  +  2r,  and  y  =i  - ^6 4- i  V-62-f  2r 

x  =  i6-iV-6'^  +  2r,  andy  =  -i6-iV-62  +  2r 

x  =  16  +  f  V-6=^~2r,  and  y  =  -i6  +  i^^-62-2r 

or  x  =  i6-i  V-62-2r,  and  y  =  -^6-^  V- 6=2_2r 


where 


V4a  +  66 
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72.  Solve  a5*  +  xV  +  2^  =  al  (1) 

x2  -  xy  +  y2  =  1 1  (2) 

Divide  (1)  by  (2),   x«  +  xy  +  y«  =  a.  (3) 

Subtract  (2)  from  (3),  2xy  =  a  - 1. 

Add  (3)  and  (4),  x^  +  2xy  +  y«  =  ^iLni . 

X  -f-  y  =  ±  J  V6a-2.  (5) 

Subtract  (4)  from  (2), 

-     3  —  a 
x3  -2xy +  y«  = 

x-y  =  ±i  V6-2a.  (6) 

Add  (5)  and  (6),  2x  =  ±  J  V6a-  2,i:  J  V6-2a. 

.-.  x=}(±V6a-2i:V6-2a). 
Subtract  (6)  from  (5),  2  y  =  ±  J  V6d-2T  i  V6-2a. 

.-.  y  =  }  (±  V6a-2  =F  Ve  - 2 a). 
Therefore, 

x  =  i(V6a^  4- v^6^^2a),  and  y  =  i(V6a -2  -  V6-2a); 
X  =  i(V6a-^-  V6-2a),  and  y  =  i(V6a-2  +  V6 -2a); 
X  =  i(-  V6a  -  2  -»-  Ve-  2a),  and  y  =  i(- V6a -2  -  V6 -2a); 
x  =  i(-V6a-2-V6-2a),  and  y  =  i(-  VCa  - 2  +  Ve - 2a). 


or 


78.  Solve  *-ry_ 


1  +  xy      1  +  a2  I  ^  ' 

x-y  _     26     I 
l-xy~  1  +  62J 


(2) 


From(l),  (1  4- aa)x4-(l  4- a2)y  =  2a +  2xy. 

(1  +  a*)«  -  2  oxy  =  2  a  -  (1  4-  a*)y. 
(1  4-  a^  -  2  ay)  X  =  2  a  -  (1  4-  a2)  y. 

^  ^  2a -(1  4- a^)y 
(l4-a2)-2ay  ' 
From  (2),  (1  4-  62)x-  (1  +  62)y  =  26  -  26xy. 

(1  4- &*)x  4- 26xy  =  26  4- (1  4- 68)y. 

(1  4-62  4-26y)x  =  26  4-(l4-62)y. 


(3) 


^^26  +  OjL^.  (4) 

(l4-62)4-26y  ^' 
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Equate  the  values  of  x  in  (3)  and  (4), 

2a  -  (1  +  ag)y  ^  26  -}-  (1  +  lP)y 
(l  +  a:^)-2ay      (1  +  62)4.26^* 
Clear  of  fractions, 
2a(l  4-  6^)  -  (1  4-  a«)(l  4-  6*)y  +  4a6y  -  26(1  +  a^)y^ 

=  26(1  -f-  aP)  -  ^(Oyy  +  (14-  a^)(l  4-  6»)y  -  2a(l  4-  6^y*. 
[2a(l  4.  62)  -  26(1  4-  a2)]y2_  [2(1  +  aa)(l  4-  62)  -  8a6]y 
=  26(l4-a2)-2a(l4-6«). 
Divide  by  2,  and  expand  coefficients, 

(a  4-  a62  -  6  -  a26)y2  _  (i  4.  a^  4-  6^  4-  a262  -  4a6)y 

=  6  4-  a26  -  a  -  o62. 
(a  -  6)  (1  -  a6)y2  _  [(«  -  6)2  4-  (1  -  a6)2]y  =  (a6  -  1)  (a  -  6). 
Complete  the  square, 
4  (a  -  6)2  (1  -  a6)2y2  _  ()  ^.  [(a  _  6)2  4-  (1  -  a6)2]2 

=  -  4<o  -  6)2(1  -  a6)2  4-  (a  -  6)*  4-  2(a  -  6)2(1  -  a6)2  4-  (1  -  a6)* 
=  (a  -  6)*  -  2  (a  -  6)2(1  -  06)2  4-  (1  -  a6)*. 
Extract  the  root, 
2(a  -  6)(1  -  ab)y  -  [(a  -  6)2  4-  (1  -  a6)2]  =  ±  [(a  -  6)2  -  (1  -  06)2], 

2(a  -  6)  (1  -  ab)y  =  2(a  -  6)2,  or  2(1  -  a6)2. 

a  —  b         \  —  ah 

.'.  y  = ,  or • 

1  —  06         a  —  b 
Substitute  the  value  of  y  in  (3), 

,^      (l4.aa)(a-6)         ^^      (1  4- a2)  (1  -  a6) 

1  —  a6  a  —  b 

X  =  ^^^_^^^^^ ,  or 


1  —  06  a  —  b 

2a-2a^b-a  +  b-a^  +  a^b        2a^-2ab-l  +  ab-a^-\-a^b 
or 

I4-  a2  -  06  -a^b  - 2a2 4-  2a6        a  4-  a^  -  6  -  a26  -  2 a  4-  2 a26 

a  4-  6  -  a»  -  a26          a2  4-  a»6  -  06  -  1 
: ,  or 

1  +  06  -  a2  -  a86  a8  4-  a26  -  a  -  6  -■  -  -  ■ 

(a4-6)(l-a2)     ^^  (1  4.  06)  (a^  -  1) 

(1  4.  06)  (1  -  a2) '       (a  4-  6)  (a^  -  1)  _,.  - 

a  4-  6  1  4-  a6 

,or 


1  4-  a6         a  4-  6 

m,-      J.  04-6,  a  —  6 

Therefore,  x  =  -: ,  and  y  = 

14-06  1-06 

1  4-  06        ,         1  -  a6 

or  x^ r ,  and  y  = 

fl4-6  a  — 6 
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74.  Solve  f±^  =  r^^„  1  (1) 

1  —  xy 


'  x-y  _ 

1  +a;y~  1  -ft* 
From(l),    (I~a2)x+(l-a2)y  =  2a-2a»y. 

(1  -a2)x-»-2aa;y  =  2a-(l  -  oa)y. 
(1  -  a^  +  2ay)x  =  2a  -  (1  -  a^y. 


(2) 


2a-(l-a^)y 
(l-a2)4-2ay  ^  ' 


From(2),   (1 -62)3.  -  (1  -  62)y  =  26  + 26xy. 

(1  -  63)x  -  26xy  =  26  +  (1  -  62)y. 

(l-62-2  6y)x  =  26  +  (l-62)y. 

(l-62)-26y  "^  ' 

Equate  the  values  of  x  in  (3)  and  (4), 

2a -(1  -a2)y_  26 -Kl-6g)y 

(1  -a2)  +  2ay  ~  (1  -62)-26y  ' 
Clear  of  fractions, 
2a(l  -62)-{l-a2)(l  -  6a)y  -  4a6y  +  26(1  -  a^)}/^ 

=  26(1  -  a2)  +  4a6y  +  (1  -  a2)(l  -  62)y  +  2a(l  -  6«)ya. 
[2a(l  -  62)  -  26(1  -  a2)]y2  4.  [2(1  -  a2)(l  -  62)  +  8a6]y 
=  2a(l  -62) -26(1  -a2). 
Divide  by  2,  and  expand  coefficients, 

(a  -  a62  -  6  +  a26)y2  4.  (i  _  a2  -  62  +  a262  +  4a6)y 
=  a  -  a62  -  6  +  a26. 
(a  -  6)  (1  +  06)  y2  4.  [(1  4.  a6)2  _  (a  -  6)2]  y  =  (a  -  6)  (1  +  a6). 
(a  -  6)  (1  +  a6)y2  4.  [(i  -|-  a6)2  -  (a  -  6)2]y  _  (a  -  6)(1  +  a6)=  0. 
Factor,  [(1  4.  a6)  y  -  (a  -  6)]  [(a  -  6)y  +  (1  +  06)]  =  0. 

a  —  6  1  +  a6 

1  +  06  a  -0 

Substitute  the  value  of  y  in  (3), 

^^_(l-a»)(a-6)         2^^  (l-«n (!  +  «&) 

1  4-  a6  a  —  6 

X  =  — — — ^^—  1  or 


1  +  a6  a  —  6 

2  a  +  2  a26  -  a  +  6  +  a8  -  a26       2  a2  -  2  a6  +  1-f  a6  -  a2  -  a«6 

,  or — 

1  -  a^6  -  a2  +  a6  +  2a2-2a6        a  -  a*  -  6  +  a26  -  2a  -  20*6 

a  +  6  +  a8  4-  a26  1  -  a6  -»-  a2  -  0*6 

or 


1  -f-  a2  -  a6  -  a«6  -  «  -  ^  -  (^^  -  a^ 
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(a  +  6)(l4-a2)  {I  -  ab)  (l -\- a^) 

z^ y  or 

(1  -  ab)  (1  +  a2)  _  (a  +  6)  (1  +  a^) 

a  +  6  1  —  a6 

-  ,  or  - 


1  —  db  o  +  6 

a  -\-  b  a  —  b 

Therefore,  z  = »  and  y  = ; 

1-ab  1  +  ab 

1-ab         .  1  +  06 

or  x  = »  and  y  = 

a+b  a—b 


75.  Solve  ax2  +  6y2  =  cx8l  (1) 

cx2  -dy^  =  ax  }  (2) 

Multiply  (1)  by  d,     ada;^  _|.  ^^2  -  cdajs.  (3) 

Multiply  (2)  by  6,      6cx2  -  bdy^  =  aJbx.  (4) 

Add  (3)  and  (4),        adx^  -\-  bcx^  =  cda?  +  abz. 
cdx^  -  ddx^  -  bcx^  +  abx  =  0. 
X  (cdx^  —  adx  —  bcx  +  ab)  =  0. 

.-.  X  =  0, 
or  cdx^  —  adx  —  bcx  +  o6  =  0. 

cdx^  —  (ad  •\-bc)x  =  —  ah. 
^cHH^  -  ( )  +  (ad  +  6c)2  =  aH^  -  2 abed  +  l^c\ 
2  cdx  -  (ad  +  6c)  =  ±  (od  -  6c). 
2  cdx  =  2  ad,  or  2  6c. 

a         6 
.*.  X  =  ->  or  -• 
c         d 

A   «  6 

.-.  X  =  0,  -  J  or  - . 

c  d 

Substitute  the  value  of  x  in  (1), 

0-f6y2  =  0,-  +  6y2  =  _,or        --  +  6y2  =  _. 

6ya  =  0,  62/2  =  0,     or  a62d  +  bd^y'^  =  63c. 

y2_o,  y2  =  o,     or  y2=3 -_ 

bd^ 

y  =  0,  y  =  0,    or  y  =  ±  —  ^bd  (be  -  ad). 

d2 

Therefore,  x  =  0,   and  y  =  0  ; 

X  =  - 1  and  y  =  0 : 
c 

X  =  -  7  and  y  =  —  V6d  (6c  —  ad) ; 
d  d^ 

or  X  =  -1  and  y  = V6d(6c  —  ad). 
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76.  Solve  x2  +  xy  +  y2=:2a1  (1) 

x2--xy  +  y2  =  26J  (2) 

Subtract  (2)  from  (1),  2  xy  =  2  a  -  2  6. 

xy  —  a  —  b.  (3) 

Add  (1)  aiid  (3),  x^  ^-  2xy  +  y^  -Sa-b. 

x-\-y=±  V3o-6.  (4) 

Subtract  (8)  from  (2), 

x3  -  2a:y  +  y^  =  Sb-a. 

X  -  y  =  i  V36-a.        (5) 

Add  (4)  and  (6),  2x  =  ±  V3 a  -  &  j:  V36-a. 

.-.  X  =  i  i  V3a-6  dr  I  V36-a. 
Subtract  (5)  from  (4),  2 y  =  i  V3a  -  6  T  VSb-a. 

.-.  y  =  ±  i  V3a-6  t  i  V36-a. 
Therefore, 

a---      J  V3a"~6+ jV;]63^,andy=      {  V3a-6-|  V3&-a; 

X         1  V3  a  -   6  -  J  Va  6  -~a,  and  y  =     i  V8  a  -  6  +  i  V3b-a ; 

X-  -  i  V.'Wt-   6+  J  V86-a,andy  =  -  ^  V3a  -  6- ^  V3b  -  a; 

rx  .  -    5  V3tt-6~  J  V3  6-a,  andy  =  -i  V3a-6  4-iV36-a. 


orx 


77.  Solve  x'^ -xy  +  y2  =  2a^  (1) 

x<  -  x-^i^2  +  y4  _  2  6  J  (2) 

Kroni  (1),  x«  +  y2  =  xy  -»-  2  a. 

Siiuare,  xM  2  x'^y^  ^  y*  =  xV  +  4  axy  +  4  a^.  (3) 

From  (2),  x*  +  y*  =  x^y^  +  26. 

Substitute  the  value  of  x*  +  y^  in  (3), 

x'^tj^  -1-26  +  2  x2y2  =  x2y2  +  4  axy  +  4  a^, 
2xhj^  -  ^axy  -Aa^  -lb. 
x2y2  -  2  axy  =  2  a^  -  6. 
xV  -  2axy  +  a2  =  30^-  6. 

xy  —  a  =  ±  V3  g'^  -  6. 

xy=:a  i:  V3a2~6.  (4) 

3xy  =  3a  +  3V3a2-6.  (6) 

Add  (1)  and  (5),  x^  +2xy  +  y3  =  5a  +  3  V3a'^-6. 

X  +  y  =  +  V6a±3V3a2-6.  (6) 

Subtract  (4)  from  (1),  

x3  -  2xy  +  y2  =  a  T  y3a2-6. 

X  -  y  =  ±  Va  +  Vso^TTft.  (7) 
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Add  (6)  and  (7), 

.-.  X  =  ±  i  V6o±3V3a2-6  ±  i  Va  T  V3a2-6. 
Subtract  (7)  from  (6), 

2  y  =  ±  V5  g  rb  3  V3  gg  -  6  :f  Vg  T  V3  gg  -"ft. 
.-.  y  =  ±  J  V6g±3V3g2-6  T  i  Va^Vso^^. 

Therefore, 

x=  |^V5g  4-  3r  +  |  Vg"^,  and  y  =  |^V5g  + Sr-jVcT^ 
x=  |V5g  +  3r -  j Vg^,  and  y  =  j V5g -\-Sr-\-  jVa^ 
x  =  -  iV5g-t-3r  +  jVg-r,  and  y  =  -  iV5g  +  3r  -  jVa  —  r 
x  =  —  iV5g4-3r  - 1  Vg  -  r,  and  y  =  -  iV5g-t-3r+  j  Vg  -  r 
ic=  i  VSg  -  3r  +  jVgTr,  and  y  =  |V6g  -  3r  —  jVgT^ 
x=     i  V5g  -  3r  -  j  Vg+T,  and  y  =     j  V5g  -  3r  +  j  VgTr 


x  =  —  iV5g-8r  +  jVa-fr,  and  y  =  -  fVSg  — 3r  -  fVg  +  r 
or  X  =  -  |V5g  — 3r  -  i Va  +  r,  and  y  =  -  i Vsg  —  3r  +  ^ Vg  -\-  r 
where  r  =  V3  g*  —  6. 


78.  Solve  g(x-y)  =  6(x-f-y)1  (1) 

xy  =  g(x-y)J  (2) 

From  (1),  gx  —  gy  =  6x  -f  &y. 

gx  —  6x  =  gy  +  6y. 
(g  —  6)x  =  (g  +  b)y. 

a  —  0 


Substitute  the  value  of  x  in  (2), 

(g +  6)  y2  _  g  (g  +  &)y 


gy. 


a  —  b  a  —  b 

(a  +  6)  y2  =  (g2  +  g6  -  g2  -I-  g6)y. 

(g  +  &)  y2  =  2  g6y. 
{g  +  6)y2  -2g6y  =  0. 
y[(«  +  6)y-2g6]  =  0. 

A         2g6 
.-.  y  =  0,  or——. 
g  +  6 

Substitute  the  value  of  y  in  (3), 

A         2g6 

X  =  0,  or . 

g  —  0 

Therefore,  x.  =  0,  and  y  =  0 ; 

2ab         ^  2db 

or  X  = ,  and  y  = • 

a  —  b  a  -\-b 
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BzerclBe  122.     Page  306 


1 .  Plot  the  graph  of  the  f anction 
x2  +  6x  +  4. 

Putx*-I-  5x-f  4  =  y. 

x*  4-  6  X  =  2/  —  4. 
4x3  +  ()  +  25  =  4y +  9. 

2  X  +  5  =  db  >/4y  +  9. 


2x  =  -6±^^4y +  9. 
.-.  x=  H-6±  V4y  +  9). 


- 

F" 

B 

J" 

t:    . 

1 

7 

-.1 

,        _i 

r      7 

I      I 

VT 

3, t 

0 

X- 

ir 

r  7 

5„2 

'-'                1 

' 

ify  =  -  2i, 

x  =  -2.5; 

If 

y  =  +  4,  X  =     0       or 

-5; 

y  =  -2, 

X  =  —  2       or 

-3; 

y=+  5,  X  =  4- 0.19  or 

-5.19 

y  =  -i, 

x  =  -  1.38  or 

-3.62; 

y=-\-  6,  X  =  -f  0.37  or 

-5.37 

y=    0, 

X  =  —  1       or 

-4; 

y  =  +  7,  x=+0.54  or 

-5.54 

2/=+l, 

X  =  -0.70  or 

-4.30; 

y  =  +  8,  x  =  +  0.70  or 

-6.70 

y  =  +  2, 

X  =  —  0.44  or 

-4.56; 

y  =+  9,  x  =  +0.86or 

-5.85 

y  =  +  3, 

x  =  -0.21  or 

-4.79. 

y  =  + 10,  X  =  +  1       or 

-6. 

Plot  the  points  found,  (-2.6,  -2J),  (-2,  -2),  (-3,  -2),  and  so  on. 
Through  these  points  with  a  free  hand  draw  the  smooth  curve  A  CB. 
The  curve  A  CB  is  the  graph  of  the  function  x^  +  6  x  +  4. 
The  graph  is  a  parabola. 


2.  Plot  the  graph  of  the  function 

x2  -t-  X  -  2. 


Put  x2  +  X  -  2  =  y. 


4x2 

X2  +  X  = 

+  ()  +  !  = 
2x  +  l  = 

2x  = 

.-.  x  = 

y4-2. 

4y  +  9. 

±  V4  y  -f-  9. 

-l±V4y +  9. 

i(_l_tV4y  +  9). 

1 

r 

9 

1 

} 

\ 

\ 

K- 

P 

..) 

Q, 

L 

X- 

■"■ 

^ 

1 

\ 

f 

n 

- 

T' 

TEACHERS 

EDITION 

679 

6;                     «!/  =  +  4,  z=+2       o 

r-3; 

or-  1; 

1/-+  5 

a:  =  + 2.19  0 

r-3.]e 

62  or  -  1.62  ; 

y  =  +  6 

I  -  +  2.37  0 

r-3.37 

or -2; 

y  =  -f  7 

a;  =  + 2.54  0 

r-3.54 

30  or -2.30; 

y=+  8 

*  =  + 2.700 

-3.70 

50  or -2,56; 

V  =  +  0 

z=  +  2.85o 

r-3.85 

78  or  -  2.70. 

I,  =  +10 

a  =  -)-3      0 

r-4. 

Plot  the  pointe  found,  (-  0.6,  -  2'^),  (0,  -  2),  (-  1,  -  2),  and  bo  on. 
Through  theae  points  with  a  free  hand  draw  the  smooth  curve  ACB. 
The  curre  ACB  is  the  graph  of  the  f auction  x*  +  z  —  2. 
The  graph  is  a  parabola. 

8.  Plot  the  graph  of  the  fonction 


4»«-()  +  48  =  4!/  +  2 


7±V4!,  +  25. 

J(Ti^4l/  +  26> 

3.6;                       I 

y=      0,  I  =  +  6       0 

r  +  l; 

4       or +  3; 

y  =  +l,  a;  =  +  6.10o 

r  +  0.81 

4.62  or  +  2.38  ; 

y  =  +  2,x  =  +  6.31o 

r  +  0.63 

6        or  +  2; 

j,  =  +3,  x  =  +  6.54o 

r  +  0.46 

6.30  or +  1.70; 

J,  ==+4,  a;  =  + 6.70  0 

r  +  0.30 

6.56  or +  1.44; 

if  =  +  5,  i  =  +  6.85o 

r+0.16 

-1.  ■ 


+  6.7S  oi 


(-1.2 


=  +7 


Plot  the  points  found,  (3.5,  —  6^),  (4,  -  6),   (3,  -  6),  and  bo  on. 
ThrODgh  these  pointa  with  a  free  hand  dran  the  smooth  curve  ACB. 
The  ctirve  ACB  ia  the  graph  of  the  function  x^  -  7x  +  6. 
The  graph  is  a  parabola. 
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4.  Plot  the  graph  of  the  fanction  x'  —  5x  +  6. 


Putx2-6x-f  6  =  y. 


4x2- 


liy 

y 
y 
y 
y 
y 
y 
y 
y 
y 
y 
y 
y 
y 


i 

0 


+ 

+ 
+ 

+  4 
+  5 
+  6 
+  7 
+  8 
+  9 
+  10 
+  11 
+  12 


x2-5x 

()  +  26 

2x-6 

2x 

.-.  X 


y-6. 
4y  +  l. 

±V4y  +  l. 


5  +  V4  y  +  1. 
i(6±V4y  +  l). 


X 

X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 


+  2.6; 
+  3 
+  3.62 
+  4 
+  4.30 
+  4.66 
+  4.79 
+  5 
+  6.19 
+  6.37 
+  6.64 
+  6.70 
:  +  6.86 
+  6 


or +2; 
or  +  1.38 ; 
or  +  1; 
or +  0.70; 
or  +  0.44; 
or  +  0.21 ; 
or      0; 
or  -  0.19 ; 
or  -  0.37 ; 
or  —  0.64 ; 
or  -  0.70 ; 
or  -  0.86 ; 
or  —  1. 


IT 

— 

^^" 

r 

■^ 

^1 

A 

1 

1 

' 

I 

J 

\ 

7 

\ 

/ 

/ 

— 

I 

i 

/ 

\ 

I 

/ 

* 

>, 

V 

j 

3£. 

2. 

.^ 

(_ 

7%: 

a 

— 



__ 

■ '' 

Plot  the  points  found,  (2.6,  —  J),  (3,  0),  (2,  0),  and  so  on.     Through 
these  points  with  a  free  hand  draw  the  smooth  curve  ACB. 
The  curve  A  CB  is  the  graph  of  the  function  x^  —  6  x  +  6. 
The  graph  is  a  parabola. 


5.  Plot  the  graph  of  the  function 

2x2-7x  +  6. 


Put2x2-7x  +  6  =  y. 


2x2- 

7x  = 

=  y-  6. 

16x2 

-()  + 

49  = 

=  8y +  9. 

4x 

-7  = 

=  ±V8y  +  9. 

4x  = 

=  7±V8y  +  9. 

• 

'.  x  = 

=  H7±^8y  +  9) 

X'  T          X 

^     -     T 

I    \z  iiii  1  :i 

A                t 

T           -^'    - 

-^           1     - 

iiiiVi::-?:i:: 

i;  0  3^«^L 3c 

X             ^"2'            * 

C- 

-.^ 
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lt  =  -l,  *  =  +  2       or  +  1.5; 

V=      0,  a:  = +  3.5    or  +  1; 

y  =  +  l,  l  =  +  2.78or +0.72; 

^  =  +  2,  x  =  +  S       or +0.5; 

l/  =  +  8,  i  =  +  3.19or +0.31, 


=  +  6,  a;  =  +  3.64  or  -  0. 14 ; 
=  +7,i  =  +  3.77or  -0.27; 
=  +  8,  a;  =  +  3.89  or  -  0.38 ; 
=  +  0,  a;  =  +  4      or-  0.6. 


Plot  the  points  found,  (1.75,  -  l^),  (2,  -  1),  (1.5,  -  1),  and  so  on, 
to  incmre  greater  accuracy  and  beauty,  using  tno  spaces  of  the  coordi- 
nate paper  for  one  unit  of  z,  and  one  apace  for  one  unit  of  y.  Through 
these  points  nlth  a  free  hand 
draw  the  smooth  curve  A  CB. 

The  curve  .dCB  is  the  graph 
of  the  fiinctian  2x'  —  72  +  5. 

The  graph  la  a  parabola. 


6.  Plotthegraphoftbefunc- 

tion  31^  +  42 -4. 

Put3i>  +  4i-4  =  [^, 

3ii>  +  iXTzy  +  4. 

&^  +  i)  +  i  =  Zy+l6. 

3z  +  2=±v'3y  +  l«. 

Si  =  -2±V3i/  +  16. 

■■■  2=S(-2±V3j,+  16). 

If  !/  =  -  BJ,  s  =  -  0.67  ; 

Uy  =  +   3,2  =  +  l       or 

-2.33 

J/  =  -  6,    I  =  -  0.33  or  -  I ; 

!/  =  +   4,  2  =  +  1.10  or 

-2.43 

y  =  -4,    z=      0       or  -1.33 

1,  =  +    6,  i  =  +  1.19or 

-2.62 

y  =  -3,    2=+0.22or-1.66 

y=+   fl,a;^+1.28or 

-2.61 

y  =  -2,    x=  +  0.39  or  -  1.72 

y  =  +   7,  l  =  +  1.36or 

-2.69 

j,  =  -l,    a:  =  +  0.54  or -1.87; 

y=+    8,2  =  +  1.44or 

-2.77 

y=     0,    !i;  =  +  0.67or  -2; 

y  =  +   e,2=+1.52or 

-2.85 

y=+l,    a:  =  +  0.7flor-2.12; 

y  =  +  10,z=+1.6»or 

-2.fl3 

V  =  +  2,    2  =  +  0.90  or  -2.23. 

S^  =  +  ll,  2  =  +  l,67or 

-3. 

Plot  the  points  found,  (—0.67, 

-SJ),  (-0.33,  -5),  (- 

1,  -5) 

'e  greater  accuracy,  using  three  spaces  of  the  c< 
nate  paper  for  one  unit  of  i,  and  one  space  for  one  unit  of  y.   Througli 
these  points  with  a  free  hand  draw  the  smooth  curve  ACB. 

The  curve  ^CBia  the  graph  of  the  function  3a:i'  +  4i  -4. 

The  graph  is  s  parabola. 
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7.  Find,  by  the  method  of  graphs,  the  roots  of  aJ*  -  a;  —  6  =  0. 

Let  x2  =y^  and  put  y  for  x^. 

Then  the  given  equation  becomes  y  —  x  —  6  =  0. 

Since  the  graph  ofy-x-6  =  0isa  straight  line,  it  is  necessary  to 
locate  only  two  points  to  determine  the  graph. 

Ify  =  0,  x=-6;  and  if  x  =  0,  y  =  +  6. 

Therefore,  the  points  (-6,  0)  and  (0,  6)  determine  the  graph  of 
y  -  X  -  6  =  0. 

The  straight  line  AB,  drawn  through  the  points  (-  6,  0)  and  (0,  6), 
is  the  graph  of  the  equation  y  —  x  —  6  =  0. 

To  plot  the  graph  of  the  equation  x*  =  y, 

x2  =  y. 
.-.  X  =  ±  Vy. 
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Plot  the  points  found,  (0,  0),  (0.71,  0.5),  (-  0.71,  0.5),  and  so  on. 
Through  these  points  with  a  free  hand  draw  the  smooth  curve  COD. 

The  parabola  COD  is  the  graph  of  the  equation  x^  =  y. 

The  straight  line  AB  intersects  the  parabola  COD  at  the  points 
E  and  F. 

The  abscissas  of  E  and  F  are  +  3  and  —  2,  respectively. 

Therefore  (§  358),  the  roots  of  the  given  equation  are  3  and  —  2. 
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8.  Find,  by  the  method  of  graphs,  the  roots  of  2x^  —  9x  +  9  =  0. 

Let  x2  =  y^  and  put  y  for  x*. 

Then  the  given  equation  becomes  2y  —  9x  +  9  =  0. 

To  increase  the  chance  for  accuracy  in  drawing  the  graphs  use  five 
spaces  of  the  co5rdinate  paper  for  one  unit  of  x,  and  one  space  for 
one  unit  of  y. 

Two  points  on  the  line  2 y  -  9x  +  9  =  0  are  (3,  9)  and  (- 1,  -  9). 


^^^ 

^^"^ 

^^^ 

1 

— 

Y 

i 

f  . 

/ 

/ 

T-d. 

. 

^ 

^ 

> 

E. 

J 

y 

E 

> 

^ 

J 

y 

j^ 

7 

/, 

9 

— 

—J 

i_ 

• 

III 

/ 

y 

J— 

? 

X 

^ 

'xr 

y 

2 

^ 

2 

V 

aF 

^" 

7 

ar 

A 

/ 

A 

/ 

> 

y 

V 

/ 

y 

T 

V 

r 

• 

/ 

r- 

'b 

/ 

F- 

— 

■" 

r 

_ 

^^ 

^^^ 

The  graph  of  the  equation  2y  —  9x  +  9  =  0  is  the  straight 
line  AB^  and  the  graph  of  the  equation  x^  =  y  is  the  parabola  COD^ 
as  in  Example  7. 

AB  intersects  COI>  in  the  points  E  and  F,  the  abscissas  of  which 
are  3  and  IJ,  respectively. 

Therefore  (§  358),  the  roots  of  the  given  equation  are  3  and  \\. 

In  plotting  points  of  the  parabola  COD  we  use  the  table  of  Example  7, 
and  in  addition  the  following : 

y  =  x\ 
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If  X  =  ±  0.2, 

y  =  0.04 ; 

x  =  ±  0.4, 

y  =  0.16; 

x  =  ±  0.6, 

y  =  0.36; 

x  =  ±  0.8, 

y  =  0.64; 

x  =  ±1.2, 

y  =  1.44; 

X  =  ±  1.4, 

y  =  1.96; 

X  =  ±  1.6, 

y  =  2.66; 

X  =  ±  1.8, 

y  =  3.24. 

If  X  =  ±  2.2, 

y=   4.84 

x=±2.4, 

y=    6.76 

X  =  ±  2.6, 

y=   6.76 

X  =  ±  2.8, 

y=    7.84 

«  =  ±  3.2, 

y  =  10.24 

X  =  ±  3.4, 

y=  11.66 

X  =  ±  3.6, 

y  =  12.96 

X  =  ±  3.8, 

y  =  14.44. 
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9.  Find,  by  the  method  of  graphs,  the  roots  of  6  x^  —  20  =  0. 
Let  x^  =  y,  and  put  y  for  x^. 
Then  the  given  equation  becomes 

6y  -  20  =  0,  or  y  =  4. 

The  graph  of  the  equation  5  y  —  20  =  0 
is  the  line  AB  parallel  to  XX'  and  at  a 
distance  of  4  units  above  it. 

As  in  Example  7,  the  graph  of  the  equa- 
tion x^  =  y  is  the  parabola  COB, 

AB  intersects  COD  in  the  points  E  and 
F,  the  abscissas  of  which  are  +  2  and  —  2,  respectively. 

Therefore  (§  358),  the  roots  of  the  given  equation  are  2  and  —  2. 

10.  Find,  by  the  method  of  graphs,  the 
roots  of  7x2  +  14x  -  21  =  0. 

Divide  by  7,  x2  +  2x  -  3  =  0. 

Let  x*  =  y,  and  put  y  for  x^. 

Then  the  given  equation  becomes 
y +  2x-3  =  0. 

Two  points  on  the  straight  line 
y  +  2x-3  =  0 
are  (4,  -5)  and  (-  3,  9). 

The  graph  of  the  equation  y  +  2x— 3  =  0 
is  the  straight  line  AB^  and  the  graph  of  the 
equation  x^  =  y  is  the  parabola  COD,  as 
in  Example  7. 

AB  intersects  COB  in  the  points  E  and 
F,  the  abscissas  of  which  are  —  3  and  +  1, 
respectively. 

Therefore  (§  368),  the  roots  of  the  given 
equation  are  —  3  and  1 . 
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II.  Find,  b;  the  methodof  graphs,  the  rootH  of  41*  -  12a;  +  S  =  0, 

Let  3?  ^y,  and  put  y  for  afl. 

Then  the  given  equaUon  becomeB  iy  -  12z  +  0  =  0. 

Two  points  on  the  straiglit  line  4^  -  12i  +  S  =  0  are  (—  \,  —  SJ) 
and  (2J,  b\). 

In  plotting  the  graphs  use  two 
apacea  of  the  coordinate  paper  for 
one  unit  of  i,  and  one  space  for 
one  nuit  of  y. 

The  graph  of  the  equation 

iy-  12z  +  0  =  0 

Is  the  Btralght  line  AB,  and  the 

graph  of  the  equation  x'  =  v  is  tlie 

parabola  COT>,  as  in  Example  7. 

^B  is  Ungent  to  COD  at  tlie 
point  E,  the  atiscisRa  of  which  is 

+  11- 

Therefore,  the  roots  of  the  given  equation  are  \\  and  IJ. 

18.  Find,  by  the  method  of  graphs,  the  roots  of  25x3+60x+3<t=0. 
Let  x'  =  V,  and  put  y  for  afl. 

Then  the  given  equation  becomes  26y  +  60x  +  36  =  0. 
In  plotting  the  graphs  use  five  spaces  of  the  coordinate  paper  for 
one  unit  of  x,  and  one  space  for  one  unit  of  y^^ 
Two  points  on  the  straight  line  25y  +  OOa  +  3G  =  0  are  (1,  —  Zll) 

3I.d(-2,3/5). 

The  graph  of  the  equation  25y  +  IK>x  +  30  =  0  is  the  straight  line 
A  B,  and  the 
graph  of  the 
equation  :^  =  y 
is  the  parabola 
COD,  as  In  Ex- 
ample 7. 

jdS  is  tangent 
to  COD  at  the 
point  E,  the 
abscissa  of  which 
is  - 1\. 

Therefore,  the  roots  of  the  given  equation  are  ~  1  j  and  —  IJ. 
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18.  Find  appFOzimately  the  roots  of  3  x^  ~  2  z  —  7  =  0. 
Let  x*  =  y,  and  put  y  for  x^. 

Then  the  given  equation  becomes  3y  —  2x  —  7  =  0. 
In  plotting  the  graphs  use  two  spaces  of  the  coordinate  pax)er  for 
one  unit  of  x,  and  one  space  for  one  unit  of  y. 
Two  points  on  the  straight  line  3y  —  2x  —  7  =  0  are  (2^,  4)  and 

(-  5,  -  1). 

The  graph  of  the  equa- 
tion 3  y  —  2  X  —  7  =  0  is  the 
straight  line  AB,  and  the 
graph  of  the  equation  x^  =  y 
is  the  parabola  COD,  as  in 
Example  7. 

AB  intersects  COD  in  the 
points  E  and  F,  the  abscis- 
sas of  which  are  approxi- 
mately -I-  IJ  and  —  IJ,  re- 
spectively. 

Therefore,  the  roots  of  the  given  equation  are  approximately  1; 
and  —  1^. 

On  page  688  the  graphs  AB  and  COD  are  drawn  to  larger  scalo, 
five  spaces  of  the  coordinate  paper  for  one  unit  of  x,  and  two  spaces 
for  one  unit  of  y. 

By  that  figure  the  roots  of  the  given  equation  are  seen  to  be  1.90 
and  —  1.23,  approximately. 

14.  Find  approximately  the 
roots  of  6x2  _  3x  -  30  =  0. 

Let  x2  =  y,  and  put  y  for  x^. 

Then  the  given  equation  be- 
comes by  -3x  —  30  =  0. 

In  plotting  the  graphs  use  two 
spaces  of  the  coordinate  paper 
for  one  unit  of  x,  and  one  space 
for  one  unit  of  y. 

Two  points  on  the  straight 
line  52/  -  3x  -  30  =  0  are  (0,  6) 
and  (-5,  3). 

The  graph  of  the  equation  5y  —  3x  —  30  =  0is  the  straight  line  GH, 
and  the  graph  of  the  equation  x^ = y  is  the  parabolaCOD,  as  in  Example  7. 
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e  COD  in  the  points  I  Mid  J,  the  abscissaa  of  wtiich 

are  approximateij  +  2J  and  —  2J,  reapaclively. 

Therefore,  the  roots  of  the  giveu  equaiion  are  approximately  2| 
and  -  2J. 

On  page  088  the  graphs  OH  and  COD  are  drawn  to  larger  scale, 
five  spaces  of  the  coiJrdinaUi  paper  for  one  unit  of  z,  and  two  spaces 
for  one  unit  of  y. 

By  that  figure  the  roou  of  the  given  equation  are  seen  to  be  2.77 
and  —  2.17,  approximately. 

15.  Find  approximately  the  roots  of  6i'  —  7a;  —  1  =  0, 
Let  z'  =  y,  and  pat  y  (or  x*. 

Then  the  given  equation  be- 
comes 6^  —  72-1  =  0. 

In  plotting  tlie  graphs  use  two 
spaces  of  the  coordinate  paper  for 
one  unit  of  j,  and  one  space  for 
one  unit  of  ]/. 

Two  points  on  the  straight  line 
5y-7z-l  =  0  are  (7,  10)  and 
(-3,-4). 

The  graph  of  the  equation 
6j*-7a!-l  =  0 
is   the  straight  line  KL,  and  the 
graph  of  tlie  equation  z>  =  ^  ia  the  parabola  COD,  aa  in  Example  7. 

KL  intersects  COD  in  the  points  M  and  N,  the  abscissas  of  which 
are  approximately  +  IJ  and  —  J,  respectively. 

Therefore,  the  roots  of  the  given  equation  are  approximately  tj 
and  -  l 

On  page  688  the  graphs  KL  and  COD  are  drawn  t«  larger  scale,  Ave 
spaces  of  the  coiirdinate  paper  for  one  unit  of  x,  and  two  spaces  for 
one  unit  of  y. 

By  that  fignre  the  roots  of  the  given  equation  are  seen  to  he  l.K! 
and  —  0.13,  approximately. 

16.  Find  approximately  the  roots  of  Tz"  +  6»  -  31  =  0. 
Let  a'  =  y,  and  put  y  for  x^. 

Then  the  given  equation  becomes  7?/  +  5z  —  31  =  0. 
In  plotting  the  graphs  use  two  spaces  of  the  coiJrUinate  paper  for 
one  unit  of  x,  and  one  space  for  one  unit  of  y. 

Two  points  on  the  straightltoe7v  +  &z—31=0  are  (9,-2)  and( -5,8). 
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The  graph  of  the  equation 
7y  +  6x-31  =  0 
is  the  straight  line  PQ^  and  the 
graph  of  the  equation  x^  =  y  is  the 
parabola  COD,  as  in  Example  7. 

PQ  intersects  COI)  in  the  points 
R  and  <S,  the  abscissas  of  which 
are  approximately  +1}  and  —  2  J, 
respectively. 

Therefore,  the  roots  of  the  given 
equation  are  approximately  If 
and  -  2f 

At  the  bottom  of  this  page  the  graphs  PQ  and  COD  are  drawn  to 
larger  scale,  five  spaces  of  the  coordinate  paper  for  one  unit  of  «,  and 
two  spaces  for  one  unit  of  y. 
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By  that  figure  the  roots  of  the  given  equation  are  seen  to  be  1.78 
and  —  2.49,  approximately. 

1 7 .  What  is  the  nature  of  the  roots  of  the  equation  3x2-|-2x  +  4=0? 
Construct  the  graph  of  the  equation. 

Let  x2  =  y^  and  put  y  for  x^. 

Then  the  given  equation  be- 
comes 3y  +  2x  +  4  =  0. 

In  plotting  the  graphs  use  two 
spaces  of  the  coordinate  paper 
for  one  unit  of  x,  and  one  space 
for  one  unit  of  y. 

Two  points  on  the  straight 
Iine3y4-2x  +  4  =  0are{4,  -4) 
and  (-3J,  1). 

The    graph   of   the    equation 
3  y  +  2  X  +  4  =  0  is  the  straiglit 
line  AB^  and  the  graph  of  the 
equation  x^  =  y  is  the  parabola  \_ 
COD^  as  in  Example  7. 

AB  does  not  cut  or   touch   COD  and  will  not,  however  far  the 
graphs  are  produced. 

Therefore,  the  roots  of  the  given  equation  are  imaginary,  as  may 
be  seen  by  solving  the  equation. 

3x2  4-2x  +  4  =  0. 

3x2  + 2x  =  -4. 
9x2  +  ()  +  l=-ll^ 
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3x  +l  =  ±V-ll. 


11. 


x=5(-i±V^Ti). 


Therefore,  the  roots  of  the  given  equation  are  5(— 1±"^— H). 

18.  How  does  the  graph  of  a  quadratic  equation  indicate  the  fact 
that  the  roots  of  the  equation  are  real  and  unequal  ?  real  and  equal  ? 
imaginary  ? 

If  the  roots  of  a  quadratic  equation  are  real  and  unequal,  the  graph 
of  the  equation  twice  crosses  the  axis  of  x. 

If  the  roots  of  a  quadratic  equation  are  real  and  equal,  the  graph 
of  the  equation  touches  the  axis  of  x  but  does  not  cut  it;  in  other 
words,  the  axis  of  x  is  tangeul  to  the  graph; 
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If  the  roots  of  a  quadratic  equation  are  imaginary,  the  graph  of  the 
equation  does  not  cut  or  touch  the  axis  of  x. 

If  the  method  of  §  358  is  used,  if  the  straight  line  function  of  the 
given  equation  cuts  the  parahola  z^  =  ^  in  two  points,  the  roots  of  the 
equation  are  real  and  unequal ;  if  the  straight  line  function  is  tangent 
to  the  parahola,  the  roots  of  the  equation  are  real  and  equal;  if  the 
straight  line  function  does  not  cut  or  touch  the  parabola,  the  roots 
are  imaginary. 

Ezercise  123.     Page  308 

1 .  What  does  the  right-hand  figure  on  page  307  show  about  the  rela- 
tion of  AB^  CD,  and  EF?  How  do  the  coefficients  of  z  and  y  in  equa- 
tions (2),  (3),  and  (4)  show  this  ?  Are  the  graphs  of  ax  -\- by  -\-  c  =  0 
and  ax  -\- by  -\-  d  =  0  parallel  ? 

The  right-hand  figure  on  page  307  shows  that  the  straight  lines 
AB,  CD,  and  EF  are  parallel. 

The  coefficients  of  x  and  y  in  equations  (2),  (3),  and  (4)  show  that 
the  lines  AB,  CD,  and  EF  are  parallel  by  the  fact  that  in  the  three 
equations  the  coefficients  of  x  are  equal  and  the  coefficients  of  y  are 
equal,  while  the  third  terms  are  all  different. 

The  graphs  of  ox  4-  &2/  +  c  =  0  and  ax  +  6y  +  d  =  0  are  parallel, 
since  the  coefficients  of  x  are  equal,  the  coefficients  of  y  are  equal, 
and  the  third  terms  are  unequal. 

2.  Write  the  equations  of  two 
parallel  lines  and  construct  their 
graphs. 

The  equations  of  two  parallel 
lines  are  Sx  —  y  —  6  =  0  and 
3x-y-16  =  0. 

Two  points  of  the  graph  of 
3x  —  y  —  5  =  0  are  (5,  10)  and 
(-1,-8). 

Two  points  of  the  graph  of 
3x-y-16  =  0  are  (2,-10) 
and  (8,  8). 

The  graph  of  3x  —  y  —  5  =  0 
is  the  straight  line  AB,  and  the 
graph  of3x  —  y  —  16  =  0is  the 
straight  line  CD. 
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S.  If  a  straight  line  and  a  circle  toucli  each  other,  how  many  values 
has  X  ?  how  many  has  y  ?  How  many  values  have  x  and  y  when  the 
line  cuts  the  circle  ?  What  is  the  nature  of  the  roots  of  two  equations 
when  the  graphs  do  not  intersect  ? 

If  a  straight  line  and  a  circle  touch  each  other,  x  has  one  value  and 
y  has  one  value ;  that  is,  there  is  a  double  root,  or  the  two  roots  of 
the  equations  are  real  and  equal. 

If  a  straight  line  cuts  a  circle,  x  has  two  values  and  y  has  two  val- 
ues ;  that  is,  the  two  roots  of  the  equations  are  real  and  unequal. 

If  the  graphs  of  two  equations  do  not  intersect  and  the  equations 
are  simultaneous,  the  roots  of  the  equations  are  imaginary. 

If  the  graphs  of  two  equations  do  not  intersect  and  the  equations 
are  not  simultaneous,  the  roots  of  the  equations  are  infinity. 


4.  Solve  exactly  or  approximately  by  the  method  of  graphs. 


X2 

+  y2 

-169  =  0^ 
y +  9  =  0J 

(1) 

3. 

r-2 

(2) 

From  (1), 

xa  =  169  -  y2^ 
.'.  x  =  ±  Vl69  - 

and 

-y^ 

y2  =  169  -  x2. 

and  y  =  ±  Vl69  -  x2. 

If  y  = 

0, 

x  =  ±13; 

If  X  =        0, 

y  =  ±13; 

y  =  ± 

1, 

X  =  ±  12.96 

•x  =  ±    1, 

y  =  ±  12.96 ; 

y  =  ± 

2, 

X  =  ±  12.85 

x  =  ±    2, 

y  =  ±  12.85; 

y  =  ± 

3, 

X  =  ±  12.65 

x  =  ±    S, 

y  =  ±  12.65; 

y  =  ± 

4, 

x  =  ±  12.37 

a;  =  ±    4, 

y  =  ±  12.37 

y  =  ± 

5, 

X  =  ±  12  ; 

x  =  ±    5, 

y  =  ±12; 

y  =  ± 

6, 

x  =  ±  11.53, 

x  =  ±    6, 

y  =  ±11.53 

• 

y  =  ± 

7, 

x  =  ±10.96; 

x  =  ±    7, 

y  =  ±10.95; 

y  =  ± 

8, 

X  =  ±  10.26 ; 

x=±    8, 

y  =  ±  10.25; 

y  =  ± 

9, 

x=±    9.38; 

x  =  ±    9, 

y  =  ±    9.38; 

y  =  ±io, 

x  =  ±    8.31; 

X  =  ±  10, 

y  =  ±    8.31; 

y  =  ±n, 

x  =  ±    6.93; 

x  =  ±ll, 

y  =  ±    6.93; 

y  =  ±i2. 

x  =  ±    5; 

X  =  ±  12, 

y  =  ±    5; 

y  =  ±i3, 

x=       0. 

X  =  ±  13, 

y=      0. 
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The  graph  of  equation  (1)  is  found  to  be  the  circle  CD;  a  circle  with 
O  for  a  centre  and  a  radius  equal  to  Vl69,  or  13. 
In  equation  (2),  if  x  =  6,  y  =  12,  and  if  x  =  —  9,  y  =  —  9. 
The  graph  of  equation  (2)  is  the  straight  line  AB, 
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^ B cuts  CD  in  the  point  J?  (5, 12)  exactly,  and  the  point  F(-9i,  -9J), 
approximately. 

Therefore,  the  solutions  of  the  given  equations  are  x  =  5,  y  =  12 
(exactly),  and  x  =  -  9^,  y  =  -  9J  (approximately). 


6.  Solve  exactly  or  approximately  by  the  method  of  graphs. 


From  (1), 


x«  +  y2  =  100^ 
6x  +  y=  46  J 

x^  =  100 -yg,  and  y2  =  100  -  x^ 

.-.  X  =  ±  VlOO  -  y2,  and  y  =  ±  VlOO  -  x^. 


(1) 
(2) 


TEACHERS'  EDITION 


693 


y  = 

0, 

x  =  ±10; 

If  x  = 

0, 

y  =  ±  10 ; 

y  =  ± 

1, 

x  =  ± 

9.95; 

x  =  ± 

1, 

2/  =  ± 

9.96; 

y  =  ± 

2, 

x  =  ± 

9.80; 

x  =  ± 

2, 

y  =  ± 

9.80; 

y  =  ± 

3, 

x  =  ± 

9.54; 

x  =  ± 

3, 

y  =  ± 

9.64; 

y  =  ± 

4, 

x  =  ± 

9.17; 

x  =  ± 

4, 

y  =  ± 

9.17; 

y  =  ± 

6, 

x  =  ± 

8.G6; 

x  =  ± 

6, 

y  =  ± 

8.66; 

y  =  ± 

6, 

x  =  ± 

8; 

x  =  ± 

c, 

y  =  ± 

8; 

y  =  ± 

7, 

a;=± 

7.14; 

x  =  ± 

7, 

y  =  ± 

7.14; 

y  =  ± 

8, 

x  =  ± 

6; 

x  =  ± 

8, 

y  =  ± 

6; 

y  =  ± 

9, 

x  =  ± 

4.36; 

x  =  ± 

9, 

y  =  ± 

4.36; 

y  =  ±lO, 

X  = 

0. 

X  =  ±  10, 

y  = 

0. 
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The  graph  of  equation  (1)  is  found  to  be  the  circle  CD;  a  circle  with 
O  for  a  centre  and  a  radius  equal  to  10. 

In  equation  (2),  if  x  =  7,  y  =  11,  and  if  x  =  11,  y  =  —  9. 

The  graph  of  equation  (2)  is  the  straight  line  AB. 

AB  cuts  CD  in  the  point  E  (8,  6)  exactly  and  the  point  F  (9f,  -  2  J) 
approximately. 

Therefore,  the  solutions  of  the  given  equations  are  x  =  8,  i/  =  6 
(exactly),  and  x  =  9§,y  =  —  2J  (approximately). 
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6.  Solve  exactly  or  approximately  by  the  method  of  graphs, 


4y=   60J 


3x  + 


(1) 
(2) 


The  graph  of  equation  (1)  is  the  circle  CD,  as  in  Example  6. 
In  equation  (2),  if  x  =  2,  ^  =  11,  and  if  x  =  10,  ^  =  5. 
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The  graph  of  equation  (2)  is  the  straight  line  AB. 

AB  is  tangent  to  the  circle  at  the  point  E  (6,  8). 

Hence,  the  two  pairs  of  solutions  of  the  given  equations  are  the  same. 

Therefore,  the  solutions  of  the  given  equations  are  x  =  6,  y  =  8, 
and  X  =  6,  2/  =  8. 
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7.  Solve  exactly  or  approximately  by  the  method  of  graphs, 

x2  +  y3  =  ioo^  (1) 

3a;  +  4y=   60  J  (2) 

The  graph  of  eqaation  (1)  is  the  circle  CD,  as  in  Example  6. 
In  equation  (2),  if  x  =  4,  y  =  12,  and  if  x  =  16,  y  =  3. 
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The  graph  of  eqaation  (2)  is  the  straight  line  AB, 
AB  does  not  cut  or  touch  CD  and  will  not,  however  far  ^J5  is 
produced  in  either  direction. 

Therefore,  the  roots  of  the  given  equations  are  imaginary  numbers 
and  cannot  be  found  by  the  method  of  graphs. 


696  KLEMENTARY  ALGEBRA 

8.  Solve  the  equations  of  Example  7  as  simultaneous  equations, 
and  explain  why  their  graphs  do  not  intersect. 

We  have  xa  + 2/^  =  1001  (1) 

3x  +  4y=   60  J  (2) 

60  —  4 1/ 

From  (2),  x  = -  (3) 

o 

Substitute  the  value  of  x  in  (1), 

3600-480^  +  16,'^ 

9  ^ 

3600  -  480y  +  I6y^  +  92^2  =  900. 

25  2/2  -  480  y  =  -  2700. 

262/2  -  4802/  +  2304  =  -  396^^ 

62/-48  =  ±6V-ll. 


52/  =  48  J:6V-11. 
.-.  77  =  f(8±V^). 
Substitute  the  value  of  2/  in  (3),  x  =  |(9  =F  2V-II). 


Therefore,  x  =  |(9  +  2  V-  11),  and  y  =  f  (8  -  V-11) ; 
or  X  =  J (9  -  2  V-11),  and  2/  =  §  (^  +  V-U). 

If  the  graphs  intersected,  the  roots  would  be  real,  and  since  the 
roots  are  not  real,  the  graphs  do  not  intersect. 

9.  The  figure  on  page  308  shows  the  graph  of  the  ellipse 
4x2  +  92/2  =  288,  and  the  graph  of  the  parabola  Sy^  =  Sx.  What 
roots  satisfy  these  equations? 

By  the  figure  it  is  seen  that  the  parabola  3  ,2  —  g  ;|.  (.^^g  ^^q  ellipse 
4  x2  4-  9  y2  =  288  in  the  points  (6,  4)  and  (6,  -  4). 

Therefore,  the  solutions  of  these  equations  are  x  =  6,  y  =  4,  and 
X  =  6,  y  =  —  4. 

By  solving  the  equations  as  simultaneous  equations  the  additional 
solutions  X  =  —  12, 2/  =  4  V—  2,  and  x  =  —  12, 2/  =  —  4  V— 2  are  found. 

10.  The  equation  of  the  circle  ax2  -f  ay^  =  c  differs  in  what  respect 
from  the  equation  of  the  ellipse  ax2  -f  &y2  =  c?  What  is  the  shape  of 
the  ellipse  when  a  and  b  differ  greatly  in  value  ?  when  a  and  b  are 
nearly  equal  ?  when  a  and  b  are  equal  ? 

The  equation  of  the  circle  ax2  -\-  ay^  =  c  differs  from  the  equation 
of  the  ellipse  ax2  +  by^  =  c  in  the  one  respect  that  in  the  equation  of 
the  circle  the  coefficients  of  x2  and  2/2  are  alike,  and  in  the  equation  of 
the  ellipse  the  coefficients  of  x2  and  y^  are  different. 
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When  a  and  b  differ  greatly  in  value  the  ellipse  is  greatly  elongated. 
When  a  is  greater  than  b  the  ellipse  cuts  the  axis  of  ^  at  a  greater 
distance  from  the  origin  than  it  cuts  the  axis  of  x ;  when  a  is  less  than 
b  the  ellipse  cuts  the  axis  of  x  at  a  greater  distance  from  the  origin 
than  it  cuts  the  axis  of  y. 

When  a  and  b  are  nearly  equal  the  ellipse  takes  a  nearly  round 
form  and  is  somewhat  like  a  flattened  circle. 

When  a  and  b  are  equal  the  ellipse  becomes  a  circle. 

11.  The  figure  on  page  309  shows  the  graph  of  the  circle 
a:2  +  y2  —  20  and  the  graph  of  the  hyperbola  xy  =  5.  What  are  the 
coordinates  of  their  points  of  intersection?  What  roots  satisfy  the 
equations  ? 

The  circle  x^  +  y^  =  26  and  the  hyperbola  xy  =  6  intersect  in  the 
points  B,  C,  D,  and  A,  which,  as  is  shown  by  the  figure,  are  the 
points  (1,  6),  (—1,  —  5),  (5,  1),  and  ( -  6,  —  1),  respectively. 

Therefore,  the  solutions  of  the  equations  are  z  =  l,  y  =  6;  «  =  —  1, 
y  =  —  6 ;  X  =  5,  y  =  ]  ;  and  x  =  —  5,  y  =  —  1. 

12.  Solve  x2  4-  y2  _  20  and  xy  =  5  as  simultaneous  quadratics,  and 
notice  that  the  results  are  the  answers  to  Example  11. 

We  have     *  x^-\-y^  =  2(j\  (1) 


=  20| 
=    5J 


xy=    bJ  (2) 

From  (2),  x  =  -.  (;]) 

if 

25 
Substitute  the  value  of  x  in  (1),  -'  +  y^  =  20. 

26  +  ?/4  =  20?/2. 
y4_  20  2/2^25  =  0. 

(y-l)(y-^\)(y-'o)(y-\-b)  =  0. 

.'.  y  =  1,  -  1,  5,  or  —  6. 
Substitute  the  value  of  y  in  (3),  x  =  5,  —  5,  1,  or  —  1. 

Therefore,  x  =      1,  and  y  =  6 ; 

X  =  —  1,  and  y  =  —  5; 
x=     5,  and  y  =  1 ; 
or  x  =—  5,  and  y  =  —  1 . 
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18.  Solve  by  graphs, 
From  (1), 


j^ 


+  y«  =  80^ 
xy  =  S2j 
«*  =  80  -  yg,  and  y^=90-  x« 
.-.  X  =  ±  V80  -  y2,  and  y  =  ±  VSO 


(1) 
(2) 
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If  y  =     0,  X  =  ±  8.94  j 

If  X  =      0,  y  =  ±  8.94 ; 

y  =  ±  1,  X  =  ±  8.89  i 

x  =  ±l,  y  =  ±8.89; 

y  =  ±2,  x  =  ±8.72, 

;                          x  =  ±2,  y  =  ±8.72; 

y  =  ±3,  x  =  ±8.43; 

x  =  ±3,  y  =  ±8.43; 

y  =  ±4,  x  =  ±8; 

x  =  ±4,  y  =  ±8; 

y  =  ±6,  x  =  db7.42, 

X  =  ±  5,  y  =  ±  7.42 ; 

y  =  ±6,  x  =  ±6.63 

;                          x  =  ±6,  y  =  db6.63; 

y  =  ±  7,  x  =  db5.57 

;                         X  =  ±  7,  y  =  ±  5.57 ; 

y  =  ±  8,   X  =  i:  4. 

X  =  ±  8,  y  =  ±  4. 
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The  graph  of  the  equation  x^  -f  y2  =  go  is  the  circle  EFH,  a  circle 
with  O  for  a  centre  and  a  radius  equal  to  VsO,  or  8.944. 

32         ,  32 

From  (2),  y  =  — »  and  a;  =  —  • 

Ifx=+    2,  y=  +  16;  If  x  =  + 12,  y  =  + 2f ; 

x  =  +    3,y=  +  10f;  x  =  +  13,  y  =  +  2i^j; 

x  =  +    4,  y=4-    8;  x  =  +  14,  y=+2f; 

x  =  +    5,  y=+   6§;  x  =  + 15,  y  =+ 2^25; 

x  =  +    6,y  =  +    6i;  x  =  +  16,y=4-2; 

x=+    7,  y  =  +   4J;  y  =  4- 15,  x  =+ 2^2^; 

x  =  +    8,y  =  +    4;  y  =  +14,x=+2^; 

x=+    9,  y  =  +    3|;  y  =  +  13,  x  =+ 2^^; 

x=+10,y  =  +    3J;  y=  +  12,x  =  +  2}; 

x  =  +ll,  y  =  +   2if.  y  =  +   9,  x  =  +  3|. 

For  the  negative  of  the  assumed  values  of  x  and  y  in  the  left- 
hand  columns  in  the  above  table  there  correspond  values  of  y  and  x 
equal  in  absolute  value  to  the  values  in  the  right-hand  columns  but 
with  negative  signs  in  place  of  the  positive  signs  shown  in  the  table. 

The  graph  of  the  equation  xy  =  32  is  the  hyperbola  of  which  the 
branches  are  AB  and  CD. 

The  points  of  intersection  of  the  circle  and  hyperbola  are  JK,  F,  JET,  K^ 
which  "are  the  points  (4,  8),  (8,  4),  (—  4,  —  8),  (—  8,  —  4),  respectively. 

Therefore,  the  solutions  of  the  given  equations  are  x  =  4,  y  =  8 ; 
x=  —  4,  y=  —  8;  x  =  8,  y  =  4;  and  x  =  -  8,  y  =  -  4. 


14.  Solve  by  graphs,  x^  -|-  ys  =  34"l  (1) 

xy=15/  (2) 

From  (1),  x2  =  34  -  y^,  and  y2  =  34  -  x2. 

.-.  X  =  ±  V34  -  y2,  and  y  =  db  ^34  -  x^. 


If  y  =  0,  X  =  ±  5.83 
y  =  i  1,  x  =  ±  5.74 
y  =  ±2,  x  =  ±  5.48 


If  x=  0,  y  =  db5.83; 
x  =  ±l,  y  =  ±5.74; 
x-=±2,   y  =  ±5.48; 


y  =  ±3,  x  =  ±5;  x  =  db3,  y  =  db5,• 

y  =  ±  4,  x  =  ±4.24;  x  =  ±4,   y  =  ±4.24; 

y  =  ±5,  x  =  ±3.  x  =  ±5,  y  =  ±3. 
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The  graph  of  the  equation  x^  +  y>  =  34  is  the  circle  EFH^  a  circle 
with  O  for  a  centre  and  a  radius  equal  to  V34,  or  5.83. 


From  (2),                      x  = 

15 

y 

and 

y  = 

15 

X 

If  y  =  +2,  x  =  +  7J; 

If 

y  =  +   9,x  =  +li; 

y  =  +  3,  x  =  -f  5; 

y  =  +  10,  X  =  +  1 J ; 

y  =  +  4,  X  =  +  3| ; 

x  =  +10,y  =  +li; 

y  =  +5,  x  =  -|-3; 

x=+    9,y  =  +lf; 

y  =  +  6,x  =  +  2.J; 

x  =  +    8,y  =  +lJ; 

y  =  +  7,x  =  +  2}; 

x  =  +    7,y=+2|; 

y  =  +  8,  X  =  +  ij. 

x  =  +    6,y  =  +2i. 
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Similarly  for  the  negative  of  the  above  values,  as  in  Example  13. 

The  graph  of  the  equation  xy  =  15  is  the  hyperbola  of  which  the 
branches  are  AB  and  CB. 

The  points  of  intersection  of  the  circle  and  hyperbola  are  E^  F,  77,  K^ 
which  are  the  points  (3,  5),  (5,  3),  (-3,  —  5),  (-  5,  —  3),  respectively. 

Therefore,  the  solutions  of  the  given  equations  are  x  =  3,  y  =  5 ; 
x  —  —  3,  y  =  — 5;  x  =  5,  y  =  3;  and  x  =  —  5,  y  =  —  3. 
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IS.  Solve  by  gnphs, 


(1) 


y  =  ±h 

a!  =  ±8.54i 

y  =  ±2. 

x  =  ±  8.37  ; 

y  =  ±3. 

a;  =  ±  8.00 ; 

V  =  ±4, 

a;  =  ±7.82; 

y  =  ±6. 

x  =  ±1; 

v  =  ±o. 

a:  =  ±6.16; 

y  =  ±7. 

i  =  ±5; 

I*  =  ±8, 

2  =  ±3.IC. 

x=  0,  i*  =  ±8,00; 
x  =  ±l,  y-±S.M; 
x  =  ±2,  ^  =  ±8.37; 


x  =  ±&,   y  =  ±6.16; 
a;  =  ±  8,  v  =  ±  8-16. 


702 


ELEMENTARY  ALGEBRA 


The  graph  of  the  equation  x^  +  y^  =  74  is  the  circle  ABC^  a  circle 
with  O  for  a  centre  and  a  radius  equal  to  v74,  or  8.602. 


172 -i/« 


X7  1UIU  \^)^                 y=  Al^  —  Oi 

&-,      ailU     aCr     

.'.y  =  ±  Vl72  - 

-  3x2,  and  X  =  ±  J  V616  -  3y2 

Ifx=     0,y  =  ±  13.11; 

Ify=      0,x  =  ±7.57; 

a;  =  ±l,  y'  =  ±13; 

y=±l,x  =  ±7.66; 

x  =  ±2,  y  =  ±12.66; 

y  =  ±  2,  X  =  ±  7.48 ; 

X  =  ±  3,  y  =  i  12.04 ; 

y  =  ±3,  x  =  db7.37; 

x  =  ±4,  y  =  ±  11.14; 

y=:±4,x  =  ±7.21; 

X  =  ±  5,  2/  =  ±    9.86  • 

y  =  ±6,  x  =  ±6.73; 

x  =  ±6,2/  =  ±    8; 

y  =  ±  7,  X  =  ±  6.40 ; 

x  =  ±7,y  =±-5. 

y  =  ±9,  x  =  ±  6.61. 

Tlie  graph  of  the  equation  3  x^  +  y2  =  172  is  the  ellipse*  EF. 

The  points  of  intersection  of  the  circle  and  ellipse  are  A^  B^  C,  2>, 
which  are  the  points  (7,  6),  (—  7,  6),  (—  7,  —  6),  (7,  —  6),  respectively. 

Therefore,  the  solutions  of  the  given  equations  are  x  =  7,  y  =  6 ; 
x  =  7,  y=— 6;  x  =  —  7,  y  =  6;  and  x  =  —  7,  y  =  —  6. 


16.  Solve  by  graphs, 

6x2  +  y2  = 

32n 

0  ; 

(1) 

6y 

2-196x  = 

(2) 

From  (1),      y2  =  321  -  5x2,  and  x2  = 

321  -  y2 
6 

.-.  y  =  ±  V321 

—  6  x2,  and 

x  =  ±iVl606-6y2. 

Ifx=      0,    y  =  ±  17.92; 

;                  Ify=      0,    x  =  ±8.01. 

1 

x  =  ±l,    y=±  17.78, 

y  =  ±l,    x  =  ±8; 

x  =  ±2,    y=±  17.36, 

y  =  ±2,    x  =  ±7.96. 

x  =  ±3,    y  =  ±16.61, 

y  =  ±3,    x  =  ±7.90. 

x  =  ±4,    y  =  ±  16.62 

y  =  ±4,    x  =  ±7.81, 

x=±6,    y  =  ±14; 

y  =  ±6,    x  =  ±7.69 

x  =  ±6,    y  =  ±  11.87 

' 

y  =  ±Q,    x  =  ±7.66, 

x  =  ±7,    y  =  ±    8.72; 

y-±l,    x  =  ±7.38. 

x  =  ±8,    y  =  ±    1. 

y  =  ±8,    x  =  ±7.17. 
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The  graph  of  the  equation  bx^-\-y'^  —  321  is  the  ellipse  AEB. 
From  (2), 


y2  = 


,  and  196x  =  62/2. 


/.  y  =  ±  V  ^^^  and  «  =  yj^ya. 


If  X  =  0,  y  =      0 ; 

x  =  +  1,  y  =  ±  6.26 

X  =  +  2,  2/  =  ±  8.85 

x  =  +  3,  y  =  ±10.84 

x  =  +  4,  y  =  ±12.52 

X  =  +  5,  y  =  ±  14 ; 

x  =  +  6,  y=  ±15.34 

x  =  +  7,  2/ =  ±16.57 

x  =  +  8,  y  =  ±17.71 

x  =  +  9,  y  =  ±18.78 
x  =  +  10,  y  =  ±19.80. 


If  y  = 

0, 

X: 

=     0; 

y  = 

■  ± 

1, 

X: 

=  ±  0.026; 

y  = 

'■± 

2, 

X: 

=  +  0.10; 

y  = 

:± 

3, 

X 

=  +  0.23; 

y  = 

:± 

4, 

X 

=  +  0.41 ; 

y  = 

:± 

5, 

X: 

=  +  0.64; 

y  = 

:± 

7, 

X 

=  +1.25; 

y  = 

:± 

8, 

X 

=  +  1.63; 

y  = 

:±10, 

X: 

=  +  2.56. 
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The  graph  of  the  equa- 
tion 5y2_  i96x  =  0  is 
the  parabola  COD. 

The  ellipse  AEB  and 
the  parabola  COD  inter- 
sect ui  the  points  E  and  F,  which  are  the  poitits  (5, 14)  and  (5,  —  14), 
respectively. 

Therefore,  the  solutions  of  the  given  equations  are  x  =  5,  y  =  14, 
and  X  =  5,  y  =  —  14. 
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17.  Solve  by  graphs,    x^  -f  6  y2  =  79 

-5x2 


~4y2:=89J 


From  (1),         x2  =  79  -  6  y\  and  y2  = 


79 -x2 
6 


(1) 

(2) 


=  ±  V79  -  6  2/2,  and  y  =  ±  J  V474-6x2. 


If  y  =  0,  X  =  ±  8.89 
y-±  1,  x  =  i8.64 
y  =  ±  2,  X  =  ±  7.42 
y  =  i  3,  X  =  ±  6. 


Ifx 

=      0, 

y 

=  db  3.63 

X 

=  ±1, 

y 

=  ±  3.61 

X 

=  ±2, 

y 

=  ±3.54 

X 

=  ±3, 

y 

=  ±  3.42 

X 

=  ±4, 

y 

=  ±3.24 

X 

=  ±0, 

y 

=  ±  2.68 

X 

=  i7, 

y- 

=  ±  2.24 

X 

=  ±8, 

y- 

=  ±  1.58. 

The  graph  of  the  equa- 
tion x2  +  6  2/2  =  79  jg  the 

ellipse  EFII. 
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From  (2), 


5x2 
x2 

.-.  X 


89  +  4y2 
89  +  42/2 


=  ±W445  + 202/2. 


If  2/ 

y 

V 

y 


0,  X 

±1,  X 
±2,  X 

±3,  X 
±4,  X 
±  5,  X 


±4.22 
±4.31 

±4.58 
±5; 
±5.53; 
±6.15. 


If  2^ 

y 
y 
y 
y 


±  6,  X 
±  7,  X 
±  8,  X 
±  9,  X 
±10,  X 


±6.83; 
±7.55; 
±  8.31 ; 
±9.09; 
±  9.89. 


The  graph  of  the  equation  5  x2  —  4  2/2  =  89  is  the  hyperbola  of  which 
the  branches  are  A  SB  and  CRD. 

The  ellipse  and  the  hyperbola  intersect  in  the  points  E^  F,  Jff,  K, 
which  are  the  points  (5,  3),  (5,  —  3),  (—  6,  3),  (—  5,  —  3),  respectively. 

Therefore,  the  solutions  of  the  given  equations  are  x  =  5,  y  =  3 ; 
X  =  5,  y  =  —  S;  x  =  —  5,  2^  =  3;  and  x  =  —  5,  2/  =  —  3. 
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18.  Solve  by  graphs,  Sx^  - 

-52/2  = 

:43^ 

:     4    ' 

xy  = 

From  (1), 

x2  = 

43  +  5y2 
3 

.-.  X  = 

±iVl29  + 152/2. 

Uy=     0,  x  =  ±3.79; 

Uy  =  ±   6,  x=±   8.62 ; 

y  =  ±  hx  =  ±4; 

y  =  ±    7,  x  =  ±    9.80; 

y  =  ±2,  x  =  ±4.68; 

y  =  ±    8,  x=±ll; 

y  =  ±S,x  =  ±  5.42 ; 

y  =  ±    9,  X  =  ±12.22; 

y  =  ±  4,  X  =  ±  6.40 ; 

y  =  ±  10,  X  =  ±  13.46. 

y  =  ±  6,  X  =  ±  7.48. 
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The  graph  of  the  equation  3  x2  _  5  ^/S  =  43  jg  the  hyperbola  of  which 
the  branches  are  AEB  and  CSD. 


From  (2), 


4,4 

X  =  - »  and  y  —  - 

y  X 


7*^  jTru"  \    *t    ^^at  ^  jA£i>-rL  j7/  =:  4r  ^  'lie^  AvpBdMflik  ir  which,  cfae 

»r..i  i  =  —  k  y=— L 
10    A^,..uc  :he  Ti»-an:ny  it  Uxje  '"^'"^^'  rootfr  if  xiut  ecptacians  in 

'ill 

3  r*  -  4::  x^  =  ?4). 

•5  X-  =  iW.  or  —  lOi 
X-  =  W.  or  —  |. 

.-.  X  =  —  -f-  «>«'  iz  i  "^  —  15t 

/ 

^nt«<nr',*^  *hi^  valn*^  of  x  in  i:^'.  y  =  —  1,  (w^i'v—lat 


Th^w^.f^r*^.  x-^  ar.d  y  =  ^•_J'_=  —  4  a:  •!  y  -  — U  x  =  J  V  — 15  and 
y  4  v^-   I/i,  or  y.  =  —  ^  >»  —  10  an«i  y  =  *  ^  —  15^ 

Thft  m^jariin^  of  the  imaginary  s*/.  itions,  the  two  last  paiis  of 
nff\\\^u,h%^  w  that,  wh:lft  from  the  form  of  the  two  giTen  eqnatioos 
w^  PiA^t^-At  four  pfi'iTB  of  dilutions,  the  graphs  do  realty  interaect  in 
ouiy  two  p^»iriU,  the  two  firet  pairs  of  solutions.  In  other  words, 
iht',  m*'Mi'utf(  hi  the  imaginary  solutions  is  that  the  graphs  do  not 
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20.  Determine,  by  inspection,  the  shape  of  the  graph  of  2  x — 11  y = 7. 
Since  the  given  equation  is  of  the  first  degree,  its  graph  is  a  straight 
line. 

81 .  Determine,  by  inspection,  the  shape  of  the  graph  of  5 x^  +  8 y^  =  6. 

The  given  equation  is  of  the  second  degree,  with  the  terms  in  x,  y, 
and  zy  missing.  The  signs  of  the  x^  and  y^  terms  are  alike  and  the 
coefficients  are  different. 

Therefore,  the  graph  of  the  equation  is  an  ellipse. 

88.  Determine,  by  inspection,  the  shape  of  the  graph  of  y^  =  g  x. 
The  given  equation  is  of  the  second  degree,  with  the  terms  in  x^,  y, 
and  xy  missing, 
Therefore,  the  graph  of  the  equation  is  a  parabola. 

83.  Determine,  by  inspection,  the  shape  of  the  graph  of  x^  +  y^  =  18. 
The  given  equation  is  of  the  second  degree;  the  x^  and  y^  terms 

have  like  signs  and  equal  coefficients. 
Therefore,  the  graph  of  the  equation  is  a  circle. 

84.  Determine,  by  inspection,  the  shape  of  the  graph  of  x  =  3  y. 
The  given  equation  is  of  the  first  degree. 

Therefore,  the  graph  of  the  equation  is  a  straight  line. 

86.  Determine,  by  inspection,  the  shape  of  the  graph  of  2x^  =  7y. 
The  given  equation  is  of  the  second  degree,  with  the  terms  in  y^,  x, 

and  xy  missing. 
Therefore,  the  graph  of  the  equation  is  a  parabola. 

86. !  Determine,  by  inspection,  the  shape  of  the  graph  of  4x2 + 4  y^  =  27. 
The  given  equation  is  of  the  second  degree;  the  x^  and  y^  terms 
have  like  signs  and  equal  coefficients. 
Therefore,  the  graph  of  the  equation  is  a  circle. 

87.  Determine,  by  inspection,  the  shape  of  the  graph  of  xy  =  12. 
The  given  equation  is  of  the  second  degree,  with  all  the  terms 

missing  with  the  exception  of  the  xy  term. 
Therefore,  the  graph  of  the  equation  is  an  hyperbola. 

88.;  Determine,  by  inspection,  the  shape  of  the  graph  of  2  x* — 5  y^  x:  12. 
The  given  equation  is  of  the  second  degree;  the  x^  and  y^  t^rms 
have  unlike  signs. 

Therefore,  the  graph  of  the  equation  is  an  hyperbola. 
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Exercioe  124.    Page  311 

1.  Find  by  a  graph  the  roots  of  x*  —  x^  _  12  x  =  0 
Putx»-x2-  12x  =  y. 
Ux=     0,    y=       0;    Ifx=+45,  y=+  16J 


x=+  hy=-  61; 
x=4-l,    y=-12; 

x=  +  15,  y=-i6|; 

x=4-2,    y=-20; 
x=+2J,  y=-20|; 
x=+3,    y=-18; 

x=+31,  y=-llf; 
x=+4,    y=-  0. 


Kx= 

x=+5,    y=+  40;  x= 

x=+6J,  y=+  70i;  x= 

x=+6,    y=  +  108;  x= 

x=-l,    y=+  10;  x= 

x=-l},  y=+  12|;  x= 

x=-2,    y=+  12.    '  x= 


-2i,y 
-3,  y= 
-31,  y= 
-4,  y= 
-4i,  y= 
-5,  y= 
-5i,  y= 
-6,    y= 


=  + 


81; 

0; 

-  13  J; 

-  32; 

-  67|; 

-  90; 
-130i; 
-180. 
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In  plotting  the  graph  use  two  spaces  of  the  coordinate  paper  for  one 
unit  of  X,  and  one  space  for  ten  units  of  y. 
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The  graph  of  the  equation  x*  —  x^  —  12  x  =  0  is  the  curve  A  BCD. 
The  graph  cuts  the  axis  of  x  at  the  points  E,  O,  and  F,  the  abscis- 
sas of  which  are  4,  0,  and  —  3,  respectively. 

Therefore,  the  roots  of  the  given  equation  are  0,  4,  and  —  3. 

2.  Find  by  a  graph  the  roots  of  2x8  -  x2  -  26x  +  40  =  0. 
Put  2x8  _  x2  -  26x  +  40  =  y. 


Ifx=     0,    y=-|-40;      Ifx=-|-3,    y=+     7;      If  X: 


x=+   -5,  2/= +27; 
x=+l,    y=+16; 

x=+li,  y=+  5i; 

x=-f2,    y=  0; 
x=+2i,y=-     il; 

x=+2^,  y=  0; 

x=+2|,  y=+  2i|. 


«=+3J,  y=+  22J;  X: 

x=+4,    y=+  48;  X: 

x=+4|,  y=+  85;  X: 

x=+5,    y=+136;  X: 

«=-  i»  y=+  62^;  «^ 

x=-l,    y=+  63;  x: 
x=-li,  y=+  70. 


-2,  y=+72; 
-2^,y=+67.i; 
-3,  y=+65 
-3J,  y=+33 
-4,  y=  0 
-4J,y=-45 
-5,    y=-105. 
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In  plotting  the  graph  use  two  spaces  of  the  coordinate  paper  for 
one  unit  of  x,  and  one  space  for  ten  units  of  y. 
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The  graph  of  the  equation  2x>  —  x^  —  26x  +  40  =  0  is  the  carve 
ABDF, 

The  graph  cuts  the  axis  of  x  at  the  points  J?,  C,  and  Ey  the  abscissas 
of  which  are  2  J,  2,  and  —  4,  respectively. 

Therefore,  the  roots  of  the  given  equation  are  2,  2},  and  —  4. 


3.  Find  by  a  graph  the  number  of  real  roots  of  x* 
Put  x*  -  8  =  y. 


-8  =  0. 


Ifx=     0,    y=-  8; 

x=+   i,  y=-   7J; 
x=+l,    y=-  7; 
x=-flj,  y=-  4|; 
x=+2,    y=       0; 
x=+2i,  y=+  7|; 
x=+3,    y=  +  19. 


Ifx=-f3i,y=+  34|; 
x=-|-4,    y=-f  66; 
x=+4i,  y=+  83J; 
x=  +  5,    y=+117; 

x=-  i,  y=-     8i; 
x=:-l,    y=-     9; 
x=-li,  y=-  llf 


Ifx= 

-2, 

y= 

-16; 

x= 

-2J, 

y= 

-231; 

x= 

-3, 

y= 

-36; 

x= 

-H, 

y= 

-60J; 

x= 

-4, 

y= 

-72; 

x= 

-4|, 

y= 

-99i; 

x= 

-5, 

y= 

-133. 
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In  plotting  the  graph  use  two  spaces  of  the  coordinate  paper  for 
one  unit  of  x,  and  one  space  for  ten  units  of  y* 
The  graph  of  the  equation  x^  —  8  =  0  is  the  curve  A  BCD, 
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The  graph  cuts  the  axis  of  x  at  the  point  B,  the  abscissa  of  which  is  2. 

Therefore,  one  root  of  tlie  given  equation  is  2. 

It  is  evident  from  the  degree  of  the  given  equation  that  it  has  three 
roots.  It  is  also  evident  that  if  x  is  taken  greater  than  +  5  or  less 
than  —  6,  the  absolute  value  of  y  becomes  greater  and  greater  and 
the  graph  recedes  farther  and  farther  from  XX\ 

It  is  reasonable,  therefore,  to  conclude  that  since  the  graph  cuts 
the  axis  of  x  in  only  one  point,  the  given  equation  has  one  real  root 
and  two  imaginary  roots.  The  only  possible  chance  for  error  in 
making  this  conclusion  is  that  the  graph  might  cross  XX^  twice 
between  two  adjacent  assumed  values  of  x. 

Therefore,  the  equation  has  one  real  root. 

4 .  Find  by  a  graph  the  number  of  real  roots  ofx^  —  5x2-f-8x  +  14  =  0. 
Put  x8  -  5x2  +  8x  +  14  =  2/. 
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Ifx=     0,    y=+14; 

x=+   i,  y=+16J; 
x=+l,    2/=+18; 

x=+2,    y=+18; 
x=+2i,  y=+18|; 
x=+3,    y=-f20. 


Ifx=+3i,  y=+23|; 

If  z= -^11  y=z^  12|; 

x=+4,    2/= +30; 

x=-2,    y=-  30; 

x=H-4^,  2/=+39|; 

X=-.2|,  2/=-   52|; 

x=+5,    y=-f54;    . 

x=-3,    y=z-  82; 

x=-   ^,2^=+  81; 

x=-siy=-nsi', 

x=-l,    y=       0. 

x=-4,    2/= -162. 
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In  plotting  the  graph  use  two  spaces  of  the  coordinate  paper  for  one 
unit  of  X,  and  one  space  for  ten  units  of  y. 

The  graph  of  the  equation  x* — 6  x*  +  8  x  + 14  =  0  is  the  curve  ABCD. 

Tlie  graph  cuts  the  axis  of  x  at  the  point  C,  the  abscissa  of  which 
is  —  1. 

Therefore,  one  root  of  the  given  equation  is  —  1. 

It  is  evident  from  the  degree  of  the  given  equation  that  it  has  three 
roots.  It  is  also  evident  that  as  x  is  taken  greater  than  +  5  or  less 
than  —  4,  the  absolute  value  of  y  becomes  greater  and  greater,  and 
the  graph  recedes  farther  and  farther  from  XX'. 

It  is  reasonable,  therefore,  to  conclude  that  since  the  graph  cuts 
the  axis  of  x  in  only  one  point,  the  given  equation  has  one  real  root 
and  two  imaginary  roots.  The  only  possible  chance  for  error  in 
making  this  conclusion  is  that  the  graph  might  cross  XX'  twice 
between  two  adjacent  assumed  values  of  x. 

Therefore,  the  equation  has  one  real  root. 

Exercise  125.    Page  312 

1.  The  sum  of  the  squares  of  two  numbers  is  130,  and  twice  the 
product  of  the  numbers  is  126.    Find  the  numbers. 

Let  X  =  one  number, 

and  y  =  the  other  number.  ^ 

.-.  x2  -f  2/2  _  130,  (1) 

and  2xy  =  126.  (2) 

Add  (1)  and  (2),  x2  +  2  xy  +  yS  =  256. 

Extract  the  root,  x  -f  y  =  ±  16.  (3) 

Subtract  (2)  from  (1),  x^  -  2  xy  -\- y^  =  4^. 

Extract  the  root,  «  —  y  =  ±  2.  (4) 

Add  (3)  and  (4),  2  x  =  ±  18,  or  ±  14. 

.-.  x  —  ±  9,  or  ±  7. 
Subtract  (4)  from  (3),  2  y  =  ±  14,  or  ±  18. 

.-.  y  =  ±  7,  or  ±  9. 
Therefore,  the  numbers  required  are  9  and  7,  or  —  9  and  —  7. 

2.  The  sum  of  two  numbers  added  to  the  sum  of  their  squares  is 
680,  and  the  difference  of  the  numbers  added  to  the  difference  of  their 
squares  is  74.    Find  the  numbers. 

Let  X  =  the  larger  number, 

and  y  =  the  smaller  numiber. 
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.-.  X  +  y  +  x2  +  y2  =  686,  (1) 

and  x-2/  +  x2-2/2  =  74.  (2) 

Add  (1)  and  (2),  2x  +  2x2  =  760. 

x2  +  X  =  380. 
a;2  +  X  -  380  =  0. 
(x-19)(x  +  20)  =  0. 

.-.  X  =  19,  or  -  20. 

Substitute  the  value  of  x  in  (1), 

19  +  2/  +  361  +  2/2  ::^  686, 

or  -  20  +  y  +  400  +  2/2  =  686. 

2/2  +  2/  -  306  =  0. 

(y  -  17)  (2/  +  18)  =  0^ 

.-.  y  =  17,  or  —  18. 

Therefore,  the  required  numbers  are  19  and  17,  19  and  -  18,  -  20 
and  17,  or  -  20  and  -  18. 

3.  If  a  number  of  two  digits  is  divided  by  the  product  of  the  digits, 
the  quotient  is  3.  If  the  digits  are  reversed  and  the  resulting  number 
is  divided  by  the  sum  of  the  digits,  the  quotient  is  7.    Find  the  number. 

Let  X  =  the  digit  in  the  tens'  place, 

and  y  =  the  digit  in  the  units'  place. 

Then  lOx  +  2/  =  the  number, 

and  102/  +  X  =  the  number  with  the  digits  reversed. 

...  ^^^^  =  3,  (1) 


and 


xy 
10  2/  +  X 


X  -1-2/ 
From  (2),  10?/ +  x  =  7x  +  72/. 


=  7.  (2) 


3  2/  =  6x. 
2/  =  2x.  (3) 


.     .'  ..V     10«  4-  2x      o 
Substitute  the  value  of  y  in  (1),    — —-^ —  =  »^- 

Zi  X 

lOx  +  2x  =  6x2. 
6x2-12x  =  0. 
x2-2x  =  0. 
x(x-2)  =  0. 

.-.  X  =  0,  or  2. 

Substitute  the  value  of  x  in  (3),  2/  =  0,  or  4. 

Then  10x  +  2/  =  24. 

Therefore,  the  required  number  is  24. 


704 


ELEMENTARY  ALGEBRA 


17.  Solve  by  graphs,    z^-\-6y^  =  79 

5a;2 


+  6^2  =  79-1^ 
-4y2  =  89J 


From  (1),         a;2  =  79  -  6  y^,  and  y^  = 


79~xa 
6 


(1) 
(2) 


«  =  ±  V79  -  6  y2,  and  y  =  ±  J  V474-6a:*. 


If  y 

=      0, 

X 

=  ±8.89 

y 

=  ±1, 

X 

=  ±8.64 

y 

=  ±2, 

X 

=  ±  7.42 

y 

=  ±3, 

X 

=  ±6. 

If  X 

=     0, 

2/ 

=  ±  3.63 

X 

=  dzl, 

y 

=  ±3.61 

X 

=  ±2, 

y 

=  ±3.54 

X 

=  ±3, 

y 

=  ±  3.42 

X 

=  i4, 

y 

=  ±ZM 

X 

=  ±6, 

y 

=  ±2.68 

X 

=  ±7, 

y 

=  ±  2.24 

X  : 

=  ±8, 

y 

=  ±  1.58. 

The  graph  of  the  equa- 
tion x2  ±  6  2/2  =  79  is  the 
ellipse  EFH, 
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From  (2), 


5x2 
x2 

.*.  X 


89  ±  4  y2 
89  +  4  2/2 


=  ±W445  + 202/2. 


If  2/ 

y 
y 
y 
y 
y 


0,  X 

±1,  X 
±2,  X 
±3,  X 

±4,  X 
±  5,  X 


±4.22 
±4.31 

±4.58 

±5.53; 
±6.15. 


If  2^ 

y 
y 
y 
y 


±  6,  X 

±  7,  X 
±  8,  X 
±  9,  X 
±10,  X 


±6.83; 
±7.55; 
±  8.31 ; 
±9.09; 
±  9.89. 


The  graph  of  the  equation  5  x2  —  4  3/2  =  89  is  the  hyperbola  of  which 
tlie  branches  are  ASB  and  CRB. 

The  ellipse  and  the  hyperbola  intersect  in  the  points  E,  F,  H,  K, 
which  are  the  points  (5,  3),  (5,  —  3),  (—  5,  3),  (—  5,  —  3),  respectively. 

Therefore,  the  solutions  of  the  given  equations  are  x  =  6,  ^  =  3 ; 
X  =  5,  y  =  —  S;  x  =  —  5,  y  =  S;  and  x  =  —  5,  2/  =  —  3. 


TEACHERS'  EDITION 


705 


18.  Solve  by  graphs,  3x2  -  5y2  =  43 

xy  - 


From  (1), 


If 

y 

=      0, 

X 

=  ±3.79; 

y 

=  ±1, 

X 

=  ±4; 

y 

=  ±2, 

X 

=  ±4.58; 

y 

=  dz3, 

X 

=  ±  5.42 ; 

y 

=  ±4, 

X 

=  ±6.40; 

y 

=  ±5, 

X 

=  ±  7.48. 

X2  = 


2} 

43  +  5y2 


X 


=  ±  4  Vl29  +  15  y2. 


y 

=  ± 

6, 

X 

=  ±   8.62; 

y 

=  ± 

7, 

X 

=  ±   9.80; 

y 

=  ± 

8, 

X 

=  ±11; 

y 

=  ± 

9, 

X 

=  ±  12.22 ; 

y 

=  ±10, 

X 

=  ±  13.45. 
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The  graph  of  the  equation  3  x2  —  5  y2  =  43  is  the  hyperbola  of  which 
the  branches  are  ARE  and  CSB. 


From  (2), 


4,4 

X  =  - ,  and  y  =  - 
y  X 
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xy  zy  ^  ' 

and  10y+i  =  2  +  -i.  (2) 

xy  xy  ^  ' 

Multiply  (1)  by  xy,  10  «  +  y  =  5  xy  +  2.  (3) 

Multiply  (2)  by  xy,  10  y  +  x  =  2  xy  +  5.  (4) 

Multiply  (3)  by  2,  20  x  +  2  y  =  10  xy  +  4.  (5) 

Multiply  (4)  by  5,  5  x  +  60  y  =  10  xy  +  25.  (6) 

Subtract  (6)  from  (5),  15x  -  48  y  ='-  21. 

5x-16y  =  -7. 

5x  =  16y-  7/ 

.-.  x  = (7) 

Substitute  the  value  of  x  in  (4), 

5  5 

50y  +  IGy  -  7  =  32y2  -  14y  +  26. 
32y2-80y  +  32  =  0. 
2y2-5y  +  2  =  0. 
(y-2)(2y-l)  =  0. 

.-.  y  =  2,  or  J. 
Substitute  the  value  of  y  in  (7),  x  =  5,  or  }. 

Then  10x  +  y  =  52. 

Therefore,  the  required  number  is  52. 

8.  A  walks  a  quarter  of  a  mile  an  hour  faster  than  B,  and,  in  con- 
sequence, requires  a  quarter  of  an  hour  less  time  to  vealk  15  niiK  .♦-. 
Find  the  rate  at  wliich  each  walks. 

Let  X  =  the  number  of  miles  A  walks  per  hour, 

and  y  =  the  number  of  miles  B  walks  per  hour. 

•••  ^-y  =  h  (1) 

IS      IS      1 

and  =  :7-  (2) 

y       X       4  ^  ' 

From  (2),  60  x  -  60  y  =  xy.  (3) 

Substitute  in  (3)  the  value  of  x  —  y  from  (1), 

15  =  xy. 

4xy  =  60.  (4) 

Square  (1),  x^  -  2  xy  +  y2  =  ^i^.  (5) 

Add  (4)  and  (5),  x^  +  2  xy  +  y2  =  ^^i . 

X  +  y  =  ±  ^/.  (6) 
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« 
Add  (1)  and  (6),  2x  =  8,  or  -  V- 

.-.  X  =  4,  or  —  3f . 
Subtract  (1)  from  (6),  2y  =  V-,  or  -  8. 

■•  y  =  3|,  or  —  4. 
Therefore,  A  walks  4  miles  an  hour,  and  B  walks  3|  miles  an  hour. 

9.  Two  square  gardens  have  together  a  surface  of  3469  square 
yards.  A  rectangular  garden  whose  dimensions  are  respectively 
equal  to  the  sides  of  the  two  squares  contains  24  J  square  yards  less 
than  half  the  area  of  the  two  squares  together.  Find  the  sides  of  the 
two  squares. 

Let     X  —  the  number  of  yards  in  a  side  of  one  square, 
and        y  =  the  number  of  yards  in  a  side  of  the  other  square. 

.-.  x2  +  2/2  =  3469,  (1) 

and  xy  =  J  (3469)  -  24|.         (2) 

Multiply  (2)  by  2,  2xy  =  3420.  (3) 

Add  (1)  and  (3),  x^ -\- 2  xy -{■  y^  =  6889. 

x-hy  =  ±SS.  (4) 

Subtract  (3)  from  (1),  x^-2xy  -\-y^  =  49. 

x-y  =  ±1.         .  (5) 

Add  (4)  and  (5),  2  x  =  90,  or  -  76. 

.-.  X  =  45,  or  —  38. 
Subtract  (5)  from  (4),  2  y  =  76,  or  -  90. 

.-.  y  =  38,  or  —  46. 

Therefore,  the  sides  of  the  two  squares  are  45  yards  and  38  yards. 

10.  The  sum  of  the  squares  of  two  numbers  is  370.  If  the  smaller 
number  was  1  greater  and  the  larger  number  3  greater,  the  sum  of 
their  squares  would  be  600.     Find  the  numbers. 

Let  X  =  the  larger  number, 

and  y  =  the  smaller  number. 

.-.  x2  -f  y2  ^  370,  (1) 

and  (X  -f  3)2  +  (y  -f  1)2  =  500.  (2) 

From  (2),  x2-f6x  +  9+y2^2y4-l  =  500. 

x2  +  2/2  +  6x4-2y  =  490.  (3) 

Subtract  (1)  from  (3),  6  x  +  2  y  =  120. 

3x  +  2/  =  60. 

.-.  y  =  00-3x.  (4) 
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Substitute  the  value  of  y  in  (1), 

xa  +  3600  -  360a;  +  Ox^  =  370. 

10x2 -360x  =  - 3230. 
x2-36x  =  -323. 
x2-36x  + 324  =  1. 
X  -  18  =  ±  1. 
.-.  X  =  19,  or  17. 
Substitute  the  value  of  x  in  (4),  y  =  3,  or  9. 

Therefore,  the  required  numbers  are  19  and  3,  or  17  and  9. 

11.  The  diagonal  of  a  rectangle  is  89  inches.  If  each  side  of  the 
rectangle  was  3  inches  shorter,  the  diagonal  would  be  85  inches. 
Find  the  length  of  the  sides. 

Let  X  =  the  number  of  inches  in  the  length, 

and  y  =  the  number  of  inches  in  the  breadth. 

Then Vx^  -f  y2  =  the  number  of  inches  in  the  diagonal, 

and  V(x  —  3)2  -f-  (y  —  3)2  =  the  number  of  inches  in  the  diagonal  if 

each  side  was  3  inches  shorter. 

.-.  Vx2  +  y'^  =  89,  (1) 

and  V(x  -  3)2  +  (y  -  3)2  =  86.  (2) 

Square  (1),  x2  +  y2  =  7921.  (3) 

Square  (2),         x2  -  Ox  +  9  +  2/2  -  6y  +  9  =  7225. 

x2  +  2/2  -  6x  -  6y  =  7207.  (4) 


Subtract  (4)  from  (3), 

6x  +  62/  =  714. 

X  +  2/  =  119.                           (5) 

Square  (5), 

x2  4  2x2/ +  2/2  =  14161.                        (6) 

Subtract  (3)  from  (6), 

2x2/ =  6240. 

4x2/ =12480.                        (7) 

Subtract  (7)  from  (6), 

x2- 2X2/ +  2/2  =  1681. 

X  -  2/  =  ±  41.                         (8) 

Add  (5)  and  (8), 

2x  =  160,  or  78. 

.-.  X  =  80,  or  39. 

Substitute  the  value  of  x  in 

(5),                 y  =  39,  or  80. 

Therefore,  the  length  of  the 

rectangle  is  80  inches,  and  the  breadth 

39  inches. 

12.  The  diagonal  of  a  rectangle  is  65  feet.  If  the  shorter  side  of 
the  rectangle  was  17  feet  shorter  and  the  longer  side  7  feet  longer,  the 
length  of  the  diagonal  would  be  unchanged.  Find  the  length  of  the 
sides. 
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Let  X  =  the  number  of  feet  in  the  length, 

and  y  =  the  number  of  feet  in  the  breadth. 

Then  Vx*  -f  y'^  =  the  number  of  feet  in  the  diagonal, 

and  V(x  +  7)2  +  (y  -17)2=  the  number  of  feet  in  the  diagonal  if  the 

length  was  7  feet  lohger,  and  the  breadth 
was  17  feet  shorter. 

.-.  Vgg  +  y^  =  66,  (1) 

and  V(x  +  7)2  +  (2^-17)2  =  65.  (2) 

Square  (1),  x^-^y^-  42t26.  (3) 

Square  (2),  «2  _|.  14  jc  +  49  +  ^2  _  34  y  ^  289  =  4226. 

x2  +  y2  +  14aj  -  34y  =  3887.  (4) 

Subtract  (3)  from  (4),  14  x  -  34  y  =  -  338. 

14x  =  34y-338. 

17y-169 

.-.  X  —  — (5) 


Substitute  the  value  of  x  in  (3), 

289  y2  _  6746  y  +  28661 


+  y2  =  4226. 


49 

289  y2  _  5746  y  +  28561  +  49  y2  =  207026. 

338  y2  _  6746  y  =  178464. 

y2  __  17  y  =.-688. 
4y2_()  +289  =  2401. 
2y-17  =  ±49. 

2  y  =  66,  or  -  32. 

.-.  y  =  33,  or  -  16. 

Substitute  the  value  of  y  in  (6),  x  =  66,  or  -  63. 

Therefore,  the  length  of  the  rectangle  is  66  feet,  and  the  breadth 
33  feet. 


18.  A  farmer  received  $246  for  some  apples.  If  he  had  sold  10 
barrels  more  and  had  received  for  each  barrel  a  quarter  of  a  dollar 
more,  he  would  have  received  $300.  How  many  barrels  of  apples  did 
he  sell,  and  what  was  the  price  per  barrel  ? 

Let       X  =  the  number  of  barrels  of  apples  the  farmer  sold, 
and  y  =  the  number  of  dollars  he  received  for  each  barrel. 


« 
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.-.  xy  =  246,  (1) 

and  (X  + 10)  (y  +  J)  =  300.  (2) 

Expand  (2),  xy  +  ?  +  lOy  +  |  =  300. 

4  2 

4xy  +  X  +  40y  +  10  =  1200.  (3) 

Substitute  iii  (3)  the  value  of  xy  from  (1), 

980  +  X  +  40y  +  10  =  1200. 

x  =  210-40y.       (4) 
Substitute  in  (1)  the  value  of  x  from  (4), 

210y-40y2  =  245. 
40y2-210y  =  -246. 
8ya-42y  =-49. 
64y2-()  +  441  =  49. 
8y-21  =  ±7. 

By  =  28,  or  14. 
y  =  3i,  or  1  J. 
Substitute  the  value  of  y  in  (4),  x  =  70,  or  140. 

Therefore,  the  farmer  sold  70  barrels  at  $3.50  each,  or  140  barrels 
at  $1.75  each. 

14.  If  the  speed  of  a  railway  train  was  increased  5  miles  an  hour, 
37^  minutes  would  be  saved  in  making  a  certain  run.  If  the  spei d 
was  decreased  5  miles  an  hour,  50  minutes  would  be  lost  in  making 
the  same  run.     Find  the  length  of  the  run  and  the  rate  of  the  train. 

Let        X  =  the  number  of  miles  in  the  run, 
and  y  =  the  number  of  miles  per  hour  in  the  rate  of  the  train. 

X 

Then      -  =  the  number  of  hours  required  to  make  the  run. 

y 


37^  minutes  =  f  hour;  60  minutes  =  f  hour. 

X         X      6 


—  1 


V+5      y      8 


(1) 


and  ^  =  ?  +  5.  (2) 

y  —  5     y     6 

From  (1),  8xy  =  8xy  +  40x  -  6y«  -  25y, 

40x  =  5y2  +  25y. 
8x  =  y2+6y.  (3) 

From  (2),  6xy  =  6xy  -  30x  +  5y2  -  26y. 

30x  =  5y2-25y. 
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Subtract  (4)  from  (3), 


6x  =  y2_-6y.  (4) 

2x  =  10y. 
.'.  X  =  5  y.  (5) 

Substitute  the  value  of  x  in  (3),      40y  =  y^-{-  by. 

y(y-36)  =  0. 

.-.  y  =  0,  or  36. 
Substitute  the  value  of  y  in  (5),  x  =  0,  or  176. 

Therefore,  the  length  of  the  run  is  176  miles,  and  the  rate  of  the 
train  is  36  miles  an  hour. 


15.  Find  the  fraction  that  is  increased  by  ^  when  2  is  added  to  the 
numerator  and  3  to  the  denominator,  and  is  diminished  by  ^  when  2 
is  subtracted  from  the  numerator  and  3  from  the  denominator. 


Let 
and 

Then 


and 


X 

y 

X 

y 

x  +  2 

y  +  3 

x-2 


=  the  numerator, 
=  the  denominator. 

=  the  fraction. 
y      40 


From  (1), 
From  (2), 


y-3 

40xy +  80y 

y*-77y +  120x 

10xy-20y 

y2-23y +  30x 

Multiply  (4)  by  4,    4  y2  -  92  y  +  120x 

Subtract  (3)  from  (6),  3  y»  -  15  y  : 

y2  —  6y 
y(y-6) 

•••  y 

Substitute  the  value  of  y  in  (4), 

0-0  +  30X 
30  X 
.-.  X 

X 


(1) 
(2) 


y     10* 

40xy +  120x  +  y2^3y. 

0.  (3) 

10xy-30x-y2  +  3y. 

0.  (4) 

0.  (5) 

0. 

0. 

0. 

0,  or  6. 


Then 

Therefore,  the  required  fraction  is  3. 


y 


0,  or  25 
0,  or  90. 
0,  or  3. 
3 

—  • 

5 


115  +  30x  =  0. 
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16.  Find  the  number  of  two  digits  which  is  4  less  than  the  sum  of 

the  squares  of  its  digits,  and  is  6  greater  than  twice  the  product  of  the 
digits. 

Let  X  =  the  digit  in  the  tens'  place, 

and  y  =  the  digit  in  the  units*  place. 

Then  lOx  +  y  =  the  number. 

.-.  10«  +  y  +  4  =  x^  +  y^  (1) 

and  lOx  +  y  -  6  =  2 xy.  (2) 

Subtract  (2)  from  (1),  •  9  =  x*  -  2xy  +  ya. 

x2-2xy +  y2_9. 

X  -  ir  =  ±  3.  (3) 

.-.  X  =  y  ±  3.  (4) 

Substitute  the  value  of  x  in  (2), 

lOy  ±  30  +  y  -  5  =  2 y2  -t  6y. 

2y2-6y  =  25,  or  2y2  -  17y  =  -  35. 
Complete  the  square, 

16y^  -  (  )  +  25  =  225,  or  16y2  -  ( )  +  289  =  9. 
4y-5  =  ±15,  or4y-17=±3. 
4  y  =  20,  -  10,  20,  or  - 14. 
.-.  y  =  5,  -  2^,  5,  or  —  3J. 
Substitute  the  value  of  y  in  (4),  x  =  8,  J,  2,  or  —  GJ. 
Then  lOx  +  y  =  85,  or  26. 

Therefore,  the  number  required  is  85,  or  25. 

17.  Two  rectangular  fields  were  supposed  to  contain  each  4  acres; 
but  on  accurate  measurement  the  first  field  was  found  to  contain  140 
square  yards  more  than  4-  acres,  and  the  second  100  square  yards  less 
than  4  acres.  The  second  field  was  10  yards  longer  and  10  yards  nar- 
rower than  the  first.     Find  the  dimensions  of  the  fields. 

Let  X  =  the  number  of  yards  in  the  length  of  the  first  field, 

and  y  =  the  number  of  yards  in  the  breadth  of  the  first  field. 

Then  x  + 10  =  the  number  of  yards  in  the  length  of  the  second  field, 

and       y  —  10  =  the  number  of  yards  in  the  breadth  of  the  second  field. 

1  acre  =  4840  square  yards. 

.-.  xy  =  4  X  4840  -|- 140,      (1) 

and  (X  +  10)  (y  -  10)  =  4  x  4840  -  100.  (2) 

From  (1),  xy  =  19500.  (3) 

From  (2),  xy  -  10  x  +  10  y  -  100  =  19200. 

.xy-10x4-10y  =  19300.  (4) 
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Subtract  (4)  from  (3),  lOx  -  10  y  =  200. 

X  -  y  =  20.  (5) 

Square  (6),  z^  -2xy-\-y^  =  400.  (6) 

Multiply  (3)  by  4,  4xy  =  78000.  (7) 

Add  (6)  and  (7),  z^ -{- 2  xy -\- y^  =  78400. 

z-{-y  =  ±  280.  (8) 

Add  (6)  and  (8),  2  x  =  300,  or  -  260. 

.-.  X  =  150,  or  -  130. 
Substitute  the  value  of  x  in  (5),  y  =  130,  or  —  160. 

Then  x  +  10  =  160, 

and  y  -  10  ;=  120. 

Therefore,  the  length  of  the  first  field  is  150  yards,  and  the  breadth 
130  yards ;  the  length  of  the  second  field  is  160  yards,  and  the  breadth 
120  yards. 


18.  The  altitude  of  a  trapezoid  is  18  feet.  Its  area  is  equal  to  that 
of  a  rectangle  with  sides  equal  to  the  parallel  bases  of  the  trapezoid. 
Three  times  the  smaller  base  added  to  the  larger  base  is  four  times  the 
altitude  of  the  trapezoid.     Find  the  two  bases. 

Let  X  =  the  number  of  feet  in  the  length  of  the  larger  base, 

and  y  =  the  number  of  feet  in  the  length  of  the  smaller  base. 

The  area  of  a  trapezoid  is  equal  to  the  product  of  the  altitude  by 

half  the  sum  of  the  bases. 

.-.  9  (X  +  y)  =  xy,  (1) 

and  X  +  3  y  =  72.  (2) 

From  (1),  9 X  +  9 y  =  xy.  (3) 

From  (2),  x  =  72-3y.  (4) 

Substitute  the  value  of  x  in  (3), 

648  -  27y  +  9y  =  72y  -  3y2. 
3y2_90y-f.  648  =  0. 
y2_  302/ +  216  =  0. 
(y  -  12)  (y  -  18)  =  0. 

.-.  y  =  12,  or  18. 
Substitute  the  value  of  y  in  (4),  x  =  36,  or  18. 

Since  a  trapezoid  has  its  two  bases  unequal,  the  second  pair  of 
values  does  not  apply. 

Therefore,  the  bases  are  36  feet  and  12  feet. 
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19.  A  certain  sum  at  simple  interest  at  a  certain  per  cent  amounts 
to  $22,781  in  one  year.  If  the  sum  was  $200  greater  and  the  rate  of 
interest  ^  per  cent  higher,  the  amount  would  he  $23,045.  Find  the 
sum  and  the  rate  of  interest. 

Let  X  =  the  number  of  dollars  in  the  sum, 

and  y  =  the  rate  per  cent. 

•('-^)-««.      <■) 

/lOO  +  2/  4- 1\ 
and  (X  +  200)  I        ^  ^  ^  ^  \  =  23046.  (2) 

From  (1),  lOOx  +  xy  =  2278100.  (3) 

From  (2),  100x+xy+  -  +20000+200^+60=2304600. 

4 

100  X  +  xy  +  -  +  200  y  =  2284460.  (4) 

4 

Subtract  (3)  from  (4),  ?  +  200y  =  6360. 

4 

x  +  800^  =  25400. 

.-.  X  =  25400- 800  y.  (5) 

Substitute  the  value  of  x  in  (3), 

2640000  -  80000  y  +  25400  y  -  800  2/2  =  2278100. 

800  2/2  +  54600  y  =  261900. 
8y2  +  646y  =  2619. 
642/2  +  0  +  2732  =  95481. 
82/ +  273  =  ±309. 

82/ =  36,  or  -582. 

•••  y  =  4  J. 
Substitute  the  value  of  2/  in  (5),  x  =  26400  —  3600. 

.-.  x  =  21800. 

Therefore,  the  sum  at  interest  is  $21,800,  and  the  rate  of  interest  ia 
4^  per  cent. 


20.  The  product  of  the  sum  and  the  difference  of  two  numbers  is  a, 
and  the  quotient  of  the  sum  divided  by  the  difference  is  5.  Find  the 
numbers. 

Let  X  =  the  larger  number, 

and  y  =  the  smaller  number. 
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...  (X  ^y){x-y)  =  a,  (1) 

and  ?^tJ^  =  6.  (2) 

X  -  y 

Multiply  (1)  by  (2),  (x  +  y)^  =  ah. 

.-.  X  +  2/  =  di  Va6.  (3) 

Divide  (1)  by  (2),  (x  -  y)2  =  -  . 

6 

.-.  x-y  =  ±-  VS.  (4) 

0 

Add  (3)  and  (4),  2x  =  ±  ^1  +  -)  VS. 

&  +  1      /-T 

.-.  X  =  ±  — -  V  a6. 
26 

Subtract  (4)  from  (3),  ^y  =  ±(\--\  Va6. 

.*.  y  =  ±  -— -  va6. 
26 

Therefore,  the  numbers  required  are  Va6  and Va6,  or 

6  +  1  6-1     —  ^^  26 

-—  Va6  and Va6. 

26  26 


21.  Find  the  specific  gravity  of  gold  and  of  copper,  if  a  compound 
of  28  ounces  of  gold  and  11  ounces  of  copper  has  a  specific  gravity  of 
14.4,  and  if  the  specific  gravity  of  gold  is  10.4  greater  than  that  of 
copper. 

Let     X  =  the  specific  gravity  of  gold, 
and        y  =  the  specific  gravity  of  copper. 
Let     a  —  the  number  of  cubic  inches  occupied  by  1  ounce  of  water. 

Then  -  =  the  number  of  cubic  inches  occupied  by  1  ounce  of  gold, 

X 

-  =  the  number  of  cubic  inches  occupied  by  1  ounce  of  copper, 

and    =  the  number  of  cubic  inches  occupied  by  1  ounce  of  the 

compound  of  gold  and  copper. 

28a  .  11a      39a 

•*. = »  (1) 

X  y        14.4  ^  ' 

and  x-y=  10.4.  (2) 
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28      11       13 
From(l),  —  +  —  =  —-. 

^  '  X       y      4.8 

134.4  y  +  62.8  x  =  13  ajy.  (3) 

From  (2),  x  =  y  + 10.4.  (4) 

Substitute  the  value  of  x  in  (3), 

134.4  y  +  62.8  (y  +  10.4)  =  13y  (y  +  10.4). 

134.4  y  +  52.8  y  +  549.12  =  13y2  + 136.2  y. 

Transpose  and  combine,     13  y^  —  52  y  =  549. 12. 

y2-4y  =  42.24. 

y3  -  4  y  +  4  =  46.24. 

y  -  2  =  ±  6.8. 

.-.  y  =  8.8,  or  —  4.8. 

Substitute  the  value  of  y  in  (4),  x  —  19.2. 

Therefore,  the  specific  gravity  of  gold  is  19.2,  and  of  copper  is  8.8. 

22.  Find  the  specific  gravity  of  two  substances  A  and  B^  if  a  com- 
pound of  a  ounces  of  the  first  and  h  ounces  of  the  second  has  a  specific 
gravity  of  m,  and  a  compound  of  c  ounces  of  the  first  and  d  ounces  of 
the  second  has  a  specific  gravity  of  n. 

Let     X  =  the  specific  gravity  of  A, 
and        y  =  the  specific  gravity  of  B, 
Let     p  =  the  number  of  cubic  inches  occupied  by  1  ounce  of  water. 

n 

Then  -  =  the  number  of  cubic  inches  occupied  by  1  ounce  of  A^ 

X 

V 

-  =  the  number  of  cubic  inches  occupied  by  1  ounce  of  B, 

—  =  the  number  of  cubic  inches  occupied  by  1  ounce  of  the 
m 

first  compound, 

and        -  =  the  number  of  cubic  inches  occupied  by  1  ounce  of  the 
second  compound. 

ap     bp  ^  (a  +  b)p  ^ 
"    X       y  m       '  ^  ' 

and  ^^^(c  +  d)p 

X       y  n  ^  ' 

From(l),  i  +  y  =  -^-  <3) 

From  (2),  l  +  t  =  '~  ^*^ 


,,  |..  1     /o\  I.    J  ad  ,  bd      (a  -h  b)d 

Multiply  (3)  by  d,  +       =  ^ 

X       y  m 


(6) 
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Multiply  (4)  by  6, 
Subtract  (6)  from  (5), 


be 

X 

ad 

bd 

^v  = 

-be 

X 

.'.   X  = 

y 

(c-\-d)b 

n 
(a  +  b)  dn 

-(c 

-{-d)bm 

(6) 

mn 
(ad  -  be) 

mn 

ac 

X 

(a  +  b)dn 
m 

-(c 

-\-d)bm 

(7) 

Multiply  (3)  by  c, 

iLM  li.:  1    iA\  V.  ae     ad      {c-{-d)a  .„. 

Multiply  (4)  by  a,  "7  +  ^  =       „       '  (^) 

Jit        y  Tit 


Subtract  (7)  from  (8), 


ad  —  be  _  (c  -\- d)  am  —  (a  +  6)  en 
y  mn 

(ad  —  be)  mn 


y  = 


(c  +  d)  am  —  (a-\-b)  en 


Therefore,  the  specific  gravity  of  A  is *,  aii.i 

(a  ■}-b)dn  —  (c  -f  d)  bm 

the  specific  gravity  of  Jo  is 


(c  -\-  d)am  —  (a-^  b)  en 

23.  A  farmer  sold  a  certain  number  of  sheep  for  $286.  He  received 
for  each  sheep  -$2  more  than  he  paid  for  it  and  gained  thereby  on  the 
cost  of  the  sheep  half  as  many  per  cent  as  each  sheep  cost  him  dollars. 
Find  the  number  of  sheep. 

Let  X  =  the  number  of  sheep, 

and  y  =  the  number  of  dollars  the  farmer  paid  for  each  sheep. 

Then  y  +  2  =  the  number  of  dollars  he  received  for  each  sheep, 
286 


y-l-2 


=  the  number  of  sheep, 


2 

and  -  X  100  =  the  gain  per  cent. 

y 


and  -xlOO  =  ^.  (2) 

From  (2), 

Substitute  the  value  of  y  in  (1), 

^  '      ±20  +  2 

.-.  X  =  13,  or  —  15|. 
Therefore,  the  number  of  sheep  was  13. 


286 

• 

2/  +  2 

=  z, 

?  X  100 

y 

2 

y^ 

=  400. 

.-.  y 

=  ±20. 

286 

—  1" 

(1) 
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84.  A  and  B  together  take  a  contract  to  set  in  type  in  12  days  a 
certain  number  of  pages  for  $00,  and  agree  with  each  other  to  divide 
the  $90  in  proportion  to  the  amount  each  does.  After  working  8 
days,  however,  they  call  in  C  to  help  them,  and  finish  the  work  on 
time.  They  still  divide  the  $90  in  proportion  to  the  amount  each 
does,  and  B  receives  $4  less  than  if  he  and  A  had  finished  the  work 
alone.  A  sets  just  half  the  pages.  How  many  days  would  it  take  B 
alone  and  C  alone  to  set  all  the  pages  ? 

Let  X  =  the  number  of  days  it  would  take  B  alone, 

and  y  =  the  number  of  days  it  would  take  C  alone. 

Then  -  =  the  part  B  can  do  in  1  day, 

z 

-  =  the  part  C  can  do  in  1  day, 

y 

12 
*  —  =  the  part  B  does  in  all, 

X 

4 

-  =  the  part  C  does  in  all, 

y 

12      4 

h  -  =  the  part  A  does  in  all, 

X      y 

12      4 

and     -^ ^  =  -  H =  the  part  A  does  in  1  day. 

12         X      3y 

12      4  .12      4      , 

.-.  — +  -  +  — +  -  =  1.  (1) 

X      y      X      y  ^  ' 

If  C  had  not  come  into  the  partnership,  the  $90  would  have  been 

.  «  .  X    12      4       ,12 

divided  between  A  and  B  in  proportion  to 1-  -  and  — 

X      y         X 

Then  B  would  have  received 
12 

^       of$90  =  -^^of$90=   2^^^ 


24      4  6y  +  x  6y  +  x 

~x      y 

As  it  was,  B  received 

12  3 

^  .of$90  =  ^of$90  =  ^^^of$90=    ^^^ 


12      4      12      4  6      2  6y  +  2x  3y  +  x 

1 —  "I"  —  "f"  ~  — I — 

xyxy  X     y 
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...  J!^  _  i?£iL  =  4.  (2) 

24      8      , 
From  (1),  —  +  -  =  1. 

24y  +  8x  =  xy.  (3) 

From(2),  810  y«  +  270  xy  -  810  y*  -  135  xy  =  72y2  +  36xy  +  4x2. 

4x2-99xy +  72y2  =  0. 
Factor,  (4x  -  3y)  (x  -  24y)  =  0. 

/.  x  =  ?^,  or24y.  (4) 

4 

Substitute  the  value  of  x  in  (3), 

24y  +  6y  =  -^,         or  24y  +  192y  =  24y«. 
4 

120  y  =  8  y2,  or  216  y  =  24  y«. 

40y  =  y2,  or  9y  =  y2. 

y2-40y  =  0,  or  y2_9y  =  0. 

y(y-40)  =  0,  or  y(y-9)  =  0. 

/.  y  =  0,  or  40,  or  .-.  y  =  0,  or  9. 

Substitute  the  value  of  y  in  (4), 

X  =  0,  or  30 ;  or  0,  or  216. 

The  0  values  of  x  and  y  do  not  apply. 

Therefore,  it  would  take  B  alone  30  days,  and  C  alone  40  days ;  or 
B  alone  216  days,  and  C  alone  9  days. 

Exercise  126.    Page  319 

1.  Compound  the  ratios  6  :  7  and  14  :  46. 

Therefore,  the  compounded  ratio  is  2  : 9. 

2.  Compound  the  duplicate  of  4  : 9  with  the  triplicate  of  3  :  8. 

Therefore,  the  compounded  ralio  is  1  :  96. 

3.  Arrange  the  ratios  4:7,  2:3,  5:6,  9 :  14,  11 :  21  in  order  of 
magnitude. 

4      2      ft        9        11    —   24      28      35      27      22 
7»  t»  7»   rT»   2T  —  ?2'  T2»  4J»  4  2»  il' 

Therefore,  the  required  order  is  5  :  6,  2 :  3,  9  :  14,  4  :  7,  11 :  21. 
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4.  Find  the  ratio  compounded  of  15  :  28,  7  :  33,  22  :  45. 

it  X  A  X  if  =  A. 
Therefore,  the  compounded  ratio  is  1 :  18. 

6.  Find  the  ratio  compounded  of  17  :  13,  39  :  44,  77  :  85. 

Therefore,  the  compounded  ratio  is  21 :  20. 

6.  Find  the  ratio  compounded  of  8  a^h  :  c,  4  a6 :  cd,  c^  :  8a^  cd:4b. 

Sa^b     4cfb      cM      cd      bed 

X X  —  X  —  = 

c  cd       8a8      46       1 

Therefore,  the  compounded  ratio  is  bed :  1. 

7 .  Find  the  ratio  compounded  of  a? + a' :  x^ — 9  a*  and  x  +  3  o :  x  +  a. 

x8  4-  a3       X  -f  3  a      x'^-ax-{-a^ 

X 


x2_9a2       x  +  a  x-3a 

Therefore,  the  compounded  ratio  is  x*  —  ox  +  a^ :  x  —  3  a. 

8.  Find  the  condition  that  the  ratio  a :  b  shall  be  the  duplicate  of 
the  ratio  a  -\-  c:b  -\-  c. 

If  a  :  6  is  the  duplicate  of  a  +  c  :  6  +  c, 

.                                                            a     a  -\-  c     a  +  c 
then  -  =  1 X  r ♦ 


or 


b      64-c      b-\-c 
g  __  gg  +  2  gc  +  c^ 

b  ~  62  +  2  6c  +  c2  ' 
Clear  of  fractions,       g62  +  2  a6c  -f  ac^  =  g26  +  2  g6c  +  bc^. 
Transpose  and  combine,  gc^  —  bc^  =  a^b  —  g62. 

Factor,  (g  —  6)  c^  =  g6(g  —  6). 

.;.  c2  =  g6. 

Therefore,  the  required  condition  is  c^  =  g6. 


9.  What  numbers  must  be  added  to  the  terms  of  the  ratio  a :  b 
that  it  may  become  equal  to  the  ratio  c:d? 

The  required  numbers  are  c  —  g  and  d  —  6,  respectively. 
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10.  Find  to  six  places  of  decimals  the  value  of  the  ratio  of  the 
diagonal  of  a  cube  to  an  edge  of  the  cube. 

Let  a  =  the  length  of  an  edge  of  a  cube. 

Then  the  diagonal  of  a  face 

The  diagonal  of  the  cube 

=  V(a  V2)2  +  a2  =  V2  a^  +  a^  =  Vzcfl  =  a  Vs. 
.-.  diagonal :  edge  =  aV3:a=V3:l  =  V3  =  1.732050. 

3.00  00(1.732050 

1 

27)2  00 
1  89 
343)1100 
10  29 
3462)7100 
69  24 


346406;  1  76  00  00 
1  73  20  25 
3464100)  2  79  75  00 


11.  Two  numbers  are  in  the  ratio  3  : 4,  and  if  12  is  added  to  each, 
the  sums  are  in  the  ratio  5  :  6.     Find  the  numbers. 

Let  3  X  =  the  first  number. 

Then  4  x  =  the  second  number, 

3  X  +  12  : 4  X  + 12  =  the  ratio  if  12  is  added  to  each  number, 

3x  +  12:4x  +  12  =  --— ,  and  5:6  =  -. 
•  4x4-12  6 

3x-H2  _  5 

"  4x  +  12'~6* 

18x  +  72  =  20x  +  60. 

2x  =  12. 

.'.  X  =  6. 

Then  3x  =  18, 

and  4  X  =  24. 

Therefore,  the  required  numbers  are  18  and  24. 
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12.  The  ages  of  two  brothers  are  in  the  ratio  of  9:5,  and  in  2.\ 
years  their  ages  will  be  in  the  ratio  of  8  :  5.  In  how  many  years  will 
their  ages  be  in  the  ratio  of  7  : 6  ? 


r^t 

9x 

=  the  namber  of  years  in  the  age  of  the  elder. 

Then 

6x 

=  the  namber  of  years  in  the  age  of  the  younger 

Then 

9x  +  2i_8 
6X  +  2I      5 
18x  +  6      8 
lOx  +  6      5 
18x  +  5_g 
2x  +  l 

18x  +  5  =  16x  +  8. 
2x  =  3. 
.-.  X  =  IJ. 

Then 

9x  =  13J, 

and  6x  =  7J. 

Therefore,  the  elder  is  13^  years  old,  and  the  younger  7}  years  old. 
Let  y  =  the  required  number  of  years. 


A  AAOAA 

7i  +  y 

6 

27  +  2y 

7 

15  +  2y 

"6* 

136  4-10y  = 

=  106  +  14y. 

4y : 

=  30. 

.*.  y  •■ 

=  7J. 

Therefore, 

the 

required  number  of 

years  is 

n- 

13.  An  alloy  is  composed  of  a  pounds  of  copper  and  b  pounds  of 
tin.  If  there  had  been  a  pounds  of  tin  and  b  pounds  of  copper,  the 
volume  of  the  alloy  would  have  been  increased  by  9  per  cent.  The 
weights  of  equal  volumes  of  copper  and  tin  are  in  the  ratio  11  to  9. 
Find  the  ratio  of  a  to  &. 

Let     11 8  =  the  specific  gravity  of  copper. 
Then    9  s  =  the  specific  gravity  of  tin. 

Let  c  =  the  number  of  cubic  inches  occupied  by  1  pound  of 

water. 
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g 

Then  —  =  the  number  of  cubic  inches  occupied  by  1  pound  of 

lis         «^«^«« 
copper, 

—  =  the  number  of  cubic  inches  occupied  by  1  pound  of  tin, 

fltC 

—  =  the  number  of  cubic  inches  occupied  by  a  pounds  of 
^^^         copper, 

—  =  the  number  of  cubic  inches  occupied  by  b  pounds  of  tin, 

he 

=  the  number  of  cubic  inches  occupied  by  b  pounds  of 


*         copper, 

CLC 

and  —  =  the  number  of  cubic  inches  occupied  by  a  pounds  of  tin. 

if  8 


109  /  ac       bc\      be 


\       oe       ax: 

100\ll8        98/118        98 

8  109/ a       h 


„  ,^.  ,    ^    8  109/  a      b\      0       a 

Multiply  by  -,  — ( 1-  -  )=  —  -f  -  • 

^^    ^  c'  lOOVll      9/     11      9 

Multiply  by  99,       |§§  (9  a  +  11 6)  =  9  6  +  1 1  a. 

981  a  +  11996  =  9006  +  1100  a. 

2996  =  119  a. 

a_299 

*  6~TT9' 
.-.  a  :  6  =  299  :  119. 

Therefore,  the  ratio  of  a  to  6  is  299  :  119. 


Exercise  127.    Page  325 

1.  Find  the  third  proportional  to  12  and  24. 

12  :  24  =  24  :  x. 

24  X  24      ^^ 

.-.  X  = =  48. 

12 


2.  Find  the  third  proportional  to  27  and  3. 

27  :  3  =  3  : «. 

_3  X  3_1 

.*.  X  •—  —  —  —  —  • 
27        3 
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52               ab  —  l^ 
3.  Find  the  third  proportional  to and 

62        06-52       a6  -  62 

:x. 


a2-62    (a +  6)2      (a  +  6)2 
62  .6(a-6)  _5(a -6). 

(a  +  6)(a  -  6) '  (a  +  6)2  ~  (a  4-  6)2  * ** 

6(a-6)      6(a~6) 
.  (flHj)2%Mj)2 

' 62 

(a  +  6)  (a  -  6) 
_  6(a  -  6)      6(a-6)      (a  +  6)  (g  -  &) 
~  (a  +  6)2  ^  (a  +  6)2  ^  6^ 

_  (o^  6)8 
"■(a-H6)8* 

4.  Find  the  mean  proportional  between  64  and  8L 
x  =  ±  V64  X  81  =  ±  (8  X  9)  =  ±  72. 

6.  Find  the  mean  proportional  between  25  and  196. 
x  =  ±  V26  X  196  =  ±  (5  X  14)  =  ±  70. 

6.  Find  the  mean  proportional  between  IJ  and  16 1. 

x  =  ±  Vli  X  162  _  _,_  V|  X  ^V  =  ±  V26  =  ±  6. 

7.  Find  the  mean  proportional  between 

64-c  +  a       ^26c  +  62  +  c2-a2 

and  —  — • 

b-\-c-a  462c2 

2  6c  +  62  +  c2  -  a2  _  (62  -}■  2  be  +  c^)  -  a^ 
462c2  ~  4  62c2 

^  (6  +  c)2  -  a2 

4  62c2 
__  (6  +  c  +  a)  (6  +  c  -  a) 
~  4"62c2 


J64-c  +  a      (6  +  c  +  a)(6  +  c-a) 
X  -- 


6  4-c  -  g  4  62c2 

+  c  +  a)2 


4  62c2 
6  +  c  -f  a 


"*"       2  6c 
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8.  Find  the  mean  proportional  between 

\  X  +  y  /  V         X*  +  2/2  /  x2  -  xy  +  y2 

\  x  +  y/\         x2-fy2/ 

_  x2  4-  xy  —  xy  +  y*      x*  +  xy^  —  xy^  +  y^ 

X  +  y  x2  +  y2 

_  x^  4-  y^  x»  +  y* 
"  x  +  y  x2  -f  y2 
^  xg  +  yg  ^^  (g  +  y)  (xg  -  xy  -H  y^) 

X  +  y  x2  +  y2 

=  x2  -  xy  +  y2. 


Therefore,  the  mean  proportional 


(x'i  -  xy  +  y2)  X 

'     x2  -  xy  +  ys 

=  ±x. 

9.  Find  the  fourth  proportional  to  5,  18,  and  20. 

6  :  18  =  20  :  X. 

18  X  20     ^^ 

.-.  X  = =  72. 

6 

10.  Find  the  fourth  proportional  to  9,  16,  and  36. 

9:16  =  36:x. 

16x36      ^ 

.♦.  X  = =  o4. 

0 

11.  Find  the  fourth  proportional  to  12,  17,  and  21. 

12:17  =  21:x. 

17  x  21      119      __3 

.-.  X  = = =  29f . 

12  4  * 

12.  Find  the  fourth  proportional  to  64,  48,  and  56. 

64  :  48  =  66  :  X. 

48  X  56      ^„ 

.-.  X  = =  42. 

64 
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13.  Find  the  fourth  proportional  to  -  f  -,  and  -• 

a    b  c 

1.11. 

a   h     c 

11 
-  X  - 

6      c      1      1  a 

/.  «  =  — : —  =  -x-xa  =  --. 
1         0      c  &c 

a 


14.  Find  the  value  of  x  in  the  proportion  8  :  23  =  12  :  z. 

23x12      69      „^, 


8  2 


5* 


16.  Find  the  value  of  x  in  the  proportion  9  :  18  =  x  :  46. 

18  2  ^ 


16.  Find  the  value  of  x  in  the  proportion  7  :  x  =  24^  :  52. 

7x52      7x52x2      104      ,^, 

X  = = = =  14fe. 

24 1  49  7  '^ 


17.  Find  the  value  of  x  in  the  proportion  x  :  16  =  7 : 8. 

16x7      ,. 

X  = =  14. 

8 


18.  Show  that  if  a:b  =  c:d, 

3a  +  76:3a-76  =  3c  +  7d:3c-7d. 


If 

a  :  6  =  c  :  (J, 

then 

a      c 

and 
or 

3a      3c 
76 '"7d' 
Sa:7h  =  Sc:7d. 

.-.  3a  +  76:3a-76  =  3c  +  7d:3c 

-7d. 

(§  384) 
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19.  Show  that  if  a:h  =  c:dy 

2aa  +  662:2a2  -  5&2  =  2c2  +  ScF*  :2c2  -  6(ja. 

If  a:b  =  c:d, 

then  a^:l^  =  c^:d^,  (§  386) 

2  a2      2  c2 


or 


and 


562      5^' 


or  2a«:662  =  2ca:6(P. 

.-.  2a2  +  6^ :  2a2  -  562  =  2c2  +  6d2  :  2ca  -  5^^  (§  334) 


20.  Show  that  if 

0 : 6  =  6 :  c, 

06  +  63 :  62  =  6c  +  c2 :  c« 

If 

a :  6  =  6 :  c, 

then 

a4-6:6  =  6  +  c:c, 

and 

06  +  62 :  62  =  6c  +  c2 :  c2. 

(§382) 


21.  Show  that  if      a :  6  =  6  :  c, 

a-c:c  =  a(a  +  2  6)-c(2  6  +  c):(6  +  c)2. 

If  a :  6  =  6  :  c, 

then  a  +  6:a  =  6-fc:6,  (§  382) 

and  (a  +  6)2  :  a2  =  (6  +  c)2 :  62.  (§  386) 

Now  62  =  ac.  (§  379) 

.-.  (o  +  6)2 :  a2  =  (6  +  c)2  ;  ac. 

a2  :  ac  =  (o  +  6)2  :  (6  +  c)*.  (§  385) 

a :  c  =  (a  +  6)2 :  (6  +  c)2. 
a  -  c :  c  =  (a  +  6)2  -  (6  +  c)2 :  (6  +  c)2.  (§  383) 

a-c:c  =  a2  +  2a6  + 62 -62-26c-c2:  (6  +  c)2. 
a-c:c  =  o2H-2a6-26c-c2:(6+  c)2. 
.-.  a-c:c  =  a(a  +  26)  -  c(26  +  c) :  (6  =|-  c)2. 

22.  Find  x  from  the  proportion 

6sc  +  a:4x  +  6  =  3a;  —  6:2x  —  a. 

By  § 379,  (6a  +  a)(2a;  -  a)  =  (4x  +  6)  (3x  -  6). 

Expand,  12x2  -  4  ax  -  a2  =  12x2  -  6x  -  62. 

Transpose  and  combine,  (4  a  —  6)  x  =  62  —  a2. 

62 -a2 

.*.  x  = -. 

4a-6 
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23.  Find  x  from  the  proportion  6x:6x-4  =  6  —  7«:10  —  7». 

BydiviBion,  4 :6x  =  - 4 : 6  -  7x,  (§383) 

or  4:6x  =  4:7x  — 6. 

.-.  6x=  7x  ~6. 
2x  =  6. 
••.  X  =  8. 

24.  Find  x  from  the  proportion 

2x+  11 :6x  +  47  =  2x  +  3:6x  +  16. 

By  alternation,  2x  +  ll  :2x  +  3  =  6x  +  47  :6x +  16.   (§385) 

By  division,  8:2x  +  3  =  31 :6x +  16.  (§383) 

48x  + 128  =  62x  +  93.  (§  379) 

14x=:36. 

.-.  X  =  2}. 

26.  Find  x  from  the  proportion  x  —  l:x  —  2  =  4x  +  6:3x  +  2. 

(X  -  l)(3x  +  2)  =(x-2)(4x  +  6).         (§379) 
Expand,  Sx*  -  x  -  2  =  4x^  -  3x  -  10. 

Transpose  and  combine,    x^  —  2  x  —  8  =  0. 
Factor,  (x  -  4)  (x  +  2)  =  0. 

.-.  X  =  4,  or  —  2. 

26.  Find  x  from  the  proportion  x  —  4:x  —  7=2x  —  l:x  +  l. 

(X  -  4)(x  +  1)  =  (x-7)(2x-l).         (§379) 
Expand,  x^  -  3x  -  4  =  2x2  -  15x  +  7. 

Transpose  and  combine,  x^  —  12  x  +  11  =  0. 
Factor,  (x  -  1)  (x  -- 11)  =  0. 

.-.  X  =  1,  or  11. 

27.  Find  x  from  the  proportion 

x  +  a  +  6:x-3a  +  6  =  2x-3a  +  26-c:x  +  6  +  c.     ^ 

By  § 383,    ^        4a:x-3a  +  6  =  x-3a  +  6-2c:x  +  6  +  c. 

.-.  4 a(x  +  6  +  c)  =  (x  -  3 a  +  6)  (X  -  3 a  +  6  -  2 c). 
4a(x  +  6  +  c)  =  (X  -  3a  +  6)2  -  2c(x  -  3a  +  6). 
4ax  +  4a6  +  4ac  =  x2  +  9a2  +  62_6ax  +  26x-6a6-2cx  +  6ac-26c. 
Transpose  and  combine, 

x2-10ax  +  2  6x~2cx  =  10a6-2ac  +  26c-9a2--62. 
x"  -  2(6o  -  6  +  c)x  =  lOaft  -  2ac  +  2&C  -  9a2  -  6«. 
«*  -  ( )  +  (5a  -  6  +  c)2  =  16a2  +  8ac  +  c\ 
X  -  (5  a  -  6  +  c)  =  ±  (4  a  +  c) . 

.-.  X  =;  9a -^+2c,  ora  — 6. 
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28.  Find  x  and  y  from  the  proportions 

x  +  2^-4:2a  +  y  +  l  =  l:2,  (1) 

2x  +  y-9:x  +  2y  +  7  =  3:4.  (2) 

From  (1),  2x  +  2y  -  8  =  2x  +  y  +  1. 

Transpose  and  combine,  y  =  9.  (3) 

From  (2),  8x  +  4y  -  36  =  3x  +  6y  +  21. 

Transpose  and  combine,  6  x  =  2  y  +  57.  (4) 

Substitute  in  (4)  the  value  of  y  from  (3),  5x  =  18  -|-  57. 

5x  =  75. 

.-.  X  =  16. 
Therefore,  x  =  15,  and  y  =  9. 

29.  Find  x  and  y  from  the  proportions 

xH-y:x-y  =  a:6  —  c,  (1) 

a;  +  c:2/  +  &  =  o  +  6:a-|-c.  (2) 

From  (1)  by  §  384,  2x:2y  =  a  +  6-c:a-6  +  c, 

or  x'.y  =  a-\-h  —  c'.a  —  h-\-c. 

.-.  (a  —  6  +  c)x  =  (a  +  6  —  c)y.  (3) 

•*•*  =  ;;; — rrzy-  W 

a  —  0  -f  c 

From  (2),  (a  +  c)x  +  ac  +  c2  =  (a  -f  6) y  +  a6  +62.  (5) 

Subtract  (3)  from  (5),  bx -\-  ac  +  c^  =  cy  -{•  ab -{- b^. 

hz-cy  =  ab-\-b^-ac-  cK  (6) 

Substitute  in  (6)  the  value  of  x  from  (4), 

ab-Vb'^  -be  ^      ro 

y  —  cy  =  ao  +  62  _  ac  _  c2. 

a  —  6  +  c 

(a6  +  62  -  6c  -  ac  -f  6c  -  c2)  y  =  (a  -  6  +  c)  (a6  +  62  -  ac  -  c2). 

(a6  +  62  -  oc  -  c2)  y  =  (a  -  6  +  c)  (a6  +  62  -  ac  -  c2). 

.-.  y  =  a  —  6  +  c. 

Substitute  the  value  of  y  in  (4),  x  =  a  +  6  —  c. 

Therefore,  x  =  a  +  6  —  c,  and  y  =  a  —  6  +  c. 

30.  Two  numbers  are  in  the  ratio  5:4.  If  8  is  added  to  the  first 
number  and  4  to  the  second,  the  difference  of  the  squares  of  the  new 
numbers  is  to  the  difference  of  the  squares  of  the  numbers  in  the  ratio 
35  : 3.    Find  the  numbers. 

Let  5  X  =  the  larger  number. 

Then  4  x  =  the  smaller  number. 
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.-.  (5x  +  8)«  -(4x  +  4)«  :(6x)«-(4x)2  =  35  : 3. 
26 x«  +  80x  +  64  -  16x«  -  32x  -  16  :  25x2  -  16x«  =  35  :  3. 

9x2  +  48x  +  48  :  9x2  =  35  : 3. 
3x2  +  16x  +  16  :  3x2  =  35  :  3. 

9x2  ^  48x  +  48  =  105x2.  (§  379) 

96x2 -48x- 48  =  0. 
2x2- X -1=0. 
(x-l)(2x  +  l)  =  0. 

.*.  X  =  1,  or  —  i. 
Then  5x  =  5,  or-2J, 

and  4  X  =  4,  or  —  2. 

Therefore,  the  required  numbers  are  5  and  4,  or  —  2J  and  —  2. 

■ 

31.  What  number  must  be  added  to  each  of  the  numbers  2,  7,  14, 
29,  in  order  that  the  sums  may  be  in  proportion  ? 

Let  X  =  the  number  required. 

.-.  2+x:7  +  x  =  14  +  x:294-x. 
By  §  383,  2  +  X  :  5  =  14  +  X  :  16. 

2  +  x:l  =  14  +  x:3. 
6+3x  =  14  +  x. 
2x  =  8. 
.*.  X  =  4. 
Therefore,  the  number  required  is  4. 

82.  In  a  continued  proportion  the  sum  of  the  three  proportionals  is 
39,  and  the  sum  of  their  squares  is  741.    What  is  the  proportion  ? 

Let  X  =  the  first  proportional, 

and  y  =  the  third  proportional. 

Then  Vxy  =  the  second  proportional, 

and   X :  v^  =  Vxy  :  y  =  the  proportion. 

.-.  X  +  Vxy  +  y  =  39,  (1) 

and  x2  +  xy  +  y2  =  741.  (2) 

Divide  (2)  by  (1),  x  -  Vxy  +  y  =  19.  (3) 

Add  (1)  and  (3),  2  x  +  2  y  =  58. 

.-.  X  +  y  =  29.  (4) 

Substitute  the  value  of  x  +  y  in  (1), 

Vxy  +  29  =  39. 
Vxy  =  10. 
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xy  =  100. 

Say  =  300. 

(6) 

Subtract  (5)  from  (2), 

»2- 

-2xy  +  y2=:44i. 

x-y  =  ±21. 

(6) 

Add  (4)  and  (6), 

2x  =  60,  or  8. 

.'.  X  =  26,  or  4. 

• 

Subtract  (6)  from  (4), 

2y  =  8,  or  60. 
.*.  y  =  4,  or  26. 

Then 

Vxy  =  10. 

Therefore,  the  proportion  required  is  4  :  10  =  10 :  26. 


88.  Find  two  numbers  such  that  their  sum  is  to  their  difference  as 
6:1,  and  their  sum  to  their  product  as  6  : 4. 

Let  X  =  the  larger  number, 

and  y  =  the  smaller  number. 

.-.  X  +  y  :  X  —  y  =  6  : 1,  (1) 

and  X  4-  y :  xy  =  6 : 4.  (2) 

From  (1),  x  +  y  =  6x  —  6y. 

4x  =  6y. 

.-.  x  =  ^.  (3) 

2  ^  ' 

From  (2),  4  x  +  4  y  =  6  xy.  (4) 

Substitute  in  (4)  the  value  of  x  from  (3), 

12y  +  8y  =  16y2. 
16y2-20y  =  0. 
3y2-4y  =  0. 
y(3y-4)  =  0. 

.-.  y  =  0,  or  f 
Substitute  the  value  of  y  in  (3),  x  =  0,  or  2. 

Therefore,  the  required  numbers  are  2  and  1|. 


34.  If  3  is  subtracted  from  the  greater  of  two  numbers  and  2  is 
added  to  the  smaller,  the  results  are  in  the  ratio  2:3;  but  if  1  is 
added  to  the  greater  number  and  2  is  subtracted  from  the  smaller, 
the  results  are  in  the  ratio  3 : 2.    Find  the  numbers. 
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Let 

X  =  the 

greater  number, 

and 

y  =  the  smaller  number. 

.*.  X 

-3:^  +  2  =  2:3, 

(1) 

and 

X 

+  l:y-2  =  3:2. 

(2) 

From  (1), 

3x-9  =  2y +  4. 

3x-2y  =  13. 

(3) 

From  (2), 

2x-f-2  =  3y-6. 

2x-3y  =  -8. 

(4) 

Multiply  (3)  by  8, 

9x-6y  =  39. 

(6) 

Multiply  (4)  by  2, 

4x-6y  =  -16. 

(6) 

Subtract  (6)  from  (5), 

5  X  =  65. 
.-.  X  =  11. 

Substitute  the  value  of 

X  in  (3), 

2/ =  10. 

Therefore,  the  requirecj 

I  numbers  are  11  and  10. 

35.  On  a  division  of  the  house  when  all  members  present  must  vote, 
if  50  members  more  had  voted  for  the  motion,  it  would  have  been  car- 
ried in  the  ratio  of  5:3;  but  if  60  members  more  had  voted  against 
it,  it  would  have  been  lost  in  the  ratio  of  4  : 3.  How  many  members 
attended  at  the  division  of  the  house  ? 

Let  X  =  the  number  of  members  voting  for  the  motion, 

and  y  =  the  number  of  members  voting  against  the  motion. 

Then  x-\-y  =  the  number  of  members  present. 

.-.  X  +  60  :  y  -  50  =  5  :  3,  (1) 

and  X  -  60  :  y  +  60  =  3  : 4.  (2) 

From  (1),  3  X  +  160  =  5  y  -  260. 

3x-6y  =  -400.  (3) 

From  (2),  4  x  -  240  =  3  y  +  180. 

4x-3y  =  420.  (4) 

Multiply  (3)  by  4,  12  x  -  20  y  =  -  1600.  (6) 

Multiply  (4)  by  3,  12  x  -  9  y  =  1260.  (6) 

Subtract  (6)  from  (6),  11  y  =  2860. 

.-.  y  =  260. 
Substitute  the  value  of  y  in  (4),    4  x  -  780  =  420. 

4x  =  1200. 
.-.  X  =  300. 
Then  x  +  y  =  660. 

Therefore,  660  members  attended. 
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86.  A  pendulum  that  beats  seconds  at  the  sea  level  is  taken  to  a 
place  where  the  force  of  gravity  is  0.9  that  at  the  surface  of  the  earth. 
In  what  time  will  the  pendulum  make  one  vibration  ?  If  the  pendulum 
was  attached  to  a  clock,  how  much  time  would  the  clock  lose  in  24 
hours  ? 

Let  t  =  the  number  of  seconds  required  for  one  vibration. 

By  Formula  4,  §  360,  p.  290, 

1  =  7t\  -  and  t=  ic\j 

\9  \0.9g 

,  ,       rr     fi      vi     vi 

\0.9flr        \9  Vog^       V^ 

11  1     .1 


V0.9flr    Vg       VO 

.-.  t  =  -^  =  —  Va9  =  —  X  0.94868  =  1.0641. 
Vog      0.9  9 


While  the  pendulum  at  the  sea  level  beats  24  x  60  x  60  times ;  the 

required  pendulum  beats  ?i2iJ?^^  =  .?5!2^  =  81966.66  Umes. 
^  ^  1.0641  1.0641 

Hence,  in  24  hours  the  required  clock  would  lose  (86400  —  81966.66) 

seconds  =  4434.34  seconds  =  1  hour  13  minutes  64.34  seconds. 

Therefore,  the  time  of  vibration  is  1.0641  seconds,  and  the  clock  in 
24  hours  would  lose  1  hour  13  minutes  64.34  seconds. 


Ezercise  128.    Page  331 

1.  If  y  OCX,  and  y  =  6  when  x  =  9,  find  y  when  x  =  16. 

Here  y  =  mx. 

When  X  =  9,  then  y  =  6. 

.'.  6  =  9rw. 
m  =  f. 

.*.  y  =^  s  X. 
When  X  =  16,  then  y  =  |  of  16  =  10. 


744  ELEMENTARY  ALGEBRA 


2.  Jtycc-,  and  y  =  32  when  x  =  6,  find  y  when  x  =  21. 

X 

Here  y  =  —  . 

X 

When  X  =  6,  then  y  =  32. 

.-.32  =  !?. 
6 

m  =  192. 

192 
.*.  y  = 

X 

When  X  =  21,  then  y  =  Yt^  =  ^^i  =  gi. 


3.  If  2  varies  jointly  as  x  and  y,  and  4,  5,  6,  are  simultaneous 
values  of  x,  y^  z,  find  z  when  x  =  8  and  y  =  9. 

Here  z  =  mxy. 

When  X  =  4  and  y  =  5,  then  «  =  6. 

.-.  6  =  m  X  4  X  5. 

m  =  T^^. 

3x2/ 

10 

When  X  =  8  and  y  =  9, 

*u                                                   3x8x9      108      „,, 
then  «  = =  —  =  214. 

10  5  ^ 


4.  If  the  cube  of  x  varies  inversely  as  the  square  of  y,  and  x  =  2 
when  y  =  S,  find  the  equation  between  x  and  y. 


Here  x^  =  — . 


When  y  =  3,  then  x  =  2. 

.*,  o  =  —  • 

9 
m  =  72. 

.-.  x^=  — 

.-.  xV  =  72. 
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5.  If  2;  varies  directly  as  x  and  inversely  as  y^  and  if  x  =  6  and 
y  =  15  when  z  =  7,  find  z  when  «  =  12  and  y  =  8. 

__                                              mx 
Here  2  = 

y 

When  2  =  7,  then  x  =  6  and  y  =  15. 

/.  7  = 

15 

m  =  Af . 

35  X 

2y 

When  X  =  12  and  y  =  8, 

*K  35x12      105      .., 

then  z  = =  — —  =  261. 

2x8         4  * 

6.  The  volume  of  a  rectangular  solid  varies  jointly  as  the  length, 
breadth,  and  height.  A  cube  of  clay  12  inches  on  an  edge  is  molded 
into  a  right  prism  whose  base  is  a  rectangle  16  inches  by  8  inches. 
Find  the  height  of  the  prism. 

Let  X  =  the  number  of  inches  in  the  length  of  a  rectangular  solid, 
y  =  the  number  of  inches  in  the  breadth  of  a  rectangular  solid, 
z  =  the  number  of  inches  in  the  height  of  a  rectangular  solid, 
and      V  =  the  number  of  cubic  inches  in  the  volume  of  a  rectangular 
solid. 


Then 

WQoxyz, 

and 

V 

ZCO 

xy 

Here 

mv 

z  =  — 
xy 

When 

tj  =  128  =  1728,  X  =  12,  and  y  =  12, 

then 

z  =  12. 

^„      m  X  1728 

.'.  12  = 

12  Xl2 

m  =  1. 

V 
.'.  z  =  — 
xy 

When 

V  =  1728,  X  =  16,  and  y  =  S, 

then 

z  =  "^«  =  m. 

16  X  8 
Therefore,  the  height  of  the  prism  is  13^  inches. 
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7.  The  volume  of  a  sphere  varies  as  the  cube  of  the  diameter.  The 
diameter  of  a  sphere  whose  volume  is  75  cubic  feet  1377  cubic  inches 
is  5  feet  3  inches.  Find  the  diameter  of  a  sphere  whose  volume  is 
179  cubic  feet  1162  cubic  inches. 

76  cubic  feet  1377  cubic  inches  =  130,977  cubic  inches. 
179  cubic  feet  1162  cubic  inches  =  310,464  cubic  inches. 

5  feet  3  inches  =  63  inches. 

Let         D  =  the  number  of  inches  in  the  diameter  of  a  sphere, 

and  V  =  the  number  of  cubic  inches  in  the  volume  of  a  sphere. 

Then  w«D». 

Here  v  =  mL^. 

When  V  =  130977,  then  D  =  63. 

.-.  130977  =  m  X  638. 

130977      11 

m  = =  — • 

63«         21 

.-.  u  =  J{  2)8. 

When       V  =  310464,  then  310464  =  {{  D». 


.-.  D=<^i{  X  310464 
=  \^21  X  28224 
=  v^2«x  38x78 
=  22  X  3  X  7 
=  84. 
84  inches  =  7  feet. 

Therefore,  the  required  diameter  is  7  feet. 


8.  The  intensity  of  light  varies  inversely  as  the  square  of  the  dis- 
tance from  the  source.  How  far  from  a  lamp  is  a  point  that  receives 
half  as  much  light  as  another  point  16  feet  away  ? 

Let  d  =  the  number  of  feet  in  the  distance  from  the  lamp, 

and  i  =  the  intensity  of  the  light. 

Then  * «  ^  • 

d2 

TT  •  ^ 

Here  *  =  ^- 

d2 

When  t  =  1,  then  d  =  16. 

m        m 
.'.  1  =  —  = 


162      266 
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m  =  266. 
256 


.'.  I  = 


d2 


t 


d 


V256 


When       i  =  -,    then  d  = -v/— =  ^612  =  22.627. 

2  \    i 

Therefore,  the  req[uired  distance  is  22.63  feet. 

9.  The  volume  of  a  right  cylinder  varies  jointly  as  its  height  and 
the  square  of  its  radius.  One  cylindrical  vessel  is  5  inches  high  and 
1^  inches  in  radios,  and  another  is  6  inches  high  and  2  inches  in 
radius.  Find  the  radius  of  a  third  cylindrical  vessel  7  inches  high 
that  will  hold  as  much  as  the  other  two  vessels  together. 

Let  V  =  the  number  of  cubic  inches  in  the  volume  of  a  right 

cylinder, 
h  =  the  number  of  inches  in  the  height, 
and  r  =  the  number  of  inches  in  the  radius. 

Then  v  «  hr^. 

Here  v  =  mhr^. 

Let  v%  xf\  xf''  =  respectively  the  number  of  cubic  inches  in  the 

volumes  of  the  first,  second,  and  third  cylin- 
drical vessels. 

Then  tr' =  m  x  6x{lJ)2  =  ^^, 

4 

tj''  =  m  X  6  X  22  =  24?n, 
u'"  =  m  X  7  X  r2  =  7  mr^. 
Since  i/''  =  v'  +  «", 

^        -        46  771         _. 

7  mr^  = +  24  m. 

4 

7r*2  =  -Y'. +  24. 
28r2  =  46  +  96. 
28r2  =  141. 

-2  =  Vl^. 


r  = 


==  Jgll  =  J??!  ^  1 V987  =  i  of  31.416  =  2.244. 
\28x7        \196      14  14 

Therefore,  the  radius  of  the  third  cylinder  is  2.244  inches. 
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10.  If  a  body  falling  freely  falls  144  feet  in  3  seconds  and  acquires  a 
velocity  of  96  feet  per  second,  find  the  velocity  acquired  and  the  distance 
fallen  in  5  seconds ;  in  7  seconds ;  in  9  seconds  (see  p.  289,  §  350,  Law  1). 

Let  V  =  the  velocity  in  feet  per  second, 

t  =  the  number  of  seconds, 
and  8  =  the  number  of  feet  in  the  distance  fallen. 

Then  v  x  £. 

Here  v  =  mt. 

When  «  =  3,  then  »  =  96. 

.-.  96  =  m  X  3. 
m  =  32. 
.-.  v  =  S2t. 
When  «  =  5,  «  =  32  X  5  =  160; 

when  «  =  7,  «  =  32  X  7  =  224 ; 

when  «  =  9,  «  =  32x9  =  288. 

Again,  s  cc  t^. 

Here  s  =  nt^. 

When  «  =  3,  then  s  =  144. 

.-.  144  =  n  X  32. 

n  =  16. 

.-.  s  =  16<2. 

When  «  =  5,  8  =  16  X  62  =  16  X  26  =    400 ; 

when  <  =  7,  8  =  16  X  72  =  16  X  49  =    784 ; 

when  t  =  9,  8  =  16  X  92  =  16  X  81  =  1296. 

Therefore,  the  velocity  acquired  in  6  seconds  is  160  feet  per  second ; 
in  7  seconds  is  224  feet  per  second ;  in  9  seconds  is  288  feet  per  second. 
The  distance  fallen  in  6  seconds  is  400  feet ;  in  7  seconds  is  784  feet ; 
in  9  seconds  is  1296  feet. 

11.  The  deflection  of  a  horizontal  beam  bent  by  a  heavy  weight 
varies  directly  as  the  weight,  directly  as  the  cube  of  the  length  of  the 
beam,  inversely  as  the  breadth,  and  inversely  as  the  cube  of  the  thick- 
ness. If  a  pine  beam  6  feet  long,  2  inches  wide,  3  inches  thick  is 
bent  1  inch  by  a  weight  of  600  pounds,  how  much  will  a  pine  beam 
15  feet  long,  4  inches  wide,  6  inches  thick  be  bent  by  a  weight  of  2  tons  ? 

Let  X  =  the  number  of  inches  in  the  deflection, 

w  =  the  number  of  pounds  in  the  weight, 
I  =  the  number  of  feet  in  the  length  of  the  beam, 
b  =  the  number  of  inches  in  the  breadth, 
and  t  =  the  number  of  inches  in  the  thickness. 


Then  x  x 

6<8 
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W 


Here  x 

When  i  =  6,  6  =  2,  t  =  3,  and  w  =  W,  then  x  =  1. 

,      m  X  600  X  58      12500  m 


2  X  38                 9 

9 

m  = 

12600 

9wZ8 

...  X  = 

12500  6«8 

When 

i  =  16,  6  =  4, «  =  6,  and  w  =  4000, 

then 

^_9x4000xl58_^^, 

Therefore,  the  deflection  of  the  required  heam  will  be  11 J  inches. 

Table  on  Page  336 

1.  The  series  is  a,  a  +  d,  a  +  2  d,  .  •  • 
Hence,  the  nth  term  is  a  +  (n  —  1)  d. 
Let  I  denote  the  last,  or  nth,  term. 

Then  l  =  a-\-(n~- l)d. 

2.  «  =  a  +  (n-l)d,  (1) 

and  s  =  -(a  +  I).  (2) 

At 

From  (1),  Z  =  a  -f  nd  —  d. 

nd  =  l  —  a-\-  d. 


I  —  a-\-d 


From  (2), 


Equate  the  values  of  n, 


.*.  n  = 

d 

2s  = 

n{a-\-V). 

.*.  n  = 

2s 

28 

i-a  +  d 

D 


(4) 


a-\-l  d 

2  ds  =  Z2  -  a2  +  ad  +  dZ. 
P  +  dZ  =  2d5  +  a2-ad. 
Complete  the  square,  4 i^  +  ( )  +  d^  =  8 d8+ 4a2- 4ad  +  d^. 

2  i  +  d  =  ±  V8d8  +  4a2-4ad4-d2. 
2  ^  =  -  d  db  Vh  da  -f-  (2  g  -  d)2. 
.-.  i  =  i[-d4-V8d«  +  (2a-d)2]. 
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2  s  =  na  +  nZ. 
29  —  na  =  nl. 

.*.  1  = a. 

n 

4.  l  =  a-\-(n-\)d,  (1) 

and  8  = -(a -hi).  (2) 

From  (2),  2  s  =  na  -f  n/. 

na  =  2  8  —  nZ. 

28       , 

n 

» 

Substitute  the  value  of  a  in  (1),       Z  =  -  +  i — ^        . 

n  ^ 

5.  Z  =  a  +  (n-l)(i,  (1) 
and                                                           8  =  -  (a  +  0.                              (2) 

Substitute  in  (2)  the  value  of  I  from  (1), 

8  =  Jn[2a  +  (n-  l)d]. 

6.  Z  =  a  +  (n-l)d,  (1) 
and                                                         8  = -(a -hi).  (2) 

From  (1),  Z  =  a  +  nd  —  d.  ^ 

nd  =  Z  —  a  -h  d. 

.-.  n  = ^ (3) 

From  (2),  28  =  n(a  +  Z). 


Equate  the  values  of  n, 


a-f  I 
I  —  a^d        28 


d  a  +  Z 

V^  —  a^-had-hdl  —  ldA. 


8  = 


2d 


Z  +  a     Z2  -  a2 

8  = h 

2  2d 
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7.  8  =  a  +  (a  +  d)  +  (a  +  2  d)  +  •  •  •  +  (i  -  d)  +  ^  (1) 

or  8  =  I  -\-  (I  -  d)  +  (I  -  2d)  -^  • '  •  -h  (a  -\-  d)  -\-  a.  (2) 

Add  (1)  and  (2), 

2«  =  (a  +  0  +  (a  +  0  +  (a  +  0  +  . .  •  +  (a  +  0  +  (a  +  /). 

.*.  28  =  n(a  +  0- 


8.  i  =  a+(n-l)d,  (1) 

and  '  «  =  ^(a+0.  (2) 

From  (1),  a  =  i  -  (n  - 1)  d.  (3) 

From  <2),  2  «  =  an  +  in. 

an  =  2  s  —  in. 

2s -in 

.-.  a  = (4) 

n  ^  ' 

Equate  the  values  of  a,  =  Z  -  (n  -  l)d. 

n 

2  s  —  in  =  Zn  —  (n  —  1)  dn. 

2s  =  2Zn-(n-l)dn. 

.-.  «  =  in[2i-(n-l)d]. 


9. 

Transpose, 

10. 

and 
From  (2), 


i  =  a  +  (n-l)d. 

a  =  i-(n-l)d. 

Z  =  a  +  (n-l)d, 

(1) 

«  =  ^(a  +  i). 

(2) 

2  »  =  na  +  ni. 

ni  =  2  s  —  na. 

,      2  »  -  na 
n 

(3) 

nd  =  2.-na 

Equate  the  values  of  i,  a  +  (n  -  1)  d  = 

n 

na  +  (n  —  1)  dn  =  2  s  -  tia.. 

2na  =  2»-(n  —  l)dn. 

•s      (n  -  l)d 

n  2 
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11.  I  =  a  +  (n-l)d,                     (1) 

and  s  =  ?(a  +  0.                             (2) 
From  (1), 


From  (2), 


«  =  |(a  +  D. 

1  =  a  -\-  dn  —  d. 

dn  =  l  —  a  -\-  d. 

l-a-\-d 

.-.  n  = 

d 

2s  =  n(a  +  0. 

2s 

.•.  n  = :• 

a-\-l 

l- 

-  a-\-d       28 

(3) 


(4) 


Equate  the  values  of  w,  ,  , 

l^  —  a'^  +  ad -{-  Id  =  2  ds. 

a^-ad  =  l^  -\-ld-2ds. 
Complete  the  square,  4 a2  -  ( )  +  d^  =  4 ^2  +  4M  +  <P-8d8. 

2 a  -  d  =  ±  V4P  +  4M-KP-8ds. 
2a  =  d±  V(2 Z  +  d)2  -  Sds. 
.-.  a=l[d±y^(2l+d)^-Sds]. 

12.  s  =  -(a  +  0. 

28  =  na  -\-  In. 
na  =  2s  —  In, 

28. 

.'.  a  =  —  —  L 
n 

« 

13.  l  =  a-\-{n-l)d. 

(n  —  l)d  =  I  —  a, 

I  — a 

.-.  d  = -. 

n  —  1 

14.  .  l  =  a-\-(n-l)d,  (1) 
and                                                        «  =  ^(a  +  0-                             (2) 

From  (2),  2  s  =  an  +  nZ. 

nZ  =  2  s  —  an. 

,.  z  =  !iZ^.  (3) 

n 

o  o (zn 

Equate  the  values  of  I,  a  -f  (n  —  1)  d  = 


teachp:rs'  edition  763 

an  +  n^d  -  nd  =  28  —  an. 
nH  —  nd  =  2  s  —  2  an. 
n{n  —  l)d  =  2(8  —  an). 
2(8  —  an) 


d  = 


n(n  —  I) 


16.  l  =  a  +  (n-l)d,  (1) 

and  s  =  j{a-\-l).  (2) 

it 

From  (1),  '  Z  =  a  -I-  Tid  -  d. 

nd  =  i  —  a  +  d. 

l-a-\-d 
.'.n  = ^ (3) 

From  (2),  2s  =  n(a  +  0- 


2  s  ... 

.  n  = ^  (4) 


Equate  the  values  of  n, 


I  -  a-^  d        2s 


d  a  -f  i 

^2-  a2  +  ad  +  dZ  =  2d8. 
2  d«  -dl-ad  =  l^  -  a\ 
(28-l-a)d  =  }^-a\ 

J^-a^ 


.'.  d  = 


28  —  I  —  a 

16.  i  =  a  +  (n-l)d,  (1) 

and 

From  (1), 
From  (2), 


a^— — ->  (4) 

2  g j^ 

Equate  the  values  of  o,  Z  —  (n  —  l)d  = 

n 

rd  —  dn^  +  dn  =  2  s  —  ni. 

d/i2  -  dn  =  2  nZ  -  2  8. 

n{n  -l)d  =  2(nl-8). 

.•■d=^<"^-»). 

ri(n  —  1) 


«  =  |"(«  +  0- 

(2) 

a  =  i  —  (n  —  l)d. 

(3) 

2  8  =  na  -\-  nl. 

na  =  2s  —  nl. 

2s-nl 

• 
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17.  l  =  a-\-(n-l)d. 

lz=  a-\-  dn  —  d. 

dn  =  l  —  a-^  d, 

I  —  a     ^ 
.-.  n  = \- 1. 


18.  Z  =  o  +  (n-l)d,  (1) 

and  8=  -(a-^l).  (2) 

From  (2),  2  «  =  an  +  nZ. 

nl  =  28  —  an. 

2s  —  an 
...  l  =  — — 1^*.  (3) 

Equate  the  values  of  Z,  a+(n  —  l)d  = 

71 

an  H-  dtt^  _  ^^  =:  2  a  —  avi, 
dn2  +  (2a-d)n  =  28. 
Complete  the  square, 

4dgng+  ( )  -K2a  -  d)2  =  (2a  -  d)2  +  Sds. 

2dn-\-(2a-d)  =  ±  V {2  a  -  d)^ -\- S ds. 

2dn  =  d-2a±  V(2  a-d)^-\-Sd8. 
_d-2a±  V(2a  -  d)g  +  8ds 


n  = 


2d 


19.  s=-(a  +  Z). 

2  ' 

28  =  n{a  +  l). 

2s 


n  = 


l  +  a 


20.                                                  ■     l  =  a  +  (n-l)d,  (1) 

and                                                        8  =  ^(a  +  0.  (2) 

From  (1),                                           a  =  i  -  (w  -  1)  d.  (3) 
From  (2),                                          2  s  =  na  +  Zn. 

na  =  2  8  —  in. 

.*.  a  = (4) 

n  ' 
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Equate  the  values  of  o,  I  -  (n  —  l)d  = 

In  —  dn^  +  dn  =  28  —  In. 
dn^-  (2l-\-d)n  =  -  2s. 
Complete  the  square, 

4(i2n2  -  ( )  +  (2  Z  +  d)2  =  (2  Z  +  d)2  -  8d8. 


2dn-{2l-\-d)  =  ±  V(2 Z  +  d)g  -  8 (to. 

2dn  =  2l-^d±  V(2  Z  +  d)^  -  8  da. 

2l-\-d±V{2l-\-d)^-Sds 

.*.  n  = • 

2d 

Ezercise  129.    Page  337 

1.  Find  the  eighth  term  of  7,  10,  13,  •  •  - 

Here      a  =  7,  d  =  3,  n  =  8. 

i  =  a  +  (n--l)d  =  7  +  (8-l)3  =  7  +  7x8  =  7  +  21  =  28. 

2.  Find  the  tenth  term  of  2,  11,  20,  •  •  • 

Here      a  =  2,  d  =  9,  n.  =  10. 

Z  =  a  +  (n  -  1)  d  =  2  +  (10  -  1)  9  =  2  +  9  X  9  =  2  +  81  =  83. 

3.  Find  the  fifteenth  term  of  4,  16,  28,  •  •  • 

Here      a  =  4,  d  =  12,  n  =  16. 

i  =  a  +  (n  -  l)d  =  4  +  (16  -  1)  12  =  4  +  14  X  12 
=  4  +  168  =  172. 

4.  Find  the  twelfth  term  of  144,  138,  132,  ... 

Here      a  =  144,  d  =  -  6,  n  =  12. 

Z  =  a  +  (n  -  1) d  =  144  +  (12  -  1)  (-  6)  =  144  +  11  ( -  6) 
=  144  -  66  =  78. 

5.  Find  the  sixth  term  of  6,  —  1,  —  7,  •  •  • 

Here      a  =  6,  d  =  —  6,  n  =  6. 

i  =  a  +  (n  -  l)d  =  6  +  (6  -  1)  (-  6)  =  6  +  6(-  6) 
=  6  -  80  =  -  26. 

6.  Find  the  fourteenth  term  of  12,  4,  -  4,  •   • 

Here      a  =  12,  d  =  —  8,  n  =  14. 

Z  =  o  +  (n  -  l)d  =  12  +  (14  -  1) (-  8)  =  12  +  13(-  8) 
=  12  -  104  =  -  92. 
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7.  Find  the  sum  of  seven  terms  of  18,  21,  24,  •  •  • 

Here      a  =  18,  d  =  3,  n  =  7. 

Z  =  a  +  (n  -  l)d  =  18  +  (7  - 1)3  =  18  +  6  X  3 
=  18  + 18  =  36. 

«  =  ?(a  +  0  =-(18  +  36)  =  -  X  64  =  189. 
2  2  2 

8.  Find  the  sum  of  ten  terms  of  —  6,  —  2,  2,  •  •  • 

Here      o  =  —  6,  d  =  4,  n  =  10. 

Z  =  a  +  (n-l)d  =  -6  + (10 -1)4  =  -6  +  9x4 
=  -  6  +  36  =  30. 

«  =  ?(a  +  0  =  —  (- 6  +  30)  =  6  X  24  =  120. 


9.  Find  the  sum  of  eighteen  terms  of  3 J,  3{,  4f,  •  •  • 

Here      a  =  3^,  d  =  |,  n  =  18. 

i  =  a  +  (n  -  l)d  =  3i  +  (18  - 1)  (i)  =  3i  +  17  X  f 
=  3i  +  12}  =  16|. 
n.  18 

«=^(a  +  0  =  -(3J  +  16})  =  9xl9  =  m. 


10.  Find  the  sum  of  twenty-four  terms  of  If ,  3,  4|,  •  •  • 

Here      a  =  1|,  d  =  IJ,  n  =  24. 

i  =  a  +  (n  -  l)d  =  If  +  (24  -  1)  (IJ)  =  If  +  23  x  If 
=  l|  +  33f  =  34J. 

8  =  ^  (a  +  0  =  ^  (If  +  34 J)  =  12  X  36J  =  436. 


11.  Find  the  sum  of  n  terms  of  3,  6},  8},  •  •  • 
Here      a  =  3,  d  =  2},  n  =  n. 

i  =  a  +  (yi  -  l)d  =  3  +  (n  -  1) (2f)  =  3  +  ^^""^. 

-         4n^  —  in     4n2  +  6n 
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18.  Find  the  sum  of  n  terms  of  a,  a  +  46,  a  +8  6,  •  •  • 

Here      a  =  a,  d  =  4  6,  n  =  n. 

Z  =  a  +  (n-l)d  =  a  +  (w  -  1)46  =  a  +  46n  -  46. 

8  =  -(a  +  Z)  =  -  (a  +  a  +  46n  -  46)  =  -  (2a  +  46n  -  46) 
=  an  +  26n2-26n. 


18.  Given  a  =  4, 2  =  34,  n  =  11 ;  find  d  and  s. 

By  Formula  13,  page  336, 

Z-a_34-4_30_ 
"n-l-ll-l-lO"" 
By  Formula  7,  page  336, 

«  =  ?(a  +  0  =  V-(4  +  34)  =  V-  X  38  =  209. 


14.  Given  a  =  120,  n  =  16,  s  =  960 ;  find  d  and  L 

By  Formula  14,  page  336, 

2(8  -  on)  _  2(960  -  120  x  16)  _  2(960  ~  1920) 
~  n(n-l)  ~        16(16-1)        ~       16x16 
^  -  1920  ^      Q 
16  X  16 
By  Formula  3,  page  336, 

,  =  ^_a  =  2j<^_120  =  120-120  =  0. 
n  16 


15.  Given  a  =  —  12,  d  =  4,  Z  =  40 ;  find  w  and  «. 

By  Formula  17,  page  336, 

i_a  40  +  12^.      ,„^,      ,. 

n  = f- 1  = h  1  =  13  +  1  =  14. 

d  4 

By  Formula  6,  page  336, 

Ij^a      l^-a^      40-12      1600-144      28      1466 
22d  2  2x4  2  8 

=  14  + 182  =  196. 
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16.  Given  a  =  7,  Z  =  49,  8  =  812 ;  find  d  and  n. 

By  Formula  15,  page  336, 

P-Qg     __         40a-7a         _  2362  _  3 

~2«-Z-a~2  x812-49-7"l568~2~    '' 

By  Formula  19,  page  336, 

2  8        2  X  812      1624      „^ 

n  = = =  — --  =  29. 

l  +  a      49-1-7         66 


17.  Given  (l  =  |,  n  =  24,  8  =  66;  find  a  and  I. 

By  Formula  10,  page  336, 

_  8  _  (n-l)d  _  66  _  23  X}  _7_23_i6_^ 
"""n  2        ~24  2~"3       3"3"        *' 

By  Formula  4,  page  336, 

8      (n-l)d^7      23^30^^^ 
n  2  3       3       3 

18.  Given  a  =  4,  d  =  3,  8  =  246 ;  find  2  and  n. 

By  Formula  2,  page  336, 

I  =  ^[-  d  ±VSd8  -\-  {2a  -  d)^] 

=  ^[-  3  ±  V8  X  3  X  246  +  (2  X  4  -  3)2] 


=  J  [_  3  -t  V6904  +  25]  =  i [-  3  ±  V5929] 
=  i[_3±77]  =  37,  or  -40. 

By  Formula  18,  page  336, 

_d-2arbV(2a-d)2-f8d8_3-8i:77 
^~  2d  ~      2x3 

=  Il^±^  =  12,  or  -  13}. 

Only  the  positive  solutions  apply. 
Therefore,  I  =  37,  and  n  =  12. 

19.  Insert  four  arithmetical  means  between  8  and  23. 

Here      w  =  6,  a  =  8,  and  I  =  23. 

i  =  a  +  (n  -  l)d  =  8  +  (6  -  l)d. 
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.-.  23  =  8  +  5d. 

5d  =  15. 
.-.  d  =  3. 

Hence,  the  complete  series  is  8,  11,  14,  17,  20,  23. 

Therefore,  the  four  means  required  are  11,  14,  17,  20. 

20.  Insert  six  arithmetical  means  between  96  and  47. 

Here      n  =  8,  a  =  96,  and  I  =  47. 

^  =  a  +  (n  -  l)d  =  96  +  (8  -  l)d. 

^  =  96  +  7d. 
.-.  47  =  96  +  7  d. 
7d  =  -49. 
.-.  d  =  —  7. 

Hence,  the  complete  series  is  96,  89,  82,  75,  68,  61,  54,  47. 

Therefore,  the  six  means  required  are  89,  82,  75,  68,  61,  54. 

21.  Insert  eight  arithmetical  means  between  4  and  58. 

Here       n  =  10,  a  =  4,  and  I  =  58. 

Z  =  a  +  (n  -  l)d  =  4  +  (10  -  l)d, 

Z  =  4  +  9d. 
.-.  58  =  4  +  9d. 
9d  =  54. 
.-.  d  =  6. 

Hence,  the  complete  series  is  4,  10,  16,  22,  28,  34,  40,  46,  52,  58. 

Therefore,  the  eight  means  required  are  10, 16,  22,  28,  34, 40,  46,  52. 

22.  Insert  twelve  arithmetical  means  between  1  and  10. 

Here      n  =  14,  a  =  1,  and  I  =  10. 

l  =  a  +  (n-l)d  =  l  +  (U-  l)d. 

2  =  l  +  13d. 
.-.  10  =  l  +  13<i. 
13d  =  9. 

•••  ^  =  A- 

Hence,  the  complete  series  is  1,  Ij^,  2^^,  3^^^,  3} J,  4/^,  5^,  5|}, 
«A»  7tV,  7H,  8A,  9jS,  10. 

Therefore,  the  twelve  means  required  are  1^^^,  2^^,  3^*^,  3J5,  4^^^ 
^T%  Hh  6A,  7rV,  7}|,  8^,  9^. 
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28.  The  first  term  of  an  arithmetical  progression  is  7,  and  the  third 
term  is  23.    Find  the  sum  of  ten  terms. 

l  =  a  +  (n-l)d. 
.-.  23  =  7 +(3 -l)d. 
23  =  7 -f  2d. 
2d  =  16. 
.-.  d  =  8. 

2  =  a+(n-l)d  =  7  + (10-1)  8=7+9x8  =  7  + 72  =  79. 
a  =  ^(a  +  0  =  Y(7  +  79)  =  5  X  86  =  430. 


24.  The  first  term  of  an  arithmetical  progression  is  4,  and  the  sum 
of  seven  terms  is  175.    What  term  is  60  ? 

8  =  -  (a  +  0- 

.-.  175  =  J(4  +  Z). 
350  =  28  +  7  f. 

7 1  =  322. 
.-.  I  =  46,  seventh  term. 
1  =  a  +  {n  —  l)d, 
46  =  4  +  (7-l)d. 
46  =  4  +  6d. 
6d  =  42. 
.-.  d  =  7. 
If  60  is  the  nth  term,  60  =  4  +  (n  -  1)  7. 

7(n-l)  =  56. 
n  -  1  =  8. 
.-.  n  =  9. 

Therefore,  60  is  the  ninth  term. 


25.  How  many  terms  of  the  series  —  9,  —  3,  3,  •  •  •  must  be  taken  in 
order  that  their  sum  may  be  136  ? 

Here  a  =  —  9,  d  =  6,  and  «  =  135. 

lz=  a-\-  {n  —  l)d. 
i  =  -9  +  (n-l)6.  (1) 

8  =  -  (a  +  I). 
2^         ' 
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135  =  -(-9  +  0-  (2) 


2 
From(l),  l  =  6n-lb. 

Substitute  the  value  of  n  in  (2),  135  =  -  (6  n  -  24). 

135  =  3na-12n. 
45  =  n^  —  4  n. 
n2^  4n-45  =  0. 
(n  -  9)  (n  +  5)  =  0. 

.-.  n  =  9,  or  —  5. 

Therefore,  nine  terms  must  be  taken. 


26.  The  sum  of  three  numbers  in  arithmetical  progression  is  27,  and 
the  sum  of  their  squares  is  293.    Find  the  numbers. 

Let  X  —  y,  X,  and  %-\-y  —  the  numbers. 

Then  x  -  y  +  x  +  sc  -f  y  =  27,  (1) 

and  (x-y)2  +  x2  + (x  +  y)2  =  293.  (2) 

From  (1),  3x  =  27. 

.-.  X  =  9.  (3) 

Expand  (2), 

x2  -  2  xy  +  3^  -I-  x2  +  x2  -f  2  xy  +  2/2  =  293. 

Combine,  3x2  +  2y2  =  293.  (4) 

Substitute  in  (4)  the  value  of  x  from  (3), 

243  +  2  y2  =  293. 
2y2=  60. 
y2  =  25. 
y  =  ±  5. 
Then  x  —  y  =  4,  or  14, 

and  X  4-  y  =  14,  or  4. 

Therefore,  the  three  numbers  required  are  4,  9,  14,  or  14,  9,  4. 


27.  The  sum  of  four  numbers  in  arithmetical  progression  is  42,  and 
the  sum  of  their  squares  is  686.     Find  the  numbers. 

Let  X  —  3y,  X  —  y,  x  +  y,  ic  +  3y  =  the  numbers. 

Then  x  -  3y  +  x  -  y -}- x  +  y  +  x  +  3y  =  42,  (1) 

and     (X  -  3y)2  +  (x  -  y)2  -f  (x  +  y)2  +  (x  +  3y)2  =  686.  (2) 
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Combine  (1),  42  =  42. 

.-.  x=V-  (3) 

Expand  (2), 

x2  -  6xy  +  92^ +  x«  -  2xy -f  2^ +  x2  +  2ajy +  3^  +  x*  +  6xy +  9y2  =  686- 
CJombine,  4  x«  +  20  y^  =  cge.  (4) 

Substitute  in  (4)  the  value  of  x  from  (3), 

441-|-20y»  =  686. 
20y2  =  246. 

y2  =  y. 

.-.  y  =  ±  J. 
Then  x-3y  =  0,  or21, 

X  —  y  =  7,  or  14, 

X  +  y  =  14,  or  7, 

and  x  +  3y  =  21,  orO. 

Therefore,  the  numbers  required  are  0,  7,  14,  21,  or  21,  14,  7,  0. 


28.  How  many  terms  of  the  arithmetical  series  3,  7,  11,  •  •  •  must 
be  taken  that  the  sum  of  the  first  half  may  be  to  the  sum  of  the 
second  half  in  the  ratio  11 :  31  ? 

Let  2  n  =  the  number  of  terms, 

8  =  the  sum  of  the  whole  series, 
and  8"  =  the  sum  of  the  first  half. 

For  the  first  half, 

i  =  a  +  (n  -  l)d  =  3  +  (n  -  1)4  =  4n  -  1. 

8' =  -  (a  +  0  = -(3  +  4n  -  1)  =  -  (4  n  +  2)  =  2na  +  n. 
2  2  2 

For  the  whole  series, 

2  =  a  +  (n-  l)d  =  3 -f  (2 n- 1)4=8 w-  1 
«  =  n(3  +  8n-l)  =  n(8n  +  2)  =  8n2  +  2n. 
Now  «':«-«'=  11:31. 

.-.  2n2  +  n:8n2  +  2n-(2n2  +  n)  =  ll:31. 

2n2  +  w:6n2  +  n  =  ll:3L 
2n  +  l:6n+  1  =  11:31. 

62n  +  31  =66n-|-ll. 
4n  =  20. 
2w  =  10. 

Therefore,  ten  terms  must  be  taken. 
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29.  The  sum  of  the  squares  of  the  extremes  of  four  numbers  in 
arithmetical  progression  is  460,  and  the  sum  of  the  squares  of  the 
means  is  306.     What  are  the  numbers  ? 

Let  X  —  3y,  X  —  y,  x-fy,  x  +  3y  =  the  numbers. 

Then            (x  -  3  y)2  +  (x  +  3  yY  =  460,  (1 ) 

and                       (X  -  y)2  -f  (x  +  y)^  =  306.  (2) 
Expand  (1), 

x«  -  6xy  +  9y2  ^  x^  +  Qxy  +  9y2  =  460.  (3) 

Expand  (2), 

x^-2xy  +  y^  +  3^  +  2xy  +  y^  =  306.  (4) 

Combine  (3),  2  x^  + 18  y^  =  450.     ,  (6) 

Combine  (4),  2x^  +  2y^  =  306,  (6) 

Subtract  (6)  from  (6),  16  y^  =  144. 

.*.  y  =  ±  3. 

Substitute  the  value  of  y  iu  (6), 

2x2+18  =  306. 
2  x2  =  288. 
x2  =  144. 
.-.  X  =  ±  12. 
Then  x  -  3y  =  ±  3,  or  ±  21, 

X  —  y  =  ±  9,  or  ±16, 

X  +  y  =  ±  16,  or  ±  9, 

and  X  +  3y  =  ±  21,  or  d:  3. 

Therefore,  the  numbers  required  are  3,  9,  16,  21 ;  —  3,  —  9,  —  15, 
-  21 ;  21,  16,  9,  3 ;  or  -  21,  -  16,  -9,-3. 


80.  If  a  number  composed  of  three  digits  in  arithmetical  progres- 
sion is  divided  by  the  sum  of  the  digits,  the  quotient  is  63  and  the 
remainder  6 ;  if  792  is  subtracted  from  the  number,  the  order  of  the 
digits  is  reversed.     Find  the  number. 

Let  X  +  y  =  the  digit  in  the  hundreds^  place, 

X  =  the  digit  in  the  tens*  place, 
and  z  —  y  =  the  digit  in  the  units'  place. 

Then  100  (x  +  y)  -I- 10  x  -|-  x  —  y  =  the  number, 
and       100  (x  —  y)  -I- 10  x  -f  x  -f  y  =  the  number  with  digits  reversed. 
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.  ioo(g  +  y)  -♦-  iQg  +  g  -  y  -  g  ^  g3^  .jv 

and      100(x  +  y)  +  10x  +  x-y-7»2  =  100(x-y)  +  10x-|-x+y.  (2) 
From  (1), 

lOOx  +  lOOy  -f  lOx  +  X  -  y  -  6      „ 

=  Oo. 

x+y+x+x-y 

lllx  +  99y-  6 


3x 
37x-|-33y-2 


=  63. 
=  63. 


X 

37x  +  33y-  2  =  63x. 

26x  =  33y-2.  (3) 

From  (2), 

100x  +  lOOy +  10x  +  x-y  -792  =  lOOx -lOOy +10x  + x  + y. 

Transpose  and  combine,  198  y  =  792. 

.-.  y  =  4. 

Substitute  the  value  of  y  in  (3),  26  x  =  130. 

.*.  X  =  6. 

Then  x  -|-  y  =  9, 

x-y  =  l, 

and  100(x  +  y)  +  lOx  +  x  -  y  =  961. 

Therefore,  the  required  number  is  961. 

81 .  In  a  potato  race  100  potatoes  are  placed  3  feet  apart  in  a  straight 
line.  A  runner  picks  up  one  potato  at  a  time  and  carries  it  to  a  basket 
in  the  line  of  the  potatoes,  and  3  feet  from  the  first  potato.  How  far 
must  the  contestant  run  ? 

In  picking  up  the  potatoes  the  contestant  goes  successively  6  feet, 
12  feet,  18  feet,  •  •  • 

Hence,  these  distances  form  an  arithmetical  series  in  which  a  =  6, 
d  =  6,  n  =  100. 

Z  =  a  +  (n  -  l)d  =  6  +  (100  -  1)6  =6  +  99  x  6 
=  100  X  6  =  600. 

s  =  -(a  -f  0  =  —(6  +  600)  =  60  X  606  =  30300. 
Therefore,  the  contestant  must  run  30,300  feet. 

82.  In  a  potato  race,  if  there  are  30  potatoes  4  feet  apart,  and  the 
basket  is  4  feet  from  the  first  potato,  how  far  must  the  contestant  run? 
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In  picking  up  the  potatoes  the  contestant  goes  successively  8  feet, 
16  feet,  24  feet,  •  •  • 

Hence,  these  distances  form  an  arithmetical  series  in  which  a  =  8, 
d  =  8,  n  =  30. 

^  =  a  +  (n  -  l)d  =  8  +  (30  -  1)8  =  8  +  29  X  8 
=  30  X  8  =  240. 

8=z-{a+l)  =  —(8  +  240)  =  16  X  248  =  3720. 
Therefore,  the  contestant  must  run  3720  feet. 

38.  A  body  falling  freely  falls  16.08  feet  in  the  first  second,  and  in 
each  succeeding  second  32.16  feet  more  than  in  the  second  immediately 
preceding.  If  a  stone  dropped  from  a  stationary  balloon  reaches  the 
ground  in  12  seconds,  how  far  does  it  fall  in  the  last  second,  and  how 
high  is  the  balloon  ? 

Here       a  =  16.08,  d  =  32.16,  n  =  12. 

i  =  a  +  (n  -  l)d  =  16.08  +  H  x  32.16 
=  16.08  +  353.76  =  369.84. 

a  =  -  (a  +  0  =  —(16.08  -}-  369.84)  =  6  x  386.92  =  2316.52. 

Therefore,  the  stone  falls  369.84  feet  in  the  last  second,  and  the 
balloon  is  2315.52  feet  high. 

84.  A  stone  is  dropped  from  the  top  of  a  tower  402  feet  high.  In 
how  many  seconds  does  it  reach  the  ground  ? 

Here       a  =  16.08,  d  =  32.16,  s  =  402. 

By  Formula  18,  page  336, 

d  -  2  a  ±  V(2  a  -  (i)2  -f  8  da 

Tl  = 

2d 


_  32.16  ~  32.16  ±  V(32.16  -  32.16)2  +  g  x  32.16  x  402 

2  X  32.16 
±V8  X  32.16  X  402 


-V 


64.32 


8  X  32.16  X  402 


64.32  X  64.32 

=  ±5. 
Therefore,  the  stone  reaches  the  ground  in  5  seconds. 
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85.  A  stone  is  dropped  from  a  stationary  balloon  3618  feet  high. 
In  how  many  seconds  does  it  reach  the  ground  ? 
Here      a  =  16.08,  d  =  32.16,  «  =  3618. 
By  Formula  18,  page  336, 

d-2a±V(2a-d)«-|-8d« 

n  = ^ 

2d 


V8x  32.16x3 
64.32  X  64.; 


_  32.16  -  32.16  j:  V(32.16  -  32.16)«  -|-  8  x  32.16  x  3618 
~  2X32.16 

_  j:V8x  32.16x3618 
64.32  _ 

~3618 
.32 
=  ±V225 
=  ±  15. 
Therefore,  the  stone  reaches  the  ground  in  15  seconds. 

86.  In  astronomical  time  the  hours  of  a  day  are  numbered  from 
1  to  24.  If  a  clock  should  strike  the  hours  of  an  astronomical  day, 
how  many  strokes  would  it  strike  in  one  day  ? 

Here      a  =  1,  Z  =  24,  n  =  24. 

s  =  -(a  +  0  =  —  (1  +  24)  =  12  X  26  =  300. 
Therefore,  the  clock  would  strike  300  times  in  one  day. 

87.  A  body  falling  freely  falls  4.9  meters  the  first  second,  and  each 
succeeding  second  9.8  meters  more  than  in  the  second  immediately 
preceding.     How  far  will  a  body  fall  in  1  minute  ? 

Here      a  =  4.9,  d  =  9.8,  n  =  60. 

Z  =  a  +  (n  -  l)d  =  4.9  -I-  (60  -  1)9.8  =  4.9  +  59  x  9.8 
=  4.9  +  578.2  =  583.1. 

«  =  -(a+0  =  —  (4.9  ^  583.1)  =  30  x  688  =  17640. 

Therefore,  a  body  will  fall  17,640  meters  in  1  minute. 

88.  If  a  bullet,  when  fired  vertically  upward,  traverses  486.1  meters 
the  first  second,  how  high  will  it  rise,  and  how  long  will  it  be  before 
it  reaches  the  earth  again  ? 

By  Example  37,  the  bullet  traverses  in  succeeding  seconds  485.1, 
485.1  -  9.8,  485.1  -  2  x  9.8,  485.1  -  3  x  9.8,  •  •  •  meters. 
Here      a  =  485.1,  d  =  -  9.8,  I  =  4.9. 
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By  Formula  6,  page  336, 

_l  +  a      Z^-a^_  4.9 +  485.1      4.9^  -  485. 1^ 
*~     2  2d     "  2  "*"      2(-9.8) 

=  246  +  12005  =  12260. 

By  Formula  17,  page  336, 

2_a  4.9-485.1  ,  ,       ._   ,  ,       ^_ 

n  = h  1  = h  1  =  49  +  1  =  50. 

d  -9.8 

At  the  very  instant  that  the  bullet  reaches  the  highest  point  of  its 
flight  it'  begins  to  fall. 

Since  it  takes  the  bullet  as  long  to  fall  as  it  takes  to  reach  the  high- 
est point,  the  bullet  is  in  the  air  2  x  50  seconds  =  100  seconds. 

Therefore,  the  bullet  rises  12,250  meters  and  is  100  seconds  in  the  air. 

89.  In  order  to  sell  a  football  a  boy  marks  tickets  from  1  to  25  and 
obtains  twenty-five  persons  to  draw  each  a  ticket.  Each  person  pays 
as  many  cents  as  the  number  on  the  ticket  he  draws,  and  the  owner 
of  the  football  is  determined  by  lot.  How  much  does  the  boy  receive 
for  the  football  ? 

Here      a  =  1,  2  =  25,  n  =  25. 

5  =  -  (a  +  Z)  =  — (1  +  25)  =  —  X  26  =  325. 

£l  A  4U 


325  cents  =  $3.25. 

Therefore,  the  boy  receives  $3.25  for  the  football. 

40.  In  selling  a  gold  watch  a  man  used  the  same  system  as  in 
Example  39,  but  sold  80  tickets  marked  from  1  to  80.  How  much 
did  he  receive  for  the  watch  ? 

Here      a  =  1,  Z  =  80,  w  =  80. 

«  =  -  (a  -I-  0  =  —  (1  +  80)  =  40  X  81  =  3240. 

A  it 

3240  cents  =  $32.40. 
Therefore,  the  man  received  $32.40  for  the  watch. 

41.  In  selling  a  Persian  rug  a  dealer  used  the  same  system  as  in 
Example  39,  but  sold  250  tickets  marked  from  1  to  250.  How  much 
did  he  receive  for  the  rug  ? 

Here       a  =  1,  Z  =  250,  w  =  250. 

a  =  ?  (a  +  Z)  =  ?^  (1  +  250)  =  126  x  251  =  31375. 

31375  cents  =  $313.75. 
Therefore,  the  dealer  received  $313.75  for  the  rug. 
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Table  on  Page  344 


1.  The  1st  term 

2d  term 

3d  term 

4th  term 


=  ar., 

=  ar\ 


nth  term  =  ar*^-^. 
.'.  I  =  at"-^. 


2. 


8  = 


rl  —  a 


8. 

and 


r-1 

(r  —  l)s  =  rZ  -  a. 

rl  =  a+(r-l)s. 

,      a  +  (r-l)s 

.-.  t  = • 

r 

l  =  ar»-^,         (1) 
3  =  «(^-J).   (2) 

(3) 


r-1 
From  (1),      rl  =  ar*", 

and 


I 


yw  — 1  —  —  . 

a 


.-.  r  =    \  -• 


(4) 


From  (2), 

sr  —  8  =  ar"  —  a. 
sr  —  at"  =  8  —  a. 

Substitute    the    value    of    ar^ 

from  (3), 

sr  —  rl  =  8  —  a. 

r(8  —  I)  =  8  —  a. 

8  —  a 

.'.  r  = 


(5) 

8  —  I 

Equate  the  values  of  r  in  (4) 
and  (5), 

*»-ifi      8  —  a 

I  _  {8-aY-^ 


4. 

and 


l=ai^-^, 


(1) 


r  —  1 


Z 


From(l),      «  =  ^„_i 

From  (2), 

8(r-l)=a(r«-l). 
_«(r-;:l) 


(-•) 


.-.  a  = 


r«  —  1 


(0 


Equate  the  values  of  a  in   (3) 

and  (4), 

I         s(r-l) 

-  ■  • 

Z(r»  -1)  =  «r«-^(r  -1). 
(r-l)sr»-^ 


.-.  Z  = 


r»  —  1 


5.  8  =  a-^ar  -\-ay^  ^-ar^ 

+ H  a^"~^-  (1) 

Multiply  (1)  by  r, 
rs  =  ar  +  ar"^  +  ar^ 

+ \-ar^-^  +  ar».   (2) 

Subtract  (1)  from  (2), 

rs  —  8=^  ar^  —  a. 
(r-l)s  =  a(r"-l). 
a{r»  -1) 


.-.  8  = 


r-1 


6. 

and 

From  (1),      8  = 


,^-Jr^,(r) 


r-1 
l=zar^-\         (2) 
ar"  —  a 


(3) 


r-1 
From  (2),     rl  =  ar». 

Substitute  the  value  of  ar"  in  (3), 

rl  —  a 


8  = 


r-1 
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7. 

and 


l  =  ar^-\         (1) 
a  (r«  -  1) 


9. 


s  = 


r-1 


(2) 


I 
From(l),r»-i  =  -• 


.•.r=(i)-.     (3) 

From  (2), 

s  (r  —  1)  =  ar»  —  a.       (4) 

Substitute  in  (4)  the  value  of  r 
from  (3), 

«[ar-]=K-;r'-«- 


8  = 


I 


i-.r  - 


•    Multiply  both  numerator  and 
denominator  of  the  fraction  by 


a»-i, 


s  = 


n— 1/ —      n-1/ — 


n-1 


«-l  /- 


-<ri-'-^~a 


8. 

and 


J;  =  ar»-^         (1) 
a(r»  -  1) 


8  = 


r-1 
I 


From(l),      «  =  ^_i 

From  (2), 

«(r-l)  =  a(r»-l). 

s(r-l) 
.•.  a  = 


(2) 
(3) 


(4) 
r«  -  1  ' 

Equate  the  values  of  a  in  (3) 

and  (4), 

8(r-l)_     I 

fn  \  |«n  —  I 

S(rn  _rn-l)=  Irn  —  I. 

Ir^  —  l 


.-.  8  = 


••n  Y^i  —  1 


I 


10. 


.-.  a  = 
8  = 

1)8 


(r-l)8  = 


11. 


.-.  a  = 


8  = 


^-1 

9 

a(r» 

-1) 

r  - 

-1 

(r»- 

■l)a. 
1)« 

**n  — 

-1 

rl- 

a 

r-1 

(r- 

-  1)8  =  rZ  —  a. 

.-.  a  =  W  —  (r  - 

-l)a. 

12. 

I  =  ar*"-^, 

(1) 

and 

rl  —  a 
s  = 

(2) 

(3) 


r-1 

I 
From(l),  r«-i  =  -• 

From  (2), 

rs  —  8  =  rl  —  a. 
r8  —  rl  =  8  —  a. 

.-.  r  = -.         (4) 

8—  I 

Equate  the  values  of  r  in  (3) 
and  (4), 

\a/  s  —  I 

I  _(8-a)»-^ 
"  a~  (s-Z)«-i' 
.-.  a(8  -  a)»-i  -  /(8  -  0"-^  =  0. 


18. 


I  =  ar*^-^. 

fn  —  l 


a 


.*.  r 


n-l/Z 
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14.  8  =  ^^ — 1^.  From(l),      a  =  — •           (3) 

f  —  1  j«ii    1 

rs  -  8  =  ar*  —  a.  From  (2), 

ar-  -  rs  +  s  -  a  =  0.  « (r  -  1)  =  a  (r»  -  1). 

a           a  •  •  "  ~   r«  - 1         ^  ' 

15.  8= Equate  the  values  of  a  in  (3) 

^  -  ^  and  (4), 

rs-s  =  rl-a.  i         «(r-l) 


rs  —  rl  =  8  —  a. 

8  —  a 
.*.  r  = 


8-1 


yn  — 1  f4i J^ 


16.  .    l  =  at*-\         (1)  (8-Or»-«r»-i  +  i  =  0. 

l!::Lzi).  (2)  .,r---*-r-i-|--L 

r~l        ^  '  «-i  8-1 


and  8  =  -^^ -.  (2)  .-.  r» r"-*  -|- =  0. 


Exercise  130.    Page  343 

1.  Find  the  sixth  term  of  4,  8,  16,  •  •  • 

Here  a  =  4,  r  =  2,  n  =  6. 

I  =  or«-i  =  4x26  =  4x32  =  128. 

2.  Find  the  ninth  term  of  2,  14,  98,  -    • 

Here  a  =  2,  r  =  7,  n  =  9. 

i  =  ar«-i  =  2  X  78  =  2  X  6764801  =  11,529,602. 

8.  Find  the  tenth  term  of  128,  -  64,  32,  •  •  • 

Here  a  =  128,  r  =  -  l,n  =  10. 

I  =  ar^-^  =  128"  x  (-i)»  =  128  x  {-^^)  =  -J. 

4.  Find  the  twelfth  term  of  4,  -  3,  2},  •  •  • 

Here  a  =  4,  r  =  —  f ,  n  =  12. 

,      4      /      3\"     ^  3"         311 

i  =  ar»-l=4x( j     =4X— TTr=-Trr- 


411         410 


5.  Find  the  twenty-fifth  term  of  2,  6,  18, 

Here  a  =  2,  r  =  3,  n  =  26. 

2  =  ar'»-i  =  2  x  32*. 
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6.  Find  the  nth  term  of  2,  —  IJ,  |f ,  •  • . 

Here      a  =  2,  r  =  —  f ,  n  =  w. 
i  =  ar»-i=2(-f)»-i. 

7.  Find  the  sum  of  nine  terms  of  8,  24,  72,  •  •  • 

Here      a  =  8,  r  =  3,  n  =  9. 

^  ^  a(r"-l)  ^  8 (30  -  1)  ^  8  x  19682  ^  ^g  ^^g 
r-1  3-1  2  '       ' 

8.  Find  the  sum  of  twelve  terms  of  9,  —  3,  1,  •  •  • 

Here      a  =  9,  r  =  —  i^,  n  =  12. 

a(r»-l)'^9[(-i)"-l]^^^   /     631440X,/     3x 
r-1  -i-1  ^     631441/     \     4/ 

9.  Find  the  sum  of  sixteen  terms  of  81,  27,  9,  •  •  • 

Here      a  =  81,  r  =  J,  n  =  16. 

/I\i6  1         1 

\  3  /  316      31 


311 


-  X  —  -  3*      —  -  34 
rZ-a      3      311 


r-1  i-1  -I         2\  312/ 

=  i(3»-J-). 
2\  311/ 


10.  Find  the  sum  of  nineteen  terms  of  5,  —  10,  20,  •  •  • 

« 
Here       a  =  5,  r  =  —  2,  n  =  19. 

a(m-l)^6[(-2p-l]^^ 

r-l  -2-1  JL^/  J 

=  1(219  +  1). 

11.  Find  the  sum  of  n  terms  of  2J,  1^,  1,  •  •  • 
Here      a  =  2^,  r  =  J,  w  =  n. 


17i-l") 

_  o(r"  -  1)  ^  f  [(f)"  - 1]  _  2n        3»/  ^  38  /  ^      g^x 
~r-l~       f-1       ""  J  ■"22\        3*»/ 


27      2*»-2 
4       3'»-8' 
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12.  Find  the  sum  of  the  infinite  series  6  —  3  +  IJ  — 


Here      a  =  6,  r  =  —  J. 


a            6         6      2-. 
s  = = =  -  =  -x6  =  4. 

1-r      1-fi      I      3 


18.  Find  the  sum  of  the  infinite  series  i  +  4  +  tV  + 
Here      a  =  \^r  =  \. 

1-r      \-\     i  3     3 


14.  Find  the  sum  of  the  infinite  series  1  —  f  +  |  — 

Here      a  =  1,  r  =  —  }. 

a  1  3         3 


8  = 


1-r      1+}      3+2      5 


15.  Find  the  sum  of  the  infinite  series  2  +  |  +  ^*3  + 
Here       a  =  2,  r  =  f . 

*'"l-r"~l-§~5-2~3~'    *' 


16.  Find  the  sum  of  the  infinite  series  2  —  f  +  ^5  — 

Here      a  =  2,  r  =  —  4- 

_  _a_      _2_  _  _10_  _  10  _  6  _ ^3 

*"'l-r""l-f4~5-|-l~6"3~   ^* 


17.  Find  the  sum  of  the  infinite  series  4  +  2f  +  IJ  + 
Here      a  =  4,  r  =  f . 

=  -?L_  =  -i-  =  1  =  12 


1 8.  Find  the  value  of  the  recurring  decimal  0.454545 

Here      a  =  0.46,  r  =  0.01. 

a  0.45         0.45      45       5 


8  = 


1-r      1-0,QI     Q.99     90      11 
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19.  Find  the  value  of  the  recurring  decimal  0.020303  •  >■ 

Consider  first  the  part  that  recurs,  0.000303  •  •  • 

Here      a  =  0.0003,  r  =  0.01. 

_     a     _  0.0003   _  0.0003  _     3     _     1 
*~  l-r~  1-0.01  ~    0.99    ~  9900"  3300* 
.-.  0.020303 . . .  =  0.02  +  y^^  =  3^  +  ttttV^  =  lUxi- 

20.  Find  the  value  of  the  recurring  decimal  0.7283283  •  •  • 

Consider  first  the  part  that  recurs,  0.0283283  •  •  • 

Here      a  =  0.0283,  r  =  0.001. 

a  0.0283        0.0283       283 

8  = 


l-r      1-0.001       0.999       9990 
.-.  0.7283283  •  •  •  =  0.7  +  A%  =  A  +  ^V(T  =  HU  =  Jf f f • 

21.  Find  the  value  of  the  recurring  decimal  0.11342342  •  •  • 

Consider  first  the  part  that  recurs,  0.00342342  •  •  • 

Here      a  =  0.00342,  r  =  0.001. 

a  0.00342       0.00342        342  19 

8  = 


l-r      1-0.001        0.999        99900      6660 
.-.  0.11342342. . .  =  0.11  +  ^Ih  =  AV  +  ^ih  =  t^Vd- 

22.  Find  the  value  of  the  recurring  decimal  0.64389389  • 
Consider  first  the  part  that  recurs,  0.00389389  •  •  • 

Here      a  =  0.00389,  r  =  0.001. 

a  0.00389        0.00389        389 

«  = 


l-r      1-0.001        0.999        99900 
.-.  0.64389389  •  •  •  =  0.64  +  ^JJg^  =  j%%  +  ^^^  =  ItJJJ  =  J 

28.  Find  the  value  of  the  recurring  decimal  0.66862862  •  -  • 

Consider  first  the  part  that  recurs,  0.00862862  >  •  • 

Here      a  =  0.00862,  r  =  0.001. 

a  0.00862   0.00862    862    431 

8  = 


l_r      1-0.001        0.999        99900      49960 
,-.  0. 56862862  =  0.55  +  jt^^  =  ^i/V  +  ^Hh  =  HUh 
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24.  Find  the  value  of  the  recurring  decimal  2.4336336  •  •  - 
Consider  first  the  part  that  recurs,  0.0336336*  •  • 

Here      a  =  0.0336,  r  =  0.001. 

_     a     _    0.0336    _  0.0336  _  336  _    56 
'"l-r"!-  0.001  ~  0.999  ~  9990  ""  1665* 
.-.  2.4336336  •  •  •  =  2.4  +  ^415  =  2|  +  jih  =  ^iVA- 

25.  Find  the  value  of  the  recurring  decimal  3.731843184  •  •  • 
Consider  first  the  part  that  recurs,  0.031843184  •  •  • 

Here      a  =  0.03184,  r  =  0.0001. 

a  0.03184    _  0.03184  _  3184 

*""l-r~l-  0.0001  ~  0.9999  ~  99990* 
.-.  3.731843184  •  •  •  =  3.7  +  ,V/A  =  8 A  +  ^SW^  =  3JHJJ- 

26.  Insert  three  geometrical  means  between  3  and  768. 

Here  the  whole  number  of  terms  is  5^  the  first  term  is  3,  and  the 

fifth  term  is  768. 

I  =  ar^-^. 

768  =  3  r*. 

r*  =  256. 

.-.  r  =  ±  4. 

Hence,  the  series  is  3,  12,  48,  192,  768,  or  3,  -  12,  48,  -  192,  768. 
Therefore,  the  means  required  are  12,  48,  192,  or  —  12,  48,  —  192. 

27.  Insert  four  geometrical  means  between  2  and  6250. 

Here  the  whole  number  of  terms  is  6,  the  first  term  is  2,  and  the 

sixth  term  is  6250. 

I  =  a7^-\ 

6260  =  2  r6. 

.-.  rfi  =  3125. 

.'.  r  =  5. 

Hence,  the  series  is  2,  10,  50,  250,  1250,  6250. 

Therefore,  the  means  required  are  10,  50,  250,  1250. 

28.  Insert  five  geometrical  means  between  243  and  4. 

Here  the  whole  number  of  terms  is  7,  the  first  term  is  243,  and  the 
seventh  term  is  J. 
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i  =  243  r«. 

.'.  r  =  ±  J. 

Hence,  the  series  is  243,  81,  27,  9,  3,  1,  J,  or  243,  -  81,  27,  -  9, 
3,  -  1,  i. 

Therefore,  the  means  required  are  81,  27,  9,  8,  1,  or  —  81,  27,  —  9, 
3,  -  1. 


29.  Given  a  =  8,  r  =  2,  «  =  248 ;  find  I  and  n. 
By  Formula  2,  page  344, 

^^a^(,,l)3^8+(2-l)248^8_4Jl8^^      ^^^^^^3 
NT  2  2 

I  =  ar^-^. 
128  =  8  X  2»-i. 
2»-i  =  16. 
2«-i=2*. 
.-.  n  —  1  =  4. 
.'.  n  =  6. 

Therefore,  I  =  128,  and  n  =  5. 

80.  Given  a  =  243,  n  =  9,  1=  ^j;  find  r  and  8. 
By  Formula  13,  page  344, 

By  Formula  6,  page  344, 

rl—a     a-rl     243  —  4  x  „»-      ,      _._      •    .i    .    i 

«  = = = r — —  =  !  X  243  -  i  X  J  X  5I7 

r  —  1       1  —  r 

=  3e4i  -  ^V  =  364^. 

Therefore,  r  =  J,  and  «  =  864Jf 


81.  Given  r  =  IJ,  n  =  8,  «  =  1050f ;  find  a  and  I 
By  Formula  10,  page  344, 

_  (r  -  1)8  _  (1^  -  1)  1060^  _  i  X  lOSOg  _ix  lOSOf 

**-     ,*_!      -  (|)8_1  -     6^5^-1    -  6jV«'. 

=  J  X  ^^0-5  X  ^^^  =  -V  =  21*. 
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By  Formula  2,  page  344, 

^  ^  g  4-  (r  -  l)g  ^  21j  +  (1^  -  1)1050|  ^  21jt  +  l  x  1060J 

r  n  i 

Therefore,  a  =  21J,  and  2  =  364^. 

32.  Given  a  =  2,  I-  486,  8  =  728 ;  find  r  and  n. 
By  Formula  15,  page  344, 

_8-a_    728-2    _726_ 
*^  ~  «  -  i  ~  728  -  486  ~  242  ■" 

i  =  ar^-K 
486  =  2  x3»-i. 
3»"i  =  243. 
3--1  =  36. 
.-.  n  —  1  =  5. 
.'.  n  =  6. 

Therefore,  r  =  3,  and  n  =  6. 

33.  Given  r  =  6,  n  =  5,  Z  =  1296 ;  find  a  and  8. 

By  Formula  9,  page  344, 

I         1296      1296      , 

a  = = = =  1. 

r*-i        6*        1296 

a(r*  -  1)  _  1  X  (6S  -  1)  _  7776  -  1  _  7776      __ 

S  —  — — —  —  lOvO. 

r-1  6-1  6  6 

Therefore,  a  =  1,  and  8  =  1655. 

34.  If  the  first  term  of  a  geometrical  series  is  6  and  the  ratio  3, 
what  term  is  1215  ? 

Here  a  =  5,  r  =  3,  Z  =  1215;  to  find  n. 

I  =  ar^-^. 
1215  =  5  X  3"-i. 
3»-»  =  243. 
3«-i  =  36. 
.*.  n  —  1  =  5. 
.•.  n  =  6. 

Therefore,  1215  is  the  sixth  term. 


I 
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85.  The  fourth  term  of  a  geometrical  series  is  160  and  the  ratio  is  4. 
Find  the  sixtli  term  and  the  eightli  term. 

The  4th  term  =  ar*  =  160. 

The  6th  term  =  ar&  =  r2  {ar»)  =  42  x  160  =  2560. 

The  8th  term  =  ar  =  r^  {ar*)  =  4*  x  2560  =  40960. 

Therefore,  the  sixth  term  is  2560,  and  the  eighth  term  40,960. 


86.  Four  numbers  are  in  geometrical  progression.  The  sum  of  the 
first  and  fourth  is  130,  and  the  sum  of  the  second  and  third  is  40. 
Find  the  numbers. 

Let  X  =  the  first  number, 

and  y  =  the  ratio. 

Then     jc,  xy,  xy^,  xy^  =  the  numbers. 

.-.  x  +  xy^  =  130,  (1) 

and  xy  +  xy'^  =  40.  (2) 

From  (1),  x{l-{-y^)  =  lSO. 

x(i  +  y)(i-y  +  y2)  =  i30.  (3) 

From  (2),  xy  (1  +  y)  =  40. 

.'.  X  = .  (4) 

Substitute  the  value  of  x  in  (3), 

-i5_-(l  +  y)(l-2/  +  y2)  =  130. 
^(l-y  +  2/2)  =  130. 

l(l-y+y^)  =  lS. 

4-42/ H-  4y2  =  i3y. 

4y2_  17  2,4.4  =  0. 

(y-4)(4y-l)  =  0. 

.-.  y  =  4,  or  J. 

40  40 

Substitute  the  value  of  y  in  (4),  x  = »  or 


4x5  i  X  I 

■    .-.  X  =  2,  or  128. 
Then  xy  =  8,  or  32 ; 

xy^  =  S2,  or  8; 
and  xy^  =  128,  or  2. 

Therefore,  the  numbers  required  are  2,  8,  32,  128,  or  128,  32,  8,  2. 
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87.  The  sum  of  three  numbers  m  arithmetical  progression  is  45.  If 
2  is  added  to  the  first  number,  3  to  the  second,  and  7  to  the  third,  the 
new  numbers  are  in  geometrical  progression.    Find  the  numbers. 

Let  x  —  y  =  the  first  number, 

X  =  the  second  number, 
and  2  -f  y  =  the  third  number. 

.'.  «  -  y  +  X  +  X  +  y  =  45,  (1) 

and  x  +  3     ^»  +  y  +  7 

X  —  y-f-2  x  +  3 

From  (2),  x^  +  6x  +  9  =  x»  -  y^  _|.  93.  _  6y  +  14. 

y2^-5y  =  3x  +  5.  (3) 

From(l),  3x  =  46. 

.-.  X  =  15.  (4) 

Substitute  the  value  of  x  in  (3), 

y2^.5y  =  45_|.5. 

y2  +  5y-60  =  0. 
(y-6)(y  +  10)  =  0. 

.-.  2/  =  5,  or  ~  10. 
Then  x  -  y  =  10,  or  26 ; 

and  X  +  y  =  20,  or  5. 

Therefore,  the  numbers  required  are  10,  15,  20,  or  25,  15,  5. 

88.  A  man  deposited  f  1000  in  a  savings  bank  that  pays  3  per  cent 
interest,  compounded  annually.  If  the  depositor  withdrew  no  money 
from  the  bank  for  6  years,  what  was  the  average  amount  he  had  on 
deposit  ? 

Here       a  =  1000,  r  =  1.03,  n  =  6. 

a(r»  -1)      1000(1.03«  -1)      1000(1.194052296529  -1) 


«  = 


r-1      1.03-1  0.03 

1000  X  0.194052296529   194.052296529  ^,^^  ^^^00. o 

= = =  o4oo.4Uyoo4.i. 

0.03  0.03 

The  average  amount  on  deposit  was  \  of  $6468.41  =  $1078.07. 
Therefore,  the  average  amount  on  deposit  was  $1078.07. 

39.  A  man  deposited  $1000  in  a  savings  bank  that  pays  4  per  cent 
interest,  compounded  semiannually.  If  the  depositor  withdrew  no 
money  from  the  bank  for  6  years,  what  was  the  average  amount  he 
had  on  deposit  ? 
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4  per  cent  annually  =  2  per  cent  semiannually. 

Here      a  =  1000,  r  =  1.02,  n  =  12. 

_a{f^-l)  _  1000(1.0212  -  1) 

r-1     ~         1.02-1 
_  1000(1.268241794662645318301696  - 1) 

0.02 
_  268.241794662546318301696 

0.02 
=  13412.0897281272669160848. 

The  average  amount  on  deposit  was  ^^  of  $13412.09  =  $1117.67. 

Therefore,  the  average  amount  on  deposit  was  $1117.67. 


40.  In  using  an  air  pump  to  exhaust  air  from  a  receiver,  if  the 
capacity  of  the  piston  barrel  is  a  and  that  of  the  receiver  is  6,  and 
the  height  of  the  barometer  is  c  inches,  the  pressure  within  the 

receiver  is  I'educed  by  one  stroke  of  the  piston  to of  c  inches, 

r    6    12  «  +  & 

by  two  strokes  to of  c  inches,  and  so  on.    If  the  capacity  of 

La  +  oJ 

the  receiver  is  6  cubic  feet,  that  of  the  piston  barrel  1  cubic  foot, 
and  the  original  pressure  of  the  air  is  30  inches,  what  is  the  pressure 
in  the  receiver  after  five  strokes  of  the  piston  ? 

The  first  term  is  c,  the  ratio »  and  the  number  of  terms  n  -|-  1 ; 


to  find  the  last  term.  ^  "^ 

Here      a  =  30  inches,  r  = =  -,  n  =  6. 

1  +  5      6 

I  =  ar*-i  =  30  X  (J)«  =  VsW  =  12.066. 
Therefore,  the  pressure  required  is  12.066  inches. 


41.  If  the  capacity  of  the  receiver  of  an  air  pump  is  8  liters,  and 
that  of  the  piston  barrel  is  1  liter,  and  the  original  pressure  of  the  air 
is  76  centimeters,  what  is  the  pressure  within  the  receiver  after  six 

strokes  of  the  piston  ? 

8         8 

Here      a  =  76  centimeters,  r  = =  - »  n  =  7. 

1  +  8      9 

I  =  ar--^  =  76  X  (f )«  =  76  x  mm  =  MIHW^  =  37.489. 
Therefore,  the  pressure  required  is  37.489  centimeters. 
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42.  If  a  rubber  ball,  falling  freely  upon  a  marble  floor,  rebounds  to 
one  third  the  height  from  which  it  has  fallen,  how  great  ^  distance 
will  it  traverse  if  tossed  to  a  height  of  50  feet  ? 

The  ball  rebounds  J  of  50  feet  =  16f  feet,  then  J  of  16f  feet  =  (J)^ 
of  50  feet,  then  (^)^  of  50  feet,  and  so  on,  —  an  infinite  geometrical 
series. 

After  the  ball  rebounds  a  certain  distance  it  must  fall  that  same 
distance.  Hence,  the  ball  traverses  a  distance  equal  to  100  feet  +  y 
of  100  feet  +(i)^  of  100  feet,  and  so  on,  in  an  infinite  geometrical 
series  in  which  a  =  100  and  r  =  J. 

a           100        100      3    .,„      ^__ 
s  = = =  —  =  -  of  100  =  150. 

Therefore,  the  ball  traverses  150  feet. 

43.  If  a  rubber  ball  rebounds  to  three  fifths  of  the  height  from 
which  it  has  fallen,  how  great  a  distance  will  it  traverse  if  tossed  to  a 
height  of  30  feet? 

In  the  infinite  geometrical  series  a  =  60  and  r  =  |  (see  Example  42). 

,  =  _^  =  _^  =  ??==5x60  =  150. 
l-r      1-J       f       2 

Therefore,  the  ball  traverses  150  feet. 


Ezercise  131.    Page  348 

1.  Insert  foUr  harmonical  means  between  2  and  5. 

First  find  four  arithmetical  means  between  ^  and  ^. 

Here  a  =  J,  Z  =  J,  n  =  6. 

1  =  a  ^  {n  —  l)d. 

•••  ^  =  -  ^• 
Hence,  the  arithmetical  means  are  ij,  ^g,  ^^  J§. 

Therefore,  the  harmonical  means  required  are  2j\,  2}|,  3},  3J-J. 

2.  Insert  seven  harmonical  means  between  f  and  ^. 
First  find  seven  arithmetical  means  between  |  and  j. 
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Here  a  =  |,  Z  =  |,  n  =  9. 

Z  =  a  +  (n  —  1)  d. 

|=i  +  8d. 

Sd  =  2. 
•    /i  —  1 

•   .     Ur   J. 

Hence,  the  arithmetical  means  are  |,  2,  |,  f,  y,  3,  y. 
Therefore,  the  harmonical  means  required  are  f ,  J,  J,  f,  ^,  J,  ^j. 

8.  Find  the  eighth  term  of  the  harmonical  series  4,  4|,  6,  •  •  • 
First  find  the  eighth  term  of  the  arithmetical  series  J,  j\,  J,  •  •  • 
Here  a  =  J,  d  =  —  ij\,  n  =  8. 

Hence,  the  eighth  term  of  the  arithmetical  series  is  —  ^j. 
Therefore,  the  eighth  term  required  is  —  24. 

4.  Find  the  sixth  term  of  the  harmonical  series  9f ,  6f ,  6J,  •  •  • 
First  find  the  sixth  term  of  the  arithmetical  series  ^\,  ^t  ^9  *  *  • 

Here  a  =  :j\,  d  =  ^\,  n  =  6. 

Z  =  a  +  (^-l)d=^y  +  5GV)  =  TV  +  /?  =  ll  =  A- 
Hence,  the  sixth  term  of  the  arithmetical  series  is  -f^. 

Therefore,  the  sixth  term  required  is  31. 

5.  The  fourth  and  seventh  terms  of  a  harmonical  progression  are 
y^^  and  1^5.     Find  the  first  seven  terms. 

First  find  the  first  seven  terms  of  an  arithmetical  progression  whose 
fourth  and  seventh  terms  are  10  and  16. 
The  fourth  term  is  a  +  3  c2,  and  the  seventh  term  is  a  +  6  (2. 

.-.  a  +  3d  =  10,  (1) 

and  a  +  6  d  =  16.         -  (2) 

Subtract  (1)  from  (2),  3  d  =  6. 

.-.  d  =  2. 
Substitute  the  value  of  d  in  (1), 

a  +  6  =  10. 
[-.  a  =  4. 

Hence,  the  first  seven  terms  of  the  arithmetical  series  are  4,  6,  8, 
10,  12,  14,  16. 

Therefore,  the  first  seven  terms  required  are  |,  J,  },  ^^,  y\,  ^^j,  -j^^. 
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6.  The  difference  between  two  numbers  is  12,  and  the  haruionical 
mean  between  them  is  6}.     Find  the  numbers. 

Let 
Then 

By  §  423, 


x  = 

the  larger 

number. 

X 

-12  = 

the  smaller  number. 

2x(X' 

X  -\-x 

H  = 

-12)_ 
-12 

2ab 
a  +  h 

2x{x- 
2x- 

-12)_ 
12 

^• 

a;2_ 

12  a; 

32 

X  - 

-6 

5 

6a;2-60a;  =  32a;-192. 
6a;2-92a;  =  -192. 
25 a;2- 0  +  2116  =  1156. 
5a;-  46  =  ±34. 

5x  =  80,  or  12. 
.-.  X  =  16,  or  2f. 
a;  -  12  =  4,  or  -  9f 

Therefore,  the  numbers  required  are  16  and  4,  or  2|  and  —  9|. 

7.  The  difference  between  the  arithmetical  and  harmonical  means 
between  two  numbers  is  2|,  and  one  of  the  numbers  is  three  times  the 
other.     Find  the  numbers. 

Let  X  —  the  one  number. 

Then  3  x  =  the  other  number, 

=  2  a;  =  the  arithmetical  mean, 

2 

2  (x)  (Sx)      Sx 
and  — LjlI — L  =  ! —  =  the  harmonical  mean. 


X 

+  3x 

2 

.-.  2x 

Sx_ 
2 

2i, 

or 

2X: 

2 

=  S 

4x 

-Sx  = 

5, 

or  3 

x  —  4x  = 

:6. 

.'.  X  = 

6, 

or  - 

-5. 

3x  = 

15, 

or 

-15. 

Then 

Therefore,  the  numbers  required  are  5  and  15,  or  —  6  and  —  16. 

8.  The  arithmetical  mean  between  two  numbers  exceeds  the  geo- 
metrical mean  by  68,  and  the  geometrical  mean  exceeds  the  harmonical 
mean  by  60.    Find  the  numbers. 
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Let  .     3;  =  one  number, 

and  y  =  the  other  number. 

...  ^±?  -  Vij^  =  68,  (1) 

and  V^_  1^=60.  (2) 

x-\-y 

^±J(  + 1^  =  128.  (3) 

2         X  +  y 


Add  (1)  and  (2), 


From  (1),  ^i^  =  68  +  Vx^. 

X  +  y  =  136  +  2  V^.  (4) 

Substitute  the  value  of  x  +  ^  in  (3), 

68  +  V^ ^^^=  =  128. 

68  +  -v^ 

4624  +  136  Vxy  +  zy  -xy  =  8704  +  128  V^. 

8  Vxy  =  4080. 

Vxy  =  510. 

xy  =  260100. 

260100 
...  X  = (6) 

y 

Substitute  the  value  of  Vxy  in  (4), 

X  +  y  =  1156. 

.-.  X  =  1156  -  y.  (6) 

Equate  the  values  of  x  in  (5)  and  (6), 

260100      , , -^ 
=  1166  —  y. 

y 

260100  =  1156  y-y«. 
y2  -  1156.2/  =  -  260100. 
y«  -  1156  2/ +  334084  =  73984. 
y- 578  =  ±272. 
.-.  y  =  850,  or  306. 
Substitute  the  value  of  y  in  (6),  x  =  306,  or  850. 

Therefore,  the  numbers  required  are  306  and  850. 

9.  The  sum  of  three  numbers  in  harmonical  progression  is  39,  and 
the  square  of  the  first  is  greater  by  99  than  the  sum  of  the  squares  of 
the  second  and  third.    Find  the  numbers. 

Let  X  =  the  first  number, 

and  y  =  the  third  number. 

Then  — -^  =  the  second  number. 

z  +  y 
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Square  (1),  x»  +  2iy  +  y«  +  4*y +  (^;^)  =1521. 

x2  +  6xy  +  y«  ^Q^^=  1621.  (3) 

From  (2),  a^  _  yH  .^1?^^=  99.  (4) 

Add  (3)  and  (4),  .    2x^-\-Qxy=  1620. 

a:2  +  3ajy  =  810.  (5) 

3xy  =  810-x2. 

810  -  x2 
Substitute  the  value  of  y  in  (1), 

810-^  ^      3x      ;^3^ 

3a;  810 -a2 

*+ o 

Zx 
1620  -  2  xg 
3xg  +  810-x2  3  -  39 

3x  2 xg  +  810  ~ 

3x 
2x2  +  810  ,  810x-x3 
3x  •X2  +  405 

Clear  of  fractions, 

2x*  +  1620x2  +  328050  +  2430x2  -  3x*  =  117x»  +  47385  x. 
X*  +  117x8  -  4060x2  +  47385X  -  328050  =  0. 
(X  -  18)  (x8  +  136  x2  -  1620  x  +  18225)  =  0. 
.-.  X  -  18  =  0,  or  x8  +  136x2  -  1620 x  +  18226  =  0. 

.-.  X  =  18. 

The  expression  x8  +  135x2  -  1620  x  +  18225  cannot  be  resolved  into 
rational  factors.    Hence,  the  three  roots  of  the  equation 

x8  +  135x2  -  1620X  +  18225  =  0 

cannot  be  found  by  methods  that  the  pupil  has  already  taken. 
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Substitute  the  value  of  x  in  (6),   y  = — =  9. 

64 

Then  12L  =  2x18x9  ^  ^ 

x  +  y  27 

Therefore,  the  numbers  required  are  18,  12,  and  9. 

10.  Show  that  a,  6,  and  c  are  in  arithmetical  progression,  in 
geometrical  progression,  or  in  harmonical  progression,  according  as 
a  —  b:h  —  c\a  equal  to  a  : a,  to  a  : &,  or  to  a  :  c. 

If  a,  6,  c  are  in  arithmetical  progression, 
then  a  —b  =  b  —  c. 

a  —  b     a 

b  —  c     a 

If  a,  &,  c  are  in  geometrical  progression, 

*u  a     6 

then  -  =  - . 

b      c 


a  —  b     b  —  c 

•  ■  — 

•  .    —  ■  • 

a  b 

a  —  b_a 
*  *  b-c ~ b ' 
If  a,  6,  c  are  in  harmonical  progression, 

.u                                               1111 
then  = 

b     a      c      b 
a—b_b—c 

a  —  6      6  —  c 


(§  383) 
(§  386) 


a  c 

a  —  6      a 


6  —  c      c 


(§  386) 


11.  Show  that  if  a,  6,  c  are  in  harmonical  progression,  then  a  —  }  &, 
J  6,  c  —  ^  6  are  in  geometrical  progression. 

If  a,  6,  c  are  in  harmonical  progression, 

♦I,                                                1111 
then  = 

b     a      c      b 
Multiply  by  cibc^  ac  —  be  =  cib  —  ac. 

2  ac  =  6c  +  a6. 
4ac  =  26c  +  2a6. 
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4ac-26c-2a6  =  0. 

62  =  4ac  -  26c  -  2a6  +  62. 
62  =  (2a-6)(2c-6). 
.-.  2a~6:6=6:2c-6.  §  380 

.-.  a  —  J6:^6=i6:c  —  ^6. 

That  is,  a  —  1 6,  }  6,  c  —  ^  6  are  in  geometrical  progression. 

12.  Show  that  if  a,  6,  c  are  in  harmonical  series,  a^  a^c^  a  —  6 
are  in  harmonical  series,  as  are  c,  c  —  a,  c  —  6. 

If  a,  6,  c  are  in  harmonical  series, 

.      .      .      ,  A     •       1111 

1111  Agam,    -_-  =  ---. 

tnen       = •  6ac6 


6      a      c      6 
oc  —  6c  =  a6  —  ac. 


ac  —  6c  =  a6  —  ac. 

i        J.V         /».       ^  ac-  ab  =  bc-ac. 

c(a  —  6)  =  a(6  —  c).  ,       ,v        /t        v 

^         '      .^        '  a(c  — 6)  =  c(6-a). 


c      6  —  c 


a     a  —  h 
c  b  —  c 


a     b  —  a 


c      c  —  b 
a  b  —  a 


a^lrS       a~r^^l~A  ^(^^  ^  («  -  &)  (c  -  «) 
a  —  ia  —  c)a  —  c  —  a-^0  ,                          ., 
^ i  = ■ —  c  —  c  -\-  a     c  —  a  —  c  +  6 

o  (a  —  c)        (a  —  b)  la  —  c)  —r r  — rrz r- 

\         111  c{c-a)       (c-6)(c-o) 


a  —  c     a     a  —  b     a  —  c 


111  1 


c  —  a     c      c  —  b     c  —  a 
That  is,  a,  a  —  c,  a  —  b  are  in        That  is,  c,  c  —  a,  c  —  b  are  in 
harmonical  series.  harmonical  series. 

Ezerciae  132.    Page  357 

1.  Find  the  limiting  value  of  — — as  x  =  1. 

x2  —  6  X  -f  5 

When  X  has  the  value  1,  the  fraction  has  the  form  {. 

Put  X  =  1  +  2. 

ga  -  6x  +  4  _  (1  +  g)^  -  6(1  -f  g)  +  4 

x2  -  6x  +  6  ""  (1  +  2)2  -  6(1  +  z)  +  6 

_l  +  2z  +  2;2-5-6z  +  4_22-32_z-3 

"'l  +  22  +  z«-6-62;  +  5~z2-42~z-4' 

^  __  Q  q  q 

As  2  is  indefinitely  decreased, approaches  — -»  or  -i  as  a  limit 

2  —  4  —4        4 

Therefore,  ^  is  the  limiting  value  of  the  fraction  as  x  =  1. 
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27  -aj» 

2.  Find  the  limiting  value  of as  a;  =  3. 

3  —  X 

When  X  has  the  value  3,  the  fraction  has  the  form  J. 
Put  X  =  3  +  2. 

27  -  x8  _  27  -  (3  +  2)8  _  27  -  27  -  272  -  Qgg  -  ;g« 
3-x~3-(3  +  2)~  s-s-z 

-27  2-922_2;8 

= =  27  H-  92  H-  22. 

—  2 

As  2  is  indefinitely  decreased,  27  +  9  2  +  2^  approaches  27  as  a  limit. 
Therefore,  27  is  the  limiting  value  of  the  fraction  as  x  =  3. 

Vx"+T  —  V2 

3.  Find  the  limiting  value  of as  x  =  1. 

X  "~  1 

When  X  has  the  value  1  the  fraction  has  the  form  J. 
If  IH-  2  is  put  for  X, 

Vx  +  1  -  V2      Vl  +  2  -f  1  -  V2      V2;  +  2  -  V2 

then     ^ = -— = 

x-1  1+2—1  2 

V2  +  2  —  V2  0 

As  2  is  indefinitely  decreased,  approaches  -  as  a 

2  0 

limit,  and  the  limit  is  indeterminate. 

Hence,  to  obtain  a  determinate  value  of  the  given  fraction,  it  is 
necessary  to  change  its  form  by  rationalizing  the  numerator. 

Multiply  both  terms  of  the  given  fraction  by  Vx  +  1  H-  V2, 

Vx  +  1  - V2 x-1       __     1 

25-1     (x-l)(Vx  +  l  +  V2>  Vx  +  l+v^ 

As  X  =  1,     ^     :i     ^     =  _i_  =  lV2, 

'  Vx  +  1  +  V2   Vl  +  1  +  V2  2V2     4 

Therefore,  i  V2  is  the  limiting  value  of  the  fraction  as  x  =  1. 

v^ Vx 

4.  Find  the  limiting  value  of  — as  x  =  a. 

V  a  —  X 
When  X  has  the  value  a  the  fraction  has  the  form  g. 
Multiply  both  terms  of  the  given  fraction  by  Va  +  Vx, 

Va  — Vx_  a  — X  _   Va  -  x 

Va-x       Va  -  X  ( Va  +  Vx)      Va  +  v^ 
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y/a-£    .    Va-a  0 

Asx  =  a,  -    -  =  -- -  =  — —  =  0. 

V a  -f-  vz      y/a-\-Va      2  v a 
Therefore,  0  is  the  limiting  value  of  the  fraction  as  x  =  a. 

x2  —  3  oz  -j-  2  a* 

6.  Find  the  limiting  value  of  — as  z  =  a. 

z^  4-  4  az  —  5  a^ 

When  X  has  the  value  a  the  fraction  has  the  form  J. 
I*ut  x  =  a'\-  z. 

x^-Sax-\-2a^  _  (a  -f  z)^ -Sa{a  + z) +  2a^ 
z2-f-4ax-5o2  ~  (o  +  2)2  4-4a(a  +  2)-5o« 

_  a2  +  2az  H-  z2  -  8a2  -  Saz  -f-  2aa 
~  a«  -f-  2  a2  -f-  z2  -f-  4  a2  -f-  4  az  -  6  o2 
£2  —  a2         z  —  a 


z^-\-6az      z-f-6a 

z  —  fit                            —  (I                 1 
As  z  is  indefinitely  decreased, approaches 1  or ,  as 

a  limit. 
Therefore,  —  ^  is  the  limiting  value  of  the  fraction  as  x  =  a. 

3  x8  _  4  z2  —  1 

6.  Find  the  limiting  value  of as  z  =  oo. 

2  z8  -f  2  z  —  6 

Divide  each  term  of  the  numerator  and  denominator  by  x^, 

3-1-1 
3x^-4x2-1  _         z      z8 

2x3-f-2x-5  ~         2       5  ■ 

iU   -J —  

X2       X8 

4     12     5 
As  X  increases  indefinitely  -^  —■,—<,  —  each  approaches 0  as  a  limit 

X   x^   x2  x^ 

(§  434,  IV),  and  the  fraction  approaches  |  as  a  limit. 
Therefore,  |  is  the  limiting  value  of  the  fraction  as  x  =  oo. 

7.  Find  the  limiting  value  of as  x  =  1. 

X  —  1 

When  X  has  the  value  1  the  fraction  has  the  form  J. 
Multiply  both  terms  of  the  given  fraction  by  v^6x  —  1  +  V^, 

v^6x-l  -V2  V6z-1  -2 


x-1 


(x-l)(\^5x-l-f-\^) 
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Multiply  both  terms  of  this  last  fraction  by  VSx  —  1  4-  2, 
v^5x-l-V^  5X-1-4 


«-l              (X  -  1)  (\^6x  -  1  +  V2)  ( V5x  -  1  +  2) 
5(z-l) 

(X  -  1)  (</5x  -  1  +  V2)(  V6z  -  1  +  2) 

5 

"^  "'  —    ■■  ..M  ■■■■!  « 

(\^6x-l  +  y/2)  (Vsx-l  +  2) 
As  X  =  1,  this  last  fraction  approaches  as  a  limit 


(v^-f-V^)(V4  +  2)      (2V^)(4)      8v^      16 
Therefore,  j\  V2  is  the  limiting  value  of  the  fraction  as  x  =  1. 

8.  Find  the  limiting  value  of as  ^  =  2. 

When  y  has  the  value  2,  the  fraction  has  the  form  J. 
Put  y  =  2  4-  z. 
y3_  2y2_y  ■{■2  _  (2  +  z)8  -  2 (2  +  z)^  - (2  +  z)  +  2 
y2-5y-f-6      ~  (2  +  2)2  -  5(2 -f- 2)  +  0 

_8  +  12z  +  6z2-i-z8-8-8z-2z2-2-2-i-2 
~  4 +  4z +  22-10-62  +  6 

_  28 +  422 +  32  2;2_^4;j5_|_3 

22  —  2  2  —  1 

As  2  is  indefinitely  decreased, approaches 1  or  —  3, 

as  a  limit.  ~  " 

Therefore,  —  3  is  the  limiting  value  of  the  fraction  as  y  =  2. 

9.  Find  the  limiting  value  of — as  x  =  1  and  y  =  1. 

x  +  y  -  2 

When  X  has  the  value  1  and  y  has  the  value  1,  the  fraction  has 
the  form  J. 

Put  X  =  1  +  2,  and  y  =  1  +  u. 
x2  +  y2  ^  2xy  -  4  ^  (1  +  z)2  +  (1  +  u)2  +  2(1  +  z)  (1  +  u)  -  4 
x+y-2         ~  (1  +  2)  +  (1  +  m)-2 

_  1  +  22  +  22+1  +  2u  +  m2-}.2  +  2u  +  22  +  2m2-4 

"  1+2+1+U-2 
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z-h  u 

{z-\-u)^  +  4{z+u)      ^  ,  ,    .   . 

= =:  z  -r  V'  -r  ^- 

z  -\-u 

As  z  and  u  axe  indefinitely  decreased  z  +  u  +  4  approaches  4  as  a 

limit. 

Therefore,  4  is  the  limiting  value  of  the  fraction  as x  =  1  and  y  =  \. 

2  x«  —  x^  4-  2/2  —  z^ 

10.  Find  the  limiting  value  of as  z  =  x  —  y. 

2xy-x2-y2  +  z2 

When  z  has  the  value  x  —  ^,  the  fraction  has  the  form  g. 

Put  z  =  X  —  y  +  w. 

2  xz  -  x2  +  y^  -  z^ 
2xy-x2-y2^2;2 

_  2x(x  -  y  +  m)  -  x^  +  yg  -  (x  -  y  +  u)g 

~  2  xy  -  x2  -i  y2  ^  (a;  _  y  ^  ^)2 

_  2  x2  -  2  xy  4-  2  xu  -  x2  +  y2  _  a;2  _  y2  _  ^2  ^  2  xy  -  2  xu  +  2  yw 
"  2xy  -  x2  -  y2  +  x2  H-  y'^  -{- u^  -  2xy  +  2xu  -  2yu 

2  yw  —  M^  2  y  —  tt 


u2-f-2xii  —  2yu      u  +  2x  —  2y 

2  w  —  M  2y 

As  u  is  indefinitely  decreased approaches ,  or 

w  +  2x  — 2y  2x  —  2y 

,  as  a  limit. 


x  -  y 


Therefore,  — - —  is  the  limiting  value  of  the  fraction  as  z  =  x  —  y. 


It     ^'   A^^     T    •.•  1        .4x8  +  3x2h-2x  +  1 

11.  Find  the  limiting  value  of as  x  =  oo. 

5x8-3x2+ 7x  + 3 
Divide  each  term  of  the  numerator  and  denominator  by  x^, 

,      3       2        1 

4H h  — +  — 

4x8  +  3x2  + 2x  + 1  _         X      x2      x8 

6x8-3x2  + 7x  +  3~^      3       7       3* 

5 1 1 

X        X2        X8 

As  X  increases  indefinitely  -»  —  »—?-»—»—  each  approaches  0 

X      X2     X8     X     X2     X8 

as  a  limit  (§  434,  IV),  and  the  fraction  approaches  f  as  a  limit. 
Therefore,  |  is  the  limiting  value  of  the  fraction  as  x  =  oo. 
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ExerciBO  133.    Page  359 

1.  Determine  what  kind  of  series  is  the  series  1—2  +  5  —  1  +  1*5 

This  series  is  evidently  an  infinite  geometrical  progression  in  which 
the  first  term  is  1  and  the  ratio  is  —  }. 

Let  8  =  the  sum  of  n  terms.  1  1 

By  §  416,  s  =  -^ =  -^ — ^ i  = = 

^^       '  r-1  -i-1  -f  i 

2  2  2  1 

=  ::  +  :: —  =  z: -i- 


3      3  X  2«      3      3  X  2»-i 
As  n  is  indefinitely  increased  2"-^  increases  indefinitely,  3  x  2"-^ 

increases  indefinitely,  and decreases  indefinitely. 

3x  2»-i  "^  . 

Hence,  as  n  is  indefinitely  increased  a  approaches  |  as  a  limit. 
Therefore,  the  series  is  convergent. 

2.  Determine  what  kind  of  series  is  the  series  1  —  2  +  4  —  8+16— ••• 

This  series  is  evidently  an  infinite  geometrical  series  in  which  the 
first  term  is  1  and  the  ratio  is  —  2. 

Let  8  =  the  sum  of  n  terms. 

By§415,.  =  "<^-^>=.^"-^)"-^1=-^"^^^L±J-\ 
^^       '  r-1  -2-1  -3  3 

1+2" 
As  n  is  indefinitely  increased  2"  increases  indefinitely,  and 

increases  indefinitely. 

Hence,  as  n  is  indefinitely  increased  a  increases  without  limit. 

Therefore,  the  series  is  divergent. 

3.  Determine  what  kind  of  series  is  the  series 

1-2-1  +  2  +  1-2-1  +  2  +  .. . 
Let  8  =  the  sum  of  n  terms. 


When       n  =  1,  s  =      1 

n  =  2,  «  =  -  1 

n  =  3,  «  =  -  2 

n  =  4,  s=     0 


n  =  5,  «  =     1 

n  =  6,  s  =  -  1 

n  =  7,  s  =  -  2 

n  =  8,  «  =     0 

Evidently,  as  n  is  increased  indefinitely  by  one  unit  at  a  time  8  is 
repeatedly  equal  to  1,  —  1,  -  2,  0. 

Therefore,  the  series  is  oscillating. 


and  so  on. 
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4.  Show  that  the  harmonic  series  i+i  +  ^  +  i  +  iH isdivei^ent. 

The  series  may  be  written  J  +  (J  +  i)  +  (j  +  j  +  ^  +  i)  +  . . . 
In  the  new  form  of  writing  the  series 

1  +  1  =  1^5, 

i  +  A  +  A  +  A  +  i*j  +  A  =  rWA%»  and  «>  on. 
That  is,  each  term  is  equal  to  |,  or  is  greater  than  |. 
Hence,  as  n  is  indefinitely  increased  s  increases  without  limit. 

Therefore,  the  series  is  divergent. 

6.  Show  that  the  series  -  H 1 H H  •  •  • 

.   ,^„„««^„,  1      1x2      1x2x31x2x3x4 

IS  convergent. 

Compare  the  given  series  with  the  series  r  +  ^  +  i+i+T5  +  *'* 
The  given  series  may  be  written  }  +  J  +  g  +  zV  +  rlji  +  *  •  * 
Hence,  the  two  first  terms  of  the  given  series  are  identical  with  the 

two  first  terms  of  the  other  series,  and  every  term  of  the  given  series 

after  the  second  is  evidently  less  than  the  corresponding  term  of  the 

series  1-f  i  +  J  +  J  +  ^i^  +  . . . 

Now,  by  §  428,  it  was  shown  that  the  sum  of  n  terms  of  the  series 

l  +  i  +  i  +  ff  +  Ts +  •****'*  is  indefinitely  increased  is  2. 
Therefore,  the  sum  of  any  number  of  terms  of  the  given  series  is 

less  than  2. 

Therefore,  the  series  is  convergent. 


Exercise  134.    Page  363 

1.  Expand to  four  terms. 

1  +  2x 

Assume  =  A -{- Bx -{- Cx^  +  Daj*  +  Ex^  +  •  •  • 

l  +  2x 

Multiply  by  l  +  2a;, 

1  =  ^  +  (B  +  2^)x -f- (C  H- 25)x2  4.  (7)  +  2C)x« 
-f  (J5  +  2D)a:*  +  .-- 
.-.  ^=1,5+2^=0,  C+2B=0,  DH-2C=0,^+2D=0, 
whence         ^  =  1,  JB  =  -  2,  C  =  4,  D  =  -  8,  JS7  =  16,  •  •  • 

.-.  =1-2x4-4x2-8x8  + ••• 

l  +  2x 
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2.  Expand to  four  terms. 

Assume  =  A  +  Bx -{■  Cx^ -^  Dx^  +  J^x*  +  •  •  • 

3  —  6x 

Multiply  by  3  —  5  X, 

1  =  3^4-(3 J?  -  6^)x +(3C  -  5 J5)x2+(3D -  5C)x« 

+  (3JE-6D)x*-f--- 

.-.  3^  =  1,  35-5^  =  0,  3C-6J?=0,  3D-6C=0, 

3^-5D  =  0,    ••; 

whence        ^  =  J,  J?  =  f,  C  =  if ,  D  =  Wi  ^  = 

1           1.6        26   ,  ,126   «  , 
=  --f-  -x  +  -—x^'\-- — x^H 


3--6X      3      9        27  81 


8.  Expand to  four  terms. 

1  +  X  +  x2 

1  —  X 

Assume  =^  +  ^x  +  Cx^ +2)x8 +  ^x* -!  ••• 

1  +  X  +  X2 

Multiply  by  1  +  X  +  X*, 

1  -  X  =  ^  +  (5  +  ^)x  +  (C  +  JB  +  ^)x2  +  (D  +  C  +  J?)x8 

+  (^-f-D  +  C)x*  +  --- 
.-.  ^  =  1,  JB-f-^=--l,  C  +  iB  +  -A  =  0,  D  +  C  +  S  =  0, 
^  +  D  +  C  =  0,  •  • . ; 
whence         4  =  1,  5  =  -  2,  C  =  1,  D  =  1,  J&  =  -  2,  •  •  . 

1  -X 


1  -f-  X  +  x^ 


=  1  -2x  +  x2  +  x» 


5  —  jr 

4.  Expand to  four  terms. 

1  +  X-X2  , 

Assume  — =  A-hBx  +  Cix^+  Dx»  +  Ex^  +  •  •  • 

1  +  X  —  x2 

Multiply  by  1  +  X  -  x2, 

6-x  =  ^  +  (5  +  A)x  +  (C  +  B  -  ^)x2  +  (D  +  C  -  B)x8 

+  (^  +  D  -  C)  X*  +  •  •  • 
.-.  A  =  6,  B-{-A  =  -l,  C  +  B-Az=0,  D-\-C-B  =  0, 
^  +  -D  -  C  =  0,  . .  • ; 
whence         -4  in  6,  B  =  -  6,  C  =  11,  D  =  -  17,  ^  =  28,  •  •  • 

.-.  — AzL^_=5_6x  +  llx2-17x8  +  ... 

1  +  X  -  X2 
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6.  Expand to  four  terms. 

1  +  X  +  x* 

q  — 

Assame  =  -4  +  Bx  +  Cx^  +  Ite«  +  lEx*  +  •  •  • 

1  +  X  4-  x2 

Multiply  by  1  -f-  X  +  x2, 

3-x  =  ^  +  (B  +  A)x  -^(C-\-B-\-  A)x^  +  (D  +  C  +  -B)x» 

-f-(£  +  2)  +  C)x*  +  -.- 
.-.  -4  =  3,  J?  +  ^  =  -l,  C  +  B  +  -4  =  0,  D+C  +  -B  =  0, 
^-f-D  +  C  =  0,  •; 
whence         -4  =  3,  B  =  -  4,  C  =  1,  2)  =  3,  ^  =  -  4,  •  •  • 
3-x 


1  +  X  +  X2 


=  3-4x  +  xa  +  3x«- 


4  —  5x 

6.  Expand to  four  terms. 

l-2x-f-3x2 

Assume =  ^  +  Bx  +  Cx«  +  -Dx*  +  J^x*  +  •  -  • 

l-2x-f-3x« 

Multiply  by  1  -  2  X  +  3  x*, 

4  -  5x  =  ^  +  (B  -  2^)x  +  (C  -  25  +  3^)x« 

+  (D  -  2  C  +  35)x8  +  (^  -  2D  +  3C)x* + 
.-.  ^  =  4,  B  -  2^  =  -  6,  C  -  25  +  3^  =  0, 

D-2C  +  35  =  0,  ^-2D  +  3C  =  0,  ...; 
whence         ^  =  4,  B  =  3,  C  =  -  6,  2)  =  -  21,  ^  =  -  24,  •  •  • 
4  —  5x 


l-2x+3x2 


=  4  +  3x-6xa-21x8 


7.  Expand to  five  terms. 

3  +  X 

5 

Assume  =  ^  +  5x  +  Cx^  +  Dx'  +  J^x*  +  JRe^  H 

3  -f  X 

Multiply  by  3  +  X, 

5  =  3-4  +  (3  B  +  A)x  +  (3C  +  B)x^  +  (3D  +  Qx^ 

+  (3£  +  D)x*  +  (3F  +  ^x6  +  •  •  • 

.-.  3-4  =  6,  3J?+-4  =  0,  3C  +  5  =  0,3D  +  C  =  0,3^  +  D  =  0, 

3  F  +  ^  =  0,  • . . ; 

whence        ^  =  |,  J?  =  -  |,  C=  ^,  D=  -  /y,  ^=  ,}j,  F=-y|^,  • . . 

= x-\ x2 x*H X* 


3  +  x      3      9         27  81  243 
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S  —  X 
8.  Expand to  five  terms. 

44-x 

3 jp 

Assume =  A -i- Bx -^  Cx^ -\-  Dx^  +  Eo^  +  i^^c*  +  •  •  • 

4  +  a; 

Multiply  by  4  +  sc, 

3-x  =  4^  +  (4J?  +  A)x  +  (4C  +  J?)x2  +  (4  D  -f-  C)x^ 

+  (4-K  +  D)a;*  -f-  (4F-f-  ^x*  +  •  •  • 
/.  4^=3,4JBh-^=-1,4C  +  ^  =  0,4D+C  =  0,4^4-D  =  0, 
4F  +  ^  =  0,    ••; 
whence        ^  =  |,  B  =  ^  ^^,  C  =  ^,  D  =  ~  ^jj^,  J&  =  y^^^, 

-^  =  —  T^'VffJ  •  •  • 


.'. = xH x^ x"  H sc*  —  •  •  • 

4  +  a;      4      16        64  266  1024 

9.  Expand to  five  tenns. 

7  —  3x 

Assume         =-4+Bx +  Cx2+i)x'+-Kx*+Fx*+    •• 

1  +  6  X  —  x2 

Multiply  by  l  +  Sx-x^, 

7-3x  =  ^  +  (J?+5^)x  +  (C+5B-^)x2  +  (i)  +  5C~5)x8 
+  (JS7  +  6i>  -  C)«*  +  (F  +  6^  -  D)x5  H- . . . 
.-.  ^  =  7,  J?  +  6^  =  -3,  C  +  6B-^  =  0,2)+6C-J?  =  0, 
J?  +  6D-C  =  0,  F+6S-D  =  0,  ...; 
whence         ^  =  7,  J?  =  -  38,  C  =  197,  D  =  -  1023,  ^  =  6312, 

F=- 27583,  •.. 

.-.       ^""^^      =  7  _  38x  +  197x2  -  1023x8  +  5312x* 

l  +  6x-x2 

10.  Expand to  five  terms. 

x(x  +  2) 

x2  +  X  -  1  _  x2  +  X  -  1 
x(x  +  2)   ""    x2  4-2x 

X2  +  X-1        .      B      C      B      E      F  ^ 

A^ume  — - — - —  =  A-\ h  —  +  —  +  —  +  —  +  ••• 

x2  +  2x  X      x2     x8     X*     x6 

Multiply  by  x2  +  2  x, 

x2  +  X  - 1  =  ^x2  +  (B  +  2^) X  +  (C  +  2  B)  +  — t +  _Z__ 

F-\-2E  ^  ^ 

-I _ 1 

jp8 
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F+2^  =  0,  ••; 
whence         A  =  l,  B  =  -l,  C  =  l,  i)  =  -2,J&  =  4,  F  =  -8,    •. 
a;2  +  a;-l      ,      1.1       2       4 

X(X  +  2)  X       x2       X8       X* 

1  —  8x 

11.  Expand to  five  terms. 

l-x-6x2 

1  Q  <!• 

Assume — —-  =  A -{- Bx  +  Cx^ -{■  Dx^  +  Ex*  +  Fx*  H 

1  -  X  —  6x2 

Multiply  by  1  -X  -6x2, 

l-8x  =  ^+(5-^)x+(C-B-6^)x2  +  (i)-C-6B)x« 
-f  (JS7  -  D  -  6  C)x<  +  (F  -  ^  -  6  D)x6  +  •  •  • 
.-.  ^  =  l,J?-^=-8,  C-B-6^  =  0,  D-C-65  =  0, 
F-D-6C  =  0,  F-F-6D  =  0,  ...; 
whence         ^=l,JB=-7,  C=-1,D=  -43,  ^  =  -  49,  F=  -  307,  •  •  • 
l-8x 


l-x-6x2 


=  1  -  7x  -  x2  -  43x8  -  49 X* 


x2  4-  X  4- 1 

12.  Expand r— ^^ to  five  terms. 

(X  +  1)  (x2  +  1) 

x2  -f  X  4- 1      _      x2  4-  X  +  1 

(X  4- 1)  (x2  4- 1)  ~  x8  4-  x2  4-  X  4- 1 ' 

X2  4-X4-1         A      B      C      D      E      F 
Assume     ■ =  — 1 1 1 1 1 

X84-X24-X4-I      X      x2     x8     X*     x6     a?6 
Multiply  by  x*  4-  x2  4-  x  4- 1, 
x^-hx-{-l=Ax^  +  (B-i-A)x-\-{C-\-B-^A)  +  {D-^C^-B  +  A)- 

4-  (J^  4-  D  +  C  4-  B)-^  4.  (F4-  ^  4-  -D  +  0)1  4-  •  •  • 

x2  x' 

.-.  ^  =  1,  54-^  =  1,  04-54-^  =  1,  2)4-04-54-^  =  0, 

F4-2)  +  C  +  J5  =  0,  F4-^4-2)+C  =  0, 

G4-F+^4-D  =  0,  H4-Gf4-F4-F  =  0, 

I-{-H+G-\'F  =  0,J-^I-\-H+G=Oi 

whence         -4  =  1,  B  =  0,    0  =  0,    i)  =  -l,   E=l,   F=0,    0  =  0, 

ir  =  -  1,  7  =  1,  /  =  0,  5^  =  0,  X  =  - 1,  . . . 

X2  4-X4-1   _1       1       1_1      1_ 
(x  +  l)(x24-l)~x      X*      x^      x8      x9 
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18.  Expand  Vl  +  2a  to  four  terms. 

Assume  Vl  -j- 2a  =  A-^  Ba  +  Ca^  +  Da^  +  Ea^  H 

Square, 

1  +  2a  =  ^2  _|.  2ABa  -\-{2AC  -{-  m)a^  +  (2^2)  -f-  2BC)a« 
-f-  (2^^  -f-  2BD  -f-  02) a*  +  •  •  • 
.-.  A^  =  \,  2^B  =  2,  2^C-f-jB2=o,  2^D  +  2BC  =  0, 
2^JS7  +  2B2)  +  C2  =  0,    ■•; 

whence A  =  1,  JB  =  1,  C  =  -  J,  JD  =  J,  JK  =  -  f ,  •  •  • 

.-.  Vl-f-2d  =  1  +  a'-  i a2  +  Ja8 

14.  Expand  Vl  —  2a to  four  terms. 

Assume  Vl  —  2a  =  ^  +  5a  +  Ca^  +  Da^  +  ^a*  H 

Square, 

1  -  2a  =  ^2  +  2ABa  +  (2^C  +  B^a'^  +  (2^D  +  2BC)a^ 
+  (2^^  +  2BI>  +  C2)a*+  •.. 
.-.  ^2  =  1^  2^J?  =  - 2,  2^0  +  52  =  0,  2^D  +  2BC  =  0, 
2^^  +  2B2)  +  C2  =  0,    ..; 

whence A  =  1,  5  =  -  1,  C  =  -  ^,  D  =  -  J,  ^  =  -  |,  • .  • 

.-.  Vl-2a  =  l-a-Ja2-Ja8 


16.  Expand  V4  —  3a  to  four  terms. 

Assume  V4  -3a  =  ^  +  5a  +  Ca2  +  Da*  +  ^a*  -\ 

Square, 

4  -  3a  =  ^2  ^  2^5a  +  (2^0  +  52)a2  +  (2^D  +  2BC)a8 
+  {2AE  +  2BD  +  C2)a*  +    •  • 
.-.  A^  =  ^,  2^5  =  - 3,  2^C  +  B2--o,  2^D+2JBC  =  0, 
2^^  +  25D+C2  =  0,    ..; 

wlience ^  =  2,  5  =  -  f,  C  =  - /^t  I>  =  - 3%.  ^  =  - iMh,  • 

.-.  V4  -  3  a  =  2  -  I  a  -  ^5  a2  -  ^i7_  ^3 

16.  Expand  Vl  +  x  to  four  terms. 

Assume  ^l  -{-  x  =  A  ■\-  Bx  -{■  Cx^  -\-  Dx^  +  Ex*  +  •  •  • 

Square, 

1  +  a;  =  ^2  ^  2ABx  +  (2  AC  +  52) x2  +  (2^D  +  2  5C)x8 

+  (2AE  +  252)  +  C2)x*  +  •  •  • 
.-.  -42  =  1,  2^5  =  1,  2^C-f-52  =  0,  2^7) +  250  =  0, 
2^^+25D+O2  =  0,  ...; 
whence  A  =  1,  5  =  i,  O  =  -  J,  D  =  J,,  -B  =  -  yf ,,  •  •  • 

.-.    Vl  +X  =  1  +   J  X  -  J  X2  +  ylg  X8 
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17.  Expand  Vl  —  x  -f-  x2  to  four  terms. 

Assume         Vl  -  a;  +  x^  =  ^  +  Bx  +  Cx*  +  Dk*  +  Eo^  +  •  •  • 
Square, 
1  ~  X  +  x2  =  ^a  _|.  2^Bx  +  (2 AC  -f-  J52)x2  +  (2^2)  +  25C)x8 
+  (2  -4£  -f-  2  J?2)  +  02)  X*  +  •  • . 
.-.  ^2=1,  2AB  =  -\,  2^CH-1^  =  1,  2^D+2J5C  =  0, 
2^^  +  2  J?Z)  -f-  02  =  0,  . . . ; 
'whence         ^  =  1,  JB  =  -  },  O  =  f,  D  =  ^5,  -B  =  tIj,  ••  • 

.-.   Vl-X  +  x2=l-^X  +  ix2  +  ^x8  +  .-- 

18.  Expand  v^l  —  x  +  x^  to  four  terms. 

Assume         \^1  -  x  +  x^  =  ^  +  Bx  +  Ox^  -f-  Dx*  +  ^x*  +  •  •  • 
Raise  to  the  third  power, 
1  «-  x  +  x2  =  ^8  4.  3^2j5a;  _|.  (3^2(7  ^  3^J52)x2 

+  (3^2X)  +  QABC  +  ^)x8 
+  (3^2j7  4.  3^(72  _|_  3^20  +  QABI))7^  +  .  •  • 
.-.  ^8  =  1,  ZA^B  =  -  1,  3^2(7  4.  3^j52  =  1^ 

3^2^  + 3^02 +  3B2(7  +  6^B2)  =  0,  •    •; 

whence A  =  1,  5  =  -  J,  O  =  f ,  D  =  Hi  ^  =  m^  ' ' ' 

.-.  ■v/l-x  +  x2  =  l-ix  +  fa;2  + Jfx8  +  ... 


Exercise  135.    Page  366 

2x4-1 

1.  Resolve  into  partial  fractions. 

x2  +  X  -  30 

2XH-1  2x-fl 


x2  4-  X  -  30      (X  +  6)  (X  -  5) 

2x  +  l            A      ,      B 
Assume  — —  = 4- 


X2  4-X-30      X4-6      x-6 
Clear  of  fractions,         2x  +  1  =  Ax  -  6A  +  Bx  +  6B. 

2x  4- 1  =  (^  4-  B)x  4-  (-  5 A  4-  65). 
.-.  ^4-5=2,  and  -6^4-6J5  =  l; 
whence  -4  =  1,  and  B  =  1. 

2x4-1      _     1         _1 

"x2  4-x-30~x4-6      x-S' 
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2.  Resolve  into  partial  fractions. 

2x  2x 


aja_l      (x  +  l)(x-l) 

2x  A  B 

Assume  — — -  = H- 


x2-l      x  +  1      «-! 
Clear  of  fractions,        2  x  =  Ax  —  A  -^^  Bx-\-  B, 

2x  =  (A  -\-B)x  +  (-A  -\-B). 
/.  -4  + J5  =  2,  and  -^  +  jB  =  0; 
whence  -4  =  1,  and  B  =  \, 

2x  11 


x2-l      x  +  1      x-1 


9cic 

8.  Resolve into  partial  fractions. 

a8  -  27  c8         ^ 

9ac  9ac 


a*  -  27 c8      (a  -  3c)  (a-^  +  3ac  +  Qc^) 

9  oc               ^  Ba+  Cc 

Assume  = \- 


a8-27c8      a -3c      o^  +  Sac  +  Qc^ 
Clear.of  fractions,      9  oc  =  Aa'^  +  3  ^ac  -f  9  ^c^  +  Ba^  ~  3  Bac 

4-  Coc  -  3  Cc«. 
9ac  =  (^  +  JB)a2  + (3^-35+  C)ac 
+  (9^--3C)c2. 
.-.  ^+5  =  0,  3^-35+  0  =  9,  9^-  3C  =  0; 
whence  ^  =  1,  B  =  - 1,  C  =  3. 

9ac  1  —  a  +  3c 


a8_27c8      a -3c      a2  +  3ac-f9c^ 

_       1 a-  He 

"~a-3c      a2-f-3ac  +  9c2 


2a8 

4.  Resolve into  partial  fractions. 

1  +  a2  +  a* 

2a8 2a8 

1  +  a2  +  a*  ~  (1  +  a  +  a2)  (1  -  o  H-  a2)  * 

.  2a»  -4a4-B     .      Ca  +  D 

Assume  = 1 ■ 

l  +  a^  +  o*      i^a-ha^      l-o  +  a2 
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Clear  of  fractions,      2a»  =  -4a  -  Aa^  -f-  Aa^  +  J?  -  Ba  +  Bo?  +  Ca 

+  Ca2  +  Co*  -f-  D  -f-  2>a  +  l>a^. 


cflzzzAa-  AcC*  -f-  Aa^  ■{- B  -  Ba  +  Bcfi -^ 
+  Ca2  +  Co*  -f-  D  -f-  2>a  +  Ikfi. 

a«  =  (^  +  C)a8  +  (-A  +  B  +  C  +  2))o2 

+  (^  -  B  +  C  +  D)a  +  (B  +D). 

C  =  2,  -^4-B  +  C  +  D  =  0, 
n— n    W-Ln  —  n. 


2 

.-.  -4  +  o  =  z,  —  ^  -h  xf  +  o"  -f-  jLi  =  u, 
^-B  +  C  +  D=0,  B  +  i>  =  0; 
whence  A=zl,  B  =  l,  C  =  1,  D  =  -  L 

2a»        _      a4- 1  a-1 

■  *  1  +  a2  4-  o*  ~  1  +  a  +  o*     1-a  +  a*' 


5.  Resolve into  partial  fractions. 

x»-f-3x2-f-2x 

2  2  2 


x8  +  3z2  +  2x      x(x2  4-3x  +  2)      x(x  +  l)(x  +  2) 

2  ^  J?  C 

Assume     =  — | (- 


x«  +  3x2  +  2x      X      x  +  1      xH-2 
Clear  of  fractions,  2  =^x24-3^x+2^  +  Bx«+2Bx4-Cx2-f-Cx. 

2  =(^  +  B+C)x-«-f-(3^+2B+C)x+2^. 
.-.  ^  +  J?  +  C  =  0,  3^  +  2B+C  =  0,  2 A  =  2; 
whence  ^  =  1,  B  =  -  2,  C  =  1. 

2  12  1 


x«  +  3xa  +  2x      X      x-f-1      x  +  2 


6.  Resolve into  partial  fractions. 

d(d2_i)  ^ 

2-d  2-d 


d(d2_l)      d(d  +  l){(l-l) 

2-d         ABC 
Assume  — — =  —  +  - — -  + 


d(d2_l)      d      d  +  1      d-l 
Clear  of  fractions,       2-d  =  Ad^  -A-^Bd^-Bd-^-Cd^-i-  Cd. 

2-d  =  {A^B-h  C)d^  ^(-B+C)d-A. 
.-.  A+B  +  C  =  0,  -B+C  =  -l,  ^A-2\ 
whence  ^  =  —  2,  5  =  f ,  C  =  J. 

2-d     _-2^_J__^      i 


(I(d8-1)       d        d  +  1      d-1 

3  1  2 

"r 


2(d  +  l)      2(d-l)      d 
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x^  +  2  X  -f  6 

7.  Resolve into  partial  fractions. 

x8-l 


x8  -  1  (X  -  1)  (x2  +  X  -f- 1) 

x2  +  2x-f-6         A  Bx-j-C 

Assume = \- 


x8-l  x-l      x2-fx  +  l 

Clear  of  fractions, 

x^  -\-  2x  -h  Q  =  Ax^  -\-  Az  -{-  A  +  Bx^  -  Bx  +  Cx  -  C. 
x2 +  2x4-6  =  (^  +  JB)x2  -\-(A-B+C)x-\-(A-C). 
.:  A-\-B=l,A-B-\-C  =  2,A-C=6; 
whence  ^  =  3,  JB  =  -  2,  C  =  -  3. 

x*  +  2x  +  6         3      .  -2x-3         3  2x-f-3 

-  + 


x8-l  x-1     x2  +  x+l      x-1     x^  +  x  +  l 


^jg 3x2 Q 

8.  Resolve into  partial  fractions. 

x»  +  l 

4x-3x2-8  4x-3x2-8 


x8  +  1  (X  4- 1)  (x2  -  X  -f- 1) 

4x-3x2-8        A  Bx-hC 

Assume       = 1- 


x»  4- 1  X  4- 1      x2  -  X  4- 1 

Clear  of  fractions, 

4x  -  3x2  -  8  =  ^x2  -  ^x  4-  ^  4-  5x2  4-  5x  4-  Cx  4-  C. 
-3x2  4-4x-8  =  (^4-5)x2  4-(-^4-J?4-C)x4-(^+C). 
.-.  ^4-5  =  -3,  -^4-J?4-C7  =  4,  ^4-C  =  -8; 
whence  ^  =  -  6,  B  =  2,  C  =  -  3. 

4x-3x2-8       -5         2x-3  2x-3  6 


x»4-l  X4-1      X2-X4-1      X2-X4-1      x4-l 

7x  —  19 

9.  Resolve into  partial  fractions. 

x2-6x4-9 

7x-19         7X-19 


X2-6X4-9      (x-3)2 

.                                7x-19           A  B 

Assume  = 1- 


X2-6X4-9      x-3      (x-3)2 
Clear  of  fractions,         7x  - 19  =  ^x  ~  3  ^  4-  JB. 

.-.  ^  =  7,  and  -  3  A  4-  B  =  - 19; 
whenp9  A  =  7,  and  JB  =  2. 

7X-19  7  2 

4" 


X2-6X4-9      x-3      (x-3)2 
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7  X*  —  44  X  +  32 

10.  Resolye into  partial  fractions. 

x»-8xa  +  16x 

7ga-44x-f  32  _  7ai»-44x+32  _  X»-44x  +  32 

iB8-8x2  +  16x  ~'x(x2-8x+16)  ~      x(x-4)» 

7x«-44x  +  32      A         B  C 

Assume =  — f- 


x8-8x2  +  16x       X      x-4      (x-4)2 
Clear  of  fractions, 

7x«  -  44x  +  32  =  -4x2  _  g^x  +  16^  +  Bx«  -  4  Bx  +  Cx. 
7xa  -  44x  +  32  =  (^  +  B)x3 +  (- 8^  - 4B  +  C)x  + 16 A. 
.'.  A  +  B  =  l,  -  8-4-4^  +  0  =  -44,  16^=32; 
whence  -4  =  2,  B  =  6,  C  =  -  8. 

7xa-44x  +  32_2  6  8 


x8-8x«  +  16x      X      x-4      («-4)« 


5  jpS 11  x^  +  8  X 6 

11.  Resolve into  partial  fractions. 

x*-2x8  +  4x~4 

Now     X*  -  2x8  +  4x -  4  =  (X*  -  4)  -  (2x8  -  4x) 

=  (x8  -f-  2)  (x2  -  2)  -  2x(x»  -  2) 
=  (x*  -  2  X  +  2)  (x*  -  2). 
6x8-llx»-f-8x-6      6x8-llx-^  +  8x-6 

(x2-2x  +  2)(x2-2)' 


Ax -{-3         Cx+  D 


*x- 

-2x8-f-4x- 

4 

Assume 

6x8- 

-llxa  +  8x 

-6 

x*-2x8  +  4x-4        x2-2x+2       x^  -  2 
Clear  of  fractions, 

6x8  -  11  x2  +  8x  -  6  =  -4x8  -  2 ^x  +  Bx«  -  2  5  +  Cx8  -  2  Cx« 

+  2  Cx  -f-  Xte2  -  2  Dx  +  2  D; 

5x8  -  11  x2  +  8x  -  6  =  (^  +  C)x8  +  (5  -  2  C  +  D)x2 

+  (-2^  +  2C-2D)x  +  (-2B  +  2D). 

.-.  ^  +  C  =  5,  B-2C  +  i>  =  -ll, 
-2-4-f-2C-2D  =  8,  -2J?  +  2D  =  -6; 
whence  ^  =  3,  5  =  -  2,  C  =  2,  D  =  -  6. 

6x8-llxg4-8x-6  _      3x-2  2x-6 

"    x*-2x8  +  4x-4    ~xa-2x  +  ?     x^  -  2  ' 
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4x^ 

12.  Resolve into  partial  fractions. 

1  —  X* 


4x2  4x2  4a;2 


l-X*        (1-X2)(l4.x2)         (1-X)(H-X)(H-X2) 

4x2  A  B         Cx-\-D 

Assume  -= 1- :: 1 

1-x*      l-x      1  +  x        l-i-x=^ 

Clear  of  fractions,      4  x2  =  ^  -t-  ^x  +  ^x2  ^  Ax^ -\-  B  -  Bx -\-  Bx:^ 

-  Bx^  +  Cx  -  Cx3  +  D-  l>x2. 

4x2  =  (^  -  1?  -  C)x8  +  (^  +  B-  i))x2 

-^  (A  -  B  -h  C)x  +  (A  -^  B  -^  D). 

.'.  A-B-C  =  0,A-\-B-D  =  4,A-B-\-C  =  0, 

A-\-  B  +  D  =  0; 

whence  A  =  1,  B  =  1,  C  =  0,  D  =  -2. 

4x2  1  1  2 

...  = 1 

l-x*      l-x      l  +  x      H-x2 

i«    i>      1      5x8-13x2-4x  +  35_        ^.  ..       . 

13.  Resolve into  partial  fractions. 

x2(x2-6x  +  7) 

Assume 

6x8 -13x2- 4x +  35      .4      b  Cx -\- D 


x2(x2-6x  +  7)  X      x2      x2-5x  +  7 

Clear  of  fractions, 

5x8  -  13x2  _  4aj  +  35  =  Ax^  -  6Ax^  +  7^x  +  Bx2  -  6Bx  +  75 

-f  Cx^  +  2)x2. 
5x8-13x2-4x  +  35=  (A  +  C)x^ -^  (- 6A  +  B -^  D)x^ 

+  (7^  -6B)x  +  7B. 
.-.  ^  +  C  =  6,  -bA  +  B  +  D  =  - ISy 
7^-5B  =  -4,  7B  =  35; 
whence  ^  =  3,  B  =  5,  C  =  2,  D  =  -  3. 

5x3- 13x2- 4x  + 35      3      5  2x-3 

=  -  +  -^  + 


x2(x2-5x  +  7)  X      x2     x2-5x+7 

14.  Resolve into  partial  fractions. 

x(x-l)8 

x8  +  l         ABC               D 
Assume  —  =  — | f- \- 


X(X-1)8         X         X-1         (X-l)2         (X-l)8 

Clear  of  fractions,  x^  +  1  =  Ax^  -  SAx^  +  3^x  -  A-^  Bx^  -2Bx^ 

-\-Bx-\-  Cx2  -Cx  +  Dx. 
x8  +  1  =  (^  +  B)x8  +  (-  3^  -  2  B  +  C)x2 
+  (SA  +  B-C-j-D)x-]-(-A). 
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..  ^  +  «  =  !,  -SA-2B-^C  =  0y 
3^  +  J5-C  +  i>  =  0,  -A  =  l; 
whence  ^  =  -  1,  £  =  2,  G  =  1,  D  =  2. 

x»  +  1         - 1         2  1  2 

+  :  +  Z TTT,  + 


x(x-l)8        a;       a;-l      (x  - 1)^      (x  -  1)» 


X-1         (X-l)2        (X-l)»       X 

^e    T>      I         3x8-7x2-35x4-6      .  .,^      . 

15.  Resolve  — — •—- — — — into  partial  fractions. 

x*-2x3-3x2  +  4x  +  4  ^ 

Now  x*-2x8-3x2  +  4x  +  4 

=  x2(x2-2x-3)  +  4(x-l-l) 

=  x2(x  +  l)(x-3)  +  4(x  +  l) 

=  (x-M)(x8~3x2-f4) 

=  (X  +  1) («8  +  x2  -  4x2  -f  4) 

=  (x  +  l)[x2(x  +  l)-4(x2-l)] 

=  (X  +  1)  [x2(x  +  1)  -  4(x  +  ])(x  -  1)] 

=  (X  +  1)  (X  +  1) (x3  -  4x  +  4) 

=  (X+l)2(x-2)2. 

Assume 
3x8-7x2-35x  +  6  A  B  C  D 


x*-2x8-3x2  +  4x  +  4      x  +  1      (x  +  l)2      x-2      (x  -  2)2 
Clear  of  fractions, 

3x3  -  7 x2  -  36x  +  6  =  ^  (X  +  1)  (X  -  2)2  +  B{x  -  2)2 

-f  C(x  +  l)2(x  -  2)  +  l>(x  +  1)2. 
3x8-7x2-35x4-6  =  ^x8-3  ^x2  -f  4  ^  +  5x2  -  4  Bx  +  4  JB 

+  Cx8  -  3  Cx  -  2  C  +  2)x2  +  2  jDx  +  D. 
3x8-7x2-35x4-6  =  (^+  C)x8  +  (- 3^  +  B +  2>)x2 

+  (_45_3C  +  22))x 
+  (4^  +4B-2C4-i>). 
.-.  A  +  C  =  S,  -SA-\-B+D  =  -7, 
-4B-3C-f22)  =  -36,  4^-f45-2C4-2>  =  6; 
whence  A  =  ^,  B  =  ?^,  C  =  f  f ,  D  =  -  -%K 

3x8-7x2-35x4-6 
"  X*- 2x8 -3x2  4- 4x4- 4 

26  31  5  5  88 


2 


X4-1      (a;  4-1)*^      x-2      (x-2) 

26  31  55  68 

+   — 777  + 


27(x4-l)      9(x4-l)2      27  (x-2)      9(x-2)2 


TEACHERS*  EDITION  806 


16.  Resolve into  partial  fractions. 

jc4_6x3  +  3x2  +  8x-6 

Now  X*  -  6x8  +  3x2  +  8x  -  6 

=  (X  -  1)  (x3  -  6x2  _  2x  +  6)  §  147 

=  (X  -  1)  (x  -  1)  (x2  -  4  X  -  6)  §  147 

=  (x-l)2(x2-4x~6). 
Assume 

3x8-21x2-6x  +  51  A  B  Cx  ^  B 


x4_6x8  +  3x2+8x-6      x-1      (x-l)2     x2-4x-6 
Clear  of  fractions, 

3 x8  -  21  x2  -  6x  +  51  =  ^  (X  -  1)  (x2  -  4x  -  6)  +  B{x^  -  4x  -  6) 

+  (Cx  +  2))(x-l)2. 
3x8  -  21  x2  -  6x  +  51  =  Ax^  -  5 ^x2  -  2^x  -f  6 ^  +  J5x2 

-  4  Bx  -  6  B  -f  C7x8  -  2  Cx2  +  Cx 

+  i>x2  -  2  Dx  +  D. 
3x8  -  21  x2  -  6x  +  51  =  (^  +  C)x8  +  (-5^+5-20  +  D)x^ 

+  (-2A-45+C-2i))x 
■\-(QA~QB-\-D). 
.-.  ^  +  0  =  3,  -5^  +  5-2C  +  2)  =  -21, 
-2^-4B  +  C'-2i)  =  -6,  6^-6B  +  i)  =  51; 
whence  ^  =  6,  5  =  -  3,  C  =  -  2,  D  =  3. 

3x8-21x2-6x  +  51  5  -3      .     -2x-f3 

"T 


x*~6x8  +  3x2  4-8x-6      x-1      (x-l)2      x2-4x-6 

_     5 3j 2x-3 

~  X  -  1      (X  -  1)2      x2  -  4  X  -  6 


Ezerclae  136.    Page  368 

1.  What  is  the  logarithm  of  24  if  24  =  10i-3802  p 
If  24  =  101-8802,  the  logarithm  of  24  is  1.3802. 

2.  What  is  the  logarithm  of  y^  ? 
Now  j.iy  =  10-i. 
Therefore,  log  ^^=  —  \. 

8.  What  is  the  logarithm  of  10^  x  10*  ? 
Now  108  X  10*  =  1012. 

Therefore,  log  (108  x  10*)  =  12. 
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4.  What  is  the  logarithm  of  8  to  the  base  2  ? 
Now  8  =  2». 
Therefore,  logs  8  =  3. 

5.  May  1  be  taken  as  the  base  of  a  system  of  logarithms  ?    ^Whj  ? 
No.    Because  no  number  except  1  may  be  represented  as  a  power  of  1. 

6.  What  is  the  logarithm  of  -  27  to  the  base  -  3  ? 
Now  _  27  =  (~  3)». 
Therefore,  log_3(-  27)  =  3. 

7.  May  a  negative  number  be  used  as  the  base  of  a  complete  sys- 
tem of  logarithms  ?    Why  ? 

No.  Because  even  integral  powers  of  a  negative  number  are  posi- 
tive numbers,  and  odd  integral  powers  of  a  negative  number  are  nega- 
tive numbers,  and  such  powers  do  not  represent  all  numbers. 

8.  Write  the  common  logarithm  of  each  of  the  following :  1000, 
0.001,  108,  Vio,  ^102,  10'  -^  10^. 

1000  =  103;  ...  log  1000  =  3. 

0.001  =  10-3;  ...  logo. 001  =  -  3. 

108  =  108  ;  ...  log  108  =  8. 

Vio  =  10^ ;  .-.  log  VlO  =  J. 

</W  =  l(fi;  .-.  log ^^102  =  f 

10^  ^  105  =  10-^;  .-.  log(10*  ^  10*)  =  -  j\. 

9.  If  the  logarithm  of  4.04  is  0.6937,  what  is  the  logarithm  of  494  ? 

of  0.494  ? 

4.94  =  100.««^ 

494  =  100  X  4.94  =  10^  x  lOoewr  =  102.6887. 
.-.  log494  =  2.6937. 

0.494  =  tV  of  4.94  =  10-1  X  ioo.e987  =  loi-easr. 
.-.  Iog0.494  =  1.6937. 

10.  If  the  logarithm  of  2  is  0.3010,  find  the  logarithm  of  2« ;  of  V2; 
of  ^. 

If  log2  =  0.3010,  then  2  =  lOoaoio. 

26  ~  /X00-3010\6  ==  101-8060. 
V2  =  (100-3010)4  =  100.1505. 
V2  =  (100-8010)1  =  100-1003. 

Therefore,  log2«  =  1.8060 ;  log  V2  =  0.1505 ;  log  \^  =  0.1003. 


TEACHERS'  EDITION                           807 

Ezercise  137.  Page  379 

Given  log  2  =  0.3010 ;  log  3  =  6.  7.6  =  3  x  6  x  5  x  0.1. 

0.4771 ;  log  5  =  0.6990 ;   log  7  =  j^^  3  ^  ^^^^^ 

^•^^^-  log  6  =  0.6990 

Find  the  logarithms  of  the  fol-  log  5  =  0.6990 

lowing  numbers  by  resolving  the  log  0.1  =  9.0000  -  10 

numbers  into  factors  and  taking  •*•  log  7.6  =  0.8761 
the  sum  of  the  logarithms  of  the 

factors:  ''•  ^.021  =  3  x  7  x  0.001. 

1.6  =  2x3.  ^^S^  =  ^-4771 

log  7  =  0.8461 

log  2  =  0.3010  log  0.001  =  7.0000  -  10 

log  3  =  0.4771  ...  log  0.021  =  8.3222  -  10 


log  6  =  0.7781 


3.  15  =  3  X  5. 


4.  49  =  7  X  7. 


log  7  =  0.8451 
log  7  =  0.8461 


8.  0.36  =  5  X  7  X  0.01. 


log  6  =  0.6990 
log  3  =  0.4771  log  7  =  0.8461 

log  5  =  0.6990  log  0.01  =  8.0000  -  10 

.-.  log  15  =  1.1761  .-.  log  0.35  =  9.5441  -  10 

8.  21  =  3  X  7.  ®*  ^-^35  =  5  X  7  x:  0.0001. 

log  3  =  0.4771  ^^g  ^  =  ^-^^ 

log  7  =  0.8461  log  7  =  0.8461 

.•   log  21  =  1:3222  log  0.0001  =  6.0000  -  10 

.-.  log  0.0036  =  7.6441  -  10 


10.  12.5  =  68x0.1. 


log  68  =  2.0970 

log  49  =  1.6902  108  0-1  =  2:0000^ 

^  .-.  log  12.5  =  1.0970 


6.  60  =  2  X  2  X  3  X  5.  11.  420  =  22  x  3  x  6  x  7. 

log  2  =  0.3010  log  22  =  0.6020 

log  2  =  0.3010  log  3  =  0.4771 

log  3  =  0.4771  log  6  =  0.6990 

log  6  =  0.6990  log  7  =  0.8451 

.-.  log  60  =  1.7781  .-.  log  420  =  2.6232 
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13.  0.004  =  22  X  0.001. 

log  22  =  0.6020 
log  O.OOl  =i  7.0000-10 
.-.  log  0.004  =  7.6020  -  10 

18.  0.63  =  32  X  7  X  0.01. 

log  32  =  0.9642 
log  7  =  0.8451 
log  0.01  =  8.0000  -  10 
.-.  log  0.63  =  9.7993  -  10 

14.  106  =  3  X  5  X  7. 

log  3  =  0.4771 

log  5  =  0.6990 

log  7  =  0.8461 

.-.  log  106  =  2.0212 

16.  0.0106  =  3x5x7x0.0001. 

log  3  =  0.4771 

log  5  =  0.6990 

log  7  =  0.8451 

log  0.0001  =  6.0000  -  10 

.-.  log  0.0105  =  8.0212  -  10 

16.  0.06  =  6  X  0.01. 

log  6  =  0.6990 
log  0.01  =  8.0000  -  10 
.-.  log  0.06  =  8.6990  -  10 

17.  1.06  =  3  X  6  X  7  X  0.01. 

log  3  =  0.4771 

log  5  =  0.6990 

log  7  =  0.8451 

log  0.01  =  8.0000  -  10 

.-.  log  1.06  =  0.0212 

18.  0.066  =  28  X  7  X  0.001. 

log  28  =  0.9030 
log  7  =  0.8461 
log  0.001  =  7.0000  -  10 
.-.  log  0.056  =  8.7481  -10 


19.  8  X  9  =  28  X  32. 

log  28  =  0.9030 

log  32  =  0.9642 

.•   log  (8x9)  =  1.8672 

SO.  26  X  32  =  52  X  2^. 

log  62  =  1.3980 

log  2*  =  1.6060 

.-.  log  (25  X  32)  =  2.9030 

81.  Find  log  6,  knowing  that 
log  2  =  0.3010  and  log  10  =  1. 

6  =  Jj^. 
.-.  log  6  =  log  10 -log  2. 

log  10  =  1.0000 

log  2  =  0.3010 

.-.  log  6  =  0.6990 

22.  Find  the  logarithm  of  |. 

log  2  =  0.3010 
log  6  =  0.6990 

/.  log  I  =  1.6020 

28.  Find  the  logarithm  of  f 

log  3  =  0.4771 
log  7  =  0.8461 

.-.  log  i  =  1.6320 

24.  Find  the  logarithm  of  |. 

log  7  =  0.8461 

log  5  =  0.6990 

.-.  log  ^  =  0.1461 

26.  Find  the  logarithm  of  f. 

log  3  =  0.4771 
log  6  =  0.6990 

.-.  log  f  =  1.7781 
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26.  Find  the  loganthm  of 

log  7  =  0.8451 
log  0.5  =  1.6990 

...  log  — =  1.1461 
^0.5 


81.  Find  the  logarithm  of 


0.02 


0.005 

log  0.02  =  8.3010  -  10 

log  0.005  =  7.6990  -  10 

1       0.02 

.-.  log =  0.6020 

^  0.006 


87.  Find  the  logarithm  of 

log  0.06  =  2.6990 
log  3  =  0.4771 

...  log  ^  =  2.2219 


0.06 


3 


28.  Find  the  logarithm  of 

log  0.0007  =  4.8451 
log  0.2  =  1.3010 

,      0.0007      H  i,AA^ 

.-.  log =  3.6441 

^     0.2 


29.  Find  the  logarithm  of 

log  0.003  =  3.4771 
log  7  =r  0.8451 

...  log  5:52?  =  4.6320 


80.  Find  the  logarithm  of 


0.0007 
0.2 


0.003 


420 

125 


420  =  22  X  3  X  5  X  7;  126  =  5^. 

log  22  =  0.6020 

log  3  =  0.4771 

log  6  =  0.6990 

log  7  =  0.8461 

.-.  log  420  =  2.6232 

log  68  =  2.0970 

...  log  —  =  0.5262 
^125 


27 
82.  Find  the  logarithm  of  — 

^  10 

27  =  3». 

log  38  =1.4313 
log  10  =  1.0000 

.-.  log  —  =  0.4313 
^10 


88.  Find  the  logarithm  of 

log  100  =  2.0000 
log  0.5  =  T.6990 

...  log  —  =  2.3010 
^  0.5 


84.  Find  the  logarithm  of 


100 
05 


84 


25 


84  =  22  X  3  X  7;  26  =  62. 

log  22  =  0.6020 

log  3  =  0.4771 

log  7  =  0.8451 

.-.  log  84  =  1.9242 

log  52  =  1.3980 

.-.  log  — =  0.5262 
^25 


86.  Find  the  logarithm  of 

log  0.05  =  2.6990 
log  0.7  =  1.8451 

^         0.05         -   „,„^ 

.-.  log =  2.8539 

^  0.7 


0.05 
0.7 
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86.  Find  the  logarithm  of 


6x7 


6x6 
6x7  =  2x3x7;  6x6  =  62. 

log  2  =  0.3010 

log  3  =  0.4771 

log  7  =  0.8461 

.-.  log  (6x7)  =  1.6232 

log  52  =  1.3980 

.-.  log  ^-^  =  0.2262 
^6x6 


87.  Find  the  logarithm  of 


7x9 


8x6 
7x9=7x32;8x6  =  28x5. 

log  7  =  0.8461 

log  32  =  0.9542 

.-.  log  (7x9)  =  1.7993 

log  28  =  0.9030 

log  6  =  0.6990 

.-.  log  (8x6)  =  1.6020 

log  (7x9)  =  1.7993 
log  (8x6)  =  1.6020 

.-.  log  ^^  =  0.1973 

8x5 


88.  Find  the  logarithm  of 
0.7  X  0.9 


0.8  X  0.6 

0.7  X  0.9  =  7  X  32  X 

0.01; 

0.8  x0.5  =  28  X  6  X 

0.01. 

log  7  =  0.8451 

log  32  =  0.9542 

log  0.01  =  8.0000  - 

10 

log(0.7x0.9)=  9.791)3 - 

10 

log  28 

log  6 

log  0.01 

•.log  (0.8x0.6) 

log  (0.7  xO.9) 

log  (0.8  X  0.6) 

,      0.7  X  0.9 

*.  log 

*0.8x0.6 


0.9030 
0.6990 
8.0000 


-10 


9.6020  - 

10 

9.7993- 

10 

9.6020  - 

10 

=  0.1973 


89.  Find  the  logarithm  of 

0.07  X  1.6 
0.002 

0.07  xl.6  =  7x3x6x  0.001. 

log  7  =  0.8451 
log  3  =  0.4771 
log  6  =  0.6990 
log  0.001  =  7.0000  -  10 
•.  log(0.07  X  1.6)=  9.0212  -  10 
log  0.002  =  7.3010  -  10 


•.log 


0.07  X  1.5 
0.002 


=  1.7202 


40.  Find  the  logarithm  of 
0.1  X  0.7  X  0.2 


6  X  0.03 

log  0.1  = 
log  0.7  = 
log  0.2  = 
.-.log  (0.1x0.7x0.2) 

log  5 

log  0.03 

.-.  log  (5  X  0.03) 

log  (0.1x0.7x0.2) 
log  (6  X  0.03) 
0.1x0.7x0.2 

•■■  ^^      6  X  0.03 


=  9.0000-10 
=  9.8461-10 
=  9.3010-10 
=  8.1461-10 

=  0.6990 

=  8.4771-10 

=  9.1761-10 

=  8.1461-10 
=  9.1761-10 

=  8.9700-10 
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41.  Find  the  logarithm  of 
0.02  X  0.005 


0.07  X  0.03 


8.3010-10 
7.6990-10 


log  0.02 

log  0.005 

•.  log  (0.02  X  0.005)  =  6.0000-10 

log  0.07 

log  0.03 

.-.  log  (0.07  X  0.03)  =  7.3222-10 

log  (0.02  X  0.005) 
log  (0.07  X  0.03) 
0.02  X  0.005 


&.8451-10 
8.4771-10 


6.0000-10 
7.3222-10 


.-.  log 


0.07  X  0.03 


=  8.6778-10 


42.  Find  the  logarithm  of  2^. 

log  2  =  0.3010 

3 

.'.  log  28  =  0.9030 

48.  Find  the  logarithm  of  7*. 

log  7  =  0.8451 

4 

.-.  log  7*  =  3.3804 


44.  Find  the  logarithm  of  5^. 

log  5  =  0.6990 
5 


.-.  log  5«  =  3.4950 

46.  Find  the  logarithm  of  2^. 

log  2  =  0.3010. 
log  2*  =  J  of  0.3010  =  0.0753. 

46.  Find  the  logarithm  of  3*. 

log  3  =  0.4771. 

log 3*  =  j  of  0.4771  =  0.1590. 


47.  Find  the  logarithm  of  V7. 

V7  =  7*. 
log  7  =  0.8451. 
log  V7  =  i  of  0.8451  =  0.4226. 

48.  Find  the  logarithm  of  3^ 

log  3  =  0.4771 

2 

5)0.9542 
•.  log  3*  =  0. 1908 

49.  Find  the  logarithm  of  3^. 

log  3  =  0.4771 
9 


11)4.2939 
.-.  log3^*  =  0.3904 

60.  Find  the  logarithm  of  v^. 

^35  =  35*  =  (5  X  7)*. 

log  5  =  0.6990 

log  7  =  0.8451 

3)1.5441 

.-.  log  <^=  0.5147 


61.  Find  the  logarithm  of  VT2. 

VT2  =  4.2^  =(2  X  3  X  7  X  0.1)^ 

log2  =  0.3010 

log3  =  0.4771 

log  7  =  0.8451 

log0.1  =  9.0000 -10 

2)0.6232 

.-.  logV4^  =  0.3116 

62.  Find  the  logarithm  of  2.1* 

2.1*  =  (3  x7  X  0.1)*. 

log3  =  0.4771 

log  7  =  0.8451 

log0.1  =  9.0000 -10 

3)0.3222 

.•   log2.1*  =  0.1074 
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53.  Find  the  logarithm  of  7¥. 

log?  =  0.8451 

7 

11)5.9167 

.-.  lQg7^  =  0.5378 

54.  Find  the  logarithm  of  10. 5>. 

10.5»  =  (3  X  5  x7x0.1)». 

log3  =  0.4771 

log5  =  0.6990 

log7=  0.8461 

log0.1  =  9.0000 -10 

.-.  Iogl0.5  =  1.0212 

3 

.-.  Iogl0.58  =  3.0636 

56.  Find  the  logarithm  of  1.2*. 

1.2*  =  (22  x3  X  0.1)*. 

log22  =  0.6020 

log3  =  0.4771 

log  0.1  =  9.0000  -  10 

2)0.0791 

.-.  log  1.2*  =  0.0396 

56.  Find     the    logarithm    of 
68  X  62. 

6«  X  52  =  28  X  38  X  52. 

log28  =  0.9030 

log38=  1.4313 

log52=  1.3980 

.-.  log  (68  X  62)  =  3.7323 

57.  Find     the     logarithm     of 
7«  X  38. 

log7  =  0.8461 

3 

6)2.5353 
.-.  log7«  =  0.5071 


log3  =  0.4771 

2 

9)0.9542 

.-.  log3*  =  0.1060 

log  7^  =  0.5071 

.-.  log  (7*  X  3«)  =  0.G131 

58.  Find     the     logarithm     of 
1.8*  X  2.78. 

1.8*  =  (2  X  32x0.1)*; 
2.78  =  (38x0.1)8. 

log2  =  0.3010 
log32  =  0.9642 
logO.l  =  9.0000  -  10 
3)0.2552 
.-.  logl.8*  =  0.0851 

log38=  1.4313 
log0.1  =  9.0000 -10 
0.4313 

3 

.-.  log2.78=  1.2939 

log  1.8*  =  0.0851 

log2.78  =  1.2939 

.•.log(1.8*x  2.78)  =1.3790 

59.  Find    the     logarithm     of 
3*  X  4*  X  6*. 

4*  =  (22)*  =  2'. 

log  3*  =  i  of  0.4771  =  0.238(3 
log2*  =  f  of  0.3010  =  0.2007 
log  5*  =  J  of  0.6990  =  0.1747 
.-.  log(3*x4*  X  5*)  =  0.6140 

60.  Find  the  logarithm  of  0.02*. 

Iog0.02  =  8.3010  -10 

20.  -  20 

3)28.3010-30 

.♦.  Iog0.02*  =  9.4337 -10 
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61.  Find  the  logarithm  of  1.05*  x  0.03*  x  0.028. 

1.05*  =  (3  X  5  X  7  X  6.01)« 

log3  =  0.4771 

log  5  =  0.6990 

log  7  =0.8461 

log0.01  =  8.0000 -10 

log  1.05  =  0.0212 

2 

5)0.0424 
.-.  log  1.06*  =  0.0Q85 

log0.03  =  8.4771  -10 

10.  -  10 

2)18.4771-^20 

.-.  Iog0.03*  =  9.2386 -10 

log0.02  =  8.3010 -10 

3 
.-.  Iog0.028  =  4.9030-  10 

log  1.06^  =  0.0086 
log0.03*  =  9.2386 -10 
log  0.028  =  4.9030  -  10 
.-.  log  (1.05*x  0.03*  X  0.028)  =  4.1501  _  lo 


Find  from  the  table  the  com- 
mon logarithm  of : 

68.  log67  =  1.7559. 

68.  log  109  =  2.0374. 

64.  log857  =  2.9330. 

66.  log  9901  =3.9967. 

66.  log  5406  =  3.7329. 

67.  log4552  =  3.6682. 

68.  log  5433  =  3.7350. 

69.  Iog90871  =  4.9585. 

70.  log  10007  =  4.0003. 

71.  log  10070  =  4.0030. 

72.  log  56.27  =  1.7503. 
78.  log  12.16  =  1.0850. 


74.  log  0.8770  =  9.9430 -10. 
76.  log  0.0667  =  8.7536  -  10. 

76.  log  1.006  =  0.0026. 

77.  log  8.778  =  0.9434. 

78.  log  73.896  =  1.8686. 

79.  log  0.07069  =  8.8493  -  10. 

80.  logO.008974  =  7.9530  -  10. 

81.  log3.1416  =  0.4971. 

Find  the  antilogarithms  of  the 
following  common  logarithms : 

82.  2.8142  =  log  652. 
88    3.6064  =  log  4040. 
84.  5.2695  =  log  186,000. 
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•5.  1.7750  =  log 69.67.  94.  8.6330  -  10  =  log 0.04295. 

86.  3.8941  =  log  7836.  96.  2.5310  -  10 

87.  2. 1562  =  log  143.3.  ,               =  log  0. 00000003396. 

88.  1.2982  =  log  19.87.  96.  9.9486  -  10  =  log  0.8884. 

89.  1.7903  =  log  0.617.  97.  1.9730  =  log  93.98. 

90.  3.6233  =  log  0.004201.  98.  9.8800  -  10  =  log  0.7686. 

91.  4.1547  =  log  0.0001428.  99.  0.2788  =  log  1.9. 

93.  0.4382  =  log  2.743.  100.  8.0060  ~  10  =  log  0.01014. 

98.  4.2488-10  101.  7.0216 -10  =  log 0.001051. 

=  log  0.000001773.       103.  8.6582  -  10  =  log  0.04552. 

108.  Find  the  cologarithm  corresponding  to  the  logarithm  0.6990. 
The  required  cologarithm  is  9.3010  —  10. 

104.  Find  the  cologarithm  corresponding  to  the  logarithm  2.4843. 
The  required  cologarithm  is  7.5157  —  10. 

105.  Find  the  cologarithm  corresponding  to  the  logarithm  1.9274. 
The  required  cologarithm  is  0.0726. 

106.  Find  the  cologarithm  corresponding  to  the  logarithm  0.3010. 
The  required  cologarithm  is  9.6990  —  10. 

107.  Find  the  cologarithm  corresponding  to  the  logarithm  9.7404  —  10. 
The  required  cologarithm  is  0.2596. 

108.  Find  the  cologarithm  corresponding  to  the  logarithm  2.8779  —  10. 
The  required  cologarithm  is  7.1221. 

109.  Find  the  cologarithm  corresponding  to  the  logarithm  9.6542  —  I''. 
The  required  cologarithm  is  0.3458. 

110.  Find  the  cologarithm  corresponding  to  the  logarithm  7. 1673  —  10. 
The  required  cologarithm  is  2.8327. 

111.  Find  the  cologarithm  corresponding  to  the  logarithm  3.7559. 
The  required  cologarithm  is  6.2441  —  10. 

112.  Find  the  cologarithm  corresponding  to  the  logarithm  11.4263. 
The  required  cologarithm  is  8.5737  —  20. 

113.  Find  the  cologarithm  corresponding  to  the  logarithm  5.0414  — 10. 
The  required  cologarithm  is  4.9586. 

114.  Find  the  cologarithm  corresponding  to  the  logarithm  3.8260  — 10. 
The  required  cologarithm  is  6.1740. 
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116.  Find  the  cologarithm  of 

803. 

log  363  =  2.5690. 

.-.  colog  363  =  7.4401  -  10. 

116.  Find  the  cologarithm  of 

792. 

log  792  =  2.8987. 

.-.  colog792  =  7.1013 -10. 

117.  Find  the  cologarithm  of 

8652. 

log8652  =  3.9371. 

.-.  colog  8662  =  6.0629  -  10. 

118.  Find  the  cologarithm  of 
178,000. 

log  178000  =  6.2504. 
.-.  colog  178000  =  4.7496  -  10. 

119.  Find  the  cologarithm  of 

4820. 

Iog4820  =  3.6830. 

.-.  colog  4820  =  6.3170  -  10. 

180.  Find  the  cologarithm  of 

8.104. 

Iog8.104  =  0.9087. 

.-.  colog  8. 104  =  9.0113  -  10. 

181.  Find  the  cologarithm  of 

14.26. 

log  14.26=  1.1641. 

.-.  colog  14.26  =  8.8459  -  10. 


128.  Find  the  cologarithm  of 
43.266. 

log43.266=  1.6361. 
.-.  colog  43.266  =  8.3639  -  10. 


184.  Find  the  cologarithm  of 
16.7643. 

log  16.7643  =  1.1977. 
.-.  colog  16.7643=  8.8023  -  10. 


125.  Find  the  cologarithm  of 
0.02634. 

log  0.02634  =  8.4206  -  10. 
.-.  colog 0.02634  =  1.6794. 


126.  Find  the  cologarithm  of 
2,716,000. 

log  2716000  =  6.4340. 
.-.  colog 2716000  =  3.6660  -  10. 

187.  Find  the  cologarithm  of 
0.0003827. 

log  0.0003827  =  6.5829  -  10. 
.-.  colog  0.0003827  =  3.4171. 


128.  Find  the  cologarithm  of 
0.046826. 

log  0.046826  =  8.6611  -  10. 
.-.  colog0.045826  =  1.3389. 


182.  Find  the  cologarithm  of 
0.0243. 

Iog0.0243  =  8.3856 -10. 
.-.  colog  0.0243  =  1.6144. 


129.  Find  the  cologarithm  of 
0.002835. 

log  0.002836  =  7.4626  -  10. 
.-.  colog  0.002835  =  2.6474. 
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Exercioe  138.    Page  383 


Find  by  logarithms  the  value  of : 

1.  562.3  X  0.7854. 

]og562.3=  2.7409 
log  0.7864  =  9.8961  -  10 
2.6450 
=  log  441.6. 

Therefore,  the  required  value 
is  441.6. 


6.  820.25  X  2.6364. 

log  820.26  =  2.9139 
log2.6364  =  0.4209 
3.3348 
=  log  2162. 

Therefore,  the  required  value 
is  2162. 


2.  22.87  X  0.06826. 

log  22. 87  =  1.3592 
log  0.05826  =  8.7654  -  10 
0.1246 
=  log  1.332. 

Therefore,  the  required  value 
is  1.332. 


6.  0.00857  X  0.00693. 

Iog0.00857  =  7.9330 -10 
log  0.00693  =  7.8407  -  10 
5.7737  -  10 
=  log  0.00006939. 

Therefore,  the  required  value 
is  0.00005939. 


8.  0.31416  X  282.4. 

Iog0.31416  =  9.4071  -10 
log  282.4  =  2.4508 
1.9479 
=  log  88. 7. 

Therefore,  the  required  value 
is  88.7. 


7.  -  46.82  X  94.37. 

Iog46.82  =  1.6704n 
log  94.37=  1.9749 
3.6453 n 
=  log  44 19. 

Therefore,  the  required  value 
is  -  4419. 


4.  5985  X  4268. 

log5985  =  3.7771 
log  4268  =  3.6302 
7.4073 
=  log  25550000. 

Therefore,  the  required  value 
is  25,550,000. 


8.  5280  x(- 63.42). 

Iog5280  =  3.7226 
log63.42  =  1.8022  n 
6.5248 n 
=  log  334800. 

Therefore,  the  required  value 
is  -334,800. 
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9.  -62,762  x(- 0.0046). 

log62762  =  4.7977  w 
log 0.0046  =  7.6628  -  10  n 
2.4605 
=  log  288. 7. 

Therefore,  the  required  value 
is  288.7. 

10.  28.46  -^  7.423. 

log28.46  =  1.4542 
colog  7.423  =  9.1294-10 
0.5836 
=  log  3.834. 

Therefore,  the  required  value 
is  3.834. 

11.  26,250-^832.6. 

Iog26250  =  4.4192 
colog 832.6  =  7.0796  -  10 
1.4988 
=  log  31. 64. 

Therefore,  the  required  value 
is  31.54. 

12.  0.04287  --  0.56875. 

Iog0.04287=:  8.6^22  -10 
colog  0.56875  =  0.2451 

8.8773  -  10 
=  log  0.07538. 

Therefore,  the  required  value 
is  0.07638. 

18.  0.003625  H-  0.000987. 

log 0.003625  =  7.5593  -  10 
colog  0.000987  =  3.0057 

0.5650 
=  log  3.673. 

Therefore,  the  required  value 
is  3.673. 


14.  (38.42  X  63.95)  -r-  428.3. 

log  38. 42=  1.5846 
log63.95  =  1.8059 
colog 428. 3  =  7.3683  -  10 
0.7587 
=  log  5. 737. 

Therefore,  the  required  value 
is  6.737. 


16.  263  X  (-512)-- 1728. 

log263  =  2.4200 
log512  =  2.7093n 
colog  1728  =  6.7626-10 
1.8918W 
=  log  77.95. 

Therefore,  the  required  value 
is  -  77.95. 


16.  5.8404  --  0.003764. 

Iog5.8404  =  0.7664 
colog  0.003764  =  2.4244 

3.1908 
=  log  1552. 

Therefore,  the  required  value 
is  1552. 


17.  48.792  ~- 148.79. 

log48.792  =  1.6883 
colog  148. 79  =  7.8274-10 
9.5157  -  10 
=  log  0.3279. 

Therefore,  the  required  value 
is  0.3279. 
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18.  3L68  -4-  0.0007854. 

log31.68=  1.4994 
cologO.0007864  =  3.1049 

4.6043 
=  log  402 10. 

Therefore,  the  required  value 
is  40,210. 


21. 


84.296  X  48.75 


7.862  x(- 6.827) 

log84.296=  1.9258 
log48.75=  1.6880 
colog  7.862  =  9.1045  —  10 
colog6.827  =  9.1658  — 10  n 
1.8841  n 
=  log  76. 58. 

Therefore,  the  required  value 
is  -  76.68. 


19. 


862  X  978  X  562 
718  X  1265  X  243 


log862  =  2.9355 
log978  =  2.9903 
log  562  =  2.7497 
colog  718  =7.1439 -10 
colog  1255  =  6.9013 -10 
colog 243  =  7.6144  -  10 
0.3361 
=  log  2. 163. 

Therefore,  the  required  value 
is  2.163. 


22. 


87.57  X  495  x  0.823 
3.1416x0.045  X  8662 


log87.57=  1.9424 
log495  =  2.6946 
log0.823  =  9.9154 -10 
colog  3. 1416  =  9.5029  -  10 
colog0.045  =  1.3468 
colog  8662  =  6.0624  -  10 
1.4645 
=  log  29. 14. 

Therefore,  the  required  value 
is  29.14.     . 


^^    52.634  x(- 36.875) 
-  152.6  x(- 87.65) 

log52.634  =  L7213 
log36.875=  1.5667  n 
colog  152.6  =  7.8166  -  lOn 
colog  87.66  =  8.0572- 10  n 
9.1617- 10  n 
=  0.1451. 

Therefore,  the  required  value 
is  -  0.1451. 


23. 


0.007854  X  0.09863 
363  X  98.47  x  106.8 


logO.007854  =  7.8951  -  10 

log  0.09863  =  8.9940  -  10 

colog363  =  7.4401  -10 

colog98.47  =  8.0067 -10 

colog  106.8  =  7.9714  -  10 

0.3073  -  10 

=  log  0.0000000002029. 

Tlierefore,  the  required  value 
is  0.0000000002029. 
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24. 


89.76  X  98.54  X  26.63 


0.006862  X  0.8271 

log89.76  =  1.9631 

log98.54  =  1.9936 

log26.63=  1.4264 

cologO.006862  =  2.2320 

colog0.8271  =  0.0824 

7.6866 

=  log  48690000. 

Therefore,  the  required  value 
is  48,690,000. 


25.  3.141612. 

log3.1416  =  0.4971 


12 


5.9652 
=  log  923000. 

Therefore,  the  required  value 
is  923,000. 


28.  81.48^. 

log81.48=  1.9111. 
2)1.9111 

0.9666  =  log  9.026. 

Therefore,  the  required  value 
is  9.026. 

29.  16,327*. 

log  16327  =  4.2129. 
3)4.2129 

1.4043  =  log  26.37. 

Therefore,  the  required  value 
is  26.37. 

80.  26.87*. 

log26.87  =  1.4293. 
6)1.4293 

0.2869  =  log  1.931. 

Therefore,  the  required  value 
is  1.931. 


26.  862.76. 

log  862. 7=    2.9369 

6 

14.6796 
=  log  478100000000000. 

Therefore,  the  required  value 
is  478,100,000,000,000. 


81.  \^0.00462. 

log  0.00462=    7.6661-10 

40.  -  40 

6)47.6551  -60 

9.6310  - 10 

=  log  0.3396. 

Therefore,  the  required  value 
is  0.3396. 


27.  47.688. 

log47.68  =  1.6774 

3 

5.0322 
=  log  107700. 

Therefore,  the  required  value 
is  107,700. 


82.  v^O.8751. 

log  0.8761=    9.9421-10 

30.  -  30 

4)39.9421  -40 

9.9865  - 10 

=  log  0.9672. 

Therefore,  the  required  value 
is  0.9672. 
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88.  802. 68^. 

Iog802.53  =  2.0046. 
4)2.9046 

0.7261  =  log  6.323. 

Therefore,  the  required  value 
is  5.323. 

34.  2.8617. 

log2.851  =  0.4560 

7 

3.1850 
=  log  1631. 

Therefore,  the  required  value 
is  1631. 

35.  (iJ)A. 

log  61  =  1.7076 
colog43  =  8.3666  -  10 
20)0.0741        " 
0.0037 
=  log  1.009. 

Therefore,  the  required  value 
is  1.009. 

36.  0.00893-*  = 


88.  0.2675^ 

log0.2676  =  9.4273 -10 

7 


0.00893* 
colog  0.00893  =  2.0491. 
7)2.0491 

0.2927  =  log  1.962. 

Therefore,  the  required  value 
is  1.962. 

87.  0.61376. 

Iog0.5137  =  9.7107 -10 

6 
8.6635  - 10 
=  log  0.03577. 

Therefore,  the  required  value 
is  0.03677. 


6.9911  - 10 
=  log  0.00009798. 
Therefore,  the  required  value 
is  0.00009798. 

89.  0.1818B. 

Iog0.1818  =  9.2696 -10 

9 


3.3364  - 10 
=  log0.000000217. 
Therefore,  the  required  yalue 
is  0.000000217. 

40.  0.02852i 

log  0.02862  =     8.4661  -  10 
40.  -  40 

6)48.4651-60 
9.6910  - 10 
=  log  0.4909. 
Therefore,  the  required  value 
is  0.4909. 

41.  0.07225*. 

log  0.07226=     8.8688-10 
60.  -  50 

6)58.8588-  60 
9.8098  -  10 
=  log  0.6463. 
Therefore,  the  required  value 
is  0.6453. 

42.  0.03687*. 

log 0.03687  =     8.5666  -  10 
60.  -  60 

7)68.5666-70 
9.7952-10 
=  log  0.6240. 
Therefore,  the  required  value 
is  0.624. 
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^.     ^0.0047 
48. 


v^O.  00872 

J  log  0.0047    =  J  (7.6721  -  10)  =  9.2240  -  10 

J  colog  0.00872  =  I  (2.0696)  =  0.6149 

9.7389- 10  =  log0.6481. 
Therefore,  the  required  value  is  0.6481. 

^^    4x(0.6326)> 
(-  41.762)'  * 

log  4  =0.6021  =0.6021 

f  log  0.6326  =  j  (9.7264  -  10)  =  9.8368  -  10 
I  colog  41.762  =  J  (8.3793  -  10)  =  8.9196  -  10 

9.3574 -10  =  log 0.2277. 
Therefore,  the  required  value  is  0.2277. 

(-0.04663)* 
(-0.6678)* 

I  log  0.04563  =  i  (8.6593  -  10)  =  8.9274  -  10 
I  colog  0.6678    =  f  (0. 1819)  =  0.1039 

9.0313 -10  =  log  0.1076. 
Therefore,  the  required  value  is  0.1076. 


46 


6086  X  0.00087698 


9802  X  0.001984* 

log  6086  =3.7064  =    3.7064 

3  log  0.0008769  =  3 (6.9430  -  10)  =    0.8290  -  10 
colog  9802  =  6.0087  -  10       =    6.0087  -  10 

4  colog  0.001984    =4(2.7024)  =  10.8096 

1.3537  =  log  22.68. 
Therefore,  the  required  value  is  22.68. 

,„    8094  X  ■v^O.031 
47.    • 

'  6408  X  \^0.017 

log  8094  =3.9081  =3.9081 

J  log  0.031  =  i  (8.4914  -  10)  =  9.6983  -  10 
colog  5408  =6.2670-10       =6.2670-10 
J  colog  0.017  =  i  (1.7696)  =  0.2949 

0.1683  =  log  1.473. 
Therefore,  the  required  value  is  1.473. 
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^.109  6/7628 
48. 


6/7628 

716  \  9317 

log  7628=    3.8824 

colog9317=:    6.0807  - 10 

9.9131  - 10 

40.  -  40 

6)49.9131  -60 

9.9826  - 10 

log  109=    2.0374 

colog716=    7.1461  -10 

9.1651  -10  =  log  0.1462. 

Therefore,  the  required  value  is  0.1462. 


.^      ,,  348. 7«  X  2.685*  X  3.082 
4<f. 


-41 


687*  X  0.08216*  x  8000 


2  log  348. 7      =  2  (2. 5424)  =  6. 0848 

i  log  2.686     =i  (0.4290)  =  0. 1430 

log  3.082      =  0.4889  =  0.4889 

i  colog  2.687      =  i  (9. 6707  -  10)  =  9.9141  -  10 

I  colog  0.08216  =  I  (1.0863)  =  0.2713 

colog  8000       =  6. 0969  -  10       =  6.0969  -  10 

4)1.9990 

0.4998  =  log  3. 161. 
Therefore,  the  required  value  is  3.161. 


^^      „  ,^.002452*  X  86.478  X  128.72 
00. 


■■4- 


6280  X  0.071152  x  62.47 


J  log  0.002462  =  J  (7.3896  -  10)  =  9.3474  -  10 

3  log  86.47  =  3  (1.9369)  =  6.8107 

logl28.72  =2.1096  =2.1096 

colog  6280  =  6.2774  -  10       =  6.2774  -  10 

2  cologO.07116  =  2  (1.1478)  =  2.2966 

colog  62.47  =  8.2043  -  10       =  8.2043  -  10 


6)4.0460 

0.8090  =  log6.441. 


Therefore,  the  required  value  is  6.441. 
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•  14.382*  X  86.16*  x  0.00819* 


^'  128600  X  42.9*  x  72.663* 

I  log 4.382     =  I  (0.6417)  =  0.3860 

41og36.16     =4(1.6681)  =6.2324 

j  log  0.00819  =  1(7.9133  -  10)  =  8.6089  -  10 
colog  128600  =4.8908-10       =4.8908-10 
i  colog 42.9       =  J  (8.3676  -  10)  =  9.6736  -  10 
J  colog  72.663   =  J  (8.1388  -  10)  =  9.6347  -  10 

9.3263  - 10 

60.  -  60 

6)69.3263-60 

9.8876- 10  =  log0.772. 
Therefore,  the  required  value  is  0.772. 


,^      ,  3742^  X  0.0066438  x  22.63* 
52. 


\62. 


78*  X  0.0008167*  x  4618* 

2  log  3742  =  2  (3.6731)  =  7. 1462 

3  log  0.006643    =  3  (7.8168  -  10)  =  3.4474  -  10 
41og22.63         =4(1.3647)  =6.4188 

i  colog  62. 78         =  J  (8.2776  -  10)  =  9.6694  -  10 
i  colog  0.0008167  =  I  (3.0884)  =  1.0296 

f  colog 4618  =  I  (6.3366  -  10)  =  7.6671  -  10 

7)4.1684 

0.6966  =  log  3. 94. 
Therefore,  the  required  value  is  3.94. 


68.  Find  z  from  the  equation  8^  =  36. 

8^  =  36. 
log(8*)  =  log35. 
X  log  8  =  log  36. 

...x  =  1^^^  =  1:^  =  1.7098. 
logs       0.9031 

Therefore,  z  =  1.7098. 
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64.  Find  x  from  the  equation  12^  =  7. 

12*  =  7. 
log(12*)=log7. 
z  log  12  =  log  7. 

.^  ^  logl  ^  08451  ^  0.7831. 
log  12      1.0792 
Therefore,  x  =  0.7831. 


66.  Find  x  from  the  equation  1.6^+3  =  32. 

1.5'  +  3=32. 
log(1.5*  +  3):^log32. 
(x  +  3)logl.6  =  log32. 

Iog32^r5051^ 
log  1.6      0.1761 
.-.  X  =  6.5468. 

Therefore,  x  =  5.5468. 


66.  Find  x  from  the  equation  2.66*-5  =  12. 

2.66=^-5  =  12. 
log(2.66*-«)  =  logl2. 
(x-6)log2.66  =  logl2. 

log  2.66      0.4249 
.-.  X  =  7.6399. 


Therefore,  x  =  7.5399. 

i_ 
67.  Find  x  from  the  equation  32.5^  =  8. 

I 
32.5^=8. 
32.6  =  8*. 
log(8*)  =  log32.5. 
xlog8=  log  32. 6. 

...x  =  15^5^  =  1:^  =  1.6741. 
logs        0.9031 

Therefore,  x  =  1.6741. 
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68.  Find  x  from  the  equation  4.02^-*  =  2.37. 

1 
4.02^-4  =  2.37. 

4.02  =  2.37^-*. 

log(2.37^-'*)  =  log  4.02. 

(x-4)log2.37  =  log4.02. 

^      log  4.02      0.0042      ,  ^,„^ 

X  -  4  =  -^ = =  1.6126. 

log  2.37      0.3747 

.-.  X  =  6.6125. 

Therefore,  x  =  6.6125. 


59.  Express  in  logarithmic  form  the  following  : 

-  Va ;  7rr2 ;    Vs  is  -a)  is-  b)is  -  c) ;  — ;  -7tr». 

a2    /- 
Let  X  =  —  V  3. 

4 

logx  =  logQ  V3). 

.-.  log  X  =  2  log  a  +  colog  4  +  I  log  3. 
Let  X  =  ;rr2. 

logx  =  log(7rr2). 

.-.  log  X  =  log  ;r  +  2  log  r. 
Let  X  =  Vs  (s  —  a)  (s  —  6)  (s  —  c). 


Let  x  = 


log  X  =  log  Vs(s  —  a)  {s  —  b)(s  —  c). 
\ogz=  J[log5  +  log(«-a)  +  log(«-6)+log(«-c)]. 
c 


27t 


logx  =  log(^) 


.*.  logx  =  log  c  +  2  colog  It. 

Let  x=  i  ^^• 

logx  =  log  (f;rr«). 
.*.  logx  =  log 4  4-  colog 3  +  log  ;r  +  3  logr.  | 
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60.  The  indicated  area  of  a  triangle  is  Vl63  x  62  x  51  x  50.     Find 
the  value  by  meanB  of  logarithms. 

logl58  =  2.1847 

log62  =  1.7100 

log51  =  1.7076 

log  50  =1.6990 

2)7.3073 

3.6537  =  log  4605. 

Therefore,  the  area  of  the  triangle  is  4505. 

61.  The  formula  for  the  number  of  terms  in  a  geometrical  series, 

in  tertns  of  I,  a,  and  r,  is  r"-i  =  -•     Put  this  equation  in  logarithmic 
form  and  solve  for  n. 

a 
log(r«-i)  =  logf-). 

(n  —  1)  log  r  =  log  Z  +  colog  a. 
log  I  +  colog  a 


n-l  = 


.-.  n  =  1  + 


logr 
logZ  +  colog  a 


Therefore,  n  = 


logr 

log  r  +  log  i  +  colog  a 
logr 

logr  +  logi  +  colog  a 

■       ■-        -.1^  —  ■■II— » 

logr 


62.  Find  the  logarithm  of  3  to  the  base  2. 

Let  X  =  log23. 

Then  2*  =  3. 

xlog2  =  log  3. 

log3^a4771^^^^ 
log  2      0.3010 

Therefore,  logs  3  =  1.6850. 
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63.  Find  the  logarithm  of  100  to  the  base  12. 

Let  X  =  logia  100. 

Then  12^=100. 

X  log  12  =  log  100. 

.-.  X  =  !^  =  ^- =  1.8632. 
log  12       1.0792 

Therefore,  logialOO  =  1.8632. 

64.  Find  the  logarithm  of  10  to  the  base  12. 

Let  X  =  logi2 10. 

Then  12*  =  10. 

X  log  12  =  log  10. 

.-.  X  =  ??5i?  =  _i_  =  0.9266. 
log  12      1.0792 

Therefore,  logialO  =  0.9266. 

66.  Find  the  logarithm  of  0.1  to  the  base  12. 

Let  x  =  logi20.1. 

Then  12^  =  0.1. 

xlogl2  =  log0.1. 

.-.  X  =  !^  =  --L  =  -  (0.9266). 
log  12       1.0792  ^  ' 

.-.  Iogi20.1=- (0.9266). 

66.  Solve  for  n  the  equation  1(8  —  i)»-i  —  a(«  —  o)»-^  =  0. 

1(8  -  l)*-^  -  a(8  -  a)«-i  =  0. 

i(8-0«-i  =  o(8-a)"-i. 
log  Z  +  (n  —  1)  log  (s  -  Z)  =  log  a  +  (n  —  1)  log  (s  —  o). 
(n— l)log(5  — Q  — (n  — l)log(5—  a)=  log  a  —  log  I. 
(n  —  1)  [log  (8  —  1)  —  log  (8  —  a)]  =  log  a  —  log  I. 

log  a  —  log  I 


n-l  = 


log(«-  l)-\og(8-a) 
log  a  —  log  I 


.'.  n  =  1  H 

log(5-0-log(s-  a) 

log  a  4-  c.ologl 


=  1  + 


log  (s  —  I)  +  colog  (s  —  a) 
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67.  Find  A  ^,  <^,  ^,  ^,  ^,  ^,  ^,  '*^. 

log2  =  0.3010. 
log  V2  =  J  of  0.3010  =  0.1606  =  log  1.414. 
.-.  V2  =  1.414. 

log3  =  0.4771. 
log  >^  =  1  of  0.4771  =  0.1690  =  log  1.442. 
.-.  \^3  =  1.442. 
log4  =  0.6021. 
log  \^  =  J  of  0.6021  =  0.1605  =  log  1.414. 
.-.  \^=  1.414. 

logo  =  0.6990. 
log  \^  =  i  of  0.6990  =  0.1398  =  log  1.380. 
.-.  ^=1.380. 
logo  =  0.7782. 
log  \^6  =  1  of  0.7782  =  0.1297  =  log  1.348. 
.-.  V6  =  1.348. 

log7  =  0.8461. 
log  \^  =  i  of  0.8461  =  0.1207  =  log  1.320. 
.-.  \/7  =  1.320. 

log8  =  0.9031. 
log  \^  =  J  of  0.9031  =  0.1129  =  log  1.297. 
.-.  v^  =  1.297. 

log9  =  0.9642. 
log  ^  =  J  of  0.9642  =  0.1060  =  log  1.276. 
.-.  y/d  =  1.276. 
log  10  =1.0000. 
logVlO  =  j\  of  1.0000  =  0.1000  =  log  1.269. 
.-.  Vl0  =  1.269. 

Tlierefore,    V^  =  1.414 ;    </S  =  1.442 ;    Vi  =  1.414 ;    ^6  =  1.380 ; 
v/0  =  1.348;    >/7  =  1.320;    v^  =  1.297;    \^  =  1.276;    ^10  =  1.269. 


68.  Show  that  log  Vo^TT^  =  i  [log  (a  +  6)  +  log  (a  -  6)]. 

Now  Va2-62  =  V(a-\-b){a^b). 

.-.  log  -y/a^  -l^  =  log  V(a  +  6)  (a  -  b) 

=  log(Va  +  6  X  Va-  6) 

=  i log(a  +  6)  +  J  log(a  -  b). 

/.  log  Va2  -  62  =  1  [log  (a  +  6)  +  log  (a  -  6)]. 
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Exercise  139.    Page  389 

1.  Find  the  amount  of  $6326  in  25  years  at  4  per  cent  compound 
interest,  the  interest  being  compounded  annaally. 

Here  P  =  6326,  R  =  1.04,  n  =  26. 

.-.  A  =  6326  X  1.04M 

log6326=:  3.8011 

log  1.0486  =  0.4260 

log  A  =  4.2261 

.-.  A  =  16830. 
T&erefore,  the  required  amount  is  $16,830. 


2.  Find  the  amount  of  $6326  in  25  years  at  4  per  cent  compound 
interest,  the  interest  being  compounded  semiannually. 

A  =  PR\ 
Here  P  =  6326,  R  =  1.02,  n  =  60. 

.-.  A  =  6326  X  1.02». 

log6326  =  3.8011 

log  1.026Q  =  0.4300 

log^  =  4.2311 

.-.  A  =  17030. 
Therefore,  the  required  amount  is  $17,030. 


8.  Find  the  amount  of  $142.50  in  3  years  8  months  at  6  per  cent 
compound  interest. 

A  =  PR^. 
Here  P  =  142.50,  R  =  1.05,  n  =  ^  =  Y- 

.-.  ^  =  142.60  xl.OS^. 

log  142.50  =  2.1538 

log  1.05'^  =  0.0777 

log  A  =  2.2315 

.-.  A  =  170.4. 
Therefore,  the  required  amount  is  $170.40. 
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4.  What  sam  will  amoant  to  $6000  in  22  yean  if  pat  at  compound 
interest  at  3}  per  cent  ? 

Here  A  =  6000,  R  =  L035,  n  =  22. 

6000 
"1.03622* 

log  6000  =  3.6990 
colog  1.03682  =  9.6722  -  10 
log  P  =  3.3712 

.-.  P  =  2361. 

Therefore,  the  required  sum  is  $2361. 

6.  In  how  many  years  will  $2600  amoant  to  $10,000  at  4  per  cent 
compoand  interest  ? 

A=PR^, 
Here  A  =  10000,  P  =  2600,  R  =  1.04. 

.-.  10000  =  2600  X  1.04«. 
.-.  1.04«  =  Jft%o.  =  4. 

.-.  n  X  log  1.04  =  log  4. 

log  4        0.6021      „^.--^ 

.-.  n  =  — ? —  = =  36.4177. 

log  1.04      0.0170 

36.4177  years  =  36  years  6  months. 
Therefore,  the  required  time  is  36  years  6  months. 


6.  At  what  rate  per  cent  will  $1600  amount  in  16  years  to  $2717.06 
at  compoand  interest,  compounded  semiannually  ? 

A  =  PR^. 
12"  =  -. 

Here  A  =  2717.05,  P  =  1600,  n  =  30. 

„         /2717.06 
.*.  R 


=  ^ 


1600 
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log2717.06  =  3.4341 
colog  1600  =  6.8239  -  10 
30)0.2580 
logiJ  =  0.0086 

.-.  B  =  1.02. 
r=R-l  =  1.02  -  1  =  0.02. 

Therefore,  the  required  rate  is  2  per  cent  semiannually;  that  is, 
4  per  cent  per  annum. 

7.  If  a  corporation  sets  aside  each  year  for  20  years  $5000  as  a 
sinking  fund  and  puts  it  at  compound  interest  at*3|  per  cent,  what 
will  be  the  amount  of  the  sinking  fund  ? 

^_S(if-l) 
r 
Her©  8  =  5000,  R  =  1.035,  n  =  20,  r  =  0.035. 

5000(1.03520-1) 
•  .'.  ^  — • 


0.035 


log  1.035  =  0.0149 

20 


A  = 


0.2980  =  log  1.986. 
5000  X  0.986 


0.035 

log  5000  =  3.6990 
log0.986  =  9.9939-  10 
colog  0.035  =  1.4559 
log  4  =  5.1488 

.-.  A  =  140900. 

Therefore,  the  amount  of  the  sinking  fund  will  be  1140,900. 

8.  A  city  has  a  funded  debt  of  $500,000  due  in  18  years.  What 
sum  must  be  set  apart  each  year,  as  a  sinking  fund,  to  cancel  the 
debt,  provided  money  is  worth  4  per  cent  ? 

r 
R"  -1 


832  ELEMENTARY  ALGEBRA 

Here  A  =  600000,  r  =  0.04,  R  =  L04,  n  =  18. 

600000  X  0.04 


*S=: 


1.0418  - 1 


log  1.04  =  0.0170 
18 


-.5  = 


0.3060  =  log  2.023. 
500000x0.04 


1.023 

log600000  =  6.6900 

log0.04  =  8.6021  -10 
colog  1.023  =  9.9001  -  10 
log  S  =  4.2912 

.-.  S  =  19650. 

Therefore,  the  sum  that  must  be  set  apart  each  year  is  $19,560. 


9.  Find  the  present  worth  of  an  annuity  of  $1200  for  10  years  at 
3|  per  cent  interest. 

P  = X 

R^      .R-l 
Here  8  =  1200,  R  =  1.035,  n  =  10. 

p^    1200        1.035^0  -  1 
~  1.03510  ^   1.035  -  1  * 

log  1.035  =  0.0149 

10 


0.1490  =  log  1.409. 

p_    1200        0.409 
~  1.03510  ^  0.035' 

logl200  =  3.0792 
colog  1.0351^  =  9.8510  -  10 
log0.409  =  9.6117  -10 
colog  0.035  =  1.4559 
log  P  =  3.9978 

.-.  P  =  9950. 

Therefore,  the  present  worth  of  the  annuity  is  $9950. 
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10.  A  man  buys  an  annuity  of  f900  for  16  years.     If  money  is 
worth  4i  per  cent,  what  should  he  pay  for  the  annuity  ? 


Here 


p  = 

S       jR» 
—  X  — 
JJ»       R- 

-1 
-  1 

s 

=  900,  jR  = 

1.045,  n : 

=  15. 

.-.  P  = 

900 
1.04616  ^ 

1.04515  _  1 
1.046  - 1 

log  1.046  = 

0.0191 
16 

0.2866  = 

log  1.934. 

.-.  P  = 

900 

—  X 

0.934 

1.04516      0.046 

log900  =  2.9542 
colog  1.04616  =  9.7136  -  10 
log0.934  =  9.9703 -10 
colog  0.046  =  1.3468 
log  P  =  3.9848 

.-.  P  =  9666. 

Therefore,  the  man  should  pay  $9656  for  the  annuity. 

11.  An  annuity  of  $500  was  unpaid  for  10  years.     What  was  the 
amount  due,  if  interest  is  reckoned  at  3|  per  cent  ? 

r 
Here  iS  =  600,  B  =  1.0375,  n  =  10,  r  =  0.0375. 

500(1.037510-1) 

~  0.0376 

log  1.0375  =  0.0160 

10 


.-.  A  = 


0.1600  =  log  1.446. 
500  X  0.445 


0.0375 

log500  =  2.6990 
log0.445  =  9.6484 -10 
colog  0.0376  =  1.4260 
log^  =  3.7734 

.-.  A  =  6934. 

Therefore,  the  amount  due  is  -^5934. 
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18.  A  man  59  years  old  is  expected  to  live  just  15  years.  He  has 
f 20,000  Willi  which  to  buy  a  life  annuity.  If  money  is  worth  4^  per 
cent,  bow  large  an  annuity  may  be  expect  ? 


Here  P  =  20000,/  =  0.0425,  R  =  1.0425,  n  =  15. 

.-.  S  =  20000  X  0.0425  x 


S=Prx 

R^-l 

5,  »  =  15. 

1.042516 


1.0425*6  _  1 
log  1.0425  =  0.0181 

16 

0.2715=  log  1.869. 

.-.  S  =  20000  X  0.0425  x  • 

0.869 
log20000  =  4.3010 

log0.0425  =  8.6284 -10 

log  1.042516  =  0.2715 

colog  0.869  =  0.0610 

log  8  =  3.2619 

.-.  S  =  1827. 

Therefore,  the  man  may  expect  an  annuity  of  $1827. 

13.  A  man  35  years  old  is  expected  to  live  just  31  years.     He  has 
$18,625  with  which  to  buy  a  life  annuity.     If  money  is  worth  3J  per 

cent,  how  large  an  annuity  may  he  expect  ? 

i?" 
S=Prx 


i2«-l 
Here   P  =  18625,  r  =  0.0325,  R  =  1.0325,  n  =  31. 

.-.  S  =  18625  X  0.0325  x  — 1:?^-— ^^- 

1.032581  -  1 
logl.0325  =  0.0139 

31 

0.4309=  log  2.697. 

.-.  S  =  18625  X  0.0325  x  ■ 

1.697 

log  18625  =  4.2701 

log0.0325  =  8.5119 -10 
log  1.032531  =  0.4309 
colog  1.697  =  9.7703  -  10 
log  8  =  2.9832 

.-.  S  =  962. 

Therefore,  the  man  may  expect  an  annuity  of  $962. 
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14.  What  interest  on  his  investment  will  a  purchaser  receive  if  he 
buys  at  108  Boston  &  Maine  4^  per  cent  bonds  due  in  30  years  with 
semiannual  coupons,  if  money  is  worth  4  per  cent  ? 

l8q  +  Sr(l-{-q)n-Sr-\l 

^^"^=1 p-q J   • 

Here  S  =  100,  P  =  108,  q  =  0.02,  r  =  0.0226,  n  =  78. 

r2  +  2.26  X  1.02^8  -  2.26-|  ^ 

L  108  X  0.02  J 

log2.26  =  0.3622 
log  1.0278  =  0.6708 

1.0230  =  log  10.54. 

r2  4- 10.54  -  2.25-|  '^ 
L      108  X  0.02      J 

-  r     1029     "I  ^ 

~  Ll08  X  O.O2J 

log  10.29=  1.0124 

cologl08=  7.9666-10 
colog0.02=  1.6990 
78)0.6780 
log(l  +  x)  =  0.0087 

.-.  l  +  x  =  1.020. 
.-.  z  =  0.020. 

2x  =  0.040. 

Therefore,  the  purchaser  will  receive  4  per  cent  on  his  investment. 

16.  What  interest  on  his  investment  will  a  purchaser  receive  if  he 
buys  at  103  West  End  4  per  cent  bonds  due  in  12  years  with  semi- 
annual coupons,  if  money  is  worth  3  J  per  cent  ? 

[-Sq  +  8r(l  +  q)*'-Sry^ 

^  +  ^=1-^ p-q J- 

Here  S  =  100,  P  =  103,  q  =  0.0176,  r  =  0.02,  n  =  24. 

rl.76  +  2  X  1.017524  __  2-1 5^ 
.'.  1  +  X  =  I  I     • 


=r 


103  X  0.0176         J 


log2  =  0.3010 
logl.017524  =  0.1800 

0.4810^  log  3.027. 
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.-.  l  +  « 


-  r^-76  ^  3.027  -  21* 
~  L    103  X  0.0175    J 

-[ 


2.777       -|A 

103  X  o.onsJ 


log2.777  =  0.4436 

colog  103  =  7.9872 -10 

colog  0.0175  =  1.7570 

24)0.1878 

log  1  +  a;  =  0.0078 

.-.  l  +  x  =  1.018. 
.-.  X  =  0.018. 

2x  =  0.036. 

Therefore,  the  purchaser  will  receive  3.6  per  cent  on  his  investment. 

16.  At  what  price  must  Atchison,  Topeka  &  Santa  Fe  4  per  cent 
bonds  due  in  00  years  with  semiannual  coupofis  be  bought  in  order  to 
net  the  purchaser  H  per  cent  on  his  investment,  if  money  is  worth  3^ 
per  cent  ? 


1  +  X  =  r^g  +  ^^(^  +  g)''-'Sn» 


Pq(l  +  x)*  =  Sg  +  Sr(l  -f  g)*  -  Sr, 

g(H-a;)« 
Here       5  =  100,  g  =  0.01875,  r  =  0.02,  x  =  0.02125,  n  =  180. 

_  1.875  +  2  X  1.01876»«>  -  2 
0.01875  X  1.02125i«> 

log2=  0.3010 
logl.01875^«o  =  1.4580 

1.7590  =  log  57.41. 

1.875  +  57.41  -  2 


P  = 


0.01875  X  1.02125J«> 

57.285 
0.01875  X  1.02125W 
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log  67.285=  1.7581 
colog0.01875=  1.7270 
colog  1 .02126i«>  =  8.3620  -  10 
logP=  1.8471 

.-.  P  =  70.32. 
Therefore,  the  purchase  price  must  be  70.32. 

17.  At  what  price  must  Old  Colony  4  per  cent  bonds  due  in  33 
years  with  semiannual  coupons  be  bought  in  order  to  net  the  pur- 
chaser 3^  per  cent  on  his  investment,  if  money  is  worth  4 J  per  cent  ? 

By  Example  16,  P  =  -^— ^ ^^ — —^ 

g(l  +  aj)» 

Here        S  =  lOO,q  =  0.0226,  r  =  0.02,  x  =  0.0176,  n  =  66. 

_  2.25  -f  2  X  1.0226e<'>  -  2 

0.0226  X  1.017666 

log2  =  0.3010 
log  1.022566  =  0.6402 

0.9412  =  log  8.734. 

_  2.25  +  8.734  -  2 
*  *       ~  0.0225  X  1.017566 
8.984 
~  0.0226  X  1.017666* 

log8.984  =  0.9636 
colog  0.0226=  1.6478 
colog  1.017666  =  9.6060  - 10 
logP  =  2.1063 

.-.  P  =  127.7. 
Therefore,  the  purchase  price  must  be  127.7. 

Exercise  140.    Page  392 

1 .  In  how  many  ways  may  a  girl  and  a  boy  be  chosen  from  a  school 
that  consists  of  18  girls  and  24  boys  ? 

One  girl  may  be  chosen  from  1 8  girls  in  18  ways ;  and  one  boy  may 
be  chosen  from  24  boys  in  24  ways. 

Therefore,  one  girl  and  one  boy  may  be  chosen  from  a  school  that 
CQiWfiets  of  18  girls  and  24  boys  in  1$  x  24,  or  432,  ways, 
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8.  On  a  shelf  are  a  set  of  6  English  books,  a  set  of  8  French  books, 
and  a  set  of  10  German  books.  In  how  many  ways  can  three  books 
be  chosen  so  that  there  shall  be  one  from  each  set  ? 

One  English  book  may  be  chosen  from  6  English  books  in  6  -wsljs  ; 
one  French  book  may  be  chosen  from  8  French  books  in  8  ways ;  one 
German  book  may  be  chosen  from  10  German  books  in  10  ways. 

Therefore,  one  English  book,  one  French  book,  and  one  Grorman 
book  may  be  chosen  from  6  English  books,  8  French  books,  and  10 
German  books  in  6  x  8  x  10,  or  480,  ways. 

8.  A  boy  has  6  different  routes  to  his  school  building.  In  how  many 
ways  may  he  go  and  return  by  a  different  route  ? 

The  boy  may  go  to  the  school  in  any  one  of  the  5  ways ;  in 
returning,  he  may  take  any  one  of  the  4  remaining  ways. 

Therefore,  the  boy  may  go  to  school  and  return  by  a  different  route 
in  5  X  4,  or  20,  ways. 

4.  In  how  many  ways  can  a  vowel  and  a  consonant  be  chosen  from 
the  alphabet  of  6  vowels  and  20  consonants  ? 

One  vowel  may  be  chosen  from  6  vowels  in  6  ways ;  and  one  con- 
sonant may  be  chosen  from  20  consonants  in  20  ways. 

Therefore,  one  vowel  and  one  consonant  can  be  chosen  from  6  vowels 
and  20  consonants  in  6  x  20,  or  120,  ways. 

5.  After  a  particular  vowel  and  a  particular  consonant  have  been 
chosen,  in  how  many  ways  can  a  two-lettered  word  be  made?  In 
how  many  different  ways  can  a  two-lettered  word  be  made,  if  it  is 
to  consist  of  a  vowel  and  a  consonant? 

After  a  particular  vowel  and  a  particular  consonant  have  been 
chosen,  a  two-lettered  word  can  be  made  in  2  ways.  For  the  vowel 
can  be  placed  first  and  the  consonant  second,  or  the  consonant  can 
be  placed  first  and  the  vowel  second. 

A  two-lettered  word  can  be  made  in  120  x  2,  or  240,  ways.  For 
each  of  the  120  ways  of  selecting  a  vowel  and  a  consonant  from  the 
alphabet  (Example  4),  there  are  2  ways  of  arranging  these  letters. 
That  is,  there  are  120  x  2,  or  240,  ways  in  all. 
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Ezercifie  141.    Page  395 

^r.       rlO!       ,12!      8!      15! 

1.  Find  the  value  qf  5 ! ;  oi  -—  ;  oi  -—  x  —  x  —-  - 

o !  o !        7 !       lo ! 

6!  =  5x4x3x2x1  =  120. 
10 !  _  10x9x8x7x6x5x4x3x2x1 

"ei""""  6x5x4x3x2x1 

=  10x9x8x7=  5040. 
12  !      8 !      16  !  _  12x11x10x9x8x7x6x5x4x3x2x1 
Yl^Tl^  16\~  3x2x1 

8x7x6x5x4x3x2x1 
7x6x5x4x3x2x1 
15x14x13x12x11x10x9x8x7x6x5x4x3x2x1 
^16x15x14x13x12x11x10x9x8x7x6x5x4x3x2x1 

=  12xllxl0x9x8x7x6x5x4x8Xy^ 
=  39,916,800. 

2.  Find  the  value  of  P^^s;  of  P20,  i ;  of  Pe, e ;  of  (P4, 4)^. 

P9,5  =  —  =  9x  8  X  7  X  6  X  5  =  15,120. 

P«,.i  =  ?^  =  20. 
'        19 ! 

P6,6  =  6!  =6x5x4x3x2x1=  720. 

(P4,4)2  =  (4  !)2  =  (4  X  3  X  2  X  1)2  =  242  =  576. 

8.  Find  the  value  of  each  in  Example  2  when  repetitions  are 
allowed. 

When  repetitions  are  allowed, 

P9,5  =  96  =  59,049; 
P20,i  =  20i  =  20; 
Pe,  6  =  66  =  46,656 ; 
(P4, 4)^  =  (4^)2  =  48  =  65,536. 

4.  In  how  many  ways  can  a  class  of  ten  pupils  be  arranged  at  a 
blackboard  ? 

The  number  of  ways  is  10 1  =  3,628,800. 

6.  How  many  changes  can  be  rung  with  a  peal  of  6  bells  ? 
The  number  of  changes  is  6 !  =  720. 
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6.  How  many  changes  can  be  rung  with  a  peal  of  7  bells,  a  particular 
one  always  being  first  ? 

The  number  of  changes  is  1  x  6 !  =  6 !  =  720. 

7.  n  Ps,  r  =  1680,  find  the  value  of  r. 

8! 


^^^-(8-r)I 
8! 


=  1680. 


(8-r)! 

,Q        ,,        8!        8x7x6x6x4!       , 

(8  -  r) !  = = =  4  !. 

1680  8x7x6x6 

.-.  8  -  r  =  4. 
.••  r  =  4. 


8.  If  Pn,  n  =  362,880,  find  the  value  of  n. 

,'.  n\  =  362880  =1x2x3x4x6x6x7x8x9  =  9  1. 
.-.  n  =  9. 

9.  If  Pn,  2  =  110,  find  the  value  of  n. 

n! 


^"''-(n-2)l 
"•       =110. 


(n-2)! 
n(n-l)(n-2)!  ^  ^^^ 
(Ti-2)! 

n{n-  1)  =  110. 
n^-n  =  110. 
n2-n- 110  =  0. 
(n-  ll)(n  +  10)  =  0. 

.-.  n  =  11,  or  -  10. 

10.  In  how  many  ways  can  the  members  of  a  baseball  nine  be 
arranged  in  the  field,  if  the  same  two  must  always  pitch  and  catch  ? 

The  position  of  catcher  can  be  filled  in  only  1  way ;  the  position  of 
pitcher  can  be  filled  in  only  1  way ;  and  the  other  positions  can  be 
filled  in  7 !  ways. 

Therefore,  the  nine  can  be  arranged  inlxlx7l  =  7l  =  6040  ways. 


TEACHERS'  EDITION  841 

11.  How  many  numbers  of  four  figures  each  can  be  made  with  the 
digits  1,  2,  3,  4,  6,  6,  7,  8,  9,  repetitions  not  being  allowed  ?  How 
many  if  repetitions  are  allowed  ? 

The  first  place  can  be  filled  in  9  ways;  the  second  in  8  ways;  the 
third  in  7  ways ;  and  the  fourth  in  6  ways. 

Therefore,  the  whole  number  of  numbers  is9x8x7x6  =  3024. 
If  repetitions  are  allowed,  the  number  of  numbers  is  9*  =  6661. 

12.  In  how  many  ways  can  eight  guests  be  seated  along  one  side  of 
a  table  ? 

The  number  of  ways  is  8 !  =  40,320. 

13.  In  how  many  ways  can  eight  guests  be  seated  at  a  round  table 
relative  to  the  eight  places  at  the  table  ?  relative  to  each  other  ? 

The  first  place  can  be  filled  in  8  ways,  then  the  second  place  in  7 
ways,  then  the  third  place  in  6  ways,  and  so  on. 

Therefore,  relative  to  the  eight  places  at  the  table,  eight  guests  can 
be  seated  in  8 1  =  40,320  ways. 

The  number  of  ways  the  eight  guests  can  be  seated  relative  to  each 
other  may  be  determined  by  placing  any  one  particular  guest  in  a 
seat  and  then  seating  the  other  seven  guests  in  different  ways  with 
respect  to  him.    This  can  be  done  in  7 1  =  5040  different  ways. 

Therefore,  relative  to  each  other,  eight  guests  can  be  seated  at  a 
round  table  in  5040  ways. 

14.  In  how  many  ways  can  the  letters  of  the  word  combine  be. 
arranged,  if  b  is  always  to  be  the  middle  letter? 

If  b  is  always  to  be  the  middle  letter,  the  fourth  place  can  be  filled 
in  1  way,  then  the  first  place  in  6  ways,  then  the  second  place  in -5 
ways,  then  the  third  place  in  4  ways,  then  the  fifth  place  in  3  ways, 
then  the  sixth  place  in  2  ways,  then  the  seventh  place  in  1  way. 

Therefore,  the  whole  number  of  ways  is  1  x  6 !  =  6 !  =  720. 

16.  How  many  different  signals  can  be  given  with  6  differently 
colored  fiags,  if  3  are  displayed  on  a  staff  each  time  ?  How  many, 
if  any  number  of  flags  are  displayed  each  time? 

If  3  flags  are  displayed  at  a  time,  the  number  of  arrangements  is 

5^  =  6x5x4  =  120. 
3! 
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If  any  number  of  flags  are  displayed  at  a  time,  the  number  of 
arrangements  is 

1!      2!      31      41      6!      6! 

=  6x6x4x3x2  +  6x5x4x3  +  6x5x4  +  6x6-1-6+1 
=  720+360  +  120  +  30  +  6  +  1 
=  1237. 
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1.  Find  the  value  of  09,5;  of  Cao,! ;  of  Cfi,6. 

41  61      4x3x2x1 

20' 
C2o.i=      --=20. 
'        19111 

CM----1. 

2.  Show  that  c^^^n(n-l)(n^2y^.(n-r^l) 
By  §487,         P„,r=C„,rXr!. 


•  *•    v7ji  r  —  r-  —  — : ^  f  1  — 


r!         (n-r)\  (n-r)!rl 

_n(n-l)(n-2)»  •'(n-r+  1) 
_  _ 

8.  Show  that  the  number  of  combinations  of  9  things,  taken  5  at  a 
time,  is  the  same  as  the  number  of  combinations  taken  4  at  a  time. 

9  t 

The  number  of  combinations  of  9  things,  taken  6  at  a  time,  is ; 

*  4161 

9! 
the  number  of  combinations  of  9  things,  taken  4  at  a  time,  is  — '—  • 

®  '      514! 

Therefore,  the  number  of  combinations  of  9  things,  taken  5  at  a 

time,  is  the  same  as  the  number  of  combinations  taken  4  at  a  time. 

4.  What  is  the  number  of  combinations  of  100  things  taken  98  at  a 
time? 

^       M        ^'     .'        '     100'-        100x99       ._„ 

The  number  of  combmations  is = =  4950. 

2  1  98 1         2x1 
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5.  In  an  examination  paper  there  are  10  questions,  from  which  8 
are  to  be  selected  by  the  pupil.     In  how  many  ways  can  he  do  this  ? 

The  number  of  ways  required  is = =  46. 

^       ^  2I8I       2x1 


6.  How  many  ways  are  there  of  electing  five  members  of  a  board  of 
education  from  eight  candidates  ? 

The  number  of  ways  required  is = =  66. 

^       ^  3!6I      3x2x1 


7. 

KCe. 

r  =  20,  find  the  value  of  i 

r. 

61 

(6- 

-r)!rl 

6! 

20. 

(6-r)!r! 

6x6x4x3x2x1 
(6-r)!rI 

20. 

6x3x2x1 
(6-r)!r! 

1. 

3  !  X  3  ! 

1. 

(6-r)!r! 

.-.  r!  = 

3!. 

.-.  r  = 

:3. 

8.  If  24  C„,r  =  P«,r,  find  the  value  of  r. 


Cn,T  = r; — :»  and  Pn,r  = 


(n-r)!rl  *        (n-r)l 

24  X  n !  n\ 


(n  — r)lr!      (n  —  r)\ 

n!  24 

Divide  by '-—-y  —  =  1. 

(n-r)I  r\ 

.-.  r  1  =  24. 

r!  =  l  X  2  X  3  x4. 

rl  =  4! 

.•.  r  =  4. 
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9.  There  are  9  coing  of  different  denominatioiis  on  the  table.  How 
many  different  sams  of  money  can  be  made  up  by  taking  4  coins  each 
time? 

The  number  of  different  gams  of  money  is 

9!        9x8x7x6 


6!4!      4x3x2x1 


=  126. 


10.  Expand  (z  +  y)^  and  show  that  it  is  equal  to 

x»  +  C5.iz*y  +  C5.2X»y«  +  C5.3XV  +  C4.4xy*  +  Cs,5t^. 
By  multiplication, 

(x  +  y)'  =  x»  +  5ar*y  +  lOxV  +  lOxV  +  5xy*  -f  t^- 

Now  C5,i  =  -^=6; 

^        4!1! 

Qls  = = =  10 ; 

^        312!      2x1 

C5.3  =  -^  =  10; 
2!3! 

and  C5,5  =  -^  =  l. 

5 ! 

.-.  (X  +  y)6  =  x6  +  Cs,!^  +  C5,2x8y2  +  C5,3aiV  +  Cs,4XU*  +  05,5^6. 

11.  In  how  many  ways  can  a  committee  of  three  be  chosen  from  a 
council  of  eight  members  ? 

The  number  of  ways  in  which  the  committee  can  be  chosen  is 

8!    _8  x  7  x6_ 
5I3!~3x2xl~ 

12.  If  one  of  the  committee  of  Example  11  is  to  be  chairman,  one 
secretary,  and  one  treasurer,  in  how  many  ways  may  the  committee 
be  organized  ?  ' 

When  any  particular  committee  has  been  chosen,  it  can  be  organized 
in  3 !,  or  6,  ways. 

Therefore,  the  whole  number  of  ways  in  which  the  comnuttee  can 
be  organized  is  56  x  6  =  336. 
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18.  If  Ci6,r  =  Ci6,r  +  2»  And  the  value  of  r. 
By  §  488,  r  +  r  +  2  =  16. 

2r  =  14. 
.-.  r  =  7. 

14.  Show  that  C«,  i  =  P«,  i,  but  that  C«,  rP^Pn^r  unless  r  =  1. 

"'        (n-l)!ll 
(n-1)! 

Again,  On,r  =  - — 5^— -,  andP„,r  = 


(n-r)!rl'  '        {n-r)\ 

Therefore,  Cn,r  ^  Pn,r  unless  r  I  =  1;  that  is,  unless  r  =  1. 

15.  Make  up  a  problem  of  your  own  in  combinations  or  permuta- 
tions and  then  solve  it. 

Exercise  143.    Page  403 

1.  Expand  (a -3  6)5. 

(a  -  3  6)6  =  a&  -  6  a*{S  6)  +  10  a^S  6)2  -  10  a2(3  6)8  +  5  a  (3  b)*  -  (3  6)6 
=  a*  -  15a*6  +  90 0^62  -  270o268  +  406 06*  -  24366. 

a.  Expand  (2a:-6y)«. 
(2x-6y)«=  (2x)6  -  6(2x)6(5y)  +  15(2x)*(5y)2  -  20(2x)8(5y)8 

+  15  (2  x)2  (6  yy  -  6  (2  X)  (5  y)^  +  (5  ?/)« 
=  64x«  -  960  xSy  +  6000x^2/2  -  20,000  x8y8  _}_  37,500x22^ 
-37,500x^6  + 15,626  y«. 


(1        X2\* 
j  . 


1\2/X2\2 

2/ 


- '(;)(!)"-  (f ) 

1       2      3x2      jjs      <gs 

= -I- -f.  _, 

X*      X        2         2       16 
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4.  Expand  (3-2x2)^ 

(3  -  2  a;2)7  =  37  -  7  (3)«  (2  x^)  +  21  (3)6(2  j?)^ 

-  35  (3)*  (2  x2)8  +  36  (3)8(2  x^)* 

-  21  (3)2  (2  x2)6  +  7  (3)  (2  x2)«  -  (2  x«)7 
=  2187  -  10,206x2  +  20,412x4  -  22,680  x« 

+  15,120x8  -  6048x10  +  1344  xi2  -  128  x". 


6.  Expand  (1-f  2  a)8. 

(1  +  2  0)8  =  18  +  8  (\y  (2  a)  +  28  (1)«  (2  a)2  +  56  (1)^  (2  a)* 
+  70  (1)4(2  a)* +56  (1)8(2  a)6 +28(1)2(20)8 
+  8  (1)  (2  ay  +  (2  a)8 
=  1  +16a  +  112a2+448a3+1120a4  +  l792a6 
+  1792  ofi  +  1024  a?  +  256  a^. 

2X2         v2>.6 


/2x2        y2v6 
V  y        3x/ 


_  /2x2\6         /2x2\4/y2 


'"'»(y/(S)'"«(T)'(rj)* 

-  »(T)(£)'^(n)' 

32x10      80x7      SOx^y      40xy4  ,  10  y^        ^/^o 


y5      '    3  2/2    '       9  27         81x2      243x5 


7.  Expand  (^x-\-Zyf, 

(2x  +  3y)9=(2x)9  +  9(2x)8(3  2/)  +  36(2x)7(3y)2 

+  84  (2  xf  (3  y)3  +  126  (2  x)^  (3  y)* 
+  126  (2  X)*  (3  yf  +  84  (2  x)8  (3  yf 
+  36  (2  x)2  (3  yy  +  9  (2  x)  (3  yf  +  (3  yf 
=  512x9  +  6912  x8y  +  41,472  xV  +  145,152x6^8 
+  326,592x62/4  +  489,888  xV  +  489,888  xV 
+  314,928x22/7  +  118,098x2/8  +  19,683 1/9. 
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8.  Expand  (4x  +  y)i'>. 

(4  X  +  2/ )io  =  (4  x)io  +  10  (4  x)«  y  +  46  (4  xfy^  f  120  (4  x) V 

+  210  (4  x)6y4  +  252  (4  x)h^  +  210  (4  x)<y6 
+  120  (4  x)hf  +  46  (4  X)  V  + 10  (4  x)y»  +  y^^ 

=  1,048,676x10  +2,621,440  xSy  + ^,949,120  xV 
+  1,966,080 xV  4-  860,160x82^ 
+  258,048x^2^  +  53,760,x*2^+  7680  xV 
+  720  X V  ^.  40  x2/»  +  2/10. 

/3x  _  j^y  ^  /3xy _  6/3xy  / j^x    ^^/Sxy  / j^y 

\2o      46/       \2a/         \2a/  \46/  \2a/  \46/ 

\2a/  \46/  V2a/  \46/ 

\2a/\46/       V46/ 
_  729x6  _  729x6y      1215xV  _  135xV 
~  64  a6        64a56  "*"  266a*62       I28a868 

135  x'V         9x2/6  2/« 


1024  a264      1024  oft^      4096  6* 


10.  Expand 


-©'-©'©-'©'©' 

-■©■©' 


+  21 


-  ?!  .    7gV       21  xM      36  xV      35  x^ 
""2*      28  X  3*  ^  2*x3«  "'^  22x3      2*  x  3* 

21x2/*       7xV       2/^ 

2x3*      2*  X  32      3^ 
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11.  Ezpiuid 


("Va    2v^/ 


z^     a;V     7^8     7a?^     35a;>        7 


+  -^.-^  + 


2^x«      2'i^'x'^      28x* 

It.  Expand  (1  -  2x  -  8aj2)«. 
(l-2a;-3aj2)4 

=  [(l-2«)-8a;2]* 

=  (1  -  2aj)*  -  4(1  -  2a;)*(3x2)  +  6(1-  2x)2(3x2)2 

~4(l-2x)(3x«)8  +  (3x3)* 
=[l*-4(l)8(2x)+6(l)«(2x)8-4(l)(2x)«+(2x)*] 

-  4  [!•  -  3  (1)4(2  X)  +  3  (1)  (2  x)2  -  (2  x)>]  (3a5^ 
+  6[1«  -  2(1) (2 X)  -^  (2x)2]  (9x*) 

-  4(1 -2x)(27xe)-f  81x8 
=  1  -8;e  +  24x«-32sC»  +  16x* 

^  4(1 -.  ex  +  12X^  -  8*8)  (3x2) 
+  6(1  -  4x -f  4x«)  (Ox*)  -  108x*  +  216X'' +  8lx^ 
=  1 -8x  +  24  x«  -  32  x«  +  16x*- 12x8  +  72x8 

-  144 X*  +  96x6  +  64x*  --  216xs  +  216x^ 
-108x8  +  216x^  +  81x8 

=  1  -8x  +  12x2  +  40x«-74x*-120x'^ 
+  108x«  +  216x»  +  81x8. 
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IS.  Expand  (  V-  1  +  — ^=]  . 

J 6'i/x         5    J a/—  ^* 

2V3T     2  4V-1 


1^  32  V^ 

=  (1-  |-v^+f  ^^-|«  + Ax^-^x\^)V^. 


V   3    ^ftvri; 


/ai      1  \« 

'GhKimhHIM)' 

_g»i«     2a6i*      5a*ig      20a»       So^       8a        1 
"729       816        27  6*      27  6*      36*<^      ft^i*  "*■  e^ 
^a8(-l)     2a»(+l)     dg<(-l)     20a» 

~     729  81 6  27  6«  27  &• 

5<r«  2a  1 

36^(-l)66(+l)'^  &•(-!) 
_      a«      2a5      6a*      2Qa8     6o»     2a      I 

729     816     2762     276»     ?6*      6*      l^' 
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1».  Expand  (<ifi-2aV>  +  Zat^  -  46»)». 

(a»-2a«6  +  3aft»-46»)« 

=  [a«(a  -26)  +  6»(3a  -  46)]« 

=  [a«(o  -  26)]«  +  3[{a«(a  -  26)}«{6«(3a  -  46)}] 

+  3[{a«(a  -  26)}  {6a(3o  -  46)}«]  +  [6a(3o  -  46)]» 

=  cfi{a  -  26)«  +  8a*6a(a  -  26)«(3o  -  46) 

+  3a«6*(o  -  26)(3a  -  46)«  +  6«(3a  -  46)« 

=  a«  [a»  -  3  (o)«(2  6)  +  3  (a)  (2  6)«  -  (2  6)»] 

+  3a*6a[a«  -  2(a) (26)  +  (26)«](3a  -  46) 
+  3a«6*(a  -  26)[(3a)«  -  2(3 a) (46)  +  (46)*] 
+  6»[(3a)»  -  3(3a)2(46)  +  3(3a)(46)«  -  (46)»] 

=  a»(a«-6a«6+12a62-86»)+3a*6a(a«-4a6+46«)(3a-46) 
+  3a«6*(a  -  ?6)(9a«  -  24a6  + 166*) 
+  6»(27a«  -  108 a26  +  144a6*  -  646^ 

=  a»  -  6a«6  +  12a76»  _  8a«6«  +  90^6*  -  48a«6» 
+  84aB6*  -  48a*66  +  27 0*6*  -  126a*6* 
+  102a36«- 96a267  + 27a«6» -108a*6»+144rt68 -64  69 

=  a»  -  6a86  +  21  a"6*  -  56(i«6«  +  111  0^6*  -  174a*6* 
+  219a«6»  -  204a'*7  +  I44a68  -  646». 

16.  Find  the  third  term  of  (2  x  -  ^  2^)^ 
Here  n  =  8,  and  r  =  2. 

The  third  term  of  (2x  -  iy)^  =  —  -(2a;)«(iy)*  =  448a^. 

1x2 

17.  Find  the  sixteenth  term  of  (3x  -  2 y)^K 

The  coefficient  at  the  sixteenth  term,  or  fourth  term  from  the  end, 
is  the  same  as  the  coefficient  of  the  fourth  term. 
The  sixteenth  term  of  (3x  -  2y)w 

18 .  17  •  16 


1*2.3 


(3x)8(2  y)w  =  -  721,944,676  x»y>*. 


18.  Find  the  thirty-flecond  term  of  (3x  —  Jy)*^. 
The  thirty-second  term  of  (3x  —  Jy)*' 

37 -36.  36.  34.  33- 32  ,„    ,^,,    ,„  774928  _^„ 

= — 1.2.3.4-6.6    (^^n^y)''  —  -^^' 
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19.  Find  the  middle  term  of  (3  a  -  2&)i2. 

In  this  case  the  middle  term  is  the  seventh  term. 
The  middle  term  of  (3  a  -  2  6)  12 

12. 11    10 -9.  8- 7 


1-2-3.4.5-6 


(3  a)8(2  6)«  =  924  •  3«  •  ^af^l^. 


20.  Find  the  fifth  term  of  fx  +  — -  V 

\        2x/ 


^,     ^.  .  ^/  Iv       9-8-7-6    ,/  1  V     05 

The  fifth  term  of  (  x  +  —  )   =  ,    ^    ^    ,  a^(  r-  )  =  — « 

\        2x/        1.2.3-4     \2x/        8 

/  1   \^^ 

21.  Find  the  eighth  term  of  (  x  —  — —  )   . 

\        4x2/ 

/           1   \" 
The  eighth  term  of  (  x j 

_      11    IQ.  9   8.  7 -6 -5    4/   1    y_        166 
""        1.2.3-4-5.6.7   *  \4x2/  ~      2^^x^^' 


22.  Find  the  (r  -f  l)th  term  of  ( a/^ 


3 
The  (r  +  l)th  term  of  (  — 

.4  X         ^  ^ 

_      15.14.13-  12.-(16-r) 


wm 


1. 2.3-4. -r 
15. 14    13.  12...  (16 -r)/  3  V^'^'/x^^ 


r !  \22x/        \2*^ 

16. 14    13. 12-    .(16 -r)         3'g-'-         x^ 

y.  I  2*>  -  2  rxl5  -  r         r 

28 


16  .  14  .  13  .  12  . .  •  (16  -  r)    _._    ^     -^(-ao  *^-i5 
r\ 

The  sign  of  the  (r  +  l)th  term  is  positive  or  negative  according  as 
r  is  even  or  odd. 
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.     ._  ..     .21 

28.  Find  the  two  middle  terms 


of  (^  _  _^  V 


The  two  middle  terms  are  the  eleventh  and  the  twelfth. 
The  coefficients  of  these  terms  are 

21  •  20  •  19  .  18 .  17  >  16  .  15 .  14  •  13  •  12 
1.28-4   5-6. 7-8-9. 10 

Hence  the  terms  required  are 


and 


or 


21.  20. 19- 18. 17    16. 15. 14. 13. 12/  a  \ii/  6  \i^ 
T-  2~3  •4.5-6-7.8.9.10  ( ^ 

21- 20. 19. 18    17    16. 15   14. 13. 12/  a  \w/  h  X" 


1-2.3-4.5.6.7.8-9.10 
352,716  ^y^  and  -  352,716  ^^-^. 


24.  Expand  (a*  +  6*)«. 

(a*  +  6*)^ 

=  (a*)6  +  5(a*)*(6i)  +  10  (a^»(b^f  +  10(a^)2(6*)« 

+  5(a*)(64)*  +  (6*)6 
=  a*  +  5a265  ^-  lOa^ft'  ^  iOa6  +  5a*6*  +  &^ 

26.  Expand  (x-2  -  y-8)6. 
(x-2-2rV 

=  (a;- 2)6  -  6  (X- 2)5  (y- 8)  +  1 5(0:- 2)4  (y- 8)2  _  20  (X- 2)8  (y- 8)8 
+  15  (X- 2)2  (y- 8)4  _  e(a.-2)(y-8)6  ^.  (y-8)6 

=  x-12  _  6x-ioy-8  _|_  l6x-82r*  -  20x-«2r®  +  I6x-^y-^ 

-6x-2y-15  +  y-18. 

26.  Expand  (m"*  -  n^)^. 

(m~*-n2)6 

=  (m-*)6  -  6(m-*)*(w^)  +  10(m-*)«(n2)2  -  10(m-i)2(n«)« 

+  5(m-^)(ri2)*-(n2)5 
- ^-1  _  5 ni-2n2  +  10  m~  -  n*  -  10m- 1 n^  4.  5m~^8  _  ^10. 
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27.  Expand  (a-«  +  &"')^ 

(a-«  + 6-8)6 

=  (a-  8)6  +  5  (a-  8)*  (6-  «)  +  10  (a-  8)8  (ft-  i)2  +  lo  (a-  8)2  (6"  *)8 

+  6(a-8)(6-5)*4-(6~V 
=  a- 16  +  6a-"6-l  +  lOa-^ft"^  -f  lOa-^b-a 

28.  Expand  (3  a-2  +  2  6-  8)7. 

(30-2  +  2  6-8)7 

=  (3  a- 3)7  +  7  (3  a-2)«(2  6-8)  +  21  (3  a- 2)6  (2  6-8)2 

+  36  (3  a-  2)*  (2  6-  8)8  +  35  (3  a-  2)8  (2  6-  8)4 

+  21  (3  a- 2)2 (2  6-8)6  +  7  (3 a- 2)  (2  6-8)6  4.  (2  6-8)7 
=  2187  a-i*  +  10,206  a- 12&-8  +  20,412  a- 1'^  6- « 

+  22,680  a-86-«  +  16,120  a-66- 12  +  6048a-*6-i6 

+  1344a-26-i8  + 1286-21. 

29.  Expand  (x"^  -  y~^)^. 

=  (X-  *)«  -  6  (X-  ^)6  {y-  i)  +  16  (X-  J)*  (y-  *)2  -  20  (x"" *)8  (y-  *) ' 
+  16  (X-  *)2  {y-  i)4  -  6  (X-  ')  (y-  «)6  +  (y-  8)« 

=  x"*  -  6x-^y~'  +  16x-8y-i  -  20x-*2r^ 
+  16z~^y~^  -6x-^y-^  +  y-\ 

80.  Expand  (2  x"  ^  +  3  2^"  *)«. 

(2x-*  +  3y-*)8 

=  (2x-*)8  +  8(2x-i)7(3y-8)  +  28(2x-i)«(3y-')2 

+  66(2x-*)6(3y"')8  +  70(2x-i)*(3y-V 

+  66  (2  x"  *)8  (3  y-  3)6  +  28  (2  x"  *)2  (3  y"  3)« 

+  8(2x-*)(3y-«)7  +  (3y-«)8 
=  266  X-*  +  3072X-  ^y'^  +  16,128  x-8y-i  +  48,384  x'^jr* 

+  90,720x-2y-S  +  108,864x-3y-^  +  81,648  x-^y* 

+  34,992  x"*y-^  +  6661  y- '^. 


1 
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SI.  Expand  (2x-2y*  -  y  Vi)«. 
(2«-«y*  -y  Vi)« 

=  (2x-*y*)«  -  6(2x-«y*)»(x*y)  +  15(2ar-2yi)*(x*y)2 

-  20(2x-«y*)«(x*y)»  +  16(2x-*y*)2(x*y)* 

-  6  (2  x-«  y*)  (x*y)«  +  (x*y)« 

=  64x-«jr'  -  192x- VyJ  +  240x-7y*  -  160x-*y' 
+  60x-2y6  _  i2xV^  +  «V. 

82.  Expand  (3x  vCTi  ^  2 y  V^)». 

(3xVrT4-2y  V^)6 
=  [\^^(3x  +  2y)]6 
=  (V^)6(3x  +  2y)6 
=  VirT[(3  xf  +  5  (3  x)*(2  y)  + 10  (3  x)«(2  y)2  +  10  (3  x)2(2  y)8 

+  5(3x)(2y)*  +  (2y)6] 
=  VTT (243x6  ^.  810x*y  +  1080 xV  +  720xV  +  240 xy* 

+  32y6). 

88.  Expand  (i  a  VTT  _  ^  5  VIIT)8. 

=  (i  a)8  -  8  (i  a)''(*  6)  +  28  (i  a)«(i  6)^  -  56  (i  a)6(i  6)» 
+  70  (i  a)*(i  6)4  -  56  (i  a)3(i  6)6  +  28 (i  a)2(i  6)« 
-8(ia)(i6)7+(i6)8 

Exercise  144.    Page  406 

1.  Expand  (1  +  x)^  to  four  terms. 

=  l-f  Jx-|x2  +  tV«' 
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2.  Expand  (1  +  x)-^  to  four  terms. 

♦        (_2W-2-l> 
(l  +  a:)-2  =  l  +  (-2)x-f^^ ^i-^ U^ 

(-2)(-2-l)(-2-2)^3 
12. 3 
=  l-2x  +  3x2_4x8  +  --- 

8.  Expand  (1  +  «)~*  to  four  terms. 

,.(-i)(-i-l)(-i-2)^,  , 
1-23 

4.  Expand  (1  —  x)-*  to  four  terms. 

(1  -  x)->  =  1  -  (-  3)*  +  (-3)(-3-l)a;a 

1  ■  z 

(_3)(-3-l)(-3-2)^ 
123 
=  1  + 3x+ 6x2  +  10x8 +  ••  • 


x2 


5.  Expand  (1  —  x)  ^  to  four  terms. 

_(-i)(-|-l)(-|-2)^. 
1.2-3 

=  1 +  fx  + Jg»- a' +  !!*'  +  ,••• 

6.  Expand  (1  —  3x)*  to  four  terms. 

=  1  —  x-x2  —  |x8  —  ••• 

7.  Expand  (a  -  bz)"^  to  four  terms. 

(a  -^  6x)-8  =  (ar8  -  (  _  ?)(ar5(6x)  +  ^|^^  (ar5(2«)^ 

^"^ir2*3""'<^>"^^^^)'^--- 

=  a-i  +  I a-56x  -f  5a-S62x2  +  f «  a-^&Sx*  +  •  •  • 
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8.  Expand  (2  a  —  3  6)'  to  four  terms. 

(2  a  -  3 6)«  =  (2a)'  - 1(2 a)-*(3 6)+  i-^^  (2a)-^Zb)^ 

3  1*2 

=  2*a'  -  2'o-»6  -  2-*a-l»«  -  — «|-J6» 

3 

9.  Expand  (3ai*  +  2 y)~'  to  foitr  terms. 
(3**  +  2y)-« 

=  (8*»)-«  +(-?)(3a;»)-l(2y)  +  ri^(3x«)-*(2»)* 

2  2 

10.  Expand  (a^  —  4x2)*  to  four  terms. 

(a2  -  4  x2)i  =  (a2)*  -  ?  (aa)-i  (4  x^)  +  ^^  (a2)-*(4x»)2 

4  1-2 

-  ^'""*'  ~^  (a2)-t(4x2)»  +  . . . 
123     ^    ^     ^      '  ^ 

=  a*-3a~*x2-  |a~*x*- Ja~V 


11.  Expand  y/S  —  2x  to  four  terms. 

^3-2x  =  (3-2x)* 

=  (3)i  _  l(3)-i(2x)  +  i-:^(3)-J(2x)2 
4  1*2 


123 


(3)-^(2x)«  +  ... 


3:3^ X X' X*  —  •  •  • 

23*        83^         16. 3^ 

..      3*         3*  „      73* 

=  3* X x^ x»—  ••  • 

6         24  432 


12.  Expand  vT+ia  to  four  terms. 
\^l  +  4a  =  (l4-4a)* 
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18.  Expand  "v^3  —  56  to  four  terms. 
■v^3-56=f(3-56)* 

=  3*  - 1(3)-»(66)  +  L^^(3rV(66)2 

6-8*        72- S"*^         1296- 3^ 

18  648  34992 

14.  Expand  v^5  a^  +  7  &»  to  four  terms. 
^5oa+768  =  (6aa  +  7ft8)i 

=  (5  a2)i  +  -  (6  a^)-  i(7  68)  ^  L_zi  (6  a^)"  J(7  68)2 
4  1*2 

+  *    ~|    "^ (5a«)-^(76»)»  +  •  •  • 

=  6*a»  + -^  a-'6»  -  ^^  a-J6«  + -^^21_ a- Vft.  -  . . . 
4.5'  32-6*  128  •  5V 

20  800  16000 

16.  Expand  (2  a  -  6  6)-*  to  four  terms. 

<^«-^^>"*  (-4)(-5) 

=  (2a)-*  -  (-  4)  (2a)-M66)  +  ^     ^^\     ^  (2a)-6(56)2 

=  2-*a-*  +  4  •  2-6a-6  •  66  + 10  •  2-«flr«  •  2562 

+  20.  2-''a-7- 12668  +  ... 
=  Aa-*  +  I  «-*&  +  Wa-®^  +  ^0-768  +  . . . 

16.  Expand  (3  a;  +  4y)~"  to  four  terms. 

(3x  +  4y)-8  i-P\i^±\ 

=  (3x)-«  +  (-  3)(3x)-*(4y)  +^     7^     *V3g)-6(4y)2 
^(^3)(-4)(^5)^3^^.,^^^;^V. 

=  3-«x-8  -  3  .  3-*ar*  -4^  +  6.  3-8x-6  •  16  y^ 
-  10   ^-^x-®- 64  2^84.  ... 

=  h^~^-  ii*7«-*y4-}fx-6y2-f|8x-«y8  +  .- 
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17.  Expand  (2  a«  -  3  &»)*  to  four  terms. 
(2  a2  -  3  &8)* 

=  (2  a2)*  -  (})  (2  aS)-* (3  &»)  -f  ^^^  (2  a2)-*(3 6»)« 

=  2'a*  -  f  .  2'^ar^  .  36«  -  /,  •  2-*a-*  •  968 

8  128  1024 

1 8.  Expand  (2  a-  2  -  3  6"  »)"  *  to  four  terms. 

(2a-2-3&-8)-5 

=  (2a-2)-3  -  (-  I)  (2 a- 2)- J (3 6- 8) 

+  ~  '\~  ^(2a-2)-'^-(3&-8)2 
1  •  2 


—    3  . 


^ '      i^ — i^  (2  a-2)-y  (3  6-8)8  + 


1.2.3 

=  2-3a*  +  J .  2-Ja5 .  36-8  +  21 .  2" V^V  .9^-6 
4._7^7^.2-^''a^.27  6-«  +  ... 

=  — a'H a*fr-8^ ^^a^6-8H —  a'^6-»  + 

2  16  256  2048 


(1        ^  \i 
}-  -  )   to  four  terms. 

\2a"'"6/ 

= (±y + 1(1-)"  V?) + iiij/JLy  V5y 

V2a/       3\2a/     \6/        12   \2a/     V6/ 

^i-j-f/i.\-Y3y 

1.2-3     \2d/     V6/ 

24a*      3  6      9  6^      81  6« 

_2^a^      2^a^      2^a^      5.29aS 
~  ¥0"  "^  T"        62      .  "~3  63~ 
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1 1  to  four  terms. 

36        z   ) 


/  a       2mK^ 


~\36/       4\3&/     \   X    /        12   \36/     \   x    / 
123     \36/       \    X    / 


a*        1    3*6^   2  mi       3    3^6^  4  m* 

I     T 


3*6*      4     a^        X        32     a^       x^ 
7     3^'6'*'   8  m 


+ 


128      a^       x8 


3M      3^6^mi  _  3^6^m^      1   Z^h^m 
3  6i        2aix         8aix2  lea^^^x^ 


21 .  Expand  ( j      to  four  terms. 

/3a_2a2\-* 

=(¥)"-(-D(t)"'(t-') 

--4^(t)"(t)* 

1-2.3         \  6  /       V  X   / 
6*     ,  2      6^     2a2       7       ft'^'      4a* 


3«a«       5   3«a*      x        26   s'^a'^     x^ 

28       ft^     '  8  a« 
125   3"^' a"*'     x3 

3^      4.3ga^b^      28j^2aH^      224  ■  3^a'><'&V 
3 a*  ^      45 X       "^  ~  "675 x2  "  "*"      10125 x^ 
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««.  Expand  (^-^)"*  to  four  terma 

\3y      46/ 

\3y/        \     4/\3y/    V46/         1-2     \3y/      V46/ 

12   3         V8y/       \46/ 
^3V      3   SM   3o      21   S^y^    90^ 
"2^      4   2W   46      32   2^x^    166« 
.    77    3^yV  27  a«  . 
128   2''^xV   64  6* 
^  2^  -  3V      27.2*-3<ay^      1701  ■  2*  ■  3^  o«y^ 
4xi  256  6x*  327686*08^' 

66133^2*j  S^ggy^ 
2097162  6»x^ 

(2cfi      4x'\~^ 
1 I     to  four  terms. 
36«       y*  / 

/2fl^      4a8\"* 
\368       y*^/ 

_/2a«\-*     /     4\/2a2\"^/4x»\ 

"Vst^y    '^V""7A368>'     Vi;r; 

-^■--V./2ag\-^/4x8\« 
12       \36«/       V  y*  / 
_^.^;^.-V.2a^x-V/4x»y 
^  1-2-3  V368/       \  y*  / 

_  8*6^      22   3^6^    22x8      22    3'^6^   2*X» 
~2M       7    2^0^*  y*        49"2'*'o^'    y* 
132   3'^"  6'^   2«x8 


343*2^0*^    yi2 


+ 


2'  .  3^ b''^  _  12^  2^ .  3*^x8      396  ■  2^  ■  S^b^ofi 
o^  7a'^y4  49  a^y8 

14266  .  2^  .  3^6^^x9 
343  a^y^^ 
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» 

24.  Find  the  sixth  term  of  (1  -  3x)*. 
Here    n  =  J,  and  r  =  6. 

The  sixth  term  of  (1  -  3x)* 

12.3.4.6  ^     '  3 

25.  Find  the  tenth  term  of  (2  a  -  3  6)"^. 
Here    n  =  —  f ,  and  r  =  9. 

The  tenth  term  of  (2  a  -  3  6)~* 

_3..  _7.  _!  1  .  _  1.5  .  _  19  .._23  .  — V-.  —V  •  — ¥  M 

= 1 1 i 1 1 1 -± 1 L  (2  ar  ^(3  by-* 

12. 3. 45. 6. 7-8. 9  \     /       v     / 

5 .  7  .  11 .  19  .  23  .  31  .  310  .  2*   _3«^^ 
286 

26.  Find  the  eighth  term  of  (a^  +  4x-2)"^ 
Here    n  =  —  §?  and  r  =  7. 

The  eighth  term  of  {a^  +  4ar2)-i 

_   5  .  _  1  .  _   9  .  _   1  1   .  _  13  .  _    15  .  __  .1_7 

=  1.2.3.4.6.I.7       "  <«T^(2^-n' 

=  -  28 .  3  .  5  .  11 .  13  .  17  a-i9x-i4. 

27.  Expand  (3  a^  —  a  —  2)^  to  four  terms. 

(3a2-a-2)« 

=  [3  a2  -  (a  -f  2)]* 

=  (3a2)«  _  ?(3a2)-2(a  +  2)  +  iizi(3a2)-?(a  +  2)2 
5  1*2 

-^'"I'g  ^3a2)-^»^(a+2)8+... 

=  3«a*  -  ? . -\a-*(a  +  2)  -  — . Ia-''^(a2  +  4a  +  4) 
6   3*'  26   3» 


8 


^r3a~^(a8-f6a2  +  12a  +  8) 


126   3"^* 

oJ   i      2.3*    _i      4.3*   _e       3«   _«      4.3«    _,x 

16  16  76  76 

8.32  _« 
a  ^ 

3376 
„i   4      232   _j.       7.3^    _e       188. 3«   _ix 
16  26  3376 
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2S.  Find  the  sixth  root  of  66  to  six  decimal  places. 
66  =  64  4-  2  =  64(1  +  s\)  =  2e(l  +  ^y. 

L       6\32/         12    \32/  123       \32/ 

12. 3. 4  \32/  J 

=  2(1  4-  yjj  —  75^ j^  +  T^TiiVVsT  ~"  JT^IMy^THf  H  ) 

=  2  (1  4-  0.00520a33  -  0.00006782  +  0.00000130 

-  0.00000003  +  .    .) 
=  2(1.00614178) 
=  2.01028356. 

Therefore,  to  six  decimal  places  the  sixth  root  of  66  is  2.010284. 

29.  Find  the  fifth  root  of  239  to  seven  decimal  places. 

239  =  243  -  4  =  243(1  -  ^b)  =  3^(1  -  ^h). 
.-.  v^239  =  3(l-  n},)* 

L        5\243/        1-2    V243/  1-2. 3      \243/ 

1.2. 3. 4         V243/  J 

Q/l  4  32  128  1702  \ 

—  •^VA~T2nr~T¥T6Jlf5~5U7?  71125       7TSJ1 'MISSY'S / 

=  3(1  -  0.003292181  -  0.000021677  -  0.000000214 

-0.000000002 ) 

=  3(0.996686926) 
=  2.990067778. 
Therefore,  to  seven  decimal  places  the  fifth  root  of  239  is  2.9900578. 


Exercise  145.    Page  407 

,     r^  A         2x4  +  3x84-6a;2  +  9x-3  ^    , 

1.  Reduce to  lowest  terms. 

3ic4- 2x3  4-10x2-  6x  +  3 


2x*-|-3x8  4-6x2  4-9x-3 


3x4-    2x3  4-10x2-    6x+    3 
2 


Ox*-    4x3  4-20x2-12x4-    6 
6x*4-    9x8  4- 16x2  4- 27 X-    9 


-l)-13x8+    6x2-39x+16 


13x3-  6x2  4-39x-15 
=  x2(13x-6)4-3(13x-5) 
=  (x2  +  3)(13x-5). 


3 
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It  is  evident  that  13  x  —  6  is  not  a  common  factor. 

2x*  +  3x8  -f  5x2  +  9a;  _  3  =  (a;2  ^.  3) (2a^  +  3x  -  jj, 
-     3x*  -  2x8  ^  10x2  _  Ox  +  3  =  (x2  +  3)(3x»  -  2x  +  1). 
2x*  4-  3x8  -f  5x8  ■!■  9x  -  3  _  (x^  +  3)(2x2  +  3x  -  1) 
**  3x*-2x8  +  10x2-6x  +  3~  (x2  +  3)(3x2-.2x  +  l) 

_2x2  4-3x-l 
~3x2-2x  +  l* 

2.  Reduce^  +  !;^^^,'^;^^^^  +  ^^  +  ^to  lowest  terms, 
x^  -  x*y  +  x8y2  _  x2y8  ^xy^  —  y^ 

x^  -t-  x*y  4-  x8y2  +  x^y^  4.  xy^  +  y^ 
x^  —  x*y  +  x8y2  —  x2y8  -f  xy*  —  y^ 

^  x^(x  4-  y)  -t-  xV(x  +  y)  +  y*(g  +  y) 
^{x-y)-\-  z^^(z  -y)'\-y*(x-y) 

(X*  +  x2y2  +  y*)  («  +  y)  _  «  +  y 

(X*  +  x2y2  4-  y4)  (x  -  y)      x  -  y 

^     ,  X*  —  X8v  —  X2y2  _|_  xj/8 

8.  Reduce —  to  lowest  terms. 

ofi  —  z*y  —  xy*  4-  y^ 

x4  _  x8y  —  x2y2  -f  xy8 

x^  —  x*y  —  xy*  4-  y^ 

_  X  (x8  —  x2y  -  xy2  4-  y8) 

~  (x^  -  zy*)  -  (x*y  -  y^) 
^  X  [(x8  4-  y8)  -  (x2y  4-  xy2)] 

X  (x*  -  y*)  -  y  (x*  -  y*) 

_  X  [(X  4-  y)  (x2  -  xy  4-  y^)  -  xy  (x  4-  y)] 

~  (X  -  y)  (X*  -  y*) 

_x(x4-y)(x2-2xy4-y^)_      g (a  4- y)(x  -  y)'      _      x 


(x-y)(x2-  y2)(x2  4-  y2)      (x4-y)(x-y)2(x2  4-y2)      X24-  y^ 

/X  -I-  7/^^ X^  2/^ 

4.  Reduce  ^^ ^  to  lowest  terms. 

(X  4-  y)*  4-  X*  4-  y* 

(x  4-  y)^  -  x^  -  y^ 

(X  4-  y)*  4-  X*  4-  y* 

5x*y  4-  10x8y2  4.  I0x2y8  4-  5xy* 


(X  4-  y)*  -  X2y2  4-  (X2  4-  y2)2  -  X2y2 

5xy(x8  4-  y'  4-  2x2y  4-  2xy2) 


[(x  4-  y)24-  xy]  [(X  4-  y)^ -  xy]  4-  (x2  4-  y^  4-  xy)  (x2  4-  y^  -  xy) 

5xy  [(X  4-  y)(x2  -  xy  4-  y^  4-  2xy(x  4-  y)] 

(x2  4-  3xy  4-  y2)(x2  4-  xy  4-  y^)  4-  (x2  4-  xy  4-  y2)(x2  -  xy  4-  y^) 
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_  6zy (x  +  y) (x^  -  xy  +  y'  +  2gy) 

"  (x2  +  xy  +  y3) (x2  -I-  3xy  +  y2  -(_  x2  _  scy  +  y*) 

_      6xy (x  +  y)  (x^  4-  xy  +  y^)      _  6xy(x  +  y)(x3-f  xy  +  y*) 

"{x2+xy-|-y2)(2x«-|-2xy  +  2y2)'"        2{x2  +  xy  +  y^)2 

_     6xy(x  +  y) 

~2(x2  +  xy-|-y«)' 

5.  Simplify H H 

1  +  a      1-a      H-2a  +  a*- 1 +  2a-a2        4a 


1-al  +  a  l-a2  l-a» 

4a  4a    __  4a(l  +  a^  +  1  -  a')  _     8a 

l-a2      l  +  a2~  1-a*        ~  ~  1  -  a*' 

8 a_        8a    _  8a(l -f  a* -f  1  -  a*)  _    16  a 
T-a*      l4-a*~  1  -a8  ~  l-a^' 

1  +  a        4a  8a         1  — a       16  a 


1-a      l  +  a2      l  +  o*      1  +  a      1-a' 

6.  Simplify  -?-  +  «  -  ?  -^±1-"^^ 
o— 2      a  —  7      a  —  1      a  —  6 

By  division, 

a         a  —  9      o  +  l      o  —  8 


8 


a  —  2      a  —  7      o  —  1      a  —  6 

2  2  2  2 

=  1  + -1- +  1  - -^  -  1  - —1- _  1  + 


a  —  Ji  a  —  7  o  — 1  a  —  6 

2  2  2  2 


a  —  2      a  —  7      a  —  1      a  —  6 
__  2(a  -  6)  +  2(a  -  2)      2(a  -  1)  +  2(a  -  7) 
-       (a  -  2)  (a  -  6)  (a  -  1)  (a  -  7) 

_      2(2a-8)  2(2a-8) 

■"  (a  -  2)  (a  -  6)      (a  -  1)  (a  -  7) 
__  4(a  -  4)  (gg  -  8a  +  7  -  gg  +  8a  -  12) 
~  (a-l)(a-2)(a-6)(g-7) 

4(a-4)(-5) 

(a-l)(a-2)(a-6)(a-7) 

20(4 -a) 

~  (a  -l)(a  -  2)(a  -  6)(a  -7) ' 
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a  b  ah  ab 

7.  Simplify  —^  +  —--  -    ,      ,,  + 


a-\-b     a  —  b     a&  —  6^     a^  ^  db 
a  b  ab  ab     _     a  b  a  b 


a  +  b     a  —  b     oft  —  6*      o*  +  a6     a  +  6     a  —  b     a  —  b     a  +  6 
a  +  6     a  —  b 


8.  Simplify + 


2x  +  2      x  +  2      2(2  +  3)      (x  +  2)(x  +  3) 

4  9  x-1 

+ 


2x  +  2      x  +  2      2(x  +  3)      (x  +  2)(x  +  3) 

14  9  x~l 

+ 


2  (X  +  1)   '  X  +  2      2  (X  +  3)      (X  +  2)  (X  +  3) 
1  4         X  +  2-8X-8  ~7x-6 


2(x  +  l)      x  +  2      2(x  +  l)(x  +  2)      2(x+l)(x  +  2) 

9  x-1  9x4-18-2x4-2  7x4-20 


2(x4-3)      (x4-2)(x  +  3)        2(x  +  2)(x4-3)        2(x  4- 2)(x  4- 3) 
-7x-6  7x  +  20  -7x2-27x-18  +  7x2+27x+20 


2(x4-l)(a;  +  2)      2(x4-2)(x4-3)  2(x  4-  l)(aJ  4-  2)(x  4-  3) 

2 1 

""  2(x  4- 1)(«  +  2)  (X  +  3)  "^  (x  4-  l)(a;  4-  2)  (x  4-  3) ' 

„.      ,.,    a^-\-cfib  +  ab^-\-b»      (a-\-b)^-Sab      {a  -  b)^  -  a^ -\- b^ 

.  Simplify  — — X  ^ X  -^^ 

^       a^-a^b-aJb^-^b^      {a-b)^-^Sab      (a4-6)*-a*-6* 

gg  4-  g'ft  4-  gfe*  4-  &^      (g  4-  ft)^  -  3  a6      (g  -  &)«  -  g^  4-  5^ 

a8  _  „2h  -alfi^h^       (a  -  h\i  4-  3  ah       (a  -4-  h\»  _  fl8  _  ft8 


6« 
ab 
ab 


g«  4-  g*o  4-  <M>"  4-  0°      (g  4-  0)''  —  o  go      (g  —  o)°  -  a 

g8  -  a26  -  g62  4-  b8  ^  (a-b)^-\-Sab  ^  (g  4-  bf  -  a 

_a^{a  +  b)  +  b^{a-}-b)      gg  4-  2a64-6^-3g6 

~  g2(g-6)-62(a-6)      g2  -  2g6  4- 624- 3g6 

g8  -  3  g26  4-  3  g62  _  6«  _  a*  4-  6' 
^  g8  4-  3g26  4-  3g62  4-  68  _  a8  _  58 

_  (g  4- 6) (g' 4- 6^)      gg  -  gb  4-  &^      -3«2&4-3g5g 
~  (g  -  6)  (g2  -  62)  ^  fl^a  ^  a6  4-  62  ^    3g26  4-  3g62 
_  (g  4-  6)  (gg  4-  6^)      gg  -  g6  4-  6'      -3g6(g-6) 
~   (g-6)2(g4-6)       gS  +  gft  4- 62        3g6(g  +  6) 

(ga4-&2)(g2-gb4-.62) 
~      (g-6)(g4-&)(g2  4-g6  4-62)* 
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a^  +  o^-foc  +  te      o*— ox  +  ay— jy      a^  —  a{y—b)  —  by 


10.  Simplify 


ax—ay—x^-^xy     o*+ac  +  ax  +  (X     x^  —  x{y—a)  —  ay 


o*  +  oft  +  ac  +  6c      a*  —  ax  +  oy  —  xy      tt*  —  o(y  -  6)  —  6y 
ax  —  ay  —  x* -^  xy      a* -\-  ac -^  ax -k-  ex      x*  —  x(y  —  o)  r-  ay 
_  a(a4-6)  +  c(a-|-6)      a(a~x)-f  y(a-x)  ^  (q-y)(a  +  fe) 
~o(x  — y)-x(x-y)      a(a-\-c) -^-xia-^c)      (x  +  a)(x  — y) 
_  (g-f  &)(a-f  c)  ^  (g -x) (a  +  y)  ^^  (x  +  a)(x  -  y)  _  a  +  y 
(o-x)(x-y)      (a  +  x)(o  +  c)      (a-y){a-\-b)      a—y 

1 1    ci™,.uf^  ax-ay  +  ftx-&y4-a  +  fe  ^  a«  -y-ac  +  6c 

11.  Simpliiy X — -• 

ox  —  ay  —  6x-|-6y  +  a  —  6     ab -{- ac -\- 1^  —  c^ 

ax  —  ay  +  bx  —  by-\-a-^b     a^  —  l^  —  ac -\- he 
ax  —  ay  —  bx  +  hy-^a  —  b     ab-h  ac  +  6*  —  c* 

_  {ax  +  bx)-  (ay  +  by) -\- {a -\- b)      '««  - 
*"  /—      t^\      /r.«      h..\  ^  i^     h\ 


18.  Simplify '- 

^    "^  a6  +  a*6  +  a»62  +  a268  +  a6*  +  65      a2  +  2a6  +  6» 

a*  -  a*6  +  a»62  _  a«68  +  a6*-&6      a«-2a6  +  62 
o6  +  a*6  +  0852  +  a^fts  4.  aft* +  66  '  a»  +  2a6  +  62 
_a»(a»-.a6  +  62)-68(a«-a6-i-68)      (a  -  6)» 
'"a»(a2  +  a6  +  62)  +  68(a2  +  a6  +  62)      (a  +  6)» 

~  (a«  +  68)7a2  +  06  -I-  62)     (a  -  6)2 

_  (g  -  6)  (ga  +  06  +  62)  (gg  -  06  -t-  62)      (g  -f  6)2  ^  g  +  6 

~  (g  +  6)  (g2  -  g6  +  62)  (g2  +  g6  +  62)  ^  (g  -  6)*      g  -  6* 

18.  Solve  8x  +  5_^7x-3     4x  +  6 


Transposef 

Simplify  the  left  number, 


14         6XH-2  7 

8x4-6      4x-i-6_3-7x 

14  7       ~"6x  +  2 

1      3-7x 

g"6x  +  2 
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-3x-l  =3  -7x. 

4x  =  4. 

.-.  X  =  1. 


,-    «  ,  132X+  1      8a; +  5      _. 

14.  Solve  — -4-  + -  =  52. 

3x  +  1         x  —  1 

AO  1  q 

By  division,  44  -  ^^-^  +  8 +— ^  =  52. 

13  *'         0. 


x-l      3x  +  l 
39x  +  13-43z-f  43  =  0. 

-4a  =  -66. 
.-.  X  =  14. 


16.  Solve  -  + 


x-7      x-9      x-S 
Clear  of  fractious, 

3x2  _  5ix  +  216  +  x2  -  15x  +  66  =  4x2  -  64x  4-  252. 

-  2x  =  -20. 
.-.  X  =  10. 

,^„,  ax  — 2  a      ax  — 2h 

16.  Solve  -  = 

ax  —  2  5       ax  -{•  2  a 

Clear  of  fractions,  a^x^  -  4  a^  =  a^x^  -  4  a6x  +  4  62. 

4  a6x  =  4  a2  4-  4  62. 

a2  +  62 

.-.  X  = 

ab 

a  —  X      h  —  X      c  —  X 

17.  Solve  ^^-r-^-{-- — -  +  - — ^  =  0. 

6c  ac  ab 

Clear  of  fractions, 

a2  -  ax  +  62  -  6x  +  c2  -  ex  =  0. 

ax  4-  6x  4-  ex  =  a2  +  62  +  c2. 

a2  4-  62  4-  c2 


a  4-  6  4-  c 

ax2  —  6x  +  c       a 

18.  Solve 

wx2  —  nx  4-  P      m 

Clear  of  fractions, 

amx^  —  6mx  4-  cm  =  amx2  —  anx  +  ap. 

anx  —  bmx  =  ap  —  cm. 

ap  —  cm 

an  —  bm 
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in    CI                                    h  -  X      c  -  X      a(c  — 2x) 
19.  Solve  1 =  — ^^ ^ 

a  +  sc     a  —X       a^  —  x^ 

("lear  of  fractions, 

(a  -  x)  (6  -  x)  +  (a  +  x)(c  -x)  =  a{c  —  2x). 

ab  —  bx  —  ax-^x^  +  ac  -  ax-\-  ex  ~x^  =  ac  —  2ax. 

bx  —  ex  =  ab. 

ab 


.-.  X  = 


6-c 


<«Aoi                       5c  —  a      X  —  b      X  —  c      _ 
20.  Solve  + + =  3. 

6  +  c      o  +  c      6-fa 
Transpose, 

X  —  a      ,      X  —  b      ,      X  —  c 

-  1  + 1  + 1  =  0. 


b  -i-  e  o  +  c  b  +  a 

a  —  b—c      X  ~  b  —  a  —  c      x  —  c~b  —  a  _^ 


b  -\-  c  a-{^  e  6-fo 

X- (a+^+c)  ,  x-(a+6  +  c)      x-  (a-t-6  +  c)  _ 
6  +  c  a  +  c  6+a 

This  equation  is  satisfied  if  x  —  (o  +  6  +  c)  =  0. 

.-.  X  =  a  +  6  +  c. 


<»«     o  1  2x  +  a        3x  —  a       _, 

21.  Solve  -!- —  + =  2}. 

3(x-a)      2(x  +  a)        ' 

4xg  +  6ax  +  2  a^  +  0x2  -  12  ox  +  3  a2  _  13 
6(x  -a)(x  +  a)  ~  6 

13x2 -6ax  +  5a2 

(x  —  a)  (x  +  a) 
13x»  -  6ax  +  5o2  =  LSx*  -  13 o^. 
-6ax  =  -18o2. 
.-.  x  =  3a. 


««    «  1                                         a         ex         c         ox 
22.  Solve  -  + =  -  + 


c      ax  —  6     a     ex  —  b 
By  division,  -  H 1 —  =  -  H 1- 


c      a      a(ax  -  b)      a      e      e(cx  —  b) 
be  ab 

a{ax  —  b)      c  (ex  —  b) 

e        _        a 
a(ax  —  6)      e(ex  —  b) 
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c*x  —  &c2  =z  flSx  —  aV). 
c^  —  a^  =  6c2  —  a^b. 
(c3-a^)x  =  6(c»-a2). 
(c  —  a)  (c2  +  ca  -f  o2)x  =  6 (c  —  a)  (c  +  a). 

28.  The  sum  of  $2.37  is  divided  among  A,  B,  and  C.  If  B  is  given 
20  per  cent  more  than  A  and  25  per  cent  more  than  C,  how  much  does 
each  receive  ? 

Let  X  =  the  number  of  cents  C  receives. 

5x 
Then  —  =  the  number  of  cents  B  receives, 

4 

and  -  of  —  = =  the  number  of  cents  A  receives, 

6        4        24 

26 X  .  5x  .  ... 

.-. +  X  =  237. 

24         4 

26x  +  30x  +  24x  =  5688. 

79  X  =  5688. 

.-.  X  =  72. 

Then  —  =  90, 

4 

25x      ^_ 

and  =  75. 

24 

Therefore,  A  receives  76  cents  ;  B,  90  cento ;  and  C,  72  cento. 

24.  A  man  bought  two  pairs  of  shoes,  and  one  pair  cost  60  cents 
more  than  the  other  pair.  If  he  had  paid  60  cents  less  for  each  pair, 
he  would  have  paid  four  fifths  of  what  he  did  pay.  How  much  did 
each  pair  cost  ? 

Let  X  =  the  number  of  cento  he  paid  for  the  cheaper  pair. 

Then  x  +  60  =  the  number  of  cents  he  paid  for  the  dearer  pair. 

.-.  (X  -  60)  +  (x  +  50  -  50)  =  J  (X  -f  X  -f  50). 

x-50  +  x=  f(2x-f  50). 
2x-50  =  f(2x  +  50). 
10x-260  =  8x  +  200. 
2x  =  450. 
.-.  X  =  225. 
Then  x  +  50  =  275. 

Therefore,  the  shoes  cost  him  $2.25  and  $2.75  per  pair. 
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86.  A  sum  of  money  is  divided  between  A  and  B.  A  receives  ^72 
more  than  B,  and  A  receives  seven  twelfths  of  the  whole.  What  is 
the  sum  divided  ? 

Let  X  =  the  number  of  dollars  B  receives. 

Tiien  a  +  72  =  the  number  of  dollars  A  receives, 
and     2  X  +  72  =  the  number  of  dollars  divided. 

.-.  «  + 72  =  37^(2x4- 72). 
6x  +  432  =  7x  +  252. 
.-.  X  =  180. 
Then  2  x  +  72  =  432. 

Therefore,  the  sum  divided  is  $432. 

26.  A  farmer  bought  some  pigs  at  '^2.50  each.  He  sold  40  of  them 
at  $2.60  each  and  the  rest  at  $3.00  each.  If  his  total  gain  was  10  per 
cent,  how  many  pigs  did  he  buy  ? 

Let  X  =  the  number  of  pigs  the  farmer  bought. 

Then   250  x  =  the  number  of  cents  he  paid, 
and         276  x  =  the  number  of  cents  he  received. 

.-.  40  X  260  +  (X  -  40)300  =  275  x. 
Divide  by  26,  416  +  12  x  -  480  =  11  x. 

.-.  X  =  64. 
Therefore,  the  Jarmer  bought  64  pigs. 

27.  A  boat  that  travels  10^  miles  an  hour  downstream  requires 
three  times  as  long  to  travel  a  certain  distance  up  the  river  as  down 
the  river.     Find  the  rate  of  the  current. 

Let  X  =  the  number  of  miles  per  hour  the  current  flows. 

Then    lOJ  —  2  x  =  the  number  of  miles  per  hour  the  boat  can  travel 

upstream, 
=  the  number  of  hours  required  to  travel  1  mile 


2^         down, 

and  =  the  number  of  hours  required  to  travel  1  mile  up 

10i-2x  ^ 


lOJ 

lOJ 

-2x 

2_ 

7" 

2 

21- 

-4x 

.'.  7  = 

21- 

-4x. 

4x  = 

14. 

.-.  X  = 

SI. 

Therefore, 

the  rate  of  the  current  is 

3|  miles 

per 

hour. 
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'  88.  From  the  contents  of  a  keg  a  man  draws  1  gallon  less  than  two 
fifths  of  the  contents,  and  from  the  remainder  he  draws  1  gallon  less 
than  three  fourths  of  what  is  left.  He  finds  that  the  keg  then  con- 
tains 1  gallon  more  than  one  sixth  of  the  original  contents.  Find  the 
original  contents. 

Let  X  =  the  number  of  gallons  in  the  keg  at  first. 

2x 

Then  1  =  the  number  of  gallons  drawn  the  first  time, 

6 

x  —  ( 1)  = 1-1  =  the  number  of  gallons  left  after  the  first 

^^         '      ^  drawing, 

3  /3  X        \ 

-( hi)  —  1  =  the  number  of  gallons  drawn  the  second 

4\  5         /  ,. 

time, 

,  3x  .  ,      r3/3«     ,\      ,1      3x     ^      9x      1      3a:      5 
6  L4\  5  /        J        6  20      4      20       4 

=  the  number  of  gallons  left  in  the  keg. 

3x      6      X      , 

.*.  —  +  -  =  -  +  1. 
20       4      6 

9x  +  75  =  10x  +  60. 

.-.  X  =  15. 

Therefore,  the  original  contents  was  15  gallons. 

29.  Solve  x  +  4y  =  37^  (1) 

2x  +  5y  =  53J  (2) 

Multiply  (1)  by  2,  2  x  +  8  y  =  74.  (3) 

Subtract  (2)  from  (3),  3  y  =  21. 

.-.  y  =  7. 
Substitute  the  value  of  y  in  (1),        x  +  28  =  37. 


Therefore,  x  =  9,  and  y  =  7. 


x  =  9. 


80.  Solve  8x-15y  =  -30>  (1) 

2x  +  3y=      15/  (2) 

Multiply  (2)  by  4,  8  x  +  12  y  =  60.  (3) 

Subtract  (1)  from  (3),  27  y  =  90. 

.-.  y  =  3J. 
Substitute  the  value  of  y  in  (2),      2  x  + 10  =  15. 

2x=5. 

.-.  X  =  2f 
Therefore,  x  =  2J,  and  y  =  3^. 
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SI.  Sc^ve  6x  +  7y=17^  (1) 

7x-5y==    9J  (2) 

Multiply  (1)  by  7,  36  x  +  49  y  =  1 19.  (3) 

Multiply  (2)  by  5,  36  x  -  26  y  =  46.  (4) 

Subtract  (4)  from  (3),  74  y  =  74. 

.*.  y  =  1. 

Substitute  the  value  of  y  in  (2),        7  x  —  6  =  9. 

7x  =  14. 

.-.  X  =  2. 
Therefore,  x  =  2,  and  y  =  1. 

SS.  Solve  10x4-7y  =  -4>  (1) 

6x  +  6y  =  -2J  (2) 

Multiply  (1)  by  3,  30  x  +  21  y  =  -  12.  (3) 

Multiply  (2)  by  6,  30x  +  25|^  =  -  10.  (4) 

Subtract  (3)  from  (4),  4  y  =  2. 

.-.  y=h 
Substitute  the  value  of  y  in  (2),      6x4-2|  =  -2. 

6x  =  -4J. 

.-.  X  =  —  }. 
Therefore,  x  =  — },  and  y  =  J. 

88.  Solve  |x  +  |y  =  17|  (1) 

lx  +  iy  =  19}  (2) 

Multiply  (1)  by  16,  lOx  +  9 y  =  266.  (3) 

Multiply  (2)  by  12,  9  x  +  8  y  =  228.  (4) 

Subtract  (4)  from  (3),  x  +  y  =  27.  (6) 

Multiply  (6)  by  8,  8  x  +  8  y  =  216.  (6) 

Subtract  (6)  from  (4),  x  =  12. 

Substitute  the  value  of  x  in  (6),  12  +  y  =  27. 


Therefore,  x  =  12,  and  y  =  16. 


y  =  16. 


84.  Solve  ox  -f  6y  =  c^  (1) 

mx  +  ny  =  pj  (2) 

Multiply  (1)  by  m,  amx  +  bmy  =  cm.  (3) 

Multiply  (2)  by  a,  amx  +  any  =  ap.  (4) 

Subtract  (3)  from  (4),  any  +  bmy  =  ap  —  cm. 

ap  —  cm 

an  —  bm 
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Multiply  (1)  by  n,  anx  +  hny  =  en.  (5) 

Multiply  (2)  by  6,  bmx  +  bny  =  bp.  (6) 

Subtract  (6)  from  (6),  anx  —  bmx  =  cn  —  bp. 

en  —  bp 


X  = 


an  —  bm 


Therefore,  x  = — »  and  y  =  — 

an  —  bm  an  —  bm 


86.  Solve  Sx-y  =  2(a  +  b)^^  (1) 

Sy-x  =  2(a-b)^j  (2) 

Add  (1)  and  (2),  2x  -f  2y  =  4a2  +  462. 

x  +  y  =  2  a2  -f  2  62.  (3) 

Add  (1)  and  (3),  4a;  =  4a2  -f  4a6  +  462. 

.-.  X  =  a2  +  06  +  62. 
Add  (2)  and  (3),  4y  =  4a2  -  4ct6  +  462. 

.-.  y  =  a2  -  a6  +  62. 

Therefore,  x  =  a2  +  a6  +  62,  and  y  =  a2  —  a6  +  62. 

86.  Solve  6x-2y  =  S(a-\-Te)'\  (1) 

6y-2x  =  3(a  +  76)j  (2) 

Add  (1)  and  (2),  3x  +  3y  =  6a  +  216  +  21  c.     (3) 

Multiply  (3)  by  I,  2x  +  2y  =  4a  +  146  +  14c.     (4) 

Add  (1)  and  (4),  7x  =  7a  +  146  +  36c. 

.-.  x  =  a  +  26  +  5c. 
Add  (2)  and  (4),  7 y  =  7 a  +  356  +  14c. 

.-.  y  =  a  +  56  +  2c. 

Therefore,  x  =  a  +  26  +  5c,  and  y  =  a  +  66  +  2c. 

87.  Solve  ax  +  6c  =  6y  +  ac1  (1) 


} 


x  +  y  =  e  )  (2) 

From  (1),  ax  —  by  =  nc  —  be.  (3) 

Multiply  (2)  by  6,  6x  +  6y  =  6c.  (4) 

Add  (3)  and  (4),  ox  +  6x  =  ac. 

ac 
.-.  x  = 


0  +  6 

Multiply  (2)  by  a,  ax  -\-  ay  =  ac.  (5) 

Subtract  (3)  from  (6),  ay  +  6y  =  6c. 

6c 
.-.  y  = 


a  +  6 
oc  ,  6c 


Therefore,  x  = »  and  y  = 

a  +  6  a  +  6 
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S8.  Solve  (a  +  h)x  +  (a  +  c)y  =  o  +  6^  (1) 

(a  +  c)x  -I-  (a  +  6)y  =  o  +  c  J  (2) 

Add  (1)  and  (2), 

(2o  +  6  +  c)aj  +  (2a-f6  +  c)y  =  2a  +  6-|-c. 
Divide  by  2  a  +  6  +  c,  x  +  y  =  1.  (3) 

Subtract  (2)  from  (1),   (6  -  c)x  +  (c  -  6)y  =  6  -  c. 
Divide  by  6  —  c,  a;  —  y  =  1.  (4) 

Add  (8)  and  (4),  2  z  =  2. 

.*.  X  =  1. 
Subtract  (4)  from  (3),  2y  =  0. 


Tiierefore,  x  =  1,  and  y  =  0. 


.'.  y  =  0. 


89.  A  market  v^oman  spent  $1.30  for  apples,  some  at  a  cent  each, 
and  the  remainder  at  three  for  two  cents.  She  sold  the  apples  for 
$2.10,  thereby  gaining  half  a  cent  on  each  apple.  How  many  at  each 
price  did  she  buy  ? 

Let  X  =  the  number  of  apples  bought  at  a  cent  each, 

atid  y  =  the  number  of  apples  bought  at  three  for  two  cents. 

.-.  X  +  ^  =  130.  (1) 

o 
X 

Then  x  +  -  =  the  number  of  cents  received  for  the  first  kind, 
2 

and      _r  ^  fi  =  the  number  of  cents  i*eceived  for  the  second  kind. 
3       2 

.•.x  +  ?  +  ^  +  |  =  210.  (2) 

From  (1),  3  X  +  2  y  =  390.  (3) 

From  (2),  6x  +  3x  +  4y  +  3y  =  1260. 

9x4-7y  =  1260.  (4) 

Multiply  (3)  by  3,  9  x  +  6  y  =  1 170.  (5) 

Subtract  (5)  from  (4),  y  =  90. 

Substitute  the  value  of  y  in  (1),        x  +  60  =  130. 

.-.  X  =  70. 

Therefore,  the  woman  bought  70  apples  at  a  cent  each  and  90 
apples  at  three  for  two  cents. 

40.  A  power  boat  can  travel  15  miles  an  hour  downstream.  It  is 
found  that  the  boat  can  cover  a  certain  distance  in  45  minutes  in  still 
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water  and  the  same  distance  in  1  hour  against  the  current.  Find  the 
distance,  the  rate  of  the  boat  in  still  water,  and  the  rate  of  the 
current. 

Let  X  =  the  number  of  miles  per  hour  the  boat  can  go  in  still  water, 
and     y  =  the  number  of  miles  per  hour  the  current  flows. 

.-.  X  +  y  =  16,  (1) 

and  \x  =  x  —  y.  (2) 

From  (2),  3x  =  4x-4y. 

x  =  4y.  (3) 

Substitute  the  value  of  x  in  (1),        4  y  -f  2/  =  15. 

6y  =  15. 
.-.  y  =  3. 
Substitute  the  value  of  2/  in  (3),  x  =  12. 

Then  x  —  y  =  9. 

Therefore,  the  distance  is  9  miles,  the  rate  of  the  boat  in  still  water 
is  12  miles  an  hour,  and  the  rate  of  the  current  is  3  miles  an  hour. 

41.  There  are  two  numbers  whose  sum  is  3;  and  the  quotient  of 
the  first  by  the  second  is  also  8.     Find  the  numbers. 

Let  X  =  the  larger  number, 

and  y  =  the  smaller  number. 


and 


i-y  =  3, 

(1) 

5  =  3. 

(2) 

y 

X  =  3  —  y. 

(3) 

x=  3y. 

W 

Sy  =  S-y. 

4y  =  3. 

.  y  =  f . 

x  =  2i. 

From  (1), 
From  (2), 
Equate  the  values  of  x, 


Substitute  the  value  of  y  in  (4), 
Therefore,  the  numbers  are  2J  and  f . 

42.  A  man  has  a  certain  sum  of  money  invested  at  a  certain  per 
cent.  If  he  had  $1000  more  invested  at  a  per  cent  J  less,  the  interest 
would  be  $35  less ;  but  if  he  had  $600  less  invested  at  a  per  cent  I 
higher,  the  interest  would  be  $60  more.  Find  the  capital  and  the 
rate  per  cent. 

Let  X  =  the  number  of  dollars  in  the  sum  invested, 

and  y  =  the  rate  per  cent. 
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V  /\  100  /      100  ^  ' 

and  (x-6O0)(y^^)  =  ^-\-50.  (2) 

\  /\  100  /      100  ^  ' 

Multiply  (1)  by  200,       (x  +  1000)  (2  y  -  1)  =  2  xy  -  7000. 

2xy  +  2000y  -  x  -  1000  =  2xy  - 7000. 

x-2000y  =  6000.  (3) 

Multiply  (2)  by  200,         (x  -  500)  (2  y  +  1)  =  2  xy  +  10000. 

2xy  -  lOOOy  +  x-600  =  2xy  +  10000. 

X  -  1000  y  =  10500.  (4) 

Subtract  (3)  from  (4),  1000  y  =  4600. 

.-.  y  =  ^. 
Substitute  the  value  of  y  in  (3),     x  -  9000  =  6000. 

.-.  X  =  15000. 
Therefore,  the  capital  is  $15,000,  and  the  rate  per  cent  is  4|. 

48.  A  and  B  working  together  can  build  a  wall  in  12  days.  If  A 
works  2  days  and  B  works  3  days,  they  will  build  a  fifth  of  the  wall. 
How  long  will  it  take  each  alone  ? 

Let.  X  =  the  number  of  days  it  would  take  A  alone, 

and  y  =  the  number  of  days  it  would  take  B  alone. 

X     y      12  ^  ' 

and  -  +  -=^  (2) 

X      y      5 

Multiply  (1)  by  2,  -  +  -  =  L  (3) 


Subtract  (3)  from  (2), 


z     y     6 
1_  J_ 

y~30' 
.♦.  y  =  30. 

Substitute  the  value  of  y  in  (1),         -  +  —  =  — 

^  '  X      30      12 

1  _  J_ 

x~20* 
.-.  X  =  20. 

Therefore,  it  would  take  A  alone  20  days,  and  B  alone  30  days. 

44.  Solve  x2  -  17x  +  60  =  0. 

Factor,  (x  -  5)  (x  -  12)  =  0. 

.-.  X  =  5,  or  12. 
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46.  Solve  |«2  +  10  =  7x. 

6x2  +  60  =  36  X. 
6x2_35x  =  -60. 
144x3-0  +  1226  =  26. 
12x-36  =  ±6. 

12  X  =  40,  or  30. 
.-.  X  =  3i,  or  2i. 

46.  Solye  20x2  + 169  =  136  x. 

20x2 -136x  =  - 169. 
100x2  _  680x  +  1166  =  361. 
10x-34  =  ±19. 

10x=  63,  or  16. 
.-.  X  =  6^,  or  IJ. 

47.  Solve  — —  +  —^  =  12. 

2x-3     x-1 

7x  -  7  +  lOx  -  16  =  24x2  -  60x  +  36. 
24x2-77x  =  -68. 
4  X  24»i;2  -  {  )  +  8929  =  361. 
48x-77  =  ±19. 

48x  =  96,  or  68. 
.-.  X  =  2,  or  1/j. 


48.  Solve  X  +  6  V37  -  x  =  43. 

5  V37  -X  =  43  -  X. 
Square,  926  -  26  x  =  1849  -  86  x  +  x2. 

a^-61x  + 924  =  0. 
(x-28)(x-33)  =  0. 

.-.  X  =  28,  or  33 


49.  Solve  Vx  +  1  +  Vx  -  4  =  V2x  +  9 

Square,     x  + 1  +  2  Vx2-3x^  +  x-4  =  2 x  +  9. 

2  Vx2-3x-"i  =  12. 
Vx2-3x-4  =  6. 
x2-3x-4  =  36. 
«2_3x-40  =  0. 
(x-8)(x  +  6)  =  0. 

.«.  X  =  8,  or  —  5. 

But  the  value  x  =  —  5  does  not  satisfy  the  given  equation. 

.-.  X  =  8. 
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iO.  SqIm  Sx-4Vr^=2(x  +  2). 

3x-4Vx-7  =  2x  +  4. 

x-4  =  4Vx-7. 
a;^-8x  +  16  =  16x-112. 
a;^-24x  + 128  =  0. 
(x-8)(x-16)  =  0. 

.-.  X  =  8,  or  16. 

51.  Sohe  o«-x*  =  (a-x)(6  +  c-x). 

(a«  -  x«)  -  (a  -  x)(6  +  c  -  X)  =  0. 
(a  -  x)  (a  +  X)  -  (a  -  X)  (6  +  c  -  x)  =  0. 
(o  -  X)  (a  +  X  -  6  -  c  -f-  x)  =  0. 

(a  -  X) (2x  +  a  -  6  -  c)  =  0. 

b-\-  c  —  a 


62.  Solve 


.-.  X  =  o,  or 
2a  +  &      2a-  6     2a 


Divide  by  2  a, 


a  +  X        a  —  X        b 

(2a  +  b){a-z)-{2a-h){a  +  x)  _2a 
a2  -  x2  ~  ~b' 

2(ib  -  4ax  _2a 

a2-x2     "Y' 
b-2x      1 


a2  -  x2      6 
62-26x  =  a2-x^. 
aJ2-26x-f  62  =  a2. 
X  —  6  =  ±  a. 
.-.  X  =  6  +  a,  or  6  —  a. 


6S.  Solve  Va  -  X  +  Vx  —  6  =  Va  -  6. 

a  —  X  +  2  V(a  —  X )  (x  -  6)  +  x-6  =  a  —  6. 

2  V(o  -  x){x  -  b)  =  0. 

V(o  -  X)  (X  -  6)  =0. 
(a  -  x)  (X  -  6)  =  0. 

.-.  X  =  0,  or  6. 

64.  A  man  drives  a  certain  distance  in  6  hours.  If  he  had  driven 
three  quarters  of  it  at  a  rate  1}  miles  an  hour  faster,  he  could  have 
driven  the  remainder  at  a  rate  3  miles  an  hour  slower  and  finished 
in  the  same  time.    Find  the  distance  and  the  rate  of  driving. 
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Let  X  =  the  number  of  miles  per  hour  the  man  drives. 

Then  6  x  =  the  number  of  miles  he  drives. 

.  liM  +  ii?^)  =  6. 
"  x  +  ii     x-s 

9x  Sx 

+  z ::  =  "• 


2x  +  3      2x-6 


2x  +  3      2x-6 
6x2  _  I8x  +  2x2  4-  3a;  =  8x2  _  I2x  -  36. 

3x  =  36. 
.-.  X  =  12. 
Then  6x  =  72. 

Therefore,  the  distance  is  72  miles,  and  the  rate  of  driving  is  12 
miles  per  hour. 

55.  Two  friends,  A  and  B,  are  221  miles  apart  and  set  out  on  bicycles 
to  meet.  A  travels  10  miles  an  hour  and  B  travels  6  miles  less  per  hour 
than  the  number  of  hours  each  travels.  How  many  miles  does  each 
travel  before  they  meet  ? 

Let  X  =  the  number  of  hours  each  travels. 

Then  10  x  =  the  number  of  miles  A  travels, 

and  X  (x  —  6)  =  the  number  of  miles  B  travels. 

.-.  x(x-  6)  +  10x  =  221. 
x2-6x  +  10x  =  221. 
x2-f  4x  =  221. 
aJ2  +  4x  +  4  =  226. 
X  +  2  =  ±  15. 
.-.  X  =  13,  or  —  17. 
Then  10x  =  130, 

and  x(x-6)  =  91. 

Therefore,  A  travels  130  miles,  and  B,  91  miles. 

56.  The  sum  of  a  certain  number  and  its  square  root  is  72.  Find 
the  number. 

Let  x2  =  the  number. 

.-.  x2  +  X  =  72. 
x2  +  X  -  72  =  0. 
(X  -  8)  (X  -f  9)  =  0. 

.*.  X  =  8,  or  —  9. 
Then  x2  =  64,  or  81. 

Therefore,  the  required  number  is  64,  or  81. 
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67.  A  man  divides  120  nuts  among  0  children,  giving  half  to  the 
boys  and. half  to  the  girls.  If  each  girl  receives  3  more  nuts  than 
each  boy,  how  many  boys  and  how  many  girls  are  there? 

Let  X  =  the  number  of  boys. 

Then  Q  —  x  =  the  number  of  girls. 

60        60      - 
—  —  =:  o. 


9  —  X      X 
20        20 


=  L 


9  —  X       X 
20x  -  180  -f  20x  =  9x  -  x^. 
x2  +  31x- 180  =  0. 
(X  -  6)  (X  +  36)  =  0. 

.-.  X  =  6,  or  —  36. 
Then  9  -  X  =  4,  or  45. 

Therefore,  there  are  6  boys  and  4  girls. 

58.  The  denominator  of  a  certain  fraction  is  gi-eater  than  the  numer- 
ator by  3.  If  2  is  added  to  each  term,  the  new  fraction  is  ^i  greater 
than  the  given  fraction.    Find  the  fraction. 

Let  X  =  the  numerator. 

Then  x  +  3  =  the  denominator, 

and  =  the  fraction. 

x  +  3 

2 

+  2T 


+  5x 

• 

X4-2 

x  +  5 
+  6- 

x  +  2 
x  +  5 
X      _ 

X 

X4-3 
2 

X2 

x  +  3 
x2  -  5x 

21 
2 

and 


(x+5)(x  +  3)  21 

6  _  2 

x24-8x  +  15~2l' 

126  =  2x2  +  16x4-30. 
63  =  x2  +  8x  +  16. 
x2  +  8x-48  =  0. 
(X  -  4)  (X  +  12)  =  0. 

.-.  X  =  4,  or  —  12. 
Then  x  +  3  =  7,  or  -  9, 

X         4 


x  +  3 
Therefore,  the  fraction  required  is  j. 
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59.  A  tourist  who  has  finished  a  journey  of  540  miles  would  have 
required  2  days  more  if  he  had  gone  each  day  3  miles  less.  How 
many  days  was  he  on  his  journey,  and  how  many  miles  did  he  travel 
each  day  ? 


Let 
Then 


Then 


X  =  the  number  of  miles  per  day  he  traveled. 
=  the  number  of  days  he  traveled. 


X 


540   540 


x-3 
270 


-—-  =  2. 


X 

270 


=  1. 


X  —  3   X 
270x  -  270x  -i-  810  =  x^-  3x. 
x2-3x- 810  =  0. 
(x-30)(x  +  27)  =  0. 

.-.  X  =  30,  or  -  27. 

^  =  18. 


X 


Therefore,  the  tourist  was  18  days  on  his  journey,  and  traveled 
30  miles  a  day. 


60.  A  body  of  troops  was  marching  in  solid  column  with  14  more 
men  in  depth  than  in  front.  When  the  front  was  increased  by  828 
men  there  were  6  full  lines.    Find  the  number  of  men. 

Let  X  =  the  number  of  men  in  front. 

Then  x  +  14  =  the  number  of  men  in  depth, 

and  « (x  +  14)  =  the  whole  number  of  men. 

.-.  x(x  +  14)  =  5(x+828). 
x2  +  14x=  5x +  4140. 
x2  +  9x  =  4140. 
4x2  +  0  +  81  =  16641. 
2x  +  9  =  ±129. 

2  X  =  120,  or  -  138. 
.-.  X  =  60,  or  -  69. 
Then  x  +  14  =  74, 

and  x(x  +  14)  =  4440. 

Therefore,  the  number  of  men  was  4440. 
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61.  Solve                                        5xa  +  2y2  =  22^ 

(1) 

(2) 

Multiply  (1)  by  3,                        16  x^  +  6  y2  =  66. 

(3) 

Multiply  (2)  by  6,                      16  x^  -  26  y2  =  36. 

(4) 

Subtract  (4)  from  (3),                            31  y^  =  31. 

y^  =  l. 

.-.  y  =  ±  1. 

Substitute  the  value  of  y  in  (2),       3x2  -  6  =  7. 

3x2  =  12. 

x2  =  4. 

• 

.-.  X  =  ±  2. 

Therefore,  x  =     2,  and  y  =     1 ; 

X  =      2,  and  y  =  —  1; 

X  =  —  2,  and  y  =     1 ; 

or                   x  =  — 2,  and  y  =  — 1. 

62.  Solve                                            x-fxy  =  46'l 

y  +  xy  =  48J 

0) 

(2) 

Subtract  (2)  from  (1),                          x  -  y  =  -  S. 

,-.  x  =  y-3. 

(3) 

Substitute  the  value  of  x  in  (2),  y  +  3/2  —  3  y  =  48. 

y2  _  2  y  -  48  =  0. 

(y  _  8)  (y  +  6)  =  0. 

.-,  y  =  8,  or  —  6. 

Substitute  the  value  of  y  in  (3),                  x  =  6,  or  —  9. 

Therefore,  x  =      6,  and  y  =     8; 
or  X  =  —  9,  and  y  =  —  6. 


6S.  Solve 


From  (2), 


x2  +  y2 
x  +  y 
x-y 

x  +  y 
9y 

•••  y 

49x2 


=  130 

=  8 

=  8x-8y. 
=  7x. 

7x 


9 


Substitute  the  value  of  y  in  (1),    x2  +  — —  =  130. 

81x2  +  49x2  =  130  X  81. 


(1) 
(2) 


(3) 
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130  x2  =  130  X  81. 
x2  =  81. 
.-.  x  =  ±  9. 
Substitute  the  value  of  x  in  (3),  y  =  ±  7. 

Therefore,  x  =     9,  and  y=     7 ; 
or  X  =  -  9,  and  y  =  -  7. 

64.  Solve  x2  +  y2  =  aa;y^  (1) 

z-\-y  =  bxyj  (2) 

Square  (2),  x^  +  2xy  +  y^=  ^^^-  (3) 

Subtract  (1)  from  (3),  2  xy  =  IWy^  -  axy. 

52a;2y2_(a-f.2)xy  =  0. 

xy  [62x1/ -  (a  +  2)]  =  0. 

...  xy  =  0,  or—- —  (4) 

0* 

a(a-\-  2) 
Substitute  the  value  of  xy  in  (1),  x^  +  y^  =  0,  or  — ~ 


(6) 


a  +  2  .^v 

Substitute  the  value  of  xy  in  (2),  x  +  y  =  0,  or  — —  \^) 

^       2(a  +  2)  ,-. 

Multiply  (4)  by  2,  2  xy  =  0,  or  — (7) 

a2-4 
Subtract  (7)  from  (6),     x^  -  2  xy  +  y"  =  0,  or  — p—  • 

Extract  the  root,  x  -  y  =  0,  or  ±  -  Va^  -  4.         (8) 

Add  (6)  and  (8),  2x  =  0,  or  l(a  +  2  ±  V^^^). 

...  a;  =  0,or^(a  +  2dbVa2-4). 
2y  =  0,  or-  (a+2T^a^-4). 


Subtract  (8)  from  (6), 


...  y  =  0,  or^(a  +  2  T  Va^  - 4). 

Therefore,  x  =  0,  and  y  =  0; 

x  =  JL(a  +  2  +  V^^"^),  andy  =  ^(a  +  2  -  Va^  -  4); 

or  x  =  — (a  +  2-V^^^),andy  =  ^(a  +  2  +  Va2-4). 


^^  FI.nfFTTAKY  aii^krra 

Dp'jiit  il .  ay  i±V,  -  =  f . 


<3| 


2^ateciciis« Che  va:»  of  X in  (2X  y=6(^^-h9«V 


6 

---  F  =  0,  or 


tf«  +  ^ 

Sobttitizte  the  vaioe  of  v  in  43k.  x  =  0,  or  — 

Tbercf  ore,  x  =  0.  and  y  =  0 ; 
or  x  =  - — -.aDdiF  = 


«•.  SolTC  Me*  =  i^y    ^  (1) 

a-x  =  6-iFj  p) 

From  (1)  bi=±mg. 

*  =  ±y-  (3) 

From  (2)  x  =  a  -  6  -f  y.  (4) 

Equate  the  valaes  ofx,  -^^  =  a  —  6+y. 

i:ay=a&  —  i'  +  dy. 
ioy  —  6y  =  aft  —  J*. 
{±a-b)y  =  b{a-b). 

.'.  y  =  6,  or        7^- 

Sabftitate  the  yalne  of  y  in  (4),  x  —  a—  6  +  6,  or  a  —  6  +  -L_ I-?l. 

a  +  6 
a(a  -  6) 

a  +  6 
Therefore,  z  =  a,  and  y  =  6 ; 

0+6   '         "        a+6 
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67.  Solve  -  +  -  =  -. 

X      y     S 


(1) 
(2) 


x3  +  2/2  =  i6oj 

From  (1),  Zy  -\-Sx  =  xy. 

2xy  =  6x-\-6y.  (3) 

Add  (2)  and  (3),  x'^ -\-2xy  +  y^  =  6x-^6y  +  160. 

(X  +  2/)2  =  6  (X  +  y)  +  160. 
(X  +  2/)2  -  6  (X  +  y)  -  160  =  0. 
Factor,  (x  +  2/  -  16)  (x  +y  +  10)  =  0. 

.-.  X  +  y  =  16,  or  -  10.  (4) 

Substitute  the  value  of  x  +  y  in  (3),      2  xy  =  96,  or  -  60.  (6) 

Subtract  (5)  from  (2),  x^  -  2  xy  +  y^  =  04^  or  220. 

x-y  =  db8,  or±2  V55.     (6) 
Add  (4)  and  (6),  2  x  =  24, 8,  or  -  10  ±  2  V55. 

.-.  X  =  12,  4,  or  -  5  ±  V55. 
Subtract  (6)  from  (4),  2y  =  8,  24,  or-lO T 2 V55. 

.-.  y  =  4,  12,  or  -  5  T  V^. 
Therefore,  x  =  12,  and  y  =    4  ; 
X  =    4,  and  y  =  12  ; 
X  =  —  6  +  V55,  and  y  =  —  6  —  V56 ; 
or  X  =  —  5  —  V55,  and  y  =  —  5  -f  V65. 


68.  Solve  X  (y  -f  1)  =  10  (y  -  1)  1  (1) 

2y(x  +  l)=    9(x-l)J  (2) 

From  (1),  xy  +  X  =  10  y  - 10.  (3) 

From  (2),  2xy  +  2 y  =  9x  -  9.  (4) 

Multiply  (3)  by  2,  2  xy  +  2  x  =  20  y  -  20.  (5) 

Subtract  (4)  from  (5),     .  11  x  -  22  y  =  -  11. 

x-2y  =  -1. 

.-.  x  =  2y-l.  (6) 

Substitute  the  value  of  x  in  (3), 

2y2-y  +  2y-l  =10y-10. 

2ya-9y  =  -9. 

16y"-()  +  81  =  9. 

4y-9  =  ±3. 

4y  =  12,  or  6. 

.-.  y  =  3,  or  1|. 

Substitute  the  value  of  y  in  (6),  x  =  5,  or  2. 

Therefore,  x  =  5,  and  y  =  3  ; 
or  X  =  2,  and  y  =  l^. 
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69.  If  the  sum  of  the  squares  of  two  numbers  is  divided  by  the 
first  number,  the  quotient  is  14  and  the  remainder  4 ;  if  divided  by 
the  second  number,  the  quotient  is  10  and  the  remainder  4.  Find 
the  numbers. 


Let 
and 


X  =  the  first  number, 

y  =  the  second  number. 
x2  +  y2 


and 


X 

y 


=  14  +  ^, 

X 


=  10  +  -- 

y 


From  (1), 
From  (2), 
Subtract  (4)  from  (3), 


Substitute  the  value  of  x  in  (4), 


x«  +  y2  =  i4aj  +  4. 
x«  +  y2  =  l0y  +  4. 
0  =  14x-10y. 
14x  =  10y. 
6y 

7 
25  y3 


x  = 


49 


4.y2  =  i0y  +  4. 


25^2  +  49^2  =490^  +  196. 

74  y2  _  490  y  =  196. 
742y2  -  ( )  -I-  2452  =  74529. 

74y-245  =  i273. 

74  y=  618,  or  -28. 
.-.  y  =  7,  or  -  Jf 
Substitute  the  value  of  y  in  (5),  x  =  5,  or  —  }f. 

Therefore,  the  numbers  required  are  5  and  7. 


(1) 

(2) 

(3) 
(4) 


(5) 


70.  The  diagonal  of  a  rectangle  is  85  feet.  If  each  dimension  is 
increased  by  2  feet,  the  area  is  increased  by  230  square  feet.  Find 
the  dimensions  of  the  rectangle. 

the  number  of  feet  in  one  dimension, 
the  number  of  feet  in  the  other  dimension. 

.-.   X2  +  y^  =  852,  (1) 

(X  +  2)(y  +  2)  =  xy  +  230.  (2) 

xy4-2x  +  2y-f4  =  xy-f  230. 
2x  +  2y  =  226. 

X  -f  y  =  113.  (3) 

x2  +  2xy  +  y2  =  12760.  (4) 


Let 

X 

and 

y 

and 

From  (2), 

Square  (3), 
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Subtract  (1)  from  (4),  2xy  =  6644.  (6) 

Subtract  (6)  from  (1),     x^  -  2  xy  +  y^  =  iej81. 

X  -  2/  =  ±  41.  (6) 

Add  (3)  and  (6),  2  x  =  164,  or  72. 

.-.  X  =  77,  or  36. 
Substitute  the  value  of  x  in  (3),  y  =  36,  or  77. 

Therefore,  the  dimensions  of  the  rectangle  are  77  feet  and  36  feet. 

71 .  The  sum  of  two  numbers  is  24,  and  the  sum  of  the  fourth  powers 
of  the  numbers  is  86,922.    Find  the  numbers. 

Let  X  =  one  number, 

and  y  =  the  other  number. 

.-.  X  +  y  =  24,  ,      (1) 

and  X*  +  y*  =  86022.  (2) 

Raise  (1)  to  the  4th  power, 

X*  +  4  x8y  +  6  x2y2  +  4xy8  +  y*  =  331776.  (3) 

Subtract  (2)  from  (3), 

4  x»y  +  6  x2y2  +  4  xys  =  245864. 
2  x8y  +  8  xV  +  2  xys  =  122927. 
xy  (2  x2  +  3  xy  +  2  y2)  =  122927.  (4) 

Square  (1),  x^  +  2  xy  +  y2  =  576.  (5) 

x2  +  y2  =  676-2xy. 
2x2 +  2y2  =  1152 -4xy. 
Substitute  the  value  of  2  x2  +  2  y2  in  (4), 

xy  (1152  -  4  xy  +  3  xy)  =  122927. 

xy(1162-xy)  =  122927. 

1162xy-x2y2  =  122927. 

x2y2  -  1152  xy  =  - 122927. 

«^y*  -  ( )  +  5762  3=  208849. 

xy  -  576  =  ±  457. 

xy  =  1033,  or  119. 
4xy  =  4132,  or  476.  (6) 

Subtract  (6)  from  (6),     x2  -  2xy  -f  y2  =  -  3666,  or  100. 

X  -  y  =  ±  2  V  -1  889,  or  ±  10.    (7) 
Add  (1)  and  (7),  2  x  =  24  ±  2  V3889,  34  or  14. 

.-.  X  =  12  ±  V-  889,  17,  or  7. 
Substitute  the  value  of  x  in  (1),  y  =  12  =f  V-  889,  7,  or  17. 

Therefore,  the  numbers  required  are  7  and  17,  or  12  +  V—  889  and 
12 -V- 889. 
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78.  A  garrison  is  supplied  with  bread  for  11  days.  If  there  were 
200  men  more,  each  man  would  receive  each  day  ^  of  a  pound  less 
bread ;  if  the  garrison  was  300  men  smaller,  each  man  would  receive 
each  day  i  of  a  pound  more  bread.  How  large  was  the  garrison  and 
how  large  was  the  daily  ration  of  bread  ? 

Let       X  =  the  number  of  men  in  the  garrison, 
and  y  =  the  number  of  pounds  of  bread  in  the  daily  ration  of 

each  man. 

.-.  (X  +  200)  (y  -  i)  =  xy,  (I) 

and  (X  -  300)  (y  +  i)  =  xy,  (2) 

From  (1),  xy  +  200y-7 -60  =  xy. 

4 

?-200y  =  -50. 
4 

X- 8002/ =  -200.  (3) 

From  (2),  xy  +  -  -  300  y  -  150  =  xy. 

?-300y=:160. 
2 

x-600y  =  300.  (4) 

Subtract  (3)  from  (4),  200  y  =  600. 

.-.  y  =  2i. 
Substitute  the  value  of  y  in  (4),     x  -  1500  =  300. 

.-.  X  =  1800. 

Therefore,  there  are  1800  men  in  the  garrison,  and  the  daily  ration 
of  bread  is  2^  pounds  per  man. 

78.  A  fore  wheel  of  a  carriage  turns  132  times  more  than  a  hind 
wheel  while  the  carriage  goes  1  mile.  If  the  circumference  of  each 
was  2  feet  greater,  a  fore  wheel  would  turn  only  88  times  more. 
Find  the  circumference  of  each  wheel. 

Let    X  =  the  number  of  feet  in  the  circumference  of  a  fore  wheel, 
and       y  =  the  number  of  feet  in  the  circumference  of  a  hind  wheel. 
1  mile  =  6280  feet.  ^^^      ^^^ 

and  i?^_i!80=88.  (2) 

x  +  2      y-f  2 

40      40 
Divide  (1)  by  132,  ZT  _  ^  =  1. 

X        y 

40y-40x  =  xy.  (3) 
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Divide  (2)  by  88,  — —  =  1. 

^  '    ^  x  +  2      y-f  2 

my  +  120  -  60x  -  120  =  xy  +  2a;  +  2^/  +  4. 

58y-62x  =  X2/  +  4.  (4) 

Subtract  (4)  from  (3),  22  x  -  18  y  =  -  4. 

llx-9y  =  -2. 

llx=  9y-2. 

.-.  X  =  — ^ (5) 

11  ^  ' 

Substitute  the  value  of  x  in  (3), 

lOt;      40(9y-2)^(9y-2)y 

11  11 

440y  -  360y  +  80  =  92/2  _  2y. 
9  y2  _  82  2/  =  80. 
81y2 -0  +  1681  =  2401. 
9y-41=:±49. 

9  2/  =  90,  or  -  8. 

.-.  2/  =  10,  or  -  |. 

Substitute  the  value  of  2/  in  (5),  x  =  8,  or  —  ]  J. 

Therefore,  the  circumference  of  a  fore  wheel  is  8  feet,  and  the 
circumference  of  a  hind  wheel  is  10  feet. 

74.  The  third  digit  of  a  number  is  the  sum  of  the  other  two  digits. 
The  product  of  the  first  and  third  digits  exceeds  the  square  of  the 
second  by  5.  If  396  is  added  to  the  number,  the  order  of  the  digits  is 
reversed.    Find  the  number. 

Let  X  =  the  first  digit, 

y  =  the  second  digit, 
and  z  =  the  third  digit. 

Then    100  x  +  10  y  +  2  =  the  number, 

and  100 2;  +  lOy  +  x  =  the  number  with  the  order  of  the  digits 

reversed. 

.-.  z  =  x-\-y,  (1) 

xz-y^  =  5,  (2) 

and  100x  +  102/  +  2  +  396=  IOOZ  +  IO2/  +  X.     (3) 

From  (3),  99  x  -  99  z  =  -  396. 

X  -  z  =  —  4. 

.-.  X  =  z  —  4.  (4) 

Substitute  the  value  of  x  in  (1),  z  =  z  —  4  +  y. 

.-.  2/  =  4. 
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Substitute  the  values  of  x  and  y  in  (2), 

za-4z-16  =  5. 

2«-4z-21  =  0. 

(2-7)(z-f3)  =  0. 

.-.  z  =  7,  or  —  3. 
Substitute  the  value  of  z  in  (4),  x  =  3,  or  —  7. 

The  negative  values  do  not  apply. 
Then  lOOx  +  lOy  +  z  =  347. 

Therefore,  the  number  required  is  347. 

76.  An  express  train  travels  a  miles  in  b  hours  with  one  stop  of  5 
minutes.  An  accommodation  train  covers  the  same  distance  in  c 
hours,  making  15  stops  of  average  length  of  2  minutes.  How  many 
miles  will  each  train  travel  in  one  hour,  if  each  moves  at  a  uniform 
rate  between  stations  ?    Compare  the  rates  of  the  two  trains. 

Let  X  =  the  number  of  miles  per  hour  in  the  rate  of  the  express 
train  between  stations, 
and     y  =  the  number  of  miles  per  hour  in  the  rate  of  the  accommo- 
dation train  between  stations. 
5  minutes  =  ^^  hour ; 
15  X  2  minutes  =  30  minutes  =  i  hour. 

a  12a 


Then  x  = 


6-tV      126-1 


,  a  2a 

and  y  = 


c-i      2c-l 

12a         2a            6             1         ,„       /j\oi.     i 
/.  x:y  = : = : =  12c  — 6  :  126  — 1. 

126-1    2c-l     126-1    2c-l 

12  a 

Therefore,  the  rate  of  the  express  train  is miles  per  hour ; 

126-1 

2a 

that  of  the  accommodation  train  is miles  per  hour ;  and  the 

2c  —  1 

ratio  of  the  rates  is  12c  -  6  :  126  - 1. 

76.  Find  two  numbers  in  the  ratio  H:  2f  such  that  when  each  is 
increased  by  15  they  shall  be  in  the  ratio  of  If:  2|. 

Let  X  =  the  first  number, 

and  y  =  the  second  number. 

.-.  x:y  =  H:2f,  (1) 

and  x  +  15:y  +  16  =  lf:2f  .   (2) 
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From(l),  z:y  =  9:l6, 

9y  =  16x. 

From  (2),  aj  +  15 :  y  -f  15  =  10 :  15. 

X4-15:  3/  +  15  =  2:3. 

3x  +  45  =  2y +  30. 

3x  =  2y-16.  (4) 

32  X 
Substitute  in  (4)  the  value  of  y  from  (3),  3  x  =  — 15. 

€7 

27  X  =  32  X  -  135. 
-5x  =  -  135. 
.-.  X  =  27. 
Substitute  the  value  of  x  in  (3),  y  =  48. 

Therefore,  the  numbers  required  are  27  and  48. 

77.  Two  companies  of  a  regiment  went  into  a  battle  in  strength  as 
9  to  11.  After  the  battle  the  relative  strength  was  as  5  to  8.  Of  the 
men  in  the  two  companies  35  per  cent  were  disabled,  and  30  of  these 
belonged  to  the  second  company.  Find  the  strength  of  each  company 
at  first. 

Let  X  =  the  number  of  men  in  the  first  company, 

and  y  =  the  number  of  men  in  the  second  company. 

.-.  X  :  y  =  9  :  11.  (1) 

Now      Tjny{x  -f  y)  =  the  number  of  men  missing, 

30  =  the  number  missing  from  the  second  company, 
and  yY(7  (^  +  y)  —  ^0  =  the  number  missing  from  the  first  company. 

•••  «  -  [Nui^  +  y)  -  30]  :  y  -  30  =  5  : 8.  (2) 

From  (2),        x  -  --  -  ?5j?  -f  30  :  y  -  30  =  5  : 8. 
^  '  100       100 

^3*_Iy4.30:y_30=5:8. 


20       20 

26x      14y 


+  240  =  5y-160. 
=  -390. 


5 
26x      39y 
6        ~5~ 


^-^=-30. 
5         5 

2x-3y  =  -150.  (3) 
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From(l),  llx  =  9y. 

9y 
11 


9y 
^  =  TV-  (4) 


Substitute  the  value  of  x  in  (3),   — -  -  3  y  =  -  150. 

18y-33y  =  -1650. 
-15y  =  -1660. 
.-.  y  =  110. 
Substitute  the  value  of  y  in  (4),  x  =  90. 

Therefore,  the  strength  of  the  companies  at  first  was  90  men  and 
110  men. 

78.  Show  that  the  product  of  the  least  and  the  greatest  of  any  four 
consecutive  numbers  is  less  by  2  than  the  product  of  the  two  interme- 
diate numbers. 

Let  n  =  any  positive  integer. 

Then  n  +  l,n  +  2,  n  +  3  =  the  next  three  larger  positive  integers. 
To  prove      n(n  +  3)  -f  2  =  (n  +  l)(n  +  2). 
Now  n2  +  3w  +  2  =  n2  +  3n  +  2. 

.-.  n(n  +  3)  +  2  =  (n  + 1) (n  +  2). 

79.  Show  that  if  1  is  added  to  the  product  of  any  four  consecutive 
numbers,  the  sum  is  a  perfect  square. 

Let  n,  n  +  1,  n  +  2,  n  -H  3  be  any  four  consecutive  numbers. 

Now    n(n  +  1)  (n  +  2)(n  +  3)  +  1  =  (n^  +  n)(n^  +  5n  +  6)  +  1 

=  71*  H-OnS  +  lln^  +  en  +1 
=  (n2  + 311  +  1)3. 

80.  If  — = ,  show  that  x  =  -. 

x*  —  ax'^  -\-hx-^cx^  —  ax-\-b  a 

x^  +  ax^  —  bx-\-c      x^-fox  —  6 


By  alternation, 


x^  —  ax^  -\- bx  +  c     x'^  —  ttx  +  b 

x3  +  0x2  —  6x  -f  c      ajs  _  Qx^  -i-  6x  +  c 


x^  +  ox  —  6  x^  —  ax  +  6 

Divide  each  numerator  by  its  denominator, 

c  ,  c 

x-\-— =x  + 


x^-Hox  —  6  x2  —  ax  +  6 

x2  +  ox  —  6  =  x2  —  ox  4-  6. 

2  ox  =  2  6. 

b 
.-.  X  =  -. 
a 


TEACHERS'  EDITION  893 

81.  x*  +  a'  —  16a;2  _  4  a;  +  48  may  be  resolved  into  two  factors  of 
the  form  x^  +  mx -\-  6  and  x^  +  nx  +  8.    Find  the  factors. 

x*  +  x8-16x2-4x  +  48 

=  (x2  +  wx  +  6)  (x2  +  nx  +  8) 
=  X*  +  (m  +  n)x8  +  (14  +  mn)x^  +  (8m  +  6n)x  +  48. 
.*.  m  +  n  =  1,  14  +  mn  =  —  16,  8m  +  6n  =  —  4; 
whence  m  =  —  5,  and  n  =  6. 

.-.  X*  +  x8  -  16x2  -  4x  +  48  =  (x2  -  5x  +  6)(x2  +  6x  +  8). 

82.  A  man  who  has  deposited  $600  at  compound  interest  each  year 
at  6  per  cent  finds  that  at  the  age  of  54  he  owns  $33,250.  At  what 
age  did  he  begin  to  deposit  his  money  ? 

By  §475,  A=-^ ^. 

Here  A  =  33250,  5  =  500,  R  =  1.05,  r  =  0.05. 

.   33^^^600(1.06--l) 

0.06 
33250  =  10000(1.05"  -  1). 

1.05«-1  =  ???-^. 
10000 

1.05»  =  3.3250  +  1. 

1.06"  =  4.325. 

log  (1.05«)  =  log  4.325. 

n  log  1.05  =  log  4.325. 

log  4.325      0.6360      „^ 

.-.  n  =  — ^ = =  30. 

log  1.05       0.0212 

Hence,  the  man  began  to  deposit  his  money  30  years  before  he  was 
54  years  old. 
Therefore,  the'man  began  to  deposit  his  money  at  the  age  of  24  years. 

88.  December  31,  1895,  a  man  deposited  $1200  in  a  savings  bank 
that  pay»  3  per  cent  compound  interest.  If  he  deposited  $300  on  the 
last  day  of  December  of  each  year,  what  will  be  the  amount  of  his 
deposit  December  31,  1905? 

The  amount  of  the  deposit,  December  31,  1905,  is  the  compound 
amount  of  $1200  for  10  years  at  3  per  cent  added  to  the  amount  of 
3300  put  at  interest  each  year  for  10  years  at  3  per  cent. 

(i)  By  §471,  A  =  PR^. 

Hero  P  =  1200,  R  =  1.03,  n  =  10. 

.-.  -4  =  1200  X  1.0310  =  1611. 
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log  1200  =  3.07d2 
log  1.03M  =  0.1280 

3.2072  =log  1611. 

(ii)By§476,  ^^g(/ft-l) 

Here  8  =  300,  B  =  1.03,  n  =  10,  r  =  0.03. 

300(1.03*0  -1> 

0.03  ^  ' 

log  1.0310  -  0.1280  =  log  1.343. 
.-.  A  =  10000(1.343  -  1)  =  10000  x  0.343  =  3430. 
11611  +  13430=15041. 

Therefore,  the  amount  of  the  deposit  December  31,  1905,  is  $5041. 

84.  A  man  borrows  f  10,000  at  4  per  cent  interest,  and  pays  each 
year  12^  per  cent  of  that  sum.  In  how  many  years  will  the  debt  be 
paid? 

The  amount  due  at  the  end  of  the  nth  year  is  equal  to  the  com- 
pound amount  of  the  principal  for  n  years  less  the  sum  of  the  com- 
pound amounts  of  the  payments  each  for  its  own  proper  number  of 

years. 

.-.  A  =  PR'*  -  (iSB»-i  +  SiJ*-2  +  /SB»-«  +  . . .  +  SB  +  5). 

The  parenthesis  is  a  geometrical  series  in  which  a=  S,  r  =  Rj  n=n. 


By  §  415, 


a{r*  -  1)  _  S(B»  -1)  _SR*-S 
s  = — —  — — • 


Now 


Now 


o  —  

r 

-1 

R- 

1            R-l 

.-.  A  = 

PR»- 

SR*-S 
R-l 

A  = 

0,  and  P  =  85. 

.-.  0  = 

85i^- 

5B»-S 
R-l 

0  = 

8i^- 

iJ«-l 
R-l 

8i^  = 

iJ«-l 
R-l 

m 

81J»  +  i- 

-8i^  = 

:fi»-l 

m 

9i^-8i?»  +  i  = 

12»(9- 

-SR)  = 

R  = 

1.04. 

1.04»(9- 

8.32) = 

1.04»  X 

:  0.68  = 
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1.04»  = 


0.68 


log(1.04.)=Iog(^-L) 


n  log  1.04  =  colog  0.68. 
;olog0.68 
logl.br      0.0170 


cologO.68      0.1676      ^  ^^ 
n  = = =  v.oo. 


Hence,  it  will  require  9.85  years. 

Since  the  last  payment  is  not  made  until  the  end  of  the  year,  it  will 
take  10  years  for  the  debt  to  be  paid,  and  the  last  payment  will  be 
somewhat  less  than  12^  per  cent  of  $l(f,000. 

Exercise  146.    Page  413 

1.  Forces  of  5  pounds  and  12  pounds  act  on  a  point.  Find  their 
resultant  if  the  forces  act  in  the  same  direction ;  if  they  act  in  op- 
posite directions ;  if  they  act  at  right  angles. 

(i)  The  resultant  =  5  pounds  -f  12  pounds  • 

=  17  pounds, 
(ii)  The  resultant  =  12  pounds  —  5  pounds 

=  7  pounds,  acting  in  the  direction  of  the  force 
of  12  pounds. 

(iii)  The  resultant  =  Vl2'^  +  5^  pounds 

=  Vl44  +  25  pounds 
=  Vi69  pounds 
=  13  pounds. 

2.  Two  forces  of  25  pounds  act  on  a  point  at  right  angles.  Find 
the  resultant,  and  the  angle  it  forms  with  each  force. 

The  resultant  =  V25M-  252  pounds 
=  Vl250  pounds 
=  35.36  pounds. 

Since  the  forces  are  equal  and  act  at  right  angles,  the  resultant 
makes  an  angle  of  45°  with  each  force. 

8.  The  resultant  of  two  concurrent  forces  acting  at  right  angles  is 
10  pounds.    One  of  the  forces  is  8  pounds.    Find  the  other  force. 

Let         X  =  the  number  of  pounds  in  the  required  force. 

.-.  X  =  VlO^  -  82  =  V100-.64  =  \/36  =  6. 
Therefore,  the  required  force  is  6  pounds. 
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4.  Resolve  a  force  of  75  pounds  into  two  perpendicular  components 
that  make  equal  angles  with  the  given  force. 

Since  the  two  perpendicular  components  make  equal  angles  with 
the  given  force,  the  two  components  are  equal. 

Let         X  =  the  number  of  pounds  in  each  component. 

.-.  Va;2  +  x2  =  75. 
2  a;2  =  5626. 

x2  =  2812.5. 
.-.  X  =  53.03. 

Therefore,  each  component  is  53.03  pounds. 

5.  Resolve  a  force  of  40  pounds  into  two  perpendicular  components 
one  of  which  is  three  times  as  great  as  the  other. 

•  Let        X  =  the  number  of  pounds  in  the  smaller  component. 
Then  3  x  =  the  number  of  pounds  in  the  larger  component. 

.-.  Vx2  +  (3x)-'^  =  40. 
Vl0x2  =  40. 
10x2  =  1600. 
x2  =  100. 
.-.  x  =  12.65. 
Then  3x  =  37.95. 

Therefore,  the  components  required  are  12.65  pounds  and  37.95 
pounds. 

6.  What  force  parallel  to  a  smooth  inclined  plane  18  feet  long  and 
12  feet  high  will  support  on  the  plane  a  body  weighing  75  pounds  ? 

A  weight  W  is  supported  on  a  smooth 
inclined  plane  by  another  weight  P, 
which  is  connected  with  W  by  means 
of  a  cord  and  fixed  pulley,  as  shown 
in  the  figure. 

Represent  IF'  by  a  line  AB  drawn 
from  A,  where  the  entire  weight  of  W 
may  be  considered  to  act. 

Construct  the  rectangle  ACBD  by 
drawing  AC  and  DB  parallel  to  the 
length  HF  of  the  inclined  plane,  and 
AD  and  CB  perpendicular  to  HF. 

The  components  of  W  are  repre- 
sented by  -4C  and  AD.    The  component  AC  pulls  the  body  down 
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the  plane  and  is  balanced  by  P,  and  therefore  P  =  AC.    AD  pushes 
the  body  directly  against  the  plane,  and  is  balanced  by  the  reaction 
B  of  the  plane. 
The  triangles  ABC  and  UFG  are  mutually  equiangular,  and  are 

therefore  similar. 

AG      GH        ^  BC      AD      GF 

.'. = »  and  —  =  —  = • 

AB      FH  AB      AB      FH 

„„       ^  P      height  of  plane 

Therefore,  -  =  -  -^ L , 

W      length  of  plane 

R        base  of  plane 


and 
Here 


W     length  of  plane 
P_  12 
76~18* 
P_2 
75  ~  3* 
3P=150. 
.-.  P  =  50. 

Therefore,  the  required  force  is  60  pounds. 


7.  The  base  of  a  smooth  inclined  plane  is  80  inches  and  the  height 
is  89  inches.  What  force  acting  parallel  to  the  plane  will  support  on 
it  a  weight  of  178  pounds  ? 

The  length  of  the  inclined  plane  =  V8O2  +  392  inches 

=  V6400  +  1521  inches 

=  V792i  inches 
=  89  inches. 
P       39 


By  Example  6, 


178      89 
89  P  =  39  X  178. 
.-.  P  =  78. 


Therefore,  the  required  force  is  78  pounds. 


8.  Resolve  a  force  of  260  pounds  acting  northeast  into  two  forces, 
one  acting  north  and  the  other  east. 

The  two  components,  since  one  acts  north  and  one  east,  make  right 
angles  with  each  other. 
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The  force  acts  northeast,  and  therefore  makes  an  angle  of  45°  with 
each  component. 
Therefore,  the  components  are  equal. 

Let  X  =  the  number  of  pounds  in  each  component. 

.-.  Vx2  +  x2  =  260. 
2  xa  =  62600. 
,  xa  =  31260. 

.-.  x  =  176.78. 

Therefore,  each  required  force  is  176.78  pounds. 

9.  Two  forces  in  the  ratio  of  3  to  6  act  at  right  angles  upon  a 
point  and  produce  a  resultant  force  of  136  pounds.  Find  the  value  of 
the  forces. 

Let         3  X  =  the  number  of  pounds  in  the  smaller  force. 
Then      5  x  =  the  number  of  pounds  in  the  larger  force. 

.-.  V(3x)2  +  (6x)2  =  136. 

9x2  +  25x2  =  136  xl36. 
34x2  =  136  xl36. 
x2  =  4  X  136. 
x2  =  544. 
.-.  X  =  23.324. 
Then  3x  =  69.97, 

and  5x  =  116.62. 

Therefore,  the  forces  required  are  69.97  pounds  and  116.62  pounds. 

10.  A  body  moves  east  with  a  constant  velocity  of  25  feet  per 
second,  and  south  with  a  constant  velocity  of  30  feet  per  second. 
Find  the  actual  rate  of  motion  in  a  straight  line. 

Let  X  =  the  number  of  feet  the  body  moves  per  second  in  a  straight 

line.  

.-.  X  =  V252  +  302  =  V625  +  900  =Vl525  =  39.05. 

Therefore,  the  body  moves  39.05  feet  per  second  in  a  straight  line. 

11 .  A  man  rows  a  boat  at  right  angles  to  the  course  of  a  river  three 
times  as  fast  as  the  river  flows,  and  reaches  the  opposite  bank  half  a 
mile  below  the  starting  point.    What  is  the  width  of  the  river  ? 

1  :  3  =  ^  mile  :  width  of  river. 
.*.  width  of  river  =  3  x  ^  mile  =  1^  miles. 

Therefore,  the  width  of  the  river  is  1^  miles. 


TEACHERS'  EDITION 


899 


12.  A  boy  sits  on  his  sled  on  the  side  of  a  hill  that  rises  1  foot  in 
every  6  feet.  If  the  weight  of  the  boy  and  sled  is  100  pounds,  what 
force  acting  parallel  to  the  ground  will  keep  the  sled  from  sliding 

down  the  hill? 

P       1 
.    By  Example  6,  —  =  -  • 

^  ^      '  100      6 

6P  =  100. 
.-.  P  =  16f . 

Therefore,  the  required  force  is  16f  pounds. 


'  18.  A  stone  weighing  150  pounds  rests  on  an  inclined  plane  8  feet 
long  and  3  feet  high.  What  must  be  the  force  of  friction  that  will 
keep  the  stone  from  sliding  down  the  plane  ? 

P       3 
By  Example  6,  —  =  -  ^ 

^  *^      '  150      8 

8P  =  450. 

.-.  P  =  56i. 

Therefore,  the  required  force  is  66^  pounds. 


14.  Find  the  tension  on  the  rope  if 
suspended  from  the  middle  of  a  rope 
16  feet  long  fastened  to  each  end  of  a 
horizontal  beam  12  feet  long. 

Let  AB  represent  the  beam,  ACB  the 
rope,  and  W  the  weight. 
Complete  the  parallelogram  ACBD. 

AC  =  8,  and  AE  =  6. 

CE  =  V8^-62  =  V64  -  36 

=  V28  =  5.29. 
CD  =  2  X  5.29  =  10.58. 
CD  W 

A  C      tension 
10.68         150 


a  mass  of  150  pounds  is 


Then 


8         tension 

10.58  tension  =  8  X  150. 

,      .  8x150      ^^«  ^^ 

.*.  tension  = =  113.42. 

10.68 

Therefore,  the  tension  required  is  113.42  pounds. 
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16.  Three  concurrent  balanced  forces  act,  one  toward  the  north, 
one  toward  the  east,  and  one  toward  the  sonthwest.  If  the  third  force 
is  25  pounds,  find  the  other  two  forces. 

The  force  that  acts  toward  the  southwest  is  equal  to  and  opposite 
in  direction  to  the  resultant  of  the  forces  that  act  toward  the  north 
and  east.  The  opposite  of  southwest  is  northeast,  and  northeast 
makes  equal  angles  with  north  and  with  east.  Therefore,  the  forces 
that  act  toward  the  north  and  toward  the  east  are  equal,  and  their 
resultant  is  25  pounds. 

Let    X  =  the  number  of  pounds  in  either  the  north  or  east  force. 

.\  Vxa  -h  X*  =  25. 
2x2  =  625. 

x2  =  312.5. 
.-.  X  =  17.68. 

Therefore,  the  force  toward  the  north  is  17.68  pounds,  and  the  force 
toward  the  east  is  17.68  pounds. 

16.  A  ladder  24  feet  long  weighs  36  pounds  and  rests  with  one  end 
against  a  wall  and  the  other  end  on  the  ground  6  feet  from  the  wall. 
The  centre  of  gravity  of  the  ladder  is  IH  ^^^^  from  the  base.  Find 
the  horizontal  pressure  against  the  wall. 

Let  AB  represent  the  ladder,  A  C  the  wall,  and  BC  the  ground.  Let 
E  be  the  centre  of  gravity  of  the  ladder. 

AB  =  2i  feet,  EB  =  Hi  feet,  AE  =  12^  feet,  A 

BC  =  6  feet,  and  W=  36  pounds. 

AC  =  V242  1  62  =  V576  -  36  =  Vsio  =  23.24  feet. 

In  the  similar  triangles  A  CB  and  EFB, 

AB:CB  =  EB:  FB, 
or  24:6  =  lli:FJ5. 

24  8         ^ 

Let  X  =  the  horizontal  pressure  against  the  wall. 

z  _FB 
W~  AC' 

36      23.24* 

36  X  2J       .  ._ 
.-.  X  = 5  =  4.45. 

23.24 
Therefore,  the  horizontal  pressure  against  the  wall  is  4.45  pounds. 
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17.  If  200  pounds  is  supported  in  front  of  a  wall  by  a  horizontal 
rod  and  a  brace  making  an  angle  of  45°  with  the  rod  at  its  end,  find 
the  pull  of  the  rod  and  the  push  of  the  brace. 

Let  HK  represent  the  wall,  A  B  the  horizontal  rod,  and  A  C  the  brace 
making  the  angle  ACB  =  45°  with  IIK, 

The  forces  acting  at  A  are  200  pounds 
downward,  the  pull  of  the  rod  in  the 
direction  AB,  and  the  push  of  the  brace 
in  the  direction  AD.  Take  AEto  repre- 
sent 200  pounds,  and  complete  the  par- 
allelogram AEFG  (here  a  square). 

The  push  of  the  brace  is  just  equal 
to  and  opposite  to  AF,  the  resultant  of 
the  weight,  200  pounds,  and  the  tension 
in  the  horizontal  rod  AB. 

These  two  forces  make  equal  angles 
with  this  resultant. 

Hence,  these  two  forces  are  equal; 
that  is,  the  tension  in  the  horizontal  rod  is  equal  to  200  pounds. 

.-.  AF  =  V200a  +  2002  pounds  =  200 V2  pounds  =  282.8  pounds. 

Therefore,  the  pull  of  the  rod  is  200  pounds,  and  the  push  of  the  brace 
is  282.8  pounds. 

Eacercise  147.    Page  415 

1.  Find  the  volume  of  1  pound  of  cast  iron,  specific  gravity  7.2. 
What  does  the  iron  weigh  under  water  ? 

1  cubic  foot  of  water  weighs  62.4  pounds. 

1  cubic  foot  of  cast  iron  weighs  7.2  x  62.4  pounds. 

Therefore,  7.2  x  62.4  pounds  of  cast  iron  occupy  1  cubic  foot,  or 
1728  cubic  inches.  ,^^^ 

Hence,  1  pound  of  cast  iron  occupies  ^^-^^ — -;^^^-^  cubic  inches, 
or  3.846  cubic  inches  of  space. 


Now  3.846  cubic  inches  of  water  weigh 


7.2  X  62.4 
3.846 


1728 


of  62.4  pounds 


=  0.139  pound. 

Hence,  the  iron  weighs  under  water  1  pound  —  0.139  pound  =  0.861 

•TO 1  6.2 

pound ;  or  the  iron  weighs  under  water  — ^^-^^ —  pound  =  ;;^  pound 

=  0.861  pound. 


7.2 


7,2 


Therefore,  the  volume  of  1  pound  of  cast  iron  is  3.846  cubic  inches ; 
and  the  iron  weighs  0.861  pound  under  water. 
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8.  A  block  of  wood,  placed  in  a  vessel  full  of  water,  floats  0.6  sub- 
merged. Sixty  cubic  centimeters  of  water  runs  out.  Find  the  weight, 
volume,  and  specific  gravity  of  the  wood. 

Since  60  cubic  centimeters  of  water  runs  out,  the  weight  of  the 
block  is  60  grams. 

Since  the  block  is  0.6  submerged,  the  volume  is  — ,  or  100,  cubic 
centimeters.  ^'^ 

Since  the  block  floats  0.6  submerged,  the  specific  gravity  of  the 
wood  is  0.6. 

Therefore,  the  weight  of  the  wood  is  60  grams,  the  volume  is  100 
cubic  centimeters,  and  the  specific  gravity  is  0.6. 

8.  A  piece  of  wood  weighs  150  grams  in  air,  and  a  piece  of  lead 
weighs  40  grams  in  water.  They  together  weigh  30  grams  in  water. 
Find  the  specific  gravity  of  the  wood. 

The  buoyant  force  of  the  water  on  the  wood  supports  the  wood  and 
takes  away  40  —  30,  or  10,  grams  from  the  weight  of  the  lead. 

Hence,  the  buoyant  force  upon  the  wood,  or  the  weight  of  an  equal 
bulk  of  water,  is  160  -f  10,  or  160,  grams. 

Therefore,  the  specific  gravity  of  the  wood  is  ^{^,  or  0.0375. 

4.  A  stone  weighs  20.4  grams  in  air,  14.4  grams  in  water,  and  14.04 
grams  in  linseed  oil.  Find  the  specific  gravity  of  the  stone  and  of  the 
oil,  and  the  volume  of  the  stone. 

The  stone  loses  20.4  — 14.4,  or  6,  grams  when  weighed  in  water. 

Hence,  the  volume  of  the  water  displaced  by  the  stone,  that  is,  the 
volume  of  the  stone,  is  6  cubic  centimeters. 

The  weight  of  the  stone  is  20.4  grams,  and  the  weight  of  an  equal 

bulk  of  water  is  6  grams.  ^^  . 

Hence,  the  specific  gravity  of  the  stone  is  —^  =  3.4. 

6 

The  stone  loses  20.4  -  14.94,  or  5.46,  grams  when  weighed  in  linseed 

oil.    Therefore,  5.46  grams  and  6  grams  are  the  weights  of  equal  bulks 

of  linseed  oil  and  water.  -  .« 

Hence,  the  specific  gravity  of  linseed  oil  is  -^  =  0.91. 

6 

Therefore,  the  specific  gravity  of  the  stone  is  3.4;  the  specific 

gravity  of  linseed  oil  is  0.91 ;  and  the  volume  of  the  stone  is  6  cubic 

centimeters. 
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5.  A  block  of  wood  weighing  42  grams  in  air  floats  in  water  with 
0.8  of  its  volume  submerged.  How  many  grams  must  be  placed  upon 
the  block  of  wood  to  submerge  it  ?    . 

Since  the  block  of  wood  floats  with  0.8  of  its  volume  submerged,  the 

42 
specific  gravity  of  the  wood  is  0.8,  and  the  volume  is  — ,  or  52.5,  cubic 

centimeters. 

When  the  wood  is  submerged,  it  displaces  52.5  cubic  centimeters,  or 

52.5  grams,  of  water. 

Therefore,  there  must  be  placed  upon  the  wood  to  submerge  it,  52.5 
grams  —  42  grams,  or  10.5  grams. 


6.  A  block  of  wood  floats  in  kerosene,  specific  gravity  0.79,  with 
three  fourths  of  its  volume  submerged.  How  much  of  the  wood  will 
be  submerged  in  sea  water,  specific  gravity  1.026  ? 

Let  the  volume  of  the  wood  be  a  cubic  centimeters.  Then  J  a,  or 
0.75  a,  cubic  centimeters  of  wood  are  submerged  in  the  kerosene. 
Therefore,  a  cubic  centimeters  of  the  wood  weigh  the  same  as  0.75  a 
cubic  centimeters  of  kerosene.  Since  1  cubic  centimeter  of  kerosene 
weighs  0.79  gram,  a  cubic  centimeters  of  the  wood  weigh  0.75  a  x  0.79 
grams.    Since  1  cubic  centimeter  of  sea  water  weighs  1.026  grams,  it 

will  take  — '—^i  or  0.5775  a,  cubic  centimeters  of  sea  water  to 

1.026 

weigh  0.75  a  x  0.79  grams. 

Therefore,  — j  or  0.6776,  of  the  wood  will  be  submerged  in 

sea  water.  ^ 


7.  How  many  grams  of  lead,  specific  gravity  11.4,  must  be  fastened 
to  a  cubic  centimeter  of  cork,  specific  gravity  0.24,  that  it  may  just 
float  in  sulphuric  acid,  specific  gravity  1.84  ? 

1  cubic  centimeter  of  cork  weighs  0.24  gram,  and  1  cubic  centimeter 
of  sulphuric  acid  weighs  1.84  grams. 

When  1  cubic  centimeter  of  cork  is  wholly  immersed  in  sul- 
phuric acid,  the  buoyant  force  of  the  sulphuric  acid  on  the  cork  is 
(1.84  -  0.24)  grams. 

1  cubic  centimeter  of  lead  weighs  11.4  grams,  and  when  immersed 
in  sulphuric  acid  weighs  (11.4  —  1.84)  grams. 
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Therefore,  the  yolume  of  lead  required  to  overcome  the  buoyant 

force  of  the  sulphuric  acid  on  the  cork  is  — '- — »  or ,  cubic 

centimeter.  11.4-1.84         239 

^^  cubic  centimeter  of  lead  weighs  5*/?  x  11.4  grams  =  1.908  grams. 

Therefore,  1.908  grams  of  lead  will  be  required. 

8.  A  block  of  lead  weighs  236.5  gi'ams.  Eind  the  specific  gravity 
of  a  liquid  in  which  the  lead  weighs  200.3  grams. 

When  the  block  of  lead  is  weighed  in  the  given  liquid,  the  loss  in 

weight  is  236.5  -  206.3,  or  30.2,  grams. 

236  5 
236.5  grams  of  lead  occupy '—  cubic  centimeters  of  space. 

Hence,  the  weight  of  — '—  cubic  centimeters  of  the  given  liquid  is 
30.2srams.  ^^'^  ^^  ^ 

Therefore,  the  specific  gravity  of  the  liquid  is  30.2  -. —  =  1.456. 

11.4 

9.  The  specific  gravity  of  pure  milk  is  1.03.  A  sample  has  been 
adulterated  with  water  and  has  a  specific  gravity  of  1.0275.  What  per 
cent  of  the  sample  is  water  ? 

Let  X  =  the  number  of  cubic  centimeters  of  water  in  1  cubic 

centimeter  of  the  sample. 
Then        x  =  the  number  of  grams  of  water  in  1  cubic  centimeter 

of  the  sample, 
I  —  X  =  the  number  of  cubic  centimeters  of  milk  in  1  cubic 
centimeter  of  the  sample, 
1.03(1  —  x)  =  the  number  of  grams  of  milk  in  1  cubic  centimeter  of 

the  sample, 
and      1.0275  =  the  number  of  grams  1  cubic  centimeter  of  the  sample 

weighs. 
.-.  X  +  1.03(1 -x)=  1.0275. 
X  +  1:03  -  1.03  X  =  1.0275. 
0.03x  =  0.0025. 
.-.  X  =  0.08f 

Therefore,  8J  per  cent  of  the  sample  is  water. 

10.  A  bar  of  gold  contains  some  copper,  and  weighs  352.6  grams  in 
air  and  332.3  grams  in  water.  Find  the  number  of  cubic  centimeters 
of  gold  and  of  copper  in  the  bar.  The  specific  gravity  of  gold  is  19.3, 
that  of  copper  8.9. 


TEACHERS'  EDITION 


905 


Let  X  =  the  number  of  cubic  centimeters  of  gold 

in  the  bar. 
Then        362.6  —  332.3  =  20.3  =  the  number  of  grams  the  bar  loses 

when  weighed  in  water, 
20.3  =  the  number  of  cubic  centimeters  in  the  bar, 
20.3  —  a;  =  the  number  of  cubic  centimeters  of  copper 

in  the  bar, 
19.3 X  =  the  number  of  grams  of  gold  in  the  bar, 
and  8.9  (20.3  —  x)  =  the  number  of  grams  of  copper  in  the  bar. 

.-.  19.3 X  +  8.9(20.3  -  x)  =  352.6. 
19.3X  +  180.67  -  8.9x  =  362.6. 

10.4x=  171.93. 
.-.  x  =  16.532. 
Then  20.3  -  x  =  3.768. 

Therefore,  the  bar  contains  16.532  cubic  centimeters  of  gold,  and 
3.768  cubic  centimeters  of  copper. 


11.  A  piece  of  lead  weighing  46  grams  and  a  piece  of  copper  are 
fastened  to  the  ends  of  a  string  passing  over  a  pulley,  and  are  in  equi- 
librium when  immersed  in  water.  Find  the  weight  of  the  copper  if 
the  specific  gravity  of  lead  is  11.4,  and  that  of  copper  is  8.9. 

Let  X  =  the  number  of  grams  in  the  weight  of  the  copper. 

10  4 
Then x  46  =  the  number  of  grams  the  lead  weighs  in  water. 


11.4 


and 


7^ 
8.9 


X  =  the  number  of  grams  the  copper  weighs  in  water. 


7.9         10.4       .^ 
X  = X  45. 


8.9 


X  = 


11.4 
10.4 


X  45  X 


8^ 
7.9 


11.4 
=  46.25. 

Therefore,  the  weight  of  the  copper  is  46.25  grams. 


To  avoid  fine,  this  book  should  be  returned  on 
or  before  the  date  last  stamped  bdow 
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